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Abstract
To foster predictive simulations, a variety of methods have recently been developed to efficiently tackle uncertainty 
quantification (UQ) in complex, computational intensive problems. Many of these methods are non-intrusive and, thus, 
result in a (large) number of embarrassingly parallel black-box evaluations of the underlying simulation codes. While the 
focus of development is typically on the number of black-box evaluations, which represents the bulk of the computa-
tional workload, an additional level of potential performance gains exists. In many scenarios, uncertain input leads not 
only to uncertain outputs, but also to a varying and thus stochastic runtime of the simulation codes. For scheduling the 
individual black-box runs, this information is typically not taken into account, resulting in non-negligible idling times 
on parallel systems. In this contribution, we compare a variety of different scheduling strategies for non-intrusive UQ 
scenarios using the non-intrusive polynomial chaos approach. In particular, we propose to construct a surrogate model 
for the runtime of the application using the identical UQ methodology as for the original problem. Using this model to 
predict the runtimes for subsequent black-box runs allows for (heuristical) optimization of the scheduling. The method 
has been tested for the forward quantification of uncertainty on academic models and on a pedestrian simulation in 
the context of evacuation scenarios. This approach allows speed-up factors of about two for the total runtime and can 
be generalised to a large variety of applications that incorporate parameter-dependent runtime.

Keywords Uncertainty quantification · High-performance computing systems · Scheduling · Runtime prediction · 
Runtime reduction

1 Introduction

Uncertainty quantification (UQ) has become an estab-
lished technique in computational science and engineer-
ing. The goal is to understand the general behaviour of 
the investigated model under uncertainties. There exist 
different types of uncertainties, a prominent example 
are uncertainties contained in the input parameters of a 
computer model.1 For a general introduction to the UQ 
methods, see [1–3].

In this work, the focus is on frequently used non-intru-
sive forward UQ methods which consist of three phases 
(see Fig. 1): in the assimilation phase, the parameters are 
investigated and suitable probability distributions are 
used for the uncertain parameters. With this information, 
the computer model is called multiple times with differ-
ent values, which is known as the propagation phase. In 
the certification phase, the output of interest (OoI, mostly 
physical output values of a model) are statistically evalu-
ated. Usually, the statistical moments such as mean and 
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variance are calculated for every output of interest and 
represent the corresponding quantity of interest (QoI).

In non-intrusive UQ simulations, the computer model 
that simulates the behaviour of the process under inves-
tigation is used as a black-box, i.e. the computer model 
and its equations are not modified for the UQ analysis. The 
UQ methods typically require many samples (black-box 
computer model runs) to compute the statistical moments 
with a certain accuracy.

Due to the black-box approach, the runs are independ-
ent and, thus, can be parallelised “embarrassingly” [4–6]. 
In cases where the runtime of the computer model is sen-
sitive to the actual values of the uncertain parameters, a 
straightforward mapping of simulation runs to processors 
or computing nodes typically results in considerable per-
formance losses due to idling times. Such situations arise 
e.g. when uncertain parameters affect the initial condition, 
boundary condition, time step sizes, or stopping criteria 
of the simulation.

We observed exactly this variation of a computer mod-
el’s runtime in combination with an evacuation scenario 
of pedestrian dynamics [7, 8] using VADERE [9]. In the con-
text of UQ simulations, a similar variation of the runtime 
could be observed in [10, 11]. The corresponding research 
questions for this paper are: (1) Is it possible to predict 
the runtime of such black-box computer models where 
its parameters influence the runtime? (2) Is it possible to 
reduce the idling and, thus, speed-up the execution of the 
whole UQ analysis?

Several options exist to speed-up a UQ analysis. One 
option is to reduce the runtime of the computer model 
itself by using other mathematical equations, smarter 
algorithms to solve the problem, or other techniques 
to reduce the computational cost for the spatial or time 
discretisation. Another option is the use of performance 
engineering and parallelisation techniques such as vec-
torisation, multithreading, or distributed computing on a 
high-performance computing (HPC) system. In the context 

of UQ, additional options arise to address the outer loop 
optimisation, because many black-box computer model 
runs are required. There exist already various techniques 
such as surrogate models [12–14], multifidelity models 
[15], model order reduction [16], sparse grid interpolation 
or cubature [17–19]. But all these techniques at the end 
require numerous black-box computer model runs where 
idling can occur.

HPC systems usually provide a job scheduling system 
such as SLURM [20] to distribute work dynamically to 
computing units. These job scripts however, are not very 
interchangeable to other systems, and the whole UQ simu-
lation process is more complicated, because the program 
is than split into several jobs which makes collecting the 
outputs at the end more complicated. Users usually want 
to have an all-in-one solution from the UQ assimilation to 
propagation and certification.

In this contribution, we benchmark three different 
parallelisation and scheduling techniques to reduce the 
idling time. Our main contribution is to use the runtime 
of a computer model as a synthetic output of interest and 
create a surrogate model for the runtime via UQ method-
ology. Hence, in subsequent UQ simulations, we are able 
to predict the runtime of each single black-box run and to 
enhance the three standard techniques with this knowl-
edge and dynamic scheduling approaches to make UQ 
simulations more efficient.

To our knowledge, such an approach has not yet been 
explored in detail: Only in [21, 22] a synthetic output of 
interest from the computer model is used to predict the 
number of internal iterations one run takes. With this infor-
mation, the authors group the runs with similar iterations 
together to an so called ensemble group. The runs in the 
ensemble group are then executed in parallel with C++ 
template techniques and parallel SIMD instructions to 
reduce the over-all runtime. But this requires to modify 
the source code of the computer model. We focus here on 
non-intrusive methods where we use the computer model 

Fig. 1  Illustration of the for-
ward UQ method with its three 
phases: assimilation, propaga-
tion, and certification
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only as black-box. We test and analyse the runtime predic-
tion in combination with different scheduling strategies on 
academic test models as well with a real-world evacuation 
scenario of pedestrians dynamics similar to [8].

The remainder of the paper is organised as follows. Sec-
tion  2 contains theoretical background and modelling 
details. In Sect. 3, the idling problem is analysed for the 
three standard scheduling techniques. Section 4 describes 
the approach of measuring and predicting the runtime of 
black-box computer model runs. Section 5 shows how to 
use runtime prediction to reduce the idling by changing the 
propagation order. Numerical results for an academic exam-
ple as well for a real-world evacuation scenario in pedestrian 
dynamics are presented in Sect. 6, before concluding the 
work in Sect. 7.

2  Theoretical background and modelling 
details

This section describes some theoretical aspects of the used 
UQ method, the specific pedestrian simulation computer 
model, and computational timing measurements that are 
used to compare different scheduling methods.

2.1  Non‑intrusive polynomial chaos

In recent years, a broad spectrum of UQ methods has been 
developed (see [1, 2] for a general overview). Each method 
has specific properties and provides different advantages 
and disadvantages. Since the models considered in this 
contribution have only a moderate number of uncertain 
parameters and are considered as black-box, we rely on the 
non-intrusive polynomial chaos approach (also known as 
non-intrusive spectral projection approach (NISP, see [3]) or 
pseudo-spectral approach [2]) which provides a reasonably 
good accuracy at moderate computational costs.

The model f (x, t, �) that is investigated typically depends 
on space x, time t, and M independent random variables 
� = (�1,… , �M) described by a probability distribution. For 
the non-intrusive polynomial chaos approach, the general 
polynomial chaos expansion (gPCE) of the solution U(x, t, �) 
reads

It separates the spatio-temporal coefficients cj(x, t) from 
the random �j(�) base functions. �j(�) are orthogonal 

(1)

U(x, t, �) =

∞∑

j=0

cj(x, t)
⏟⏟⏟

spatio-

temporal

⋅ �j(�).
⏟⏟⏟
random

polynomials that fit to the probability distribution (see 
[23]) of the uncertain input parameters � . To numerically 
evaluate (1), it is truncated after N + 1 terms resulting in

The non-intrusive polynomial chaos approach computes 
the coefficients cj(x, t) by an integral

which is approximated via a cubature rule. Typically, 
Gaussian cubature of the form

is used due to its accuracy. The zi are cubature points, and 
wi represents the corresponding weights. Q denotes the 
number of cubature points zi , where the computer model 
f (x, t, zi) is evaluated. Because the Gaussian cubature is the 
tensor product of all number of cubature points q for each 
parameter, Q is computed as Q = qM . To make the �j(zi) 
orthonormal, the coefficients are divided by the normalisa-
tion constant �̂�j (see [2, p. 84] for details).

