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Abstract
This work explores the nonlinear behaviour in a congestion charge model, which emphasizes the correlation between 
drivers’ response and optimal traffic flow. The model assumes that all drivers follow the same common rules of rational 
thinking to avoid the congestion. There are two regimes in the model system. In free flow regime, the system has only 
one branch. In congested regime, the system bifurcates into two branches. Counter-intuitive behaviour of the model 
is caused by the oscillatory instability between two branches. Persistent oscillations reflect the intrinsic properties of 
decision-making process. Rational thinking provides limited adaptation capabilities to reach the optimal traffic flow. 
More past experiences and current options provide only marginal increase in capabilities to adapt to traffic situations. 
The idealized situations are also discussed.
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1 Introduction

Basic and applied sciences have different goals and 
approaches. Basic sciences focus on the fundamental 
interactions among the smallest units of nature. The goal 
is to search a simple description to the behaviour of tiny 
objects like atoms and electrons. To build an appropriate 
model, the number of parameters is the smaller the bet-
ter. In contrast, applied sciences study the effective inter-
actions among big objects like cars and roads. In order 
to describe the complicate objects, a workable model 
often involves a large number of parameters. These two 
approaches are pursued by scholars in different disciplines. 
One uses few parameters to describe simple things; the 
other uses many parameters to describe complex things. 
Recently, a new approach has emerged: using few param-
eters to describe complex things. The subjects of study are 

in the realm of applied sciences, while the methodologies 
of research are in the realm of basic sciences. It is impor-
tant to find the crucial parameters and to have a wide 
range of validation. Two examples are traffic physics [1–3] 
and sociophysics [4–6]. In traffic dynamics, cars moving 
on the roadway are analogized to particles moving under 
the influence of a force field. In an idealized situation of 
all drivers following the rules, traffic regulations can be 
analogized to the laws of physics within the model system. 
The relationship between empirical traffic patterns and 
imposed traffic regulations can be analysed. As the num-
ber of parameters is small, a basic model has the capacity 
to incorporate different phenomena. Thus, highway traffic 
and local traffic can be discussed in the same framework, 
which can be further extended to include pedestrian 
dynamics, granular dynamics, and internet dynamics [7]. 
To make improvement of traffic conditions, this new 
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approach provides a top-down perspective. In contrast, 
the empirical thumb rules are often from the bottom-up 
perspective. For example, transport efficiency on com-
plex networks has attracted much attention recently. The 
structure and dynamics of complex networks have been 
studied in many different disciplines [8]. A wide range of 
phase transitions and self-organized critical phenomena 
have been observed [9]. The self-organized oscillations of 
traffic flow in street networks were reported [10]. An effi-
cient routing scheme was proposed to find the shortest 
path in a network without complete information of topol-
ogy [11]. In some specific cases, the analysis of phase tran-
sitions led to the proposal of new strategy to relieve the 
congestion [12].

The advance of sociophysics illustrates that human 
behaviour in the social environment can also be ana-
lysed from this top-down perspective. Traffic phenomena 
involve not only the mechanical interactions between cars 
and roadways, but also the human behaviour of drivers 
behind the wheels. Besides following the traffic rules, traf-
fic patterns are also influenced by other decision-making 
behaviour. An optimal traffic model with decision-making 
has been proposed to show an interplay between human 
decision and network structure [13, 14]. This work focuses 
on the typical example of congestion charge scheme 
[15–17]. Congestion charge is a popular scheme adopted 
by many modern cities in the hope of easing traffic flow 
in the gridlocked areas. Based on empirical experiences, 
congestion charge has been credited with reducing car 
usage, promoting public transport, cutting pollution emis-
sions, and improving traffic flow [18, 19]. On the other 
hand, some contradictory results were also reported [20]. 
Both public acceptance and drivers’ response have been 
assessed [21–24]. Congestion charge has a wide influ-
ence on different facets of a society. This work focuses on 
the drivers’ response in the congestion charge scheme. A 
model system is used to study the correlation between 
drivers’ response and traffic flow. This study examines 
whether the drivers’ rational response will result in the 
optimal traffic flow. Unlike other traffic management, 
the congestion charge scheme does not provide a route 
assignment for each driver. In stead, the success of conges-
tion charge scheme depends on all drivers’ rational deci-
sions in route choice. The model assumes that rational 
drivers follow traffic rules and decision-making processes. 
This work further extends previous analysis of decision-
making in traffic dynamics. This study provides a system-
atic exploration of the effectiveness of rational decisions 
in route choice to avoid congestion.

