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Abstract
We develop new methods for several subimage analysis problems. Images in two dimensions are represented by matrixes 
(higher dimensional images are represented by higher dimensional arrays). This representation yields efficient algorithms 
for image search and comparison problems applicable not only to images, but also to array search and comparison in any 
dimension two or larger. Subimage analysis based on our array-representation has limitations. For example, our meth-
ods are not rotation and scale invariant. However, they yield efficient algorithms that have practical applications. Videos 
and snapshots taken from videos are continuously added to the digital world where they are permanently accessible. 
From a snapshot, one may want to locate and watch the part of the video that contains this snapshot (e.g. moments in 
news-footage, soccer or olympic games). One may also want to find common parts (sequences of frames) in multiple 
videos for various reasons (e.g. copyright-check, false-news detection). Our algorithms are applicable in these cases. For 
another application, we propose representing RNA secondary structures by matrixes. Since our methods are applicable 
to submatrix analysis, RNA substructure search and multiple RNA structure comparison problems can be solved by using 
our algorithms (for exact matches).

Keywords Subimage analysis · Array analysis · Structure analysis · Video search · Video comparison · RNA secondary 
structure · String algorithm · Suffix tree

1 Introduction

Image analysis is a very wide area which uses many tech-
niques and has many applications [30]. In this work, we 
consider three problems focusing on the following sub-
image analysis problems: finding given objects in a given 
image; finding objects that appear multiple times in an 
image; and finding common objects of a given size in a set 
of images. In particular, we study variations of these prob-
lems in which there are few host images that may include 
subimages (objects) of interest from a large collection. The 
following are some examples: in a given image, finding all 
matching fingerprints (iris recognition is another exam-
ple) from a database of fingerprints (or from a database of 
biometric images); or in a given document image, finding 
all company logo images, characters, watermarks, or other 

symbols defined in a database. Finding multiple appear-
ances of the same fingerprint in an image, and compar-
ing multiple images to find common fingerprints are some 
other applications of the problems we study in this paper.

The mentioned problems are known in the literature 
as the following: searching subimages [8, 28]; finding 
repeating subimages [11, 18]; and finding common sub-
images (multi-image comparison) [17]. Existing algorithms 
aim for near matches for the purpose of achieving com-
putationally feasible solutions. In this paper, we develop 
algorithms for obtaining exact solutions. The worst-case 
time complexity of existing algorithms for these prob-
lems (e.g. [3, 4, 7, 16]) is not better than that of brute-force 
(exhaustive search) algorithms. The solutions we pro-
pose process host images first to create data structures. 
Subsequent problems are answered fast with the help 
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of these data structures. One important example is the 
human brain template images which are stored for the 
purpose of supporting search and comparison (see [27] 
for a survey). Center for Geographic Analysis (https ://gis.
harva rd.edu ) at Harvard University developed and made 
available open source data for world’s map and geological 
structures (http://world map.harva rd.edu/). Image analysis 
on existing and new structures is a perpetual work. For 
another example, one may consider processing images 
of a crime-scene object that may contain multiple finger-
prints. The fingerprint images from a database can then 
be run on this preprocessed image to find all matches. 
Similar applications are natural on processing documents 
that contain logo images, predefined diagram elements, 
human language and musical characters, or other prede-
fined visual symbols from a very rich set of sources such 
as hieroglyphic alphabets.

Our interests in this paper are on images of objects that 
can be represented by (and stored in) multi-dimensional 
arrays of finite elements (pixels). For a d-dimensional (con-
stant d ≥ 2 ) such image, we use the following notation:

– the size of the image is described by expression 
N1 × N2 ×⋯ × Nd;

– entire set of elements in the i’th dimension of the image 
is referred to by dimension i, where integer i ∈ [1, d];

– the length (size) of dimension i is denoted by Ni;
– total size of the image is the product N1N2 ⋯Nd.

We assume without loss  of  general i ty  that 
N1 = max{N1,N2,… ,Nd} (otherwise, we transpose the 
array storing the image: this is only needed to minimize 
execution time). In particular, we consider rectangular 
images as arrays (also called matrixes for d = 2 ) whose 
elements (pixels) are defined over a fixed finite alphabet 
Σ . Figure 1 illustrates an example for our modeling of a 
rectangular image by a matrix using a binary alphabet Σ.

There are limitations due to our modeling of images. 
Our image representation is not rotation and scale invari-
ant. Precision of representation depends on sizes of 
matrixes (grid cells), and the choice of alphabet Σ . Images 

are also affected by many physical parameters such as 
noise, blur, and intensity. However, our model is still very 
useful in analyzing solid objects, 3-dimensional layout of 
buildings, fragments of video footage. We elaborate on 
them in this section.

The methods we develop apply to arrays. Therefore, 
to refer to an image, we prefer to use the word array. In 
our representation, we further convert arrays to strings. 
Subimage analysis problems eventually are solved in the 
framework of strings.

Subimage Query A subimage query asks for all occur-
rences of a given subimage in a host image. Consider 
digital documents that include symbols generated from 
known sources in fixed format and size. There are many 
sets of such symbols. Figure 2 shows such example sets.
Subimage searching has challenges for traditional 
computational methods: First, searching for a subim-
age using global features fails because the subimage 
features usually represent only a small fraction of the 
global image features [9]. Second, even if local regions 
of interest are detected, finding actual matches from 
the underlying database of subimages requires many 
image comparisons. Best methods organize the under-
lying database by clustering images based on (local) 
features (e.g. feature selection and clustering of finger-
prints [5, 24]). We address these two challenges by mov-
ing this problem to the domain of strings in which we 
can use an efficient data structure, namely generalized 
suffix tree.
Applying tools on strings to image matching is not 
new. A commonly used alignment tool for biological 
sequences has been used in matching images [20]. In 
another application, sequences generated from object 
boundaries are used in recognizing weapons from 
given images [2]. In this paper, we propose a novel 
string representation for images which lets us create 
and use a suffix tree. After this representation is created 
for the host image, the time required by our subimage 
search algorithm does only depend on the size of the 
searched subimage, and not on the size of the host 

(a) (b) (c)

Fig. 1  Our image representation: a a rectangular image; b a 
2-dimensional grid of equal-sized binary (1: fill; 0: no fill) cells par-
titioning this image; c a matrix obtained from the cells of this grid. 
The origin is at the top-left corner, position (0, 0)

Fig. 2  Several symbols from different sets: a Emoji symbols; b Chi-
nese symbols; c ancient Egyptian Hieroglyphics symbols

https://gis.harvard.edu
https://gis.harvard.edu
http://worldmap.harvard.edu/
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image. To the best of our knowledge, currently, no other 
algorithm guarantees comparably fast performance for 
exact subimage search.
In our model, a subimage query for a given subimage g 
in an image G becomes the problem of finding a given 
subarray g in array G. Therefore, we use subarray query 
for subimage query. Subarray search-related problems 
are also known in the literature (e.g. see [19, 25]).
We propose a novel method for subarray query. We pro-
cess a given array G of size N1 × N2 and build a suffix tree 
RG . Subsequently, for any given array g of size n1 × n2 , 
our method uses RG to find all occurrences (if any) of g 
(as a subarray) in G. Building RG is done in time O(N1N

3
2
) 

using O(N1N
3
2
) space. The subarray query becomes the 

problem of finding substrings in a given string using 
the suffix tree RG . For any given array g, finding all 
c ≥ 0 occurrences of g in G (subarray query) takes time 
O(n1n2 + c) , independent of the total size |G| of G. Our 
approach is very fast when there are many subarray 
queries to answer on the same array G. This approach 
can also be generalized to d-dimensional images, where 
d ≥ 2 . For d-dimensional images, we use d-dimensional 
arrays. Figure 1 includes an example for a two-dimen-
sional case. Figure 3 illustrates that a three-dimensional 
model for a three-dimensional image includes more 
information. The occluded additional two table-legs in 
part (a) are included in the model in part (b). Searching 
for a single leg in 3-dimensional model in Fig. 1 part (b) 
returns four positions shown in part (c).
For another example instance of subimage query, con-
sider searching for a subimage in a video. The queried 
subimage could be a fragment originally obtained from 
the input video, but which frame has it in the video may 
not be known. Such cases often arise in real life. There 
are many pictures extracted from video frames in social 
media. Usually people would like to locate the frame of 
a video that is known to contain a given query subim-
age. A snapshot of a goal in a soccer game, or a snap-
shot of a winning swimmer may appear in many videos. 