The statistical moments such as the mean �

and the variance �2

can directly be approximated via the coefficients cj [24]. 
These statistical moments are in the focus of interest for 
UQ analysis to support decision making. We compute also 
these moments but we additionally use the full represen-
tation of the general polynomial chaos expansion of Eq. (2) 
as a surrogate to estimate a specific output of interest (the 
runtime, see Sect. 4).

For the implementation of the uncertainty analysis, 
we rely on the software framework Chaospy [25, 26]. 
It is easy to use, allows fast prototyping, is open for 
changes and contributions, and has excellent support 
for developers. Chaospy provides a lot of functionality 
for the technical part in the assimilation phase (compare 
Fig. 1): many different probability distributions that can 
easily be configured and joined to a multivariate distri-
bution. Furthermore, the certification phase is supported 
to a large extend with the calculation of the statistical 
moments, sensitivity analysis and the generation of the 

(2)U(x, t, �) ≈ uN(x, t, �) ∶=

N∑

j=0

cj(x, t) ⋅�j(�).

(3)cj(x, t) ∶=
1

�j ∫ f (x, t, �)�j(�)W(�)d�

(4)cj(x, t) ≈
1

�̂�j

Q∑

i=1

f (x, t, zi)𝛷j(zi)wi ,

(5)� ≈ �(uN) = c0

(6)�2 ≈ �2(uN) =

N∑

j=1

c2
j



Vol:.(1234567890)

Research Article SN Applied Sciences (2019) 1:1038 | https://doi.org/10.1007/s42452-019-1066-3

complete gPCE uN (see Eq. (2)). The propagation phase, 
however, is very much up to the developer: In this paper 
we address this phase and support the execution on HPC 
systems with different scheduling strategies.

2.2  Pedestrian simulation: evacuation scenario

The simulation of pedestrians is an active field of research. 
It is very challenging to validate corresponding results 
based on individual persons, because people do not 
always behave predictably and their movement—their 
speed and path—depends on a considerable amount of 
unknown and/or uncertain data. We successfully used UQ 
approaches in [7, 8] to investigate the general behaviour of 
a group of people, resulting in valuable information on the 
quantity of interest for the researches in the field.

In this work, we use the computer model VADERE to 
simulate an evacuation scenario of a building under uncer-
tain conditions in Sect. 6.3. VADERE [9] is an open source 
framework for pedestrian simulation. It is a microscopic 
pedestrian dynamics simulator, where each “simulated” 
person (called agent) is considered individually. The frame-
work works with scenarios: A scenario is a description of 
the topography (e.g. a building), the parameters of the 
agents (e.g., the number and the positions of the agents 
with their walking speed), and the movement and behav-
iour models (e.g. the optimal steps model (OSM) [27–30]).

The considered scenario analyses the evacuation of a 
building with the behaviour of separated family mem-
bers [8]. Figure 2 illustrates the evacuation scenario which 
consists of a building with one floor (the ground floor). 
Inside the building, there are adults and young children 

(pink triangles). Some adults are accompanied by a child 
(green stars), some not (blue nodes). The challenge is to 
simulate the behaviour of the pedestrians with separated 
families when a fire alarm occurs. In such a case all agents 
want to run out of the building into the save zone. The 
adults (without children) immediately leave the building. 
The parents search their children, and the children in this 
scenario are considered very young and tend to freeze (see 
[31])—they wait until their parents have found them and 
then run together out of the building.

The scenario configuration uses the OSM for the basic 
movement of agents. This model has numerous param-
eters, which we assume to be deterministic. On top of the 
OSM, we use a family affiliation model [8] which has three 
main parameters: (1) percfam is the percentage of fam-
ily members, (2) vparent is the speed (in [m/s]) of parents 
searching children, and (3) vchild is the speed (in [m/s]) of 
the parent-child-pair. In this work, these three parameters 
are assumed to be uncertain and are further investigated 
in Sect. 6.3.

The runtime of a VADERE simulation depends strongly 
on the specified scenario, especially on the number of 
agents. The evacuation scenarios in this paper use a fixed 
size of 100 agents. Typical runtimes for a single VADERE 
simulation in this evacuation scenario vary between 63 
and 1062 s depending on the values of the uncertain input 
parameters. This runtime variation is hard to predict in 
general and needs to be further investigated to address 
the research questions (1)–(2) of Sect. 1.

2.3  Runtime definitions for UQ simulations

The following notation denotes runtime measurements 
by T and runtime estimations by �  when comparing dif-
ferent scheduling strategies. The time for a complete UQ 
simulation TUQsim is

where the runtime for each separate UQ phase is denoted 
by TAss for the technical part of the assimilation, TProp for 
propagation, and TCert for the technical part of the certifica-
tion, respectively (see Fig. 3 for an illustration).

For a fine-grained analysis of the scheduling strate-
gies, it is necessary to understand how the workload is 
distributed to the computing units. Figure 4 illustrates 
the concept of work packages: In the propagation phase, 
the computer model is called for every cubature point 
zi , i = 1,… ,Q . The scheduling strategy decides which 
computing unit works on which set of cubature points. In 
that context, a set of cubature points is called work pack-
age WPj , j = 1,… , J , and there is a bidirectional mapping 
between a work package and an individual computing 
unit. It is not always guaranteed that the sizes of the work 

(7)TUQsim = TAss + TProp + TCert ,

Fig. 2  Illustration of the evacuation scenario with separated fami-
lies. The yellow striped area outside of the building is the safe zone. 
Adults without children are represented by blue nodes, adults with 
children by green stars, and children as pink triangles. For this visu-
alisation, the number of agents has been reduced compared to the 
actual scenario in Sect. 6.3
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packages are identical. Hence, a mapping between the 
index i (coming from the non-intrusive polynomial chaos 
approach, see Eq. (4)) and the local index p = 1,… , Pj for a 
specific work package has to be realised, to allow a back-
ward mapping which is required in the certification phase.

Depending on the configuration of the computing envi-
ronment, a computing unit can be a single core on a CPU, 
a set of cores on a CPU, a complete node in a cluster, or a 
set of cluster nodes.

In Table 1, all time denotations are listed that are rel-
evant for the different scheduling strategies in the follow-
ing. Specific additional times may be defined for specific 
strategies locally in the corresponding sections. By taking 
the maximum of the runtime consumed by actually solv-
ing the work packages, communicating with the mas-
ter computing unit, and idling over all work packages 
j = 1,… , J , we define TS , TC and TI , respectively:

Note that TC comprises all communication to distribute 
and collect work from or to the computing units. In the 
considered UQ simulations, only low amounts of data 

(8)TS ∶= max
j
(TWPj

)

(9)TC ∶= max
j
(T

j

C
)

(10)TI ∶= max
j
(T

j

I
)

Fig. 3  Visualisation of the UQ 
phases and the time measure-
ments for simulations on HPC 
systems. TUQsim is the time for a 
complete UQ simulation, and 
TAss , TProp , TCert for the three dif-
ferent UQ phases
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Fig. 4  Illustration of a set of cubature points and the resulting work 
package

Table 1  Listing of used time 
measurements to compare 
different scheduling strategies

For predicted or estimated times later in this paper, the symbol �  will be used

Denotation Meaning

TUQsim Time of the whole UQ simulation
TAss Time of the assimilation phase (only the technical part)
TProp Time of the propagation phase
TCert Time of the certification phase

T̂Prop
Theoretical optimal propagation time (no idling, cannot get faster)

TS Maximum time of executions of black-box computer model runs over all work packages

T i
S

Time of solving the black-box computer model run i

TC Maximum total time of communication

T
j

C
Time of communication with work package j

TI Maximum total time of idling over all work packages

T
j

I
Time of idling of each work package

TWPj
Time of solving work package j (including idling)

T
p

WPj
Time of solving black-box computer model run with index p in work package j
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need to be transferred, which does not take much time. 
Therefore, TC << TI and, thus, is not subject to optimisa-
tion in this paper. The idling time of each resulting work 
package T j

I
 limits the performance and will be reduced by 

different approaches. The problem of idling is described 
in Sect. 3 in more detail.