2  Methodology

Extensive numerical simulations are performed in a 
model system. Analytical results are also discussed. The 
agent-based model simulates a binary decision-making 
process on a ring-and-hub topology [14]. All agents can 
move on the ring. Some of the agents have the privilege 
to access the hub and must decide to travel along the 
outer ring or through a central hub. The regular route 
is along the ring. The hub provides as a short cut, but 
the capacity of the hub is finite. The short cut becomes 
ineffective when the hub is crowded. Congestion in the 
hub should be avoided by rational decision makers. 
The decision-making of each agent is neither predeter-
mined nor random. All agents follow the same rules to 
make decisions. Yet each agent is allowed the flexibility 
to learn to adapt to different situations. Agent’s behav-
ioural heterogeneity is also recognized.

The system consists of N agents and a ring of N sites, 
where each site sits an agent. The destination of each 
agent is randomly assigned. The agents travel along the 
ring with constant speed. The distance between ori-
gin and destination becomes a simple measure of the 
travelling time or cost, which is denoted as g. Travelling 
along the ring, the cost is the number of sites between 
origin and destination. Using the hub, the cost reduces 
to 1 if the hub is uncongested. If the hub is congested, 
the cost increases to 1 + cc > 1 , where cc denotes the 
congestion charge. The finite capacity of the hub is L. 
The access to the hub is limited to � agents, whom are 
chosen randomly. Among these � agents, if more than L 
agents decide to use the hub, the congestion emerges 
and the congestion charge cc is added to the travelling 
cost. The two most important parameters to influence 
the traffic dynamics are the number of links � and the 
congestion charge cc.

The decision-making process is governed by the 
conventional way of following the best strategy card at 
hand. Each agent is offered a number of strategy cards. 
Each strategy card prescribes a deterministic relation 
between the next choice and the previous ones. The 
score of each strategy card is evaluated by the success 
of previous experiences. The number of strategy cards 
received by each agent is denoted by s. The length of 
memory on each strategy card is denoted by m. Each 
agent has the same number of strategy cards, which are 
randomly selected from all the possible ones. Yet each 
agent has different strategies available to use. The score 
of a strategy card is dynamic. The same strategy card 
has different scores as time evolves. The same strategy 
card in different agents’ hands has different scores. In the 
process, each agent must follow his/her highest-score 



Vol.:(0123456789)

SN Applied Sciences (2020) 2:105 | https://doi.org/10.1007/s42452-019-1893-2 Research Article

strategy to make decision. The decision-making process 
is controlled by two parameters: the length of memory 
m and the number of strategy cards s.

In the model system, the traffic dynamics has been 
reduced to a two-route layout: to move along the regular 
route or to use the short cut. The human decision has been 
reduced to a selection between these two choices. If only 
the traffic dynamics were considered, the best choice is 
to use the short cut when the traffic is uncongested or 
the congestion charge is low. When the human decision is 
considered, the congestion is correlated to agents’ choices. 
Raising the congestion charge to suppress the congestion 
is an expectation depending on all agents’ decisions. This 
model assumes that all agents are reasonable and rational. 
All agents follow the same common rules to make deci-
sions. Each driver is limited by his own options and expe-
riences. Different options are assigned to each agent ini-
tially. Each agent gains different experiences in the process 
of evolution. With these assumptions, this model explores 
theoretically the correlation between imposing the con-
gestion charge and suppressing the congestion. In the 
following, the effects of four parameters (�, cc,m, s) are 
analysed in details.

