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Abstract
This paper investigates forced convection of water/Al2O3 nanofluid flow in a microchannel with inclined cross-flow 
injection on the lower wall. There are a number of injecting holes on its lower wall. Other walls are insulated. The effect 
of different parameters including injection angle and number of injections on slip flow and heat transfer is investigated. 
It is concluded that increasing the injection angle up to 94° lead to an enhancement of the slip velocity and the Nusselt 
number on the microchannel walls. The results demonstrate that maximum heat transfer corresponds to the injection 
angle of 94°. It is revealed that the variation of Nusselt number decreases with the number of injection. As the volume 
fraction of nanoparticles increases, the heat transfer rate increases.
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1 Introduction

Fluids play a vital role in cooling and heating systems 
in industries. Their thermal conductivity is enhanced by 
addition of solid nanoparticles. The first observations of 
the thermal conductivity of nanofluids were reported by 
Masuda et al. [1]. Nazari et al. [2] demonstrated that the 
heat transfer of the nanofluid increases compared to the 
base ones. Numerous studies have been carried out on 
the use of microchannels in heat exchangers and heat 
rejected systems due to the small dimensions of these 
channels and their high efficiency. Raisi et al. [3] demon-
strated that the Nusselt number (Nu) enhances with the 
slip coefficient for Reynolds numbers higher than 100. 
Akbarinia et al. [4] revealed that at a constant Reynolds 
number (Re), Nu enhances with the inlet velocity and it 
does not change with the volume fraction of nanoparticles 
(φ). Anoop et al. [5] studied forced convection heat transfer 
of water/silica nanofluid numerically and experimentally 
and demonstrated that the nanofluid exhibits Newtonian 
behavior for the volume fractions less than 7%. Togun et al. 
[6] considered heat transfer of nanofluids (water/Al2O3 and 
water/CuO) in a microchannel with double forward-facing 

steps. They revealed that Nu is higher on the second step 
in comparison with the first one. It was demonstrated 
that the heat transfer enhances with the volume frac-
tion of nanofluids. The results of Nemati et al. [7] revealed 
that the average Nusselt number increases with φ and 
decreases with the magnetic field intensity. Jung et al. [8] 
evaluated the heat transfer of a nanofluid in a rectangular 
microchannel and found that Nu increases by increasing 
φ and Re. Olawale [9] evaluated the effect of injection flow 
in diverging and converging microchannel on heat trans-
fer and hydrodynamics of a nanofluid. He found that the 
velocity distribution is an increasing function of Reynolds 
number. Malvandi et al. [10] demonstrated that velocity 
gradient close to the walls increases with the magnetic 
field. Afrand et al. [11] concluded that the slip velocity on 
the walls increases with the magnetic field intensity and 
heat transfer increases in the vicinity of the walls due to 
the accumulation of nanoparticles in this region. Their 
study corresponded to water/FMWNT nanofluid. Li and 
Kleinstreuer [12] simulated heat transfer of water and 
water/CuO nanofluid in a trapezoidal microchannel and 
showed that thermal performance of nanofluid is higher 
than that of pure water. They revealed that as the volume 
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fraction increases, heat transfer rate and pressure drop 
increase. Aina and Malgwi [13] investigated the combined 
effects of magnetic field and suction/injection on natural 
convection heat transfer in an inclined microchannel with 
porous media. They demonstrated that thermal boundary 
later thickness increases and decreases with the injection 
and suction flow rates, respectively. Hence, thermal per-
formance decreases and increases under the influence of 
injection and suction, respectively. In heat channels, the 
fluid temperature near the hot surfaces is always higher 
than the central of the channel. Thus, if low temperature 
fluid can be mixed with the hot one adjacent to the target 
surface, the heat transfer rate increases significantly. For 
this purpose, various techniques such as injection and suc-
tion of fluids have been proposed. In most of the studies, 
nanofluids have been used as a cooling fluid to improve 
the heat transfer. Jha and Aina [14] reported that the volu-
metric flow rate increases by increasing injection and suc-
tion, while the heat transfer decreases. Also, the possibility 
of a return flow on the cold wall decreases with the Knud-
sen number. López et al. [15] found that Nu increases on 
the hot wall of a porous microchannel and decreases on 
its cold wall by increasing φ and injecting the flow. Jalali 
and Karimipour [16] reported that Nu increases with Re 
and φ. Convective heat transfer and entropy generation 
of Ag-MgO/water hybrid nanofluid in microchannel are 
discussed by Uysal and Korkmaz [17]. They found that 
heat transfer increases as the volume fraction of hybrid 
nanofluid increases. In addition, it was reported that the 
entropy generation decreases due to the heat transfer and 
increases due to fluid friction. Akinshilo [18] studied the 
effect of magnetic field on heat transfer of a nanofluid in 
a converging or diverging porous channel with injection 
flow. It was concluded that Nu increases with the mag-
netic field strength. They studied the influence of Reynolds 
number, volume fraction of nanoparticles and expansion 
angle on heat transfer and fluid friction. Evaluation of the 
effect of nanofluid on convective heat transfer has been 
considered for different geometries [19–22].