The actual runtime of the whole propagation phase 
then consists of the two components TS and TC,

where typically TC << TS holds. The time a computing unit 
in charge of work package j is actually requiring to solve 
all of the Pj black-box computer model runs in its work 
package is denoted by TWPj

 . This is the sum of all individual 
black-box computer model runtimes Tp

WPj
, p = 0,… , Pj and 

the idling time of the corresponding work package j:

The optimal runtime ̂TProp for the propagation phase would 
be achieved if and only if no idling takes place in any work 
package, i.e., if a perfect load balancing could be achieved:

3  Idling with standard scheduling 
techniques

A computing unit is idling in a considered time period, if 
it is not 100% utilised. Figure 5 illustrates a situation where 
idling happens for the example of a computing unit con-
sisting of at least two cluster nodes: Core 2 on node 1 is 
working the whole time and is therefore fully utilised—but 
core 1 to N (without core 2) do not work the whole time 
and idle after they have finished their work. On node 2, the 

(11)TProp = TS + TC ,

(12)TWPj
=

Pj∑

p=0

T
p

WPj
+ T

j

I
.

(13)TProp → T̂Prop ⟺ T
j

I
→ 0 ∀j = 1,… , J .

cores finished their work soon (compared to node 1) and 
also idle for a considerable time.

As indicated above, such an idling can happen in UQ 
simulations in particular if uncertain parameters affect the 
initial conditions, boundary conditions, time step sizes, or 
stopping criteria of the simulation. In such a situation, the 
workload is not optimally balanced between the available 
computing units.

The consequences of the idling are that (1) the execu-
tion takes longer than expected, (2) the execution time of 
the whole UQ simulation is not really predictable,2 and (3) 
it wastes resources because often the computing units are 
exclusively assigned to a certain job until it has finished.3

The amount of idling depends on the specific sched-
uling strategy. In the following sections, we address the 
three different scheduling strategies that are listed in 
Table 2, analyse their idling behaviour, and try to reduce 
it. All of the three scheduling strategies rely on the initial 
order of the cubature points zi . If the runs associated with 
the zi are computed serially one after another in the order 
as they are constructed in the assimilation phase, then this 
strategy is known in the field of scheduling as first come 
first served (FCFS). In [33], the authors show that FCFS can 
have a varying or poor utilisation.

For the sake of simplicity, we assume in this work that 
the computer models under investigation run on one core 
(all concepts and acknowledgements presented in the fol-
lowing translate to more general cases but are consider-
ably more complicated to visualise and describe). We fur-
ther assume that all nodes on a cluster are homogeneous 
(i.e. have the same hardware configuration).

core 1 core 2

…

core N

�m
e

id
lin
g

w
or
ki
ng

node 1
core 1 core 2

…

core N
node 2

Fig. 5  Illustrative example of idling for two computing nodes. The 
solid (blue) area shows the time a core is working and the white 
area marks the time a core is idling

Table 2  List of investigated scheduling strategies with their abbre-
viation

Abbreviation Strategy Section

SWP Static work packages Sect. 3.1
SWPT Static work packages with thread 

pool on node level
Sect. 3.2

DWP Dynamic work packages Sect. 3.3

2 This may be tedious or disadvantageous in situations where one 
wants or needs to run scenarios on a larger compute cluster. Access 
policies of such larger systems typically require the specification of 
an upper limit of the total runtime which considerably influences 
the start time of the whole job. If a job exceeds the specified time 
limit then usually the job is cancelled from the job scheduling sys-
tem.
3 A different interesting approach to manage resources is the field 
of invasive computing [32], where a job can request and release 
resources dynamically while it is running. This helps to share 
resources while executing many jobs in parallel.
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3.1  Static work packages

For the scheduling approach using static work packages 
(SWP), all the work packages WPj are prepared and dis-
tributed to the computing units at the beginning of the 
propagation phase. After all have finished their work, 
the results are sent back at the end of the propagation 
phase. While all computing units are working, no data 
transfer takes place.

Figure 6 illustrates such a situation: the entire set of 
cubature points ( 1,… ,Q ) is evenly assigned to the work 
packages WPj . Each work package contains the same 
number of cubature points (except the last ones in cases 
where Q mod J ≠ 0 ). To transfer data on the HPC system 
between the computing units we use the message pass-
ing interface (MPI) standard [34] via the mpi4py [35] 
Python library. On each core, exactly one MPI process 
runs, and each MPI process works on one work pack-
age. MPI process rank 0 is defined to be the master MPI 
process, which realises the technical part of the assimi-
lation phase, controls the data transfer, and completes 
the whole certification phase. In the SWP approach, 
rank 0 also participates in the propagation phase and 
works on its own work package. Hence, the number of 
work packages is J = #nodes × #cores_per_node . For the 
distribution of the work packages and the collection of 
the results, the MPI commands scatter and gather 
are used.

In such a static work package setting, idling can hap-
pen easily: All the WPj have the same number of cuba-
ture points but each black-box computer model run 

may have a different runtime Tp

WPj
 , resulting in different 

runtimes TWPj
 for different work packages. If the black-

box computer model runs with the long runtimes are 
contained only in a few work packages then most of the 
computing units will idle for a long time T j

I
.

3.2  Static work packages with thread pool on node 
level

The static work packages with a thread pool on node 
level (SWPT) is similar to SWP, but it only has one MPI 
process per cluster node. At the beginning of the propa-
gation phase, the work packages WPj are prepared and 
distributed to the computing units, and after all have 
finished their work, the results are sent back. There is, 
again, no data transfer between the MPI processes dur-
ing the propagation phase.

In Fig. 7 such a SWPT situation is illustrated. The cuba-
ture points zi are evenly assigned to the work packages 
WPj , similar to SWP. For the MPI communication, also the 
scatter and gather commands are used. In SWPT, 
rank 0 also participates in the propagation phase and 
works on its own work package. The difference to SWP 
is that there are only J = #nodes work packages. On each 
node, there is a thread pool that dynamically distributes 
the work to the cores. As soon as one core has finished 
one black-box run it immediately sends the data back 
to the thread pool and receives the next parameters to 
proceed with another black-box computer model run. 

Fig. 6  Illustration of the static 
work packages (SWP) strategy. 
The whole cubature points 
are equally arranged to work 
packages. Each core works on 
one work package and for the 
data transfer MPI is used. The 
filled (blue) bar beside each 
core visualises the time a core 
is working, and the white area 
denotes the idling time
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To setup the thread pool, the Python library joblib [36] 
is used.

SWPT also tends to idle easily: if the black-box computer 
model runs with the long runtimes are only contained in 
a few work packages, a few nodes have to work for longer 
periods while the others idle. But due to the thread pool 
on node level, the idling is usually not that prominent as 
in SWP.

The problem with idling in SWP and SWPT is that (1) 
there is no dynamic update of new work to a computing 
unit after it has finished its initial work package, and (2) 
the work packages contain the same number of cubature 
points—but not the same amount of work (runtime).

3.3  Dynamic work packages

To tackle the problem of idling, the dynamic work pack-
age (DWP) strategy may represent a suitable approach. 
The idea is to not split the work into fixed work packages 
at the beginning of the propagation phase. Instead, the 
cubature points zi are distributed dynamically, and there-
fore the work packages are build dynamically during the 
propagation phase.