Figure 4 includes an example snapshot used as a query. 
In this case, since a video is a sequence of 2-dimensional 
frames, it is stored in a 3-dimensional array.
The time and space required to build suffix tree Rd

G
 for 

array G of size N1 × N2 ×⋯ × Nd is O(N1N
3
2
⋯N3

d
) . A sub-

array query for any given array g of size n1 × n2 ×⋯ × nd 
can be answered in time O(n1n2 … nd + c) , where c is 
the number of occurrences of g in G. In comparison, 
one may relate 2-dimensional exact image matching 
to the 2-dimensional exact string matching problem 
[4, 7]. Although algorithms for good average-case per-
formance have been proposed (e.g. [16]), the worst-
case time complexity of existing algorithms for this 
problem has remained O(N1

1
N1
2
N2
1
N2
2
) for matching two 

images of sizes N1
1
× N1

2
 , and N2

1
× N2

2
 . This worst-case 

complexity can be achieved by a naive algorithm that 
uses brute force. Generalizing this to any dimension two 
or larger, a naive (brute-force) algorithm for d-dimen-
sional exact matching would take in the worst-case 
Θ(N1N2 …Ndn1n2 … nd) time since there are N1N2 …Nd 
possible subarray positions and checking each one for 
an exact match takes time �(n1n2 … nd).
Repeating Subarrays Query We consider the problem 
of finding, for any given integer z > 0 , all subimages g 
each with total size |g| ≥ z appearing more than once in 
host image G. We call this problem the Repeating Subar-
rays Query. In a digital document that contains symbols 
(such as shown in Fig. 2) generated by a known source, 
a symbol may appear many times. In Fig. 3, the same 
leg appears four times in the 3-dimensional model of 
the table (two legs appear in the 2-dimensional model 
of the same table). These cases are some examples for 
the repeating subarray query problem. We present a 
solution that answers this problem in time O(N2

2
) (inde-

pendent of z), where G is an image of size N1 × N2 . We 
note that a naive (brute-force) algorithm that checks all 
pairs of positions in G for a possible match would take 
�(zN2

1
N2
2
) time.

All Common Subarrays Query We also consider a multi-
ple image comparison problem whose objective is to 
find the subimages common to all given input images. 
Digital world is flooded with videos. The same video 
clips are used by many agents (news agents are show-
ing the same video by adding their logos on a corner). 
Comparison of videos can be used to make sure that 
shared number of frames is within the allowed sizes 
by copyright rules. They do not falsely present (some 
fake news were known to have been generated by tak-
ing videos from computer games). Figure 5 includes 
an example for a shared video-segment. In this case, 
two videos from NASA share frames in illustrating the 
landing animation of Curiosity on Mars. There are eas-

Fig. 3  a A table’s view in 2-dimension in certain perfective; b the 
same table in a 3-dimensional array; c positions of four identical 
legs of the table
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ily more than 10 videos in social media sharing these 
fragments.
When all videos of two people are compared, this 
requires a comparison in 4 dimensions since the 4th 
dimension is required to store all 3-dimensional videos 
of an individual. Similarly, when the hierarchy grows in 
size (e.g. from countries to groups, and then to individu-
als), the needed dimensions grow in the same way.

In a set of images {G1,G2, …GK} , where each Gi in this 
set is an image of size N1 × N2 , all subimages g each with 
total size |g| ≥ z (for a given integer z > 0 ) common to 
all these K images (All Common Subarrays Query) can 
be found in time O(KN2

2
) using the generalized suffix 

tree created from G1,G2,…GK  . A naive (brute-force) 
algorithm for this problem considers and compares all 
possible positions pairwise from G1 and all Gi , i ∈ [2, d] 
(based on transitivity of equality for subarrays), and it 
would take time �(zKN2

1
N2
2
).

In the literature, there are algorithms on strings that 
use suffix trees for solving problems that have some simi-
larity to the problems we tackle. These other problems 
are about identifying all repeats (repeated substrings in 
strings) [15, 26], and finding longest common repeats 
[23] with applications in biological sequence analysis. The 
algorithms for these problems are not readily applicable 
to the problems we define in this paper. This is because 
in our framework, strings are not ordinary sequences of 
characters; they include start and end markers with which 
substrings of certain structures correspond to subarrays. 
There are also differences in objectives of the defined 
problems. Our framework uses strings for modeling arrays 
in two or higher dimensions. Additionally, our results for 

Fig. 4  a Query subimage; b a youtube video titled “Curiosity Has 
Landed” (https ://www.youtu be.com/watch ?v=N9hXq zkH7Y A). Que-
ried subimage is obtained from a fragment in a frame in this video. 

Such instances often arise in practice. The queried subimage is 
found in a frame pointed by an arrow from the query in part (a)

Fig. 5  Two videos from NASA illustrate animation of landing of 
Curiosity on Mars. Video 1: “Curiosity Has Landed” (https ://www.
youtu be.com/watch ?v=N9hXq zkH7Y A); Video 2: “NASA Mars Sci-
ence Laboratory (Curiosity Rover) Mission Animation [HD × 1280]” 
(https ://www.youtu be.com/watch ?v=gwinF P8_qIM). Frames 1–4 
are shared in both videos

https://www.youtube.com/watch?v=N9hXqzkH7YA
https://www.youtube.com/watch?v=N9hXqzkH7YA
https://www.youtube.com/watch?v=N9hXqzkH7YA
https://www.youtube.com/watch?v=gwinFP8_qIM
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two-dimensional cases also generalize to d-dimensional 
cases where d > 2 not only for Subarray Query, but also 
for Repeating Subarrays Query and All Common Subar-
rays Query. These generalizations are significant because 
image analysis in high dimensions has important applica-
tion areas. For example, medical imaging applications use 
objects in 3 and 4 dimensions (e.g. brain template image). 
Example surveys on such applications can be found in the 
literature [22, 27].

We introduce our problems in the domain of images. 
However, since our algorithms are developed for objects 
modeled on arrays, they have much wider impact. For 
example, they are applicable for the analysis of lattice 
based models of crystal structures (see [21] for lattice mod-
els of crystals), and RNA secondary structures (see [1] for 
some RNA secondary structure tools).

The outline of this paper is the following: We give basic 
definitions and describe our notation in Sect. 2. In Sect. 3, 
we propose a method that processes an array to create 
an efficient data structure representation. We present our 
algorithm for Subarray Query in Sect. 4. In Sect. 5, we gen-
eralize our definitions and results for Subarray Query for 
d-dimensional ( d ≥ 2 ) images. We discuss Repeating Subar-
rays Query in Sect. 6, and All Common Subarrays Query in 
Sect. 7. We discuss applications of our algorithms on RNA 
secondary structure analysis, and give remarks on addi-
tional applications in Sect. 8. We summarize limitations 
and contributions of our methods in Sect. 9. We conclude 
and give pointers for future work in Sect. 10.