Present simulations evaluate forced convection of 
water/Al2O3 nanofluid in a microchannel considering 
inclined injection on the lower wall. The main objective 
of the present work is to investigate the effect of injection 
angle and number of injections on thermal performance 
of a heat microchannel. Their influence on velocity distri-
bution, temperature profile and slip velocity is discussed.

2  Problem statement

Schematic of a microchannel (L × H) is shown in Fig. 1. The 
water/Al2O3 nanofluid enters the microchannel with the 
velocity of  Uc and the temperature of  Tc = 293 K and exits 

from the microchannel output after cooling its walls. Table 1 
presents thermophysical properties of the nanofluid. The 
upper wall temperature is constant,  Th = 303 K and the lower 
one is insulated. A number of holes (d = 0.4 μm) are mounted 
on lower wall through which the nanofluid is injected into 
the microchannel with the angle of β. The flow is Newtonian, 
laminar and steady. The slip boundary condition is imposed 
on walls of the microchannel. The terms of thermal creep 
and temperature jump are ignored. The simulations are per-
formed in three sections. In the first section, the effect of the 
angle of injection is evaluated. The second section provides 
the influence of the number of injections, and in the third 
section, the effect of φ on the velocity and temperatures dis-
tributions is investigated. Re for the nanofluid flow is equal 
for the channel input and the injection parts. In the present 
simulation, Re = 10, the slip coefficient on micro-channel 
walls is B = 0.1 and φ = 2%.

3  Governing equations

Continuity, momentum and energy equations that are gov-
erning equations of nanofluid flow are as follows, respec-
tively [16]:
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Fig. 1  Schematic of the microchannel with inclined cross-flow 
injection

Table 1  Thermophysical properties of water/Al2O3 nanofluid [16]

� (%) ρnf  (kg/m3) �nf  (Pa s) knf  (W/m K)
(

cp
)

nf
 (J/kg K)

0 997.1 8.91 × 10−4 0.613 4179
2 1056.5 9.37 × 10−4 0.653 3922.4
4 1116 9.87 × 10−4 0.695 3693.3
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Governing boundary conditions are:

where  us is the slip velocity on the walls of the microchan-
nel and is obtained using the following relationship:

where b is dimensional slip coefficient. The positive and 
negative signs are respectively related to the lower and 
upper walls of the microchannel. It should be noted that 
at the microchannel output, the flow is fully developed 
hydrodynamically and thermally.

By defining the following parameters, the above equa-
tions are dimensionalized:

Hence, the dimensionless governing equations are:

In addition, the properties of the nanofluid are obtained 
using the following relations [16]:
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where c = 25,000 is an experimental constant.  kf = 0.613 W/
mK is thermal conductivity of the base fluid and  ks = 40 W/
mK is that of nanoparticles. The ratio of molecular area of 
the base fluid and that of solid nanoparticles is as follows 
[16]:

In addition,  Pe is define as follows:

us is related to the effect of the Brownian motion and is 
calculated as follows:

where the Boltzmann constant  Kb = 1.3807 × 10−23 J/K and 
the molecular diameter of water and solid nanoparticles is 
 df = 2 A° and  ds = 40 nm, respectively [16].