DWP uses a pool on MPI level (MPI pool) to distribute 
the work to the computing units, as it is illustrated in Fig. 8. 
On each core, one MPI worker process runs. Rank 0, the 
master process, does the management and controls the 

Fig. 7  Illustration of the static 
work packages with thread 
pool on node level (SWPT) 
strategy. The whole cubature 
points are equally arranged 
to work packages. Each node 
works on one work package 
and for the data transfer MPI 
is used. On the node level, a 
thread pool is used to utilise 
the CPU cores. The filled (blue) 
bar beside each node visual-
ises the time a node is working, 
and the white area denotes the 
idling time

Fig. 8  Illustration of the 
dynamic work packages (DWP) 
strategy with a thread pool on 
MPI level. On every core one 
MPI worker process is instanti-
ated. Rank 0 dynamically 
distributes the work to the 
MPI workers and collects their 
results. The filled (blue) bar 
beside each node visualises 
the time a core is working, and 
the white area denotes the 
idling time
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distribution of the work as well as the collection of the 
results. The idea is similar to a thread pool, but beyond 
cluster node boundaries. The master MPI process takes 
one cubature point zi after another and sends the data 
via the MPI command isend to the next free MPI worker 
process. As soon as an MPI worker process has finished its 
work, the results are send back to the master process via 
irecv, and the next cubature point is send to the worker. 
In this strategy, rank 0 does not participate in black-box 
computer model runs: Its job is solely to manage the MPI 
worker processes.

To implement an MPI pool, we use the mpi4py.
futures Python package [37] which offers the MPICom-
mExecutor class. The MPICommExecutor is an elegant 
way to instantiate a pool on MPI level, because the mpi4py 
package handles the complete communication part.

The DWP strategy can improve (see Sect. 6) the overall 
runtime of a UQ simulation by significantly reducing the 
idling compared to SWP and SWPT. Due to the dynamic 
distribution, almost all cores are continuously working 
until everything is done. Only at the very end when no 
more cubature points are available, the MPI workers tend 
to idle.

DWP still has some problems: If the black-box computer 
model run with the longest runtime is started last, then all 
other cores will still idle for a relatively long period. Fur-
thermore it is still not possible to predict the runtime of a 
UQ simulation.

4  Runtime prediction

In Sect. 1 we described that it is hard to predict the runt-
ime of a computer model if its runtime varies, because 
it depends on the values of its input parameters. In the 
non-intrusive polynomial chaos approach (Sect. 2.1) we do 
already measure physical values as the output if interest 
of a computer model.

To tackle the questions (1)–(2), we propose to measure 
the runtime as an additional synthetic output of interest 
and use this data to create a runtime predictor. Therefore, 
the function f (x, t, zi) in Eq. (4) is extended to additionally 
comprise the runtime of the executed computer model 
run. The additional component regarding the runtime is 
denoted by f̂ (x, t, zi) in the following. In the certification 
phase, the runtime predictor rpN is constructed and is 
defined as the whole gPCE for the runtime,

(14)rpN(x, t, �) ∶=

N∑

j=0

ĉj(x, t) ⋅𝛷j(�) ,

and is calculated using the runtime coefficients ĉj(x, t) 
approximated as

The runtime predictor rpN is a function which depends, in 
particular, on the uncertain parameters � . For each specific 
choice of parameter values, rpN returns the corresponding 
predicted runtime of the computer model. The workflow 
to create and use the runtime predictor rpN is as follows: In 
the training phase, a UQ simulation is executed as usual—
but the extended f̂ (x, t, zi) is computed. Additionally, the 
rpN is created with Eq. (14) in the certification phase and 
saved into a file. For the next UQ simulation, the rpN is 
loaded from a file. In the assimilation phase, the cubature 
points zi are then generated as usual. For each zi , the rpN is 
called once to predict the corresponding runtime � i

S
 . 

Depending on the scheduling strategy that is used in the 
propagation phase, � p

WPj
 and therefore �WPj

 can be pre-

dicted. Due to TC << TS it is possible to predict �Prop . Even 
the whole �UQsim may now be predicted if TAss and TCert are 
known.

Remark 1 Obviously, this approach involving training 
requires multiple or adaptive evaluations.4 Frequently, 
such techniques are the way to proceed to generate accu-
rate and reliable UQ results. Under restrictions on the com-
putational budget, different UQ simulations are performed 
which differ in their level of fidelity (e.g., w.r.t. the number 
of cubature points Q or gPCE terms N).

To determine the quality of a runtime predictor rpN , we 
measure the error between the real runtime T i

S
 for a cuba-

ture point zi and the corresponding predicted runtime � i
S
 . 

The absolute error is defined as

and the relative error as

To compare different runtime predictors, we additionally 
use �(�r) for the mean error, and the discrete L2(�r) error, 
which are defined as:

(15)ĉj(x, t) ≈
1

�̂�j

Q∑

i=1

f̂ (x, t, zi)𝛷j(zi)wi .

(16)�ri ∶= |T i
S
− �

i
S
|,

(17)�ri,rel ∶=
�ri

max(|T i
S
|, |� i

S
|)

=
|T i

S
− �

i
S
|

max(|T i
S
|, |� i

S
|)
.

(18)�(�r) ∶=
1

Q

Q∑

i=1

�ri

4 See also adaptive sparse-grids-based approaches such as [38] or 
[11].
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In the next section, we discuss how we can use the gPCE 
runtime predictor rpN to reduce idling in combination with 
the three different scheduling strategies.

5  Optimal execution or propagation order

Idling occurs due to the lack of knowledge about the runt-
ime and the FCFS order (see Sect. 3). But with the rpN from 
Sect. 4 we do now have a tool to predict the runtime of a 
computer model—even under uncertain conditions.

The idea is to predict the runtime with rpN for each 
cubature point zi and use the runtime information to 
control the propagation of the static and dynamic work 
package strategies. An execution or propagation order is 
almost optimal if TI → 0 . However, an optimal propagation 
order depends on the specific scheduling strategy: There-
fore, we enhanced the standard scheduling strategies with 
the runtime information from rpN resulting in improved 
scheduling strategies, which are listed in Table 3.

5.1  Dynamic work packages with rpN runtime 
predictor

The DWP strategy of Sect. 3.3 builds the work packages 
dynamically, by assigning the next zi from the list of cuba-
ture points to the next free computing unit. To solve the 
problem that the black-box computer model runs with 
longest runtime are started last, we use the well known 
longest process time first (LPT) order. All cubature points 
zi are first sorted by their estimated runtime in descend-
ing order. Then, the propagation phase is started with this 
ordered list. After all black-box computer model runs have 
finished, the results have to be reordered to match the 
original FCFS order. Finally, the whole certification phase 
can be handled as usual.

(19)L2(�r) ∶=

√√√√ 1

Q

Q∑

i=1

�r2
i

Figure 9 shows an example with nine entries. The first 
row is unordered, and the width of the rectangles visual-
ises their relative runtime: the bigger the rectangle, the 
longer the runtime. LPT reorders the entries to descend-
ing order, as can be seen in the second row. The quality of 
a scheduling strategy is often stated with its worst case 
factor Rm . For DWP using LPT ordering, the Rm(LPT ) is (see 
[39])

with m being the number of individual computing units. In 
our case, Rm(LPT ) multiplied by T̂Prop is the longest runtime 
that we have to assume in the worst case.

The dynamic work packages with the rpN runtime pre-
dictor and the usage of the LPT strategy (DWP_OPT) allow 
for tackling the questions (1)–(2): the runtime is now pre-
dictable with worst case factor Rm(LPT ) and the idling is 
reduced significantly (compare Sect. 6) due to the dynamic 
scheduling. DWP_OPT additionally has the advantage that 
it scales automatically to arbitrary numbers of computing 
units without any code changes.

5.2  Static work packages with rpN runtime predictor

If the work packages are build as described in Sect. 3.1 
(SWP) and Sect. 3.2 (SWPT), each work package WPj has 
the same amount of cubature points zi . This is also known 
as distributing the work in FCFS order.