2  Basic definitions and notation

Let Σ be a fixed finite alphabet. We consider rectangu-
lar images as arrays whose elements (pixels) are defined 
over Σ . That is, |Σ| is constant, and each element in Σ has a 
constant-size representation. Each pixel in an image has a 
position, and attributes (e.g. color) determined from the 
assigned symbol in Σ . For example, a black and white rec-
tangular image can be represented by an array whose ele-
ments are in {0, 1} . We add to Σ the symbol #1 not originally 
in Σ for a special purpose.

A suffix tree R for a string s is a tree in which every suffix 
of s appears on a branch in R. In a generalized suffix tree, 
all suffixes of a given set of strings appear as labels on the 
branches [14]. There are many applications of generalized 
suffix trees (for example, see [6]).

Figure 6 includes a generalized suffix tree for three 
strings, S1 = paint, S2 = rain, and S3 = train . The strings are 
appended by a $ to mark suffixes’ end. Every leaf node u 
corresponds to a suffix that is read on the branch from the 
root until this leaf u. Every leaf node contains a list of pairs 
(n, i), where n is the identifier for the host string Sn that has 

the corresponding suffix to this branch, and i is the start-
ing index of this suffix in string Sn . For example, the suffix 
in$ appears on a branch which ends in a leaf node that 
includes (S2, 3) , and (S3, 4) . We note that in$ starts at posi-
tion 3 in S2 = rain$ , and at position 4 in S3 = train$ . In the 
actual implementation, the labels of the edges are not the 
substrings but beginning and ending positions of the sub-
strings in a host string. This saves a lot of space since each 
label is actually a pair of integers. There are algorithms that 
construct a generalized suffix tree in time and space linear 
in the total length of the input strings (e.g. [31]).

Let R be a generalized suffix tree of a set of strings in 
S. Given a string s, determining if s is a substring of any 
string in S can be done in time O(|s|) by using R [14]. More 
precisely, substring s is searched in prefixes of all suffixes 
of all strings in S appearing on (more precisely, achievable 
via) branches of R. The fact that this takes time O(|s|), and 
the number of nodes, edges, and the total size of the infor-
mation stored in labels of the constructed tree R are linear 
in the input strings’ total length [14, 31] are fundamental 
for efficiency of our algorithms in this paper.

In the rest of the paper, d denotes a constant integer 
two or larger. We use d to refer to images’ number of 
dimensions.

3  Proposed preprocessing for images

We imagine a rectangular image G of size N1 × N2 as 
an array of pixels G = (ti,j) of size N1 × N2 as shown 
in Fig.  7a. We assume without loss of generality that 
N1 = max{N1,N2} (otherwise we transpose G).

We represent array G as a string SG , where each ti,j 
is considered as an element in a fixed finite alpha-
bet Σ , and SG is obtained from the rows of G such that 
SG = #1

∏N1

i=1
ti,1ti,2 … ti,N2

#1 ,  where 
∏

 denotes the 
concatenation operation. For the example in Fig.  7b, 
SG = #1001100#1010010#1111111#1 100001#1100001#1 
(0, 1, respectively, denotes the white, black pixels).

Let bj,k denote a slab (a rectangular subarray) of array 
G such that it has the top left corner (1, j), bottom right 

Fig. 6  A generalized suffix tree for strings S1 = paint, S2 = rain, and 
S3 = train
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corner (N1, j + k − 1) , and for all j, k, it is true that j, k,  and 
j + k − 1 are in [1,N2] . In other words, slab bj,k is a subar-
ray of G of size N1 × k with its top left corner at (1, j). Slab 
bj,k of G is illustrated in Fig. 8.

Let Sbj,k denote a string obtained from slab bj,k of G. 
That is, Sbj,k = #1

∏N1

i=1
ti,j ti,j+1 … ti,j+k−1#1 . We note that all 

strings for images start with a #1 including SG and all Sbj,k . 
Let BG be the following collection of strings Sbj,k:

Two arrays g and g′ are identical if they are of the same 
dimension and size, and all elements in the same positions 
are the same in both arrays.

A given array g of size n1 × n2 is a subarray of array G at 
position (i�, j�) if the following two subarrays are identical: 
g and the subarray of G with top-left and bottom-right 
corners at positions (i�, j�) and (i� + n1 − 1, j� + n2 − 1) , 
respectively.

BG =
⋃

for all slabs bj,k
j, k, j + k − 1 ∈ [1,N2]

Sbj,k .

Definition 1 For given two arrays g and G, if there exists 
(i�, j�) such that the subarray of G at position (i�, j�) is identi-
cal to g, then we say that array g appears at position (i�, j�) 
in array G.

Lemma 1 For arrays G of size N1 × N2 , g of size n1 × n2 , and 
for j� ∈ [1,N2] , i� ∈ [1,N1] , g appears at (i�, j�) in G iff Sg is the 
prefix of length |Sg| of the suffix of Sbj� ,k� ∈ BG that starts at 
index (position) (i� − 1)(n2 + 1) + 2 in this suffix.

Proof If g is a subarray at position (i�, j�) in G, then for 
k� = n2 , g is a subarray of the slab bj′ ,k′ of G starting at row 
i′ . Figure 9 illustrates this case on array G in part (a); and in 
suffix tree BG in part (b). By the definitions of Sg and Sbj′ ,k′ , Sg 
is the prefix of length |Sg| of the suffix U of Sbj� ,k� ∈ BG that 
starts at position i = (i� − 1)(n2 + 1) + 2 (including #1’s) in 
this suffix. The suffix tree RG has a branch ending at a leaf 
node that contains in its list the tuple (j�, k�, i).

If g is different from the subarray of size n1 × n2 at posi-
tion (i�, j�) in G, clearly g is not a subarray of the slab bj′ ,k′ of 
G starting at row i′ , where k� = n2 . By the definitions of Sg 
and Sbj′ ,k′ , Sg differs from the prefix that starts at index (posi-
tion) (i� − 1)(n2 + 1) + 2 in the suffix of Sbj� ,k� ∈ BG . The suf-
fix tree RG cannot have a branch ending at a leaf node 
containing in its list the tuple (j�, k�, i) .   ◻

Proposition 1 Build a generalized suffix tree RG that stores BG 
containing all Sbj,k for all j, k, j + k − 1 ∈ [1,N2] . This takes 
time and space O(N1N

3
2
) . There are N2

2
 slabs bj,k each of total 

size O(N1N2) . The total length of strings is O(N1N
3
2
).

We can use a linear time and space suffix tree construc-
tion algorithm [31] in building RG . Since the total length 
of the input strings is O(N1N

3
2
) , this takes O(N1N

3
2
) time 

and space. There are O(N2
2
) slabs (one string for each slab). 

Therefore, RG has O(N2
2
) nodes and edges.

After building RG , we postprocess it. There is only one 
edge whose label starts with #1 from the root. We keep this 
edge and the subtree rooted at the child arrived from this 
edge. All subtrees rooted at other children of the root are 
removed. Post-processing RG does not increase the num-
ber of nodes and edges. We use post-processed RG.

We say that string h is a complete prefix if it is a prefix of 
string Sbj,k for some slab bj,k , and h starts and ends with a 
#1 . Throughout the entire paper, for simplicity we ignore 
the end marker $ in all suffixes in our discussions. Let H be 
the set of all complete prefixes obtained from BG . There is 
a one-to-one correspondence between H and set of all 
possible rectangular images in G (i.e. between distinct 
elements).