3  Results

This model emphasizes that the congestion is caused by 
individual agent’s spontaneous decision to take the short 
cut. The impose of congestion charge provides as a bal-
ance force to suppress the use of short cut and thus to 
relieve the congestion. In an idealized situation, the con-
gestion can be suppressed without a central control of 
each agent’s path assignment. With the prescribed ran-
dom destination, the maximum cost is N / 2 and the aver-
age cost is N / 4 if all agents travel along the ring. When 
the hub becomes available, the cost can be expected to 
reduce; when the congestion charge is imposed, the cost 
can be expected to increase. When � is small, the conges-
tion is not possible and the congestion charge cc is irrel-
evant. The cost decreases linearly with the increase of � . 
When � is large, the congestion will emerge if the agents 
choose to travel through the hub whenever possible. The 
impose of congestion charge cc provides an incentive for 
agents to self-organize to avoid the congestion. With rea-
sonable intuition, one would expect that (1) g decreases 
with an increasing � and (2) g increases with an increas-
ing cc. Typical results are shown in Figs. 1 and 2. In the 
simulations of N = 101 , data are averaged from 101 to 
200 cycles. The first 100 cycles are discarded as transient. 
The system evolves very quickly towards a steady state. In 
practice, a stable result can be reached after 10 cycles. An 
ensemble average over 100 events is further performed to 

have a smooth result. An interesting nonlinear behaviour 
is observed in the congestion regime. In some parameter 
range, g increases with an increasing � and/or g decreases 
with an increasing cc. Such behaviour is counter-intuitive 
and confusing.

The nonlinear curve g(�) shown in Fig. 1 does not reveal 
the underlying dynamics of the system. Figure 3 plots the 
simulation results both in a single cycle (open symbol) and 
their average over 100 cycles (closed symbol). In the free 
flow regime, 𝜆 < L , normal fluctuations can be observed. 
Data points fluctuate around the average value. In the 
congestion regime, 𝜆 > L , data points divide into two 
branches. The average value does not represent any real 
event. The complete evolution of probability profile as a 
function of both g and � is shown in Fig. 4. When 𝜆 < L , 
the system presents a single branch. When 𝜆 > L , the 
system divides into two branches. The nonlinear curve 
shown in Fig. 1 is the sum over these two branches. The 
lower branch is independent of both cc and � , while the 
upper branch moves continuously towards a higher cost 
as cc increases. The lower branch is the desired result of 

Fig. 1  Typical results of g(�) at m = 2 , s = 2 , and various values of 
cc. Other parameters are N = 101 and L = 40 . Data are averaged 
from 100 to 200 cycles, with an ensemble average over 100 events

Fig. 2  Typical results of g(cc) at m = 2 , s = 2 , and various values of 
� . Other parameters are the same as in Fig. 1



Vol:.(1234567890)

Research Article SN Applied Sciences (2020) 2:105 | https://doi.org/10.1007/s42452-019-1893-2

effective adaptation. In contrast, the upper branch is the 
result of irrational decisions.

The effects of two other parameters m and s are also 
studied. These two parameters are correlated. With a given 
m, there are 2(2m) different strategy cards, i.e. 1 ≤ s ≤ 2(2

m) . 
When s is small, the average cost decreases gently with 
the increase of � . The congestion charge becomes effec-
tive at a � larger than L. As s increases, the average cost 
presents a steeper slope and the congestion charge onsets 
at a smaller � . Results are shown in Fig. 5, where the value 
of s is plotted in a logarithmic scale. The effect of increas-
ing s is not linear, especially when m is large. In the case 
of m = 3 , the maximum is s = 256 . Yet the result saturates 
around s = 10 . As s increases, the fast saturation indicates 
an insufficient adaptation in the evolution processes. The 
results improve marginally when more strategy cards are 
available.

4  Discussions

In this model, all agents follow the same rules to make 
decisions. Previous study indicated that the agents 
self-organize into two groups when the congestion 
emerges [14]. The long-distance travellers have a higher 
probability than the short-distance travellers to use the 
hub, which is a clear demonstration of adaptation. Typi-
cal results are shown in Fig. 6. The congestion charge cc 
becomes a simple measure of distance to differentiate 
these two groups. The two groups are not to be identi-
fied with the two branches shown in Fig. 3. When the two 
branches are separated, both branches present the same 
differentiation of two groups as also shown in Fig. 6. Obvi-
ously, formation of the two branches is caused by a dif-
ferent mechanism. Figure 7 plots the same dependence 
for various values of s. In the case of s = 1 , each agent 
follows his/her only one strategy card to make decision. 