The goal is to distribute the cubature points zi in such 
a way that each work package WPj contains the same 
amount of work (runtime), but not necessarily the same 
number of cubature points. In scheduling theory, this kind 
of problem belongs to the Pm category [40, p. 14] with m 
identical processors or computing units. Unfortunately, 
the preparation of optimal work packages, where each 
T
j

I
→ 0 , is NP-hard [40, p. 114].
Preparing the work packages in this manner is known as 

the bin-packing problem in the context of multiprocessors. 
In [39], the authors introduce a heuristic—the MULTIFIT 

(20)Rm(LPT ) =
4

3
−

1

3m
,

Table 3  List of improved scheduling strategies with their abbrevia-
tion

Abbreviation Strategy Basis Section

SWP_OPT Static work packages with rpN SWP Sect. 5.2
SWPT_OPT Static work packages with thread 

pool and rpN
SWPT Sect. 5.2

DWP_OPT Dynamic work packages with rpN DWP Sect. 5.1 Fig. 9  Illustration of the LPT strategy. The first row shows some 
unordered entries. The relative runtime of each entry is the width 
of its rectangle: broader entries take longer. In the second row, the 
entries are ordered with LPT, where the entries are in descending 
order according to their runtime
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algorithm—which is able to produce work packages that 
are well balanced. In general, the worst case factor Rm(MF) 
is estimated with

where further investigations and improvements can be 
found in [39, 41].

MULTIFIT starts with the initial list of cubature points 
zi and applies the LPT to order the list in descending 
order by the runtime. At the beginning, it is unknown 
how much work (runtime) should ideally be in one work 
package WPj . In our case, the number of work packages 
J is a fixed constant for MULTIFIT. The algorithm itera-
tively tries to find with k iterations the work package size 
capacity C, so that all TWPj

 are fairly equal. In each itera-
tion, it applies the first fit decreasing (FFD) algorithm. 
FFD iterates over all cubature points and fills a work 
package as long as C is not exceeded. If a work package 
is full, it goes to the next one. But for each zi it tests all 
work packages again, which has the advantage that the 
work packages can be filled up with cubature points that 
result in a small runtime.

Figure 10 illustrates the distribution of nine entries 
into three work packages. The first row starts with an 
unordered list of entries, and in the second row are the 
resulting work packages WP1,… ,WP3 and their assigned 
entries. It can be seen that MULTIFIT produces work 
packages with similar total runtime TWPj

 , but with typi-
cally different number of entries. Inside each work pack-
age, the entries are ordered by their runtime due to the 
initial LPT ordering step.

To use the MULTIFIT algorithm within SWP and SWPT, 
we implemented MULTIFIT and FFD in python. The inte-
gration is fairly easy, because it directly replaces the FCFS 
work package creation code. Besides a reordering of the 
results to meet the initial order of the cubature points, 
all other implementations of the scheduling strategies 
can be reused. For SWPT, the MULTIFIT approach has the 
additional advantage that the thread pool operates on 
the LPT ordered list within its work package with Rm(LPT ) 
of Eq. (20).

We denote SWP and SWPT together with the MULTI-
FIT algorithm by SWP_OPT and SWPT_OPT respectively, 

(21)Rm(MF) <= 1.222,

because they can reduce the idling significantly with the 
worst case factor Rm(MF) . Via the runtime predictor rpN 
and the balanced work packages, the whole propaga-
tion runtime �Prop of a UQ simulation is now predictable.

6  Numerical results

In the following sections, we present numerical results for 
three different examples: Example 1 uses a simple aca-
demic and smooth test function, Example 2 an academic 
test function with a discontinuity, and Example 3 simulates 
an evacuation scenario for pedestrian dynamics. For all 
examples, the quality of the runtime prediction is analysed 
together with its effect on the scheduling strategies and 
their resulting propagation time TProp . In order to compare 
the examples, all have three uncertain parameters. The 
number of cubature points per uncertain parameter q was 
varied between 4 and 12, and different numbers of cluster 
nodes cn = 2, 3, 4, 5 where used for the propagation.

All simulations have been executed on the Linux-Clus-
ter CooLMUC2 of the Leibniz Supercomputing Centre [42]. 
Each cluster node is equipped with an Intel Xeon E5-2697 
v3 (“Haswell”) CPU which has 28 cores, and 64 GB of DDR4 
RAM. The cluster nodes are interconnected with the FDR14 
InfiniBand network.

6.1  Example 1: Simple test function (academic 
example)

In this example, the forward model is, analytically defined 
as

The motivation for this example is to have a model with 
an analytical solution to determine the accuracy of the 
runtime prediction. It has been designed to reproduce 
a similar behaviour as Example 3 in Sect. 6.3. The func-
tion f̂  incorporates three parameters x, y, and z which are 
defined to be uncertain following the probability distribu-
tions U(0.1, 0.5), U(0.8, 1.2), and U(1.4, 1.8), respectively.

The value of f̂  in Eq. (22) is interpreted as the runtime 
(in seconds) and the software implementation performs a 
sleep command of exactly this value to simulate the runt-
ime. This produces different waiting times and therefore 
different runtimes for the model function.

Figure  11a visualises the real runtimes T i
S
 (blue cir-

cles) for every cubature point zi with q = 7 resulting in 
343 cubature points zi . The runtime varies from about 5 
to 26 s and only a few of the cubature points zi results 
in long runtimes. In Fig. 11b, the predicted runtimes � i

S
 

(green filled dots) are plotted on top of the real runtime 

(22)f̂ = 2(e5⋅|x| +max(y, 0) + 0.2 ⋅ |z|).

Fig. 10  Illustration of the MULTIFIT strategy. The first row contains 
the initial unordered entries. The relative runtime of each entry is 
the width of its rectangle: Broader entries take longer. In the sec-
ond row, the work packages WP1,… ,WP3 are created with MULTIFIT
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T i
S
 (actually hiding it in this particular case due to the high 

accuracy).
Figure 12a shows the absolute error �ri of the prediction 

compared to the analytical solution of Eq. (22) for the case 
q = 7 . The order of �ri of about 10−7 seconds is comparably 
small. Figure 12b displays the corresponding relative error 
�ri,rel . The impression that the relative error is decreasing 
with higher indices of the corresponding cubature points 
zi is only due to higher runtimes together with similar val-
ues of the absolute error.

In Fig. 13a, the error statistics with the mean error �(�r) , 
as well as 5th ( p5(�r) ) and 95th ( p95(�r) ) percentiles are 
shown for q = 4, 5,… , 12 . For q = 4, 5 the error is non-neg-
ligible since the predictor has too less information for an 
accurate prediction. Starting from q = 6 , the error is com-
parably small. This is also confirmed by the discrete L2 error 

norm in Fig. 13b which is decreasing to about 10−5 with 
increasing number of cubature points per parameter (q).

To compare the different scheduling strategies, all simu-
lations were performed for q = 4, 5,… , 12 and with differ-
ent number of cluster nodes cn = 2, 3, 4, 5 . The results for 
q = 2 and q = 5 are shown in Figs. 14a and 14b, respec-
tively, and indicate that the choice of the scheduling strat-
egy has a huge impact on the overall runtime. The SWP 
scheduling results in a runtime of about 891 s for cn = 2 
and q = 12 , whereas SWPT takes 632 s, and DWP only 
needs 440 s. SWP_OPT, SWPT_OPT, and DWP_OPT pro-
duce runtimes similar to DWP. For cn = 5 , the runtimes of 
the different scheduling approaches behave qualitatively 
similar to cn = 2 (and actually also to cn = 3, 4 ), except for 
the solid red dot and the dashed purple triangle curves 
(SWP_OPT and SWPT_OPT, respectively) which are not 

Fig. 11  Example 1: a Real runt-
ime T i

S
 and b predicted runtime 

�
i
S
 versus T i

S
 in seconds of f̂  (see 

Eq. (22)) with q = 7 cubature 
points for each of the three 
uncertain parameters

(a) (b)

Fig. 12  Example 1: a Absolute 
error �ri of runtime in seconds 
and b relative error �ri,rel for 
f̂  (see Eq. (22)) with q = 7 
cubature points for each of the 
three uncertain parameters

(a) (b)

Fig. 13  Example 1: a Statistics 
of the absolute error with 
mean �(�r) , as well as 5th 
( p5(�r) ) and 95th ( p95(�r) ) per-
centiles, and b the correspond-
ing discrete L2(�r) norm of the 
absolute error q = 4, 5,… , 12 
cubature points per parameter

(a) (b)
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competitive to DWP and DWP_OPT anymore for larger 
values of q.