Let T be the set of complete prefixes obtained from 
the labels of RG . We note that on each branch in RG the 

(a) (b)

Fig. 7  a An array model of a rectangular image G; and b an exam-
ple image: arrows indicate the order of elements traversed in gen-
erating the string representation

Fig. 8  Slab bj,k (enclosed by dashed lines) in image G, where 
j, k, j + k − 1 ∈ [1,N2]
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first label starts with a #1 , and ends with a #1 . There are 
one-to-one correspondences for all pairs of the sets H, 
T, and set of all possible rectangular (distinct) subim-
ages in G.

In the leafs of RG , each (j, k, i) is stored for the suffix start-
ing at index i in Sbj,k.

4  Subarray search

We define the problem of searching for a given subimage 
in a host image as a query problem on arrays.

Definition 2 Subarray Query (SAQ): Given an array g of size 
n1 × n2 , find all positions (i�, j�) at which g appears in a host 
array G of size N1 × N2 .

Theorem 1 Let G be an array processed as described in Prop-
osition 1. For a given subarray g of size n1 × n2 , all c distinct 
positions (i, j) at which g appears (all c occurrences of g) in G 
can be found in time and space O(n1n2 + c) . That is, the SAQ 
problem can be solved within this specified time and space 
complexity.

Proof By corollary of Lemma 1, we see that the subarray 
query SAQ can be answered by solving a substring search 
problem as the following: For a given g, construct Sg ; 
search Sg in RG ; if no such Sg is found then return that g 
does not appear in G. Otherwise, return all positions (j, k, i), 
where Sg is a prefix of the suffix starting at position i in 
string Sbj,k for slab bj,k.

Constructing Sg takes time O(|g|) = O(n1n2) . If g 
appears in G, the traversal for searching Sg in RG arrives at 
a node u after visiting at most O(|g|) nodes. The traversal 
reaches at most c leafs in the subtree rooted at node u. 
In the lists of these leaf nodes collectively c triplets (one 
for each position) of (j, k, i) are obtained. Each found dis-
tinct (j, k, i) corresponds to a distinct appearance of g in 
some slab bj,k starting at row i′ in G (including also #1 ’s in 
Sg ) such that i = (i� − 1)(k + 1) + 2 = (i� − 1)(n2 + 1) + 2 
(or i� = (i − 2)∕(k + 1) + 1 ). If g does not appear in G, the 
search will discover this after examining O(|g|) nodes dur-
ing the traversal. Therefore, the total time required for find-
ing all c ≥ 0 occurrences of g in G is O(n1n2 + c) .   ◻

5  Searching for d‑dimensional ( d ≥ 2 ) 
objects

The result expressed in Theorem 1 generalizes to d-dimen-
sional ( d ≥ 2 ) images. For this purpose, we first extend 
our definitions. For a given d, let #1, #2,… , #d−1 be sym-
bols added to Σ . We imagine a d-dimensional ( d ≥ 2 ) 
image G of size N1 × N2 ×⋯ × Nd as an array of elements 
G = (tj1,j2,…,jd

) . We assume without loss of generality that 
N1 = max{N1,N2,… ,Nd} (otherwise we transpose G).

Next,  let  s lab D� = b(j2,k2),(j3,k3),…,(jd ,kd )
 denote a 

d-dimensional ( d ≥ 2 ) subarray of G such that D′ is of 
size N1 × k2 … k3 … kd , and the lexicographically small-
est corner (the top-left corner if d = 2 ) of slab D′ in G is 
(1, j2, j3,… , jd).

Fig. 9  a Subarray g in slab bj′ ,k′ of G; b The subarray g is represented 
by a string Sg that appears as a prefix of suffix U of string Sbj′ ,k′ for 
slab bj′ ,k′ . U starts in Sbj′ ,k′ at a position calculated by an expression 

that involves the row number i′ . U appears on a branch in BG . This 
branch ends with a leaf that has a list containing the triplet (j�, k�, i)
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Consider that we traverse the elements of D′ in lexico-
graphical order of dimension numbers j2, j3,… , jd . The 
index values and elements on these indexes appear in 
lexicographical order of indexes. In other words, these ele-
ments are sorted in dimension 1, and then in dimension 2 
within the same dimension-1 value, and so on until dimen-
sion d (i.e. in lexicographical order). Let S(j2,k2),(j3,k3),…,(jd ,kd )

 
be the string obtained in this way (i.e. let the traversal in 
lexicographical order yields the string S(j2,k2),(j3,k3),…,(jd ,kd )

 ). 
In S(j2,k2),(j3,k3),…,(jd ,kd )

 , the first and last elements are #1 ; and 
immediately after a sequence of elements at dimension i, 
the symbol #i appears before a sequence of elements at 
dimension i + 1 starts. Let Bd

G
 be the collection of strings 

obtained from all slabs D′ of G. That is,

For example, consider a 3-dimensional image G described 
by array T [i, j, k] = 0 for all i ∈ [1, 4], j ∈ [1, 3], z ∈ [1, 2] , 
except that A[4, 3, 2] = 1 (a 3-dimensional array of size 
4 × 3 × 2 composed entirely of 0’s except for one corner 
cell A[4, 3, 2] = 1 ). This example is illustrated in Fig. 10.

In this case, S
G
= #100#200#200#2#100#200#200#2#1

00#200#200#2#100#200#201#2#1 us ing the lex ico -
graphical order of indexes (1, 1, 1), (1, 1, 2), (1, 2, 1), (1, 2, 
2 ) ,  (1, 3, 1), (1, 3, 2),… , (4, 1, 1), (4, 1, 2), (4, 2, 1), (4, 2, 2),

(4, 3, 1), (4, 3, 2) . For slab b(2,2),(2,1) , the corresponding string 
is S(2,2),(2,1) = #10#20#2#10#20#2#10#2 0#2#10#21#2#1 based 
on the lexicographical order of corresponding indexes (1, 2, 
2), (1, 3, 2), (2, 2, 2), (2, 3, 2), (3, 2, 2), (3, 3, 2), (4, 2, 2), (4, 2, 3) in 
this slab.

Proposition 2 Build a generalized suffix tree Rd
G

 that stores 
Bd
G

 defined in Eq. 1. This takes time and space O(N1N
3
2
…N3

d
) , 

where N1 = max{N1,N2,… , Nd} . In G, there are N2
2
…N2

d
 

slabs b(j2,k2),(j3,k3),…,(jd ,kd )
 each of total size O(N1N3 …Nd) . The 

total length of strings is O(N1N
3
2
…N3

d
).

(1)
Bd
G
=

⋃

for all slabs b(j2,k2),(j3,k3),…,(jd ,kd )
such that

for all d� ∈ [2, d], jd� , kd� , j�
d
+ kd� − 1 ∈ [1,Nd� ]

S(j2,k2),(j3,k3),…,(jd ,kd )

Suffix tree Rd
G

 stores suffixes of N2
2
…N2

d
 strings (one 

string for each slab). Therefore, it has O(N2
2
…N2

d
) nodes 

and edges.
We post-process Rd

G
 with root node r in a similar way 

described in Proposition 1, and obtain essential proper-
ties for our results. More specifically, we keep only the 
subtree rooted at r’s child to which the label starts with 
#1 . After this post-processing, there are one-to-one pair-
wise correspondences among the sets of all complete pre-
fixes obtained from the branches of Rd

G
 , complete prefixes 

obtained from set of all slabs, and set of all d-dimensional 
subimages in G (the correspondences are among distinct 
elements because these sets are not multi-sets).

In the leafs of Rd
G
 , each element ( j1, (j2, k2), (j3, k3)… (jd , kd) ) 

is stored for the suffix starting in position j1 in string 
Sb(j2,k2),(j3,k3 ),…,(jd ,kd )

.