Hence, dimensionless governing boundary conditions 
are:

Dimensionless slip coefficient is defined as B = b/H. Hence, 
dimensionless slip velocity is:

The local Nusselt number  (Nux) is:

The average Nusselt number  (Num) is:
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4  Results

Forced convection heat transfer of water/Al2O3 nanofluid 
in a microchannel is evaluated. First, grid study and then 
validation are presented. The effect of the injection angle, 
the number of injections and different values of φ on slip 
velocity, temperature field and heat transfer of nanofluid 
will be presented in the next sections.

4.1  Grid study

The values of the Nusselt number and dimensionless 
velocity on the midpoint of the upper wall with four 60° 
angle injection points are shown in Table 2 for various 
grid resolutions. The difference between the results for 
the grid resolutions of 40 × 400 and 50 × 500 is negligible. 
Therefore, the grid with the grid resolution of 40 × 400 is 
selected for further simulations.

4.2  Validation

Validation of present numerical method is carried out in 
comparison with the results of Jalali and Karimipour [16] 
who investigated the effect of vertical injection on the 
slip velocity in a microchannel. The non-dimensional slip 
velocity profile is presented in Fig. 2, where Re = 10 and 
φ = 2%. The results obtained from the present simulations 
are in agreement with those presented by Jalali and Kari-
mipour [16] qualitatively. They showed that the slip veloc-
ity peaks increases with the channel length. In addition, 
as the slip coefficient increases, the rate of enhancement 
increases.

Also, in Fig. 3, the changes of  Nux as a function of micro-
channel length is compared with the reference results for 
Re = 100, B = 0.1 and φ = 2%.

4.3  Effect of injection angle

In Fig. 4, variations of dimensionless velocity of nanofluid 
along the line X = 0.6L are shown for five different injec-
tion angles (30°, 60°, 94°, 110°, and 140°). The number of 
injection is assumed to be two. The profile of nanofluid 
flow is parabolic. Also, the nanofluid has a velocity on the 
walls due to the slip velocity condition. The nanofluid 
velocity and its maximum increase on the central line of 

the channel with the injection angle up to 94° and then 
decrease. Figure 5 demonstrates the changes of the tem-
perature of the nanofluid flow along the line X = 0.6L for 
different injection angles. It is found that the temperature 

Table 2  Nusselt number and dimensionless velocity on the midpoint of the upper wall of the microchannel with four 60° angle injection 
points for different grid resolutions

40 × 400 50 × 500 60 × 600 70 × 700 80 × 800 90 × 900

Nu 1.5173 1.5174 1.5174 1.5166 1.5161 1.5161
U 0.5282 0.5298 0.5305 0.5323 0.5327 0.5331

Fig. 2  Non-dimensional slip velocity profile for Re = 10 and φ = 0.02

Fig. 3  Local Nusselt number for Re = 10 and φ = 0.02
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increases with the injection angle up to 94° and then 
decreases. In other words, the injection angle of 94° is an 
optimal angle for heat and fluid flow when the number of 
injection is two.

The impact of the injection angle on the slip veloc-
ity is shown in Fig. 6. The slip velocity is maximum at the 
entrance and then decreases by increasing X. It is slightly 
increased when the fluid reaches an injection and even-
tually, after a slight decrease, reaches a constant value. It 
should be pointed out that the slip velocity increases with 

the angle of injection. The maximum slip velocity corre-
sponds to the injection angle of 94°.

The impact of the injection angle on  Nux is shown in 
Fig. 7. At the microchannel entrance, Nu is maximum due 
to the maximum temperature gradient between the nano-
fluid and the microchannel walls. Nu decreases gradually 
by increasing X and decreasing the temperature gradient. 
Also, Nu decreases with the angle of injection. Again, the 
maximum Nusselt number corresponds to the injection 
angle of 94°. This is in agreement with the previous studies; 

Fig. 4  Dimensionless velocity of nanofluid along the line X = 0.6L 
for different injection angles

Fig. 5  Temperature profile of nanofluid along the line X = 0.6L for 
different injection angles

Fig. 6  Slip velocity for Re = 10, φ = 0.02, B = 0.1 and different injec-
tion angles

Fig. 7  Nux versus X for Re = 10, φ = 0.02, B = 0.1 and various injection 
angles
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as the injection angle increases, the slip velocity and, con-
sequently, the Nusselt number increase.