Figure 15 further helps to investigate the propagation 
runtimes TProp of the scheduling strategies: Fig. 15a shows 
the speed-up of SWP_OPT, SWPT_OPT, and DWP_OPT 
compared to SWP. For each scheduling strategy, four lines 
are plotted, corresponding to cn = 2, 3, 4, 5 . DWP_OPT 
versus SWP produces the highest speed-up (ranging from 
about 2.0 to 2.5 for q = 12 ), followed by SWPT_OPT (rang-
ing from about 1.9 to 2.2 for q = 12 ) and lastly by SWP_
OPT (ranging from about 1.6 to 1.8 for q = 12 ). To see the 
improvements from the standard scheduling strategy with 
its improved version, Fig. 15b is helpful. The improvements 
from SWP to SWP_OPT are the highest (with about 1.6–1.8 
for q = 12 ). Also, SWPT can be significantly improved by 
SWPT_OPT (with about 1.3–1.6 for q = 12 ). In the case of 
DWP to DWP_OPT (with about 0.98–0.99 for q = 12 ) there 
are no significant runtime improvements visible; a theo-
retical advantage is that there is the worst case bound-
ary Rm(LPT ) which cannot be exceeded. In both plots of 
Fig. 15, the speed-up is unstable for q = 4, 5, 6 since there 
are only a few or no black-box computer model runs for 
parts of the computing units and a few outlier can have 
a huge impact on the overall propagation runtime TProp.

The choice of the scheduling strategy has a high impact 
on the whole propagation time TProp for this simple and 
smooth test function. The constructed runtime predic-
tor rpN produces a high accuracy and it can predict the 
runtime � i

S
 very well. Therefore we can successfully use the 

runtime predictions � i
S
 to improve the standard schedul-

ing strategies and, thus, reduce the overall runtime of the 
whole UQ simulation TUQsim in this example.

6.2  Example 2: Function with discontinuity 
(academic example)

This example uses a function with a discontinuity to study 
how the prediction and the scheduling strategies behave 
in a more challenging non-smooth setup.5 We took a simi-
lar test function as proposed in [43], but extended it by a 
third parameter. Hence, f̂  reads

(23)f̂ = e−x
2+2 sign (y) + z.

Fig. 14  Example 1: Measured 
propagation runtimes TProp in 
seconds for the six scheduling 
strategies for a 2 cluster nodes, 
and b 5 cluster nodes

(a) (b)

(a) (b)

Fig. 15  Example 1: a Speed-up for TProp of SWP compared to SWP_
OPT, SWPT_OPT, and DWP_OPT. For each scheduling strategy, the 
plot contains 4 speed-up lines (of identical colour and line style) 
corresponding to cn = 2, 3, 4, 5 . b Speed-up of the standard sched-

uling strategies compared to its optimised counterparts: SWP to 
SWP_OPT, SWPT to SWPT_OPT, and DWP to DWP_OPT. Again, 
4 speed-up lines of identical colour and line style are given for 
cn = 2, 3, 4, 5

5 If it is known in advance that the model is non-smooth, the non-
intrusive polynomial chaos approach Eq.  (1) is not the method of 
choice—for that other suitable approaches exist. But for our use 
case it cannot be assumed that f̂  and f are correlated and often the 
runtime behaviour is not known, that is why a runtime predictor 
rpN is built here and we reuse the already applied UQ approach.



Vol:.(1234567890)

Research Article SN Applied Sciences (2019) 1:1038 | https://doi.org/10.1007/s42452-019-1066-3

The three parameters x, y, and z are defined to follow 
the uniform distributions U(−2.5, 2.5) , U(−2.0, 2.0) , and 
U(5.0, 15.0), respectively. The value of f̂  is, again, inter-
preted as the runtime in seconds and for simulation pur-
poses the implementation executes a sleep command of 
exactly this value.

Figure 16a visualises the measured real runtime T i
S
 (blue 

circles) which ranges from about 5.4 to 21.9 s, and Fig. 16b 
shows the predicted runtime � i

S
 (green filled dots). As 

expected, the green dots do not perfectly match the blue 
dots due to prediction errors.

The absolute and relative prediction error is shown in 
Fig. 17. The absolute error eri in Fig. 17a is clustered mainly 
around 0.2 and 0.75 s, and only a few outliers exist at about 
1.5 s. The relative error eri,rel in Fig. 17b ranges mainly from 
0.01 to 0.1 and reaches around 0.3 for a few cubature 
points.

The statistics of the absolute error in Fig. 18a confirms 
the impression of higher errors compared to Example 1, 
with a mean �(�r) of about 0.3–1.0 for different values of 
q. The discrete L2 norm of the absolute error in Fig. 18b is 
slightly decreasing with higher values of q but remains in 
the order of one.

Concerning the scheduling strategies, Fig. 19a visualises 
the propagation runtimes TProp for cn = 2 cluster nodes: 
SWP takes about 587 s for q = 12 , SWP_OPT 424 s, and all 
other scheduling strategies perform relatively similar with 
about 351-359 s. In the case of cn = 5 (Fig. 19b) SWP needs 
about 322 s, SWP_OPT 249 s, SWPT 183 s, and the others 
are roughly similar at about 150 s.

The TProp speed-ups of to the optimised scheduling 
strategies versus pure SWP are given in Fig. 20a (again, 
four lines of identical colour and line style represent 
the different amount of cluster nodes cn = 2, 3, 4, 5 per 

Fig. 16  Example 2: a Real runt-
ime T i

S
 and b predicted runtime 

�
i
S
 versus T i

S
 in seconds of f̂  (see 

Eq. (23)) with q = 7 cubature 
points for each of the three 
uncertain parameters

(a) (b)

Fig. 17  Example 2: a Absolute 
error �ri of runtime in seconds 
and b relative error �ri,rel for 
f̂  (see Eq. (23)) with q = 7 
cubature points for each of the 
three uncertain parameters

(a) (b)

Fig. 18  Example 2: a Statistics 
of the absolute error with 
mean �(�r) , as well as 5th 
( p5(�r) ) and 95th ( p95(�r) ) per-
centiles, and b the correspond-
ing discrete L2(�r) norm of the 
absolute error q = 4, 5,… , 12 
cubature points per parameter

(a) (b)
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strategy): SWP_OPT improves the runtime by a factor of 
about 1.3, SWPT_OPT by about 1.6–2.0, and DWP_OPT has 
the highest speed-up rates of about 1.6–2.2. The speed-
up comparison of the standard scheduling methods with 
their improved counterparts is plotted in Fig. 20b: SWP to 
SWP_OPT has the highest speed-up, followed by SWPT to 
SWPT_OPT with about 0.99–1.15. Again, there is no signifi-
cant speed-up in the case of DWP to DWP_OPT. Starting 
from q = 7 , the speed-up rates stabilise, due to the then 
sufficient amount of workload for the computing units. In 
addition, the larger number of runs reduces the effect of 
few outliers on the overall results.

To summarize this second example including a dis-
continuity: Predicting the runtime T i

S
 for Eq. (23) is pos-

sible but with a noticeable absolute and relative error. 
Despite these errors, it is possible to significantly improve 
the propagation runtime TProp by either using DWP or the 
optimised scheduling strategies (SWP_OPT, SWPT_OPT, or 
DWP_OPT). Hence, the scheduling strategy does also have 
a huge impact on the overall simulation runtime TUQsim.