A given array g of size n1 × n2 ×⋯ × nd is a subarray of 
d-dimensional array G at position (j�

1
, j�
2
,… , j�

d
) if g is iden-

tical to the subarray of G which has a corner at position 
(p�

1
, p�

2
,… , p�

d
) for all � ∈ 2n such that �1�2 …�k …�d is the 

binary string representation of � , where for all k ∈ [1, d] , 
if �k = 0 then p�

k
= j�

k
 ; else (if �k = 1 ) then p�

k
= j�

k
+ nk − 1.

Definition 3 Given two d-dimensional ( d ≥ 2 ) arrays g and 
G, if there exists a position (j�

1
, j�
2
,… , j�

d
) in G such that the 

subarray of G at position (j�
1
, j�
2
,… , j�

d
) is identical to g, we 

say that array g appears at position (j�
1
, j�
2
,… , j�

d
) in array G.

Lemma 2  For  d- dimensional  arrays  G  of s ize 
N1 × N2 ×⋯ × Nd , g of size n1 × n2 ×⋯ × nd , and for inte-
gers j�

d� ∈ [1,Nd� ] , g is an array that appears at (j�
1
, j�
2
,… , j�

d
) 

in G iff Sg is the prefix of length |Sg| that starts at index (posi-
t ion)  (j�

1
− 1)(n2 + 1)(n3 + 1)… (nd + 1) + 2 in str ing 

S(j�
2
,k2),(j

�
3
,k3),…,(j�

d
,kd )

∈ Bd
G

.

Fig. 10  A 3-dimensional image used for simple illustration of definitions. The top-left corner is at position (0, 0, 0). The filled cell at position 
(4, 3, 2) is the only cell that has color code 1. All other cells have color code 0
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Proof The proof of Lemma 2 is a generalization of that of 
Lemma  1. In this case, if g is a subarray at position 
(j�
1
, j�
2
,… , j�

d
) in G, then g is a subarray of the slab 

b(j�
2
,n2),(j

�
3
,n3),…,(j�

d
,nd )

 of G starting at row j′
1
 (in dimension 1). By 

the definitions of Sg and Sb(j�
2
,n2),(j

�
3
,n3 ),…,(j�

d
,nd )

 , Sg is the prefix of 

length |Sg| of the suffix U of Sb(j�
2
,n2),(j

�
3
,n3 ),…,(j�

d
,nd )

∈ Bd
G

 that starts 

at position (j�
1
− 1)(n2 + 1)(n3 + 1)… (nd + 1) + 2 (includ-

ing #1’s) in this suffix. The suffix tree Rd
G

 has a branch ending 
at a leaf node that contains in its list the tuple 
(j�
1
, (j�

2
, n2), (j

�
3
, n3),… , (j�

d
, nd)).

If g is different from the subarray of size n1 × n2 ×⋯ × nd 
at position (j�

1
, j�
2
,… , j�

d
) in G, clearly g is not a subarray of 

the slab b(j�
2
,n2),(j

�
3
,n3),…,(j�

d
,nd )

 of G starting at row j′
1
 (in dimen-

sion 1). By the definitions of Sb(j�
2
,n2),…,(j�

d
,nd )

 and Sg , Sg differs 

from the prefix that starts at index (position) 
(j�
1
− 1)(n2 + 1)(n3 + 1)… (nd + 1) + 2 in the suffix of 

Sb(j�
2
,n2),(j

�
3
,n3 ),…,(j�

d
,nd )

∈ Bd
G

 . The suffix tree Rd
G

 cannot have a 

branch ending at a leaf node containing in its list the tuple 
(j�
1
, (j�

2
, n2), (j

�
3
, n3),… , (j�

d
, nd)) .   ◻

Definition 4 Subarray Query (SAdQ): Given an array g of size 
n1 × n2 ⋯ × nd , find all positions (j�

1
, j�
2
,… , j�

d
) for integers 

j�
d� ∈ [1,Nd� ] such that g appears at position (j�

1
, j�
2
,… , j�

d
) in 

a host array G of size N1 × N2 ⋯ × Nd .

Theorem 2 Let G be a d-dimensional array (d ≥ 2 ) processed 
as described in Proposition 2. For a given subarray g of size 
n1 × n2 ×⋯ × nd , all c distinct positions (j�

1
, j�
2
,… , j�

d
) at 

which g appears (all c occurrences of g) in G can be found in 
time and space O(n1n2 … nd + c).

Proof By corollary of Lemma 2, we see that SAdQ can be 
reduced to a substring search problem. The proof of this 
statement is a generalization of Theorem 1. Construct-
ing Sg takes time O(|g|) = O(n1n2 … nd) . There is only one 
node u arrived from the root by following Sg in Rd

G
 . On this 

path until u there are at most O(|g|) nodes, and the subtree 
rooted at u has at most c leafs. These leafs include c differ-
ent elements of (tuple) ( j1, (j2, k2), (j3, k3),… , (jd , kd) ) . From 
each found distinct tuple ( j1, (j2, k2), (j3, k3),…(jd , kd) ) , 
there is a corresponding slab with lexicographically small-
est corner (j�

1
, j2, j3,… , jd) in which j′

1
 is obtained from j1 . If g 

is not a subarray of G then after examining at most O(|g|) 
nodes, the search will conclude that searching for Sg fails, 
and therefore g does not appear in G. Therefore, the time 
required for searching and finding all c ≥ 0 occurrences of 
g is O(n1n2 … nd + c) .   ◻

A naive (brute-force) algorithm for the SAdQ problem 
( d ≥ 2 ) would check every position in G for a possible 

match, and it would take Θ(N1N2 …Nd n1n2 … nd) time. 
Our algorithm is significantly faster.

In the problems in the rest of the paper we do not con-
sider two-dimensional images separately; we consider 
d-dimensional images for any constant d ≥ 2 with the 
initial problem definition. Without loss of generality, in 
image’s d-dimensional array representation, we assume 
that N1 = max{N1,N2,… ,Nd} (otherwise the array can be 
transposed to satisfy this assumption).

6  Finding repeating subarrays

Definition 5 Repeating Subarrays Query (RAdQ) ( d ≥ 2 ): 
Given an integer z > 0 , find all subarrays g of total size 
|g| ≥ z appearing more than once in a d-dimensional (pre-
processed) host array G of size N1 × N2 …× Nd .

Theorem 3 Let G be a d-dimensional array (d ≥ 2 ). There 
exists a suffix tree representation for G such that after build-
ing it, every instance of problem RAdQ can be solved in time 
O(N2

2
…N2

d
) .

Proof Let G be a d-dimensional array ( d ≥ 2 ) processed 
first as described in Proposition 2 yielding the suffix tree 
Rd
G

 after post-processing. We further process Rd
G

 only once 
for the purpose of developing an algorithm that solves all 
subsequent RAdQ problems. That is, with the help of the 
resulting tree, the RAdQ problem is solved for any given 
value of z in the time complexity described in Theorem 3.

We introduce additional definitions for the needed 
steps in further processing of the suffix tree Rd

G
 . For every 

edge (u, v) in the suffix tree Rd
G

 , let su,v be the substring that 
corresponds to the segment of the suffix on the branch 
containing (u, v). For example, in Fig. 6, let r be the root, w 
be the rightmost child of r, and c be the rightmost child of 
w, then sr,w = t , and sw,c = rain$.