4.4  Effect of the number of injection

The impact of the number of injections on the velocity and 
temperature fields is investigated. Figures 8 and 9 indicate 
the variation of velocity and dimensionless temperature 
along the line X = 0.5L for 2, 4, and 6 injections on the 
lower wall with the angle of 94°, respectively. An increase 
in the number of injections does not significant impact 
on velocity and temperature fields. Figure 9 demonstrates 
that the number of injections has a little effect on dimen-
sionless temperature. At Y = 0.5, θ = 0.326, 0.335, and 0.343 
for N = 2, 4, and 6, respectively. The variations of velocity 
distribution also exhibit that the number of injections does 
not a significant effect on flow hydrodynamics.

Figure 10 illustrates the impact of the number of injec-
tions on the dimensionless slip velocity. The velocity 
increases on each injection and then decreases slightly 
along the channel. It finally reaches a constant value at 
the end of the channel. The constant amount of slip veloc-
ity at the end of the microchannel is equal for different 
number of injections due to constant injection flow rate. 
The oscillation and slop of these changes decrease with 
the number of injections. In general, the slip velocity 
decreases with the number of injections. In addition, the 
relative maximum points of the diagrams are correlated 
with the increase in the number of injections, while the 
relative minimum points of the diagrams are the same at 
the beginning and the end of the microchannel and at 
X = 0.5L for different number of injections.

The effect of increasing and decreasing the number 
of injections on the local Nusselt number of the micro-
channel walls is shown in Fig. 11. As it is seen, the initial 
and final points of the diagrams are equal. By enhancing 
the number of injections, the nanofluid flow is earlier 
reached thermal fully development. Therefore, the vari-
ation of Nu decreases with the number of injection.

Fig. 8  Dimensionless velocity of nanofluid along the line X = 0.5L 
for different number of injection

Fig. 9  Dimensionless temperature profile of nanofluid along the 
line X = 0.5L for different number of injection

Fig. 10  Dimensionless temperature profile of nanofluid along the 
line X = 0.5L for different
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4.5  Effect of the volume fraction of nanoparticles

In this section, the heat transfer between the nanofluid 
and the microchannel wall is investigated for two injec-
tions with the angle of 94° on the lower wall for differ-
ent volume fractions of nanoparticles. Figure 12 shows 
the non-dimensional temperature profile of nanofluid 
flow along the line X = 0.5L for different values of φ. The 
non-dimensional temperature increases by increasing φ 
and nanofluid thermal conductivity. Figure 13 indicates 
that Nu increases with φ. The present results confirm 

the results obtained by Jalali and Karimipour [16] who 
studied the effect of volume fraction on average Nusselt 
number. They showed that the slope of enhancement of 
Nusselt number increases with the Reynolds number. In 
the present work, the difference between dimensionless 
temperature is higher at the lower wall compared to the 
upper one.

5  Conclusions

This paper studied forced convection of water/Al2O3 nano-
fluid in a horizontal microchannel with cross-flow injec-
tion. The slip velocity condition was considered on the 
walls of the microchannel. There were a number of injec-
tion holes on the lower wall. The following results were 
obtained:

• The maximum Nu occurs at the injection angle of 94° 
as an optimal injection angle.

• As the number of injections increases, Nu increases. Nu 
does not change at the microchannel output by chang-
ing the number of injections.

• Increasing the injection angle to reach the optimal 
injection angle results in an enhancement in the slip 
velocity on the microchannel walls. Then, the slip veloc-
ity decreases by increasing the injection angle.

• Nanofluid thermal conductivity and Nu increase with 
φ.

Fig. 11  Local Nusselt number along the microchannel for different 
number of injection

Fig. 12  Dimensionless temperature profile of nanofluid along the 
line X = 0.5L for different values of φ 

Fig. 13  Local Nusselt number along the line X = 0.5L for different 
values of φ 
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