Since there is no adaptation, a flat probability at 0.5 is 
observed, i.e. each agent has equal probability to use or 
not to use the hub. In the case of s > 1 , each agent can 
switch strategies to adapt to traffic conditions. A higher 
probability can be observed for travelling distance larger 
than cc. As s increases, the difference enlarges between 
long-distance and short-distance travellers. Increasing s 
increases the ability to adapt to traffic conditions. Better 
results can thus be achieved.

The self-organizing into two groups is not the mecha-
nism behind the two branches. The two branches can still 
be observed in the case of s = 1 , where all the agents have 
the same probability to use the hub. The branching effect 
should be attributed to the operation of strategy cards, 
which imposes strong constraint to the decision-making 
process. Figure 8 plots the cost g from cycle to cycle, which 
shows fast oscillations between the two branches. The 
oscillations can be taken as a manifest of the underlying 
stochasticity in the decision-making process. Although 
the decision-making process is deterministic to follow the 
rules, the operation of strategy cards introduces intrinsic 
stochasticity into the process.

In this model, the dynamics of decision-making is 
controlled by two parameters: m and s, which represent, 
respectively, the length of memory in strategy consider-
ation and the number of strategy cards in each agent’s 
hand. A larger m implies each agent has more past expe-
riences to learn from. A larger s implies each agent has 
more current options to choose from. With naive intuition, 
increasing the length of memory and/or the number of 
options will enhance the ability to find a better way to 
avoid the congestion. However, numerical simulations 
indicate that the effect is marginal. As the parameter 
m increases, the strategy variety increases rapidly. The 
agent’s behavioural heterogeneity is controlled by the 
parameter s, where 1 ≤ s ≤ 2(2

m) . When s is small, all the 
agents can be differentiated from one another by the dif-
ferent strategy cards in their hands. As s increases, the 
heterogeneity diminishes and the agents become more 
homogeneous. With a small s, the ability to adapt to traffic 
conditions is limited as there are only few options. With a 
large s, the ability is also limited owning to the homogene-
ity. With more strategy cards at hand, the results improve 
marginally.

Another indication of insufficient adaptation is the 
dependence on initial configurations. The score of each 
strategy card can only be evaluated properly after the 
first m iterations. In the simulations, random configu-
rations are used as the initial conditions in the first m 
iterations. In general, the final results are expected to be 
independent of the initial configurations. In this model, 
however, the results depend on the initial configurations. 
The dependence on the initial configurations implies that 

Fig. 3  Typical results of g(�) at m = 2 , s = 2 , and cc = 40 . Open 
symbol shows the fluctuations from cycle to cycle; closed symbol 
shows the averaged results
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the dynamics cannot provide sufficient adaptation. As s 
increases, the dependence on the initial configurations 
diminishes as expected.

In this model, the agents can be divided into two cat-
egories in a different way: one has a choice to make and 
the other has no choice. The typical results of their differ-
ent distributions are shown in Fig. 9, where the param-
eters are the same as in Fig. 3. As shown in Fig. 9a, the 

bifurcation is obvious for those agents who can access to 
hub and have a choice. In the free flow regime of small � , 
the optimal result is for all the agents to use hub whenever 
possible. The idealized situation would be g = 1 . However, 
the operation of strategy cards introduces intrinsic fluctua-
tions to result in g > 1 . In the congestion regime of large � , 
the congestion charge becomes inevitable and the oscilla-
tions emerge. With a fixed N, the number of make-decision 

Fig. 4  Probability profiles 
correspond to the nonlinear 
curves shown in Fig. 1

(a) (b)

(c) (d)

(e) (f)
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agents increases with the increase of � . As a result, the 
scattering of data decreases with the increase of � . In con-
trast, Fig. 9b shows the results for those agents who can-
not access to hub and have no choice. With a fixed N, the 
number of no-choice agents decreases with the increase 
of � . As a result, the scattering of data increases with the 
increase of �.