In suffix tree Rd
G

 , consider the labels on a branch from 
the root to a leaf. For such a branch, the corresponding 
string from the first #1 to the last #1 indicates a d-dimen-
sional subarray (equivalently, a complete prefix). Since 
every suffix in Bd

G
 starts and ends with a #1 , the first and 

last symbols on any branch is a #1 (recall that suffix end-
marker $ is ignored). For efficient search processing in a 
later step, at every node v we count the symbols that have 
been seen in a complete prefix (d-dimensional subarray) 
on branch labels at arriving v. We also count the symbols 
growing toward a complete prefix later. These values help 
with a traversal step (performed later for solving the RAdQ 
problem) in identifying nodes at which the length bound 
is achieved for a given z. The problem then becomes out-
putting all suffixes obtained from the leafs in the subtrees 
rooted at such identified nodes.
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We explain how we modify the suffix tree Rd
G

 in details. 
We have the following definitions: Let # symbol denote any 
#j for some j ∈ [1, d − 1] . On the path arriving at node v 
from the root,

– ev is the total number of non # symbols; and
– fv is the total number of non # symbols until the last 

seen #1 on this path before v.

We note that at node v, fv is the size of the largest com-
plete d-dimensional subarray observed; and ev is the 
size of a growing d-dimensional subarray not necessar-
ily complete yet, but will be completed later (at a leaf 
node at the latest). For the root node, froot = eroot = 0 . On 
traversing an edge (u, v),

– if su,v does not include #1
– set fv = fu ; and set ev = eu + |su,v|;

– else

– if the last symbol in su,v is a #1
• set ev = fv = eu+ number of non # symbols in su,v

;
– else let su,v = p�q , where � is the last #1 in su,v

• set fv = eu+ number of non # symbols in p; and
• set ev = fv+ number of non # symbols in q;

All these calculations for added attributes can be done 
by using traversal on Rd

G
 . Let Md

G
 be the resulting suffix 

tree modified from Rd
G

 as described.
We do an additional tree traversal in order to add infor-

mation to the suffix tree about all common subarray sizes 
shared by two or more subarrays. We recursively traverse 
Md

G
 , starting at the root node root. A common subarray size 

mu > 0 is achievable by a branch passing through node u 

if the following is true: mu is the maximum value of f such 
that the subtree rooted at u has (at least) two leafs x and 
y such that fx = fy = mu . That is, mu is the maximum value 
of f shared by any two leafs in the subtree rooted at u. 
Calculation of m for all nodes can be done by recursively 
traversing Md

G
 in depth-first (or iteratively in a bottom-up) 

manner based on all f values which were calculated in the 
previous traversal.

Consider the example illustrated in Fig. 11. The suffix 
tree Rd

G
 in part (a) includes a set of branches ending in a 

number of leafs in subtree B rooted at node v′′ that yield 
a common subarray. Our modification algorithm calcu-
lates e, f and m values and adds them to Rd

G
 , and gener-

ates the suffix tree Md
G

 shown in part (b). In this case, the 
total lengths of all labels (excluding #1 symbols) are fv′′ until 
node v′′ , and maximum mv′′ until leaf nodes (to at least 
two leaf nodes). For any given positive value of z, the tra-
versal we propose visits node v′′ and discovers that the 
size (length) lower-bound is satisfied at this node if fv′′ ≥ z . 
Further, if mv′′ ≥ z then it traverses the subtree rooted at 
node v′′ and outputs all subarrays obtained at the leafs of 
this subtree B since there are at least two leafs in B mean-
ing that the common sufficiently large subarray until v′′ is 
shared by multiple arrays (i.e. all arrays corresponding to 
the leafs in B). We note that Md

G
 is built only once from G to 

answer all subsequent RAdQ problems on G for any z > 0.
Problem RAdQ asks for repeating substrings s of length 

≥ z > 0 (excluding # symbols) such that s is a complete 
prefix of a suffix of S(j2,k2),(j3,k3),…,(jd ,kd )

 . Each such substring (if 
it exists) corresponds to a subarray of size ≥ z that appears 
at two or more distinct positions in G. The problem can 
be answered by a single traversal partitioned into two 
levels on Md

G
 in the following way: During the outer-level 

part of the traversal, on visiting edge (u, v), if mv < z , sim-
ply skip the subtree Mv rooted at v, and jump to the suc-
cessor sibling of node v as subtree Mv yields no solutions 

Fig. 11  a Suffix tree Rd
G

 ; b 
suffix tree Md

G
 obtained by 

modifying Rd
G

 . In this example, 
the total lengths of all labels 
(excluding #1 symbols) are fv′′ 
until node v′′ , and maximum 
mv′′ until two or more leafs in 
subtree B rooted at node v′′ . 
This indicates that in suffix 
tree Md

G
 , every leaf in B yields 

a common subarray satisfying 
the size lower bound

(a) (b)
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for RAdQ . Otherwise, if fv ≥ z > 0 (i.e. size lower-bound is 
already achieved at v) and mv ≥ z (and there are at least 
two descendant leafs achieving this lower bound) switch 
to an inner-level traversal (traversal starting at node v); 
otherwise, continue in the outer-level traversal in an ordi-
nary way (not skipping Mv ). In the inner-level traversal, 
perform a traversal starting at node v to its completion; 
and then return to the outer-level traversal and resume 
(after completing the traversal of subtree Mv rooted at v). 
By the inner-level traversal, collect all position elements 
( j1, (j2, k2),… , (jd , kd) ) from the lists L of leafs of the sub-
tree Mv rooted at v; if there are more than one leafs, make 
a note that the prefix from the root to node v of length 
fv is common for all nodes in subtree Mv . We note that 
collectively the outer-level and inner-level traversal parts 
visit each node and edge for no more than twice in Md

G
 . 

All complete prefixes found in subtrees Mv correspond to 
d-dimensional subarrays that satisfy the given size lower 
bound. This result and Lemma 2 imply the correctness of 
Theorem 3.

The time taken by the algorithm for the RAdQ problem 
is O(N2

2
N2
3
…N2

d
) , which is dominated by the asymptotical 

traversal time based on the total number of nodes and 
edges in the suffix tree Md

G
 . A naive (brute-force) algo-

rithm would check all positions in G pairwise for a possible 
match of subarray of size z. This would take �(zN2

1
N2
2
…Nd) 

time. Our algorithm is faster than the naive algorithm by 
a factor of �(zN2

1
).

E a c h  d i s t i n c t  s e q u e n c e  o f  t u p l e s 
( j1, (j2, k2), (j3, k3),… , (jd , kd) ) found in lists stored at the 
leafs visited by the inner-level traversal corresponds to a 
distinct appearance of subarray g in slab b(j2,k2)(j3,k3)…,(jd ,kd )

 . 
This appears in the suffix of S(j2,k2)(j3,k3)…,(jd ,kd )

 starting at 
index j1 . This substring corresponds to an appearance of 
a subarray with the lexicographically smallest corner in 
dimension 1 at position j′

1
 in G such that |g| ≥ z . By also 

considering # symbols, the relation between j1 and j′
1
 are 

the following j1 = (j�
1
− 1)(k2 + 1)(k3 + 1)… (kd + 1) + 2 . 

That is, j�
1
= (j1 − 2)∕((k2 + 1)(k3 + 1)… (kd + 1)) + 1 .  

 ◻

7  Finding all common subarrays in multiple 
arrays

Definition 6 All Common Subarrays Query (CAdQ): Given an 
integer z > 0 , find all occurrences of all subarrays each of 
size ≥ z common in all arrays {G1,G2,…GK} , where each 
Gi , i ∈ [1, K ] , is of size N1 × N2 …× Nd.

Let G1,G2,…GK  be d-dimensional arrays ( d ≥ 2 ). Let for 
each i ∈ [1, K ] , Bd

Gi
 be the set of strings obtained using 

G = Gi in Eq. 1. We set Bd
K
 to be the union of all Bd

Gi
 , i ∈ [1, K ] . 