6.3  Example 3: Evacuation of pedestrians 
with separated families

Example 3 consists of the evacuation scenario in pedes-
trian dynamics with separated families described in 
Sect. 2.2. This example has the longest absolute runtimes, 
and f̂  represents the measured runtime of a single VADERE 
simulation run. The three parameters percfam , vparent , and 
vchild are uniformly distributed as listed in Table 4. A UQ 
analysis concerning the evacuation time has been per-
formed in [8]. In the following, we analyse the runtime 
and the performance of the different scheduling strate-
gies, similar to example 1 and 2.

The runtime analysis starts with the measured real runt-
imes T i

S
 (blue circles) in Fig. 21a for q = 7 , which clusters in 

Fig. 19  Example 2: Measured 
propagation runtimes TProp in 
seconds for the six scheduling 
strategies for a 2 cluster nodes, 
and b 5 cluster nodes

(a) (b)

(a) (b)

Fig. 20  Example 2: a Speed-up for TProp of SWP compared to SWP_
OPT, SWPT_OPT, and DWP_OPT. For each scheduling strategy, the 
plot contains 4 speed-up lines (of identical colour and line style) 
corresponding to cn = 2, 3, 4, 5 . b Speed-up of the standard sched-

uling strategies compared to its optimised counterparts: SWP to 
SWP_OPT, SWPT to SWPT_OPT, and DWP to DWP_OPT. Again, 
4 speed-up lines of identical colour and line style are given for 
cn = 2, 3, 4, 5

Table 4  List of uncertain parameters and their distributions for the 
evacuation scenario in pedestrian dynamics (cf. [8])

Parameter Description Distribution

percfam Percentage of family members (%) U(0.1, 0.5)
vparent Speed of parent-agents searching 

their child-agents (m/s)
U(1.4, 1.8)

vchild Speed of the parent-child-pair (m/s) U(0.8, 1.2)



Vol:.(1234567890)

Research Article SN Applied Sciences (2019) 1:1038 | https://doi.org/10.1007/s42452-019-1066-3

a wide range of about 64–1028 s. In Fig. 21b, the predicted 
runtime T i

S
 (green filled dots) reproduces the clusters but 

does not perfectly match every single (blue) circle due to 
some prediction error.

Figure  22a shows the absolute error �ri for each T i
S
 

(for q = 7 ), which ranges from about 0.1 to 40 s. For a 
few black-box computer model runs, the absolute error 
reaches up to 90 s. The corresponding relative error is 
shown if Fig. 22b: �ri,rel spreads mainly from 0 to 0.1. Only 
for the first cubature points zi , the relative error reaches 
up to 0.45.

The quality of the runtime prediction � i
S
 for different 

q = 4, 5,… , 12 , is visible in Fig. 23. For this example, the 
rpN for q = 12 is taken as the reference model, because no 
analytical model is available. The mean error �(�r) is high 
at about 15.9–36.5 s (i.e. Fig. 23a). Furthermore, Fig. 23b 
shows this with high values of about 20.7–41.7 for the L2 

norm of the absolute error. Another observation is that 
the L2(�r) does not decrease with higher values of q. This 
is most probably due to the additional intrinsic uncer-
tainty inside VADERE (w.r.t. route planning etc.) that is not 
controlled by one of the three uncertain parameters, and, 
thus, resulting in slightly different runtimes in subsequent 
identical calls.

The propagation runtimes TProp for the different sched-
uling strategies are plotted in Fig.  24a for cn = 2 . For 
q = 12 , SWP needs 29,109 s, SWPT 23,696 s, followed by 
SWP_OPT, SWPT_OPT, DWP, and DWP_OPT which are 
closely together between 14,623 and 17,055 s. With cn = 5 
computing nodes (Fig. 24b), the propagation time for SWP 
is 12,646 s, SWPT 11,133 s, SWP_OPT 10,364 s, and SWPT_
OPT, DWP, as well as DWP_OPT are between 5819 and 
6406 s. All data on the propagation runtime TProp ranging 

Fig. 21  Example 3: a Real 
runtime T i

S
 and b predicted 

runtime � i
S
 versus T i

S
 in seconds 

for the evacuation scenario in 
pedestrian dynamics (Sect. 2.2) 
with q = 7 cubature points for 
each of the three uncertain 
parameters

(a) (b)

Fig. 22  Example 3: a Absolute 
error �ri of runtime in seconds 
and b relative error �ri,rel for 
the evacuation scenario in 
pedestrian dynamics (Sect. 2.2) 
with q = 7 cubature points for 
each of the three uncertain 
parameters

(a) (b)

Fig. 23  Example 3: a Statistics 
of the absolute error w.r.t. 
q = 12 with mean �(�r) , as 
well as 5th ( p5(�r) ) and 95th 
( p95(�r) ) percentiles, and b the 
corresponding discrete L2(�r) 
norm of the absolute error 
q = 4, 5,… , 12 cubature points 
per parameter

(a) (b)
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from q = 4, 5,… , 12 for each cn = 2, 3, 4, 5 are additionally 
available in Table 5. 

The speed-up for TProp of SWP compared to the opti-
mised versions with 4 identical colours and line styles 
for cn = 2, 3, 4, 5 are plotted in Fig. 25a: SWP to SWP_OPT 
shows a factor of 1.2–1.7, SWP to SWPT_OPT of 1.8–1.9, 
and SWP to DWP_OPT ranges from 1.9 to 2.1. The speed-
ups of the optimised scheduling strategy compared to its 
base is shown in Fig. 25b: SWP_OPT can optimise its base 
scheduling strategy by a factor of 1.2–1.7, SWPT_OPT of 
1.5–1.7, and DWP_OPT does not improve its base with a 
relative constant factor of about 1.0.

The results for Example 3 shows that the runtime pre-
diction for � i

S
 results in a comparably high absolute pre-

diction error �r with a considerable relative error �ri,rel of 
about 10%. A constantly high value for the L2(�r) norm is 
observed, even with increasing q. Despite this challenging 
situation, the choice of a suitable (optimised) scheduling 
strategy still significantly improves the overall propaga-
tion time TProp.

6.4  Summary of the numerical results

In the previous sections, the runtime prediction and the 
scheduling behaviour of three different examples were 

analysed: For Example 1 which uses a smooth function for 
f̂  , the prediction quality was good with a discrete L2 error 
that decreases to the order of 10−5 for increasing q. The 
runtime for the f̂  function with the discontinuity in Exam-
ple 2 is harder to predict: With increasing q, the discrete 
L2(�r) norm decreases but still remains high at the order 
of one. The runtime of Example 3 is even harder to predict 
which is indicated by the discrete L2 error with values up 
to 41.7.

All three examples demonstrate that the choice of 
the scheduling strategy has a huge impact on the whole 
propagation time TProp . Among the standard scheduling 
strategies, DWP excelled in all cases to be the one with 
the smallest runtime, followed by SWPT and lastly by 
SWP. Due to the dynamic scheduling, DWP and SWPT 
can, compared to SWP, reduce the idling and therefore 
the propagation time TProp . With the help of the runtime 
predictor rpN , the standard scheduling strategies SWP 
and SWPT can be significantly improved for q = 12 by 
speed-up factors up to 1.8 and 1.7, respectively. The 
DWP_OPT scheduling does not reduce the propagation 
time, but it guarantees to not exceed the worst case fac-
tor Rm(LPT ) of Eq. (20). Compared to the runtimes of the 
SWP scheduling, the propagation was speed-up by a fac-
tor of about 2.5 for q = 12.