Without adaptation, the cost g is a linear function of 
� and has a sudden jump at � = L as shown in Fig. 10a. 

The congestion charge is imposed to discourage the 
short-distance travellers from using the hub. By rational 
decision-making, the hub should be reserved for the 
travelling distance larger than cc. The simulation results 
are shown in Fig. 10b. The analytical formula can be writ-
ten as

when cc < (N − L)∕2 , the cost g(�) consists of three line 
segments. In the simulations, the first transition is abrupt 
and the second transition is smooth. When cc > (N − L)∕2 , 
only two segments with an abrupt transition are observed. 
The model simulations shown in Fig. 1 can be understood 
as a noisy version of this rational decision-making, espe-
cially when s is large. The noises include the intrinsic 
fluctuations and the oscillations between two branches. 
The idealized situation to avoid the congestion is shown 
in Fig. 10c, where the hub is used by the long-distance 
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Fig. 5  Typical results to show the fast saturation as s increases: a 
slope of g(�) in the free flow regime; b onset of � for the congestion

Fig. 6  Travel distance dependence of an agent’s probability to use 
the hub. Parameters are m = 2 , s = 2 , � = 80 , and cc = 40

Fig. 7  Travel distance dependence of an agent’s probability to use 
the hub for various s. Parameters are m = 2 , � = 80 , and cc = 40

Fig. 8  Typical results of g(�) at m = 2 , s = 2 , � = 80 , and cc = 40
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travellers and the number is limited to L. The analytical 
expression for this continuous curve can be obtained as

As congestion will not emerge in this idealized situation, 
the congestion charge becomes irrelevant. The model sim-
ulations are quite far away from this idealized situation. In 
this model, the decision-making process is controlled by 
the operation of strategy cards. Each agent is instructed to 
follow the best strategy card in his/her hands. The results 
indicate that conflict of interest cannot be resolved in the 
congestion regime.

5  Conclusion

This study reports the nonlinear behaviour of optimal traf-
fic flow in a model system of congestion charge operation. 
With conventional wisdom, congestion charge scheme 
seems to be a promising tool to relieve traffic congestion 
through drivers’ rational decisions. The model assumes 
that all drivers follow the same common rules to make 
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decisions to avoid the congestion. The best decision leads 
to the lowest cost g. One expects that an increasing link � 
will result in a decreasing cost g, and an increasing conges-
tion charge cc will result in an increasing cost g. An increas-
ing link � implies that more agents have access to the short 
cut. The cost g will decrease if the agents make correct 
decisions. Similarly, an increasing congestion charge cc 
will increase the cost g. The increment is equal to the con-
gestion charge if the agents cannot adapt. A lesser incre-
ment can be observed if the agents are able to adapt their 
behaviour by making correct decisions. In some param-
eter regime, counter-intuitive results are observed, i.e. the 
cost g increases with an increasing link � and/or the cost 
g decreases with an increasing congestion charge cc. The 
peculiar behaviour is attributed to the oscillatory insta-
bility between two branches. In the free flow regime, the 
system presents only one branch. In the congested regime, 
the system bifurcates into two branches. These persistent 

(a)

(b)

Fig. 9  Typical results of g(�) with two different kinds of agents: a 
agents can access to hub; b agents cannot access to hub. Param-
eters are the same as in Fig. 3

(a)

(b)

(c)

Fig. 10  Analytical results of g(�) : the hub is used by a all agents, b 
agents with travel distance longer than cc, c � agents with longest 
travel distance
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oscillations are originated in the decision-making process. 
In the daily experience, there are many examples of persis-
tent oscillations. Consider a group of people making inde-
pendent decisions. Some choose one option, while others 
choose a different option. If the outcome is not satisfied, 
people switch their choices. The persistent oscillations 
indicate a frustrated system in the congestion regime. 
Incorporating more experiences and more choice options 
has limited effect to remedy the frustration of congestion. 
In the model system, the best strategy is evaluated from 
the perspective of personal interest. The conflict of interest 
cannot be resolved in the congestion regime. It would be 
interesting to further explore if the introduction of public 
welfare would lead to a more satisfied result.
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