That is, Bd
K

 includes strings from all the slabs of arrays in 
{G1,G2,…GK} . Let Rd

K
 be the generalized suffix tree created 

from Bd
K
 and G1,G2,…GK in a similar way described in Prop-

osition 2. One addition is that each list at a leaf in its posi-
tion elements also records the host string for the suffix 
element (i.e. number i for Gi along with the starting posi-
tion j1 and slab information (j2, k2),… , (jd , kd) ) . We first 
process Rd

K
 to construct Md

K
 in a similar way described (for 

constructing Md
G

 ) in the proof of Theorem 3, and process it 
further in a bottom up fashion to color nodes that are 
shared by all K arrays. For this purpose we start at the very 
bottom (at the leafs), carry the lists L to the ancestor nodes. 
If a list Lv at a node v contains all array indexes in [1, K] then 
we color v to black. That is, going up in Md

K
 if a node has at 

least one black children then it will be colored to black; 
otherwise, it will be white. After completing the coloring 
step, we make another traversal on Md

K
 and remove all non-

black nodes from Md
K
 in the subtrees rooted at these nodes. 

Let Qd
K
 be the resulting suffix tree. That is, each node in Qd

K
 , 

for every i ∈ [1, K ] , leads to a leaf node that has a position 
element (tuple) containing i for array (the host string’s 
number) in its list.

Compared to Md
K

 , Qd
K

 has O(K) times more nodes and 
edges. Processing Qd

K
 requires a few more traversals that 

involve collection of O(K) times longer lists of position 
tuples at the leafs. Therefore, building suffix tree Qd

K
 takes 

O(K) times longer time than building Md
K
 . We remark that 

this processing is done only once.

Theorem 4 Given an integer z > 0 , each problem CAdQ on 
arrays {G1, G2,… ,GK} can be solved in time O(KN2

2
…N2

d
) , 

once suffix tree Qd
K
 is built from G1 , G2,… ,GK , where each Gi , 

i ∈ [1, K ] , is of size N1 × N2 …× Nd.

Proof Problem CAdQ asks for substrings s of length 
≥ z > 0 (excluding # symbols) such that s is a complete 
prefix of a suffix of S(j2,k2),…,(jd ,kd )

 , and s appears in all arrays 
G1,G2,… ,GK  . The CAdQ problem can be solved in a very 
similar way shown in the proof of Theorem 3 for the RAdQ 
problem. The only differences are that the generalized suf-
fix tree Qd

K
 is used instead of Md

G
 , and the common subar-

rays found need to be reported by including the number 
(identifier) of the host array. We note that there can be 
multiple different groups of subarrays of size ≥ z . All such 
groups will be reported.

The correctness follows from Lemma 2 and by noting 
that, first, all nodes in Qd

K
 are black (i.e. all nodes in Qd

K
 yield 

subarrays shared by all K arrays); and second, the length 
lower bound is satisfied for every subarray found in the 
same way used in solving the RAdQ problem. The time taken 
by our algorithm for the CAdQ problem is O(KN2

2
N2
3
…N2

d
) . 

This is the time mainly spent on the traversal of the suf-
fix tree Qd

K
 with O(KN2

2
N2
3
…N2

d
) nodes and edges. A 
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naive (brute-force) algorithm for this problem would 
take time �(zN1N2 …Nd(N1N2 ⋯Nd +⋯ + N1N2 ⋯Nd))

= �(zKN2

1
N2

2
N2

3
…N2

d
) because it needs to consider all 

positions in G1 and perform pairwise comparisons with 
all other arrays G2,… ,GK  for finding exact matches. Our 
algorithm is faster than the naive algorithm by a factor of 
�(zKN2

1
) .   ◻

We remark that the existence of common subarrays 
with larger total sizes implies the existence of common 
subarrays with smaller total sizes for the same input arrays. 
This observation can be used as a guide for searching com-
mon subarrays with maximal total sizes in a binary search 
manner.

8  Remarks on applications of subarray 
analysis

Our algorithms are applicable to analyzing objects that 
are stored in arrays. We can consider images of fixed loca-
tions (e.g. geographical maps in https ://gis.harva rd.edu), 
arrangement of various types of atoms (e.g. cubic lattice 
models of crystals [21]), arrangement of various types of 
cells (e.g. brain topology [22, 27]). In these cases, types of 
elements in arrays are defined in an alphabet that may 
also include “void” to represent a gap, or “wildcard” to rep-
resent a don’t-care-type element. Under such settings an 
adjacency matrix defines a local context in a large global 
body; and searching for substructures (sub-formations), 
repeating substructures, and common substructures in 
multiple objects are computable by our algorithms.

If certain attributes of elements are implied by their 
positions in an array, while these attributes are identified 
by the positions, an additional attribute can be stored in 
the array. For example, consider an adjacency matrix G for 
a graph. A given row number (or a column number) in G 
identifies a node, and position (i, j) in G stores edge (i, j). 
Each submatrix g of G sufficiently represents a subgraph 
of this graph. We elaborate the use of this feature of adja-
cency matrixes for graphs on an RNA substructure analysis 
method we propose in this section.

RNA is a polymer of four nucleotides namely adenine 
(A), cytosine (C), guanine (G), and uracil (U). A linear RNA 
sequence of nucleotides (a sequence of A, C, G, U) folds 
into a secondary structure in which nucleotides form 
base-pairs by making hydrogen bonds [12]. In each such 
structure, a number of different types of substructures are 
observed. These types are namely, unstructured single 
strand, bulge loop, hairpin loop, interior loop, stem, multi-
branched loop, and pseudoknot. RNA secondary structure 
is shown in a 2D picture in which the linear nucleotide 

sequence can be followed on the boundary from the ter-
minals 5 ′ to 3 ′ (see [12] for details).

An RNA secondary structure can be represented by a 
graph (see [1] for example). We propose some slight modi-
fications on such a graph to apply our new methods for 
analysis. The order of the nucleotides, and base-pairs are 
shown by edges. In Fig. 12 part (a) we illustrate an RNA 
secondary structure for a hypothetical example whose 
nucleotide sequence is CC... UGACA ... UGACA 
...G. For a simply illustrative example, we only show two 
hairpin loops, and a few nucleotides at the beginning and 
end. We use the directed edges to indicate the nucleotide 
order, and undirected (doubly-directed) edges to indicate 
the base-pairs.

A recent work in RNA substructure analysis presents 
algorithms for searching for a given substructure (an RNA 
segment with a given folding), and for comparing RNA 
structures to find common substructures [1].

Our methods offer algorithms for RNA substructure 
analysis based on a graph representation of RNA second-
ary structures. We propose to use an adjacency matrix rep-
resentation for RNA secondary structures. For a given RNA 
sequence S of length n, let the set of nodes of the graph 
representing it be the positions {1, 2,… , n} . Let S[i] denote 
the nucleotide in the RNA sequence at index i. The node i 
in the graph has nucleotide value S[i]. That is, the position 
implies the nucleotide. Matrix elements store edges. There 
is an edge (i, i + 1) for each position i ∈ [1, n − 1] , except 
that edge (n, 1) does not exist. If nucleotides at positions 
i, j make a bond (base-pair) then edges (i, j) and (j, i) are 
present in the graph (therefore in the matrix). In this set-
ting, the adjacency matrix for the edges of the graph can 
be used in substructure analysis.

In [1], several RNA secondary substructure-related 
problems are defined. Substructure search, multiple RNA 
structure comparison problems reduce to string prob-
lems which eventually are solved using suffix arrays. In 
this work, we reduce a set of problems defined on arrays 
to string problems. We solve the resulting problems using 
suffix trees. Both suffix trees and suffix arrays are efficient 
data structures used for similar objectives. There are trade-
offs between them [13]. Suffix trees in our problems in this 
paper suite better for efficiency and ease of explanation.