Fig. 24  Example 3: Measured 
propagation runtimes TProp in 
seconds for the six scheduling 
strategies for a 2 cluster nodes, 
and b 5 cluster nodes

(a) (b)

(a) (b)

Fig. 25  Example 3: a Speed-up for TProp of SWP compared to SWP_
OPT, SWPT_OPT, and DWP_OPT. For each scheduling strategy, the 
plot contains 4 speed-up lines (of identical colour and line style) 
corresponding to cn = 2, 3, 4, 5 . b Speed-up of the standard sched-

uling strategies compared to its optimised counterparts: SWP to 
SWP_OPT, SWPT to SWPT_OPT, and DWP to DWP_OPT. Again, 
4 speed-up lines of identical colour and line style are given for 
cn = 2, 3, 4, 5
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Loading and saving the runtime predictor rpN from 
and to a file takes about 1.6 ms, for all scheduling strat-
egies in all of the three examples. The runtime predic-
tion for all cubature points zi takes between 0.04 (for 
q = 4 ) and 4.76 s (for q = 12 ), and the maximum time for 
resorting the results back to the original order is about 
0.26 ms. This makes the use of the predictor possible 
in less than 0.1 second for q = 4 , and less than 5 s for 
q = 12 compared to the overall propagation runtime 

TProp . For example 3, this is less then 0.08% of the prop-
agation runtime for DWP_OPT scheduling and q = 12 . 
Due to the relatively small overhead for predicting and 
optimising the runtime, it is almost always possible to 
use it without noticeable performance losses.

Table 6 contains a list of situations and the corre-
sponding recommended scheduling strategy to reduce 
the idling for an uncertainty analysis. If some kind of a 
pool mechanism across computing units is available, 

Table 5  List of propagation 
runtimes TProp (in seconds) 
for the evacuation scenario 
in pedestrian dynamics 
in subsection 6.3 with the six 
scheduling strategies and their 
variations: cn denotes the 
number of used cluster nodes 
(each cluster node has 28 CPU 
cores), and q is the number 
of cubature points for each 
uncertain parameter

#cn q Scheduling strategies (time in seconds)

SWP SWPT DWP SWP_OPT SWPT_OPT DWP_OPT

2 cn 4 1858.2 940.3 930.2 976.6 644.9 939.4
5 2900.5 1716.8 1171.0 1140.3 1234.9 1281.0
6 3889.8 3024.7 1861.2 1897.7 2122.0 1894.5
7 6704.8 4764.9 2987.7 2928.0 3139.2 2981.2
8 9405.9 7187.4 4450.6 4476.5 4796.0 4445.4
9 13,038.7 9783.5 6096.4 7130.9 6561.3 6156.8

10 17,083.2 13,996.0 8602.8 8836.6 9236.4 8581.0
11 22,917.8 18,006.1 11,296.0 12,315.3 12,091.7 11,271.5
12 29,109.4 23,696.7 14,650.4 17,055.0 15,734.7 14,623.4

3 cn 4 973.3 701.1 890.9 988.6 513.3 922.7
5 1978.4 1352.2 1023.6 1053.2 974.8 1034.7
6 3011.7 2314.8 1306.3 1274.2 1419.7 1419.6
7 4637.1 3636.5 1984.4 2066.3 2198.3 1996.0
8 6562.2 5231.0 2957.3 3049.2 3293.0 3019.5
9 8510.6 7621.0 4046.4 4784.5 4383.4 4038.2

10 11,420.9 10,125.0 5723.0 6234.9 6258.0 5726.4
11 15,295.9 13,539.5 7508.7 8391.2 8203.7 7507.2
12 19,916.5 17,684.1 9729.6 13,407.3 10,573.8 9707.0

4 cn 4 967.6 597.8 967.0 1009.8 472.7 936.6
5 1999.8 1132.5 997.9 1066.5 615.2 1011.2
6 2000.4 1714.2 996.2 1061.7 1124.5 1137.0
7 3810.4 2861.6 1583.3 1537.6 1612.1 1663.4
8 4819.5 4118.0 2261.0 2290.6 2441.1 2227.9
9 6644.0 5811.9 3039.2 3579.0 3368.8 3043.2

10 8913.2 7768.9 4300.5 4702.8 5133.8 4331.2
11 11,598.1 10,476.6 5636.6 6755.5 6265.9 5668.2
12 15,681.1 13,943.8 7287.1 11,533.5 8013.7 7274.3

5 cn 4 934.5 503.4 960.5 962.3 452.8 962.7
5 983.6 891.4 1025.1 1043.5 585.5 1001.6
6 2001.7 1487.2 1014.8 1100.8 910.7 1009.8
7 3003.8 2269.8 1424.9 1301.6 1402.4 1508.6
8 3932.6 3275.6 1829.1 1890.8 2051.8 1858.9
9 5795.6 4812.7 2452.0 3034.5 2681.0 2486.7

10 7749.3 6636.6 3441.1 3732.0 3781.9 3483.1
11 9683.7 8504.8 4496.3 5616.4 4958.5 4538.5
12 12,646.0 11,133.1 5839.9 10,364.2 6406.7 5819.3
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DWP and DWP_OPT scheduling should be the first 
choice. If such a pool is not available, SWPT_OPT and 
SWPT should be used over SWP_OPT and lastly SWP.

7  Conclusion and outlook

In this paper, we studied the runtime and scheduling 
behaviour of non-intrusive polynomial chaos with a 
full grid approach for computer models whose runtime 
depends on the input parameter values. The results show 
that it is possible to predict the runtime T i

S
 of black-box 

computer model runs for academic examples as well 
as for an evacuation scenario in pedestrian dynamics. 
For a smooth model function, a good prediction behav-
iour with a small relative error down to 10−5 could be 
observed. For the academic test function with a discon-
tinuity and the evacuation scenario, a high relative error 
of about 10% is observed. Research question (1) can 
therefore be answered affirmatively: Yes, it is possible to 
predict the runtime of a black-box computer model run.

In all investigated examples, the choice of the schedul-
ing strategy has a huge impact in the overall propagation 
time TProp . Three standard scheduling strategies SWP, SWPT, 
and DWP have been studied. The more dynamically the 
black-box computer model runs are scheduled, the lower 
the propagation time. Therefore, DWP is the best schedul-
ing strategy among the standard scheduling strategies. By 
using the runtime prediction information to control the 
scheduling behaviour, the optimised versions SWP_OPT, 
SWPT_OPT, and DWP_OPT have been developed. SWP_
OPT and SWPT_OPT significantly improved its basic ver-
sion, whereas DWP_OPT could not reduce the runtime of 
DWP, but has the advantage of not exceeding the worst 
case boundary Rm(LPT ) . Compared to the SWP schedul-
ing, which produced the longest propagation times in 
all examples, it is possible to speed-up the runtime with 
DWP_OPT and DWP by a factor of about 2.5. For this rea-
son, research question (2) can also be answered with yes, it 
is possible to reduce the idling and the propagation time.

It is obvious that the proposed approach only makes 
sense for computer models where runtimes are sensitive 

on parameter values. Using the prediction to optimise the 
scheduling is not always possible, especially for computa-
tional intensive computer models where only one produc-
tion run can be afforded due to limited computing units or 
time. Creating the predictor only for using it once, results 
in significant overhead. If it can be used multiple times in a 
forward UQ setting, as in the case of UQ analysis scenarios 
or adaptive approaches, there is a considerable benefit.

Our proposed approach of predicting and reducing the 
runtime due to the improved scheduling can be general-
ised to a large variety of applications that show a param-
eter-dependent runtime behaviour. It is not limited to the 
non-intrusive polynomial chaos approach, e.g. also the 
point collocation method is possible. Once the predictor 
is built, it is further possible to use it in sampling based 
UQ approaches. The standard scheduling strategies as well 
as the improved scheduling strategies can also be imple-
mented with other programming languages and be used 
on different computing clusters.

Extensions to the presented approach may consist in 
optimising the scheduling not only w.r.t. the runtime but 
also to the memory usage or other performance relevant 
parameters. In particular in multilevel forward UQ and in 
Bayesian inversion scenarios, the prediction of and optimi-
sation w.r.t such parameters may pay off due to the itera-
tive approach.
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Table 6  List of situations 
and their recommended 
scheduling strategy

Situation Recommended scheduling

Only one production run to quantify the uncertainty is possible DWP
The runtime prediction has an acceptable or good quality DWP_OPT, DWP, SWPT_OPT
The runtime prediction has very poor quality DWP
There is no (MPI) pool across computing nodes available SWPT_OPT, SWP_OPT
No information about the runtime of a computer model is available DWP
The computer model does not vary in runtime with different input param-

eters values
DWP, SWPT, SWP
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