Our work in this paper offers a general method on 
similar problems if analyzed objects can be modeled by 
using arrays. In the case of RNA substructure analysis, we 
show that RNA secondary structure can be represented 
by an adjacency matrix. RNA substructure search reduces 
to the SAQ problem and multiple RNA structure compari-
son reduces to the CAQ problem. The reductions are easy. 
The RNA structure problem instances can be efficiently 
converted to instances of the corresponding SAQ or CAQ 

https://gis.harvard.edu
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problems, and solutions can be obtained by our algo-
rithms efficiently.

Our search algorithm for SAQ finds for any given subma-
trix g constructed from a given substructure in a matrix G 
constructed once from a given RNA secondary structure. 
Our algorithm for RAQ finds all occurrences of g in G if size 
of interest z is at least |g|. Similarly, our algorithm for CAQ 
finds all g of size at least z in a set of matrixes Gi ’s (com-
bined into a single suffix tree) in all of which g is a common 
submatix. For example, for the RNA secondary structure 
illustrated in Fig. 12, algorithm for SAQ finds the hairpin 
loop shown in the figure, and algorithm for RAQ reports 
this hairpin loop if the given size of interest for the query is 
less than 5 (the size of this hairpin loop). If there is a family 
of RNAs all of which contain this hairpin loop, algorithm 
for CAQ finds this hairpin loop if its size 5 meets the given 
size of interest value z for this query.

9  Limitations and contributions

Our image representation uses arrays. All subimages are 
generated as subarrays which are encoded in sequences. 
Although the number of sequences is large, these 
sequences are efficiently compressed into a generalized 
suffix tree. The most significant advantage of our approach 
is that it yields fast search and comparison algorithms. 
The superiority of our methods over naive (brute-force) 
methods is mainly thanks to suffix tree representation. 
For strings in two or higher dimensions, to the best of 
our knowledge, there does not exist any suffix-tree based 

matching algorithm. The worst-case time complexity of 
existing algorithms for these problems (e.g.[3, 4, 7, 16]) 
is not better than that of brute-force. Since exact solu-
tions require impractical execution time, many proposed 
approaches use similarity features for certain objects or 
classes of objects. A comprehensive study on this topic 
can be found in [29] which reports that average preci-
sion in many cases is around 70% . Face-recognition has 
attracted a special attention. It is found that 3D informa-
tion helps with the face recognition and the precision of 
93% is achieved on tested datasets [10].

Our suffix tree representation for all subarrays; search 
and comparison methods based-on this representation are 
novel ideas that have not appeared before in the litera-
ture. To the best of our knowledge, video comparison is a 
problem that was never introduced before. Our suffix tree-
based approach makes it a tractable problem if frames are 
partitioned into grids of relatively larger cells.

The limitations of our matching approach are that they 
are not rotation and scale invariant. This is because all 
subimage information stored in the suffix tree is obtained 
from host image(s) at certain size and orientation. They 
are also affected by noise and changes at pixel (cell) level. 
However, our approach has still very useful applications in 
the following domains:

– 2-dimensional digital documents that contain symbols 
from a known source (size and orientation are fixed): in 
documents that include symbols such as those shown 
in Fig. 2, our search and comparison algorithms work 
efficiently and precisely.

Fig. 12  a RNA secondary 
structure with repeating 
hairpin loop for a hypothetical 
RNA; b Adjacency matrix g for 
the subgraph representing the 
hairpin loop shown in part (a) 
and the adjacency matrix G for 
the entire RNA molecule. The 
row (or column) positions iden-
tify the nucleotides. For better 
illustration, instead of index 
(row and column numbers) 
we write the nucleotide at the 
index next to each row and 
column. We only show a few 
select edges, not all edges in G 

(a) (b)
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– video: our algorithms for searching video by query-
image (using extracted images from known sources, 
e.g. Fig.  4),and for comparing multiple videos (e.g. 
Fig. 5) work efficiently and precisely. Video-searching 
is an application in 3 dimensions since videos are arrays 
of 2-dimensional frames. Videos that belong to groups 
of people are arrays in 4 dimensions. The dimensions 
would grow with the hierarchy (e.g. country → group → 
individual videos). Our algorithms apply for all dimen-
sions, and they have many practical use. One may want 
to locate most interesting snapshots of sports games 
and match those moments (e.g. goals in soccer games, 
finishing moments of runners and swimmers in olym-
pic games, funny and unbelievable moments of human 
experiences). Video-clips are shared in many different 
videos. It is important to identify shared parts because 
of copyright verification, and detecting/avoiding fake-
news and falsely-produced news for speculation or 
political gain (it has been reported that fake-news were 
generated from video-segments taken from computer 
games).

– arrays in dimensions two or larger: our algorithms 
apply to objects modeled by arrays. They work for 3-d 
objects (e.g Fig. 3), and RNA secondary structures (e.g. 
Fig. 12).

10  Conclusion and future work

We present fast methods for three subimage analysis prob-
lems in a framework of strings. In this framework, finding 
subimages, repeating subimages, and common subim-
ages in a single and multiple images reduce to string prob-
lems. We achieve fast solutions for these problems. These 
solutions are enabled by preprocessing images and build-
ing a generalized suffix tree from them. All subsequent 
instances of subimage analysis problems can be answered 
significantly faster in comparison to naive (brute-force) 
algorithms for these problems. Since our algorithms define 
the subimage problems on arrays, they are also applica-
ble to the corresponding array problems, namely subarray 
search, finding repeating subarrays, and finding common 
subarrays in multiple arrays. All our solutions also gener-
alize to dimensions higher than two. Our algorithms are 
applicable to substructure analysis of objects whose struc-
tures can be modeled by arrays.

For future work, we plan to address image analysis 
applications of our algorithms further. In these applica-
tions, we will aim to improve complexity, and achieve scale 
and rotation invariant search and comparison. We will 

revisit the array representation for images. As can be seen 
in Fig. 1, the numbers of rows and columns used affect 
the precision of the image-representation and the stor-
age size. Instead of storing each pixel, we can partition the 
image into a grid of cells with predefined size. Grid cells 
can be clustered based on a similarity definition. All grid 
cells in each cluster can be mapped to and represented 
by a symbol in an alphabet. We can represent the grid by 
a matrix that uses symbols from this alphabet. The num-
bers of rows and columns in the matrix can be significantly 
smaller compared to the numbers of pixels in the input 
image. This will also reduce the space and time require-
ment of our algorithms.

Another approach for matrix representation for images 
would compute and use as reference the points of interest 
(e.g. corners) for images. For a given image, this approach 
stores in a matrix the points of interest and a subset chosen 
from non-interest points. The benefit of this new approach 
is that not only it reduces space and time requirement, but 
also improves scale and rotation invariant feature of the 
resulting image analysis algorithms. If points of interest are 
defined based on the geometric features of images, they 
will be scale invariant. For rotation invariant feature, we 
propose the following: In a given matrix, starting at a given 
element p, let a spiral ordering-based traversal be defined 
as a curve on a plane that winds around p by treating p as 
a fixed center point and by passing through the matrix ele-
ments that are at continuously increasing distance from p. 
For a given matrix, for every point p in this matrix, we pro-
pose that we generate a string (the spiral string for p) up to 
a given length by following the spiral order starting at p. 
Let H be a given host matrix. A generalized suffix tree P can 
be generated from spiral strings for p (up to a given length) 
for all possible p in H. Let h be another given matrix, and s 
be the spiral string for c, where c is the ”center” point in h. 
String s can be searched in a generalized suffix tree P. Due 
to the cyclic nature of suffixes of generated spiral strings 
by following spiral order, we expect to find a sufficiently 
long suffix-match for s in P if and only if the query matrix 
h appears in the host matrix H as a submatrix in a rotation 
invariant manner. We plan to study these and other similar 
ideas in future work.
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