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Background: The Birth of INDRUM

University Mathematics Education (UME) is a field of practice that is currently chal-
lenged at a number of levels: in many countries, there are manifest recruitment and
retention problems for study programmes in pure and applied mathematics, as well as in
other study programmes that include a substantial mathematics component. University
mathematics teachers increasingly experience that students have highly variable math-
ematical preparation from secondary school, and find that they themselves need new
tools and perspectives for dealing with the changing student populations that they work
with. Mathematics courses, not least at the entry level, are often found to have alarming
failure rates, or other difficulties in achieving the learning goals specified by the
syllabus, and required in later courses. Most institutions have established support
measures for students, such as Bremedial courses^, mathematics learning support
services, and so on; they are both a symptom of the challenges outlined above, and
attempts to address them. These challenges seem to explain, at least partly, the growing
demand for research and development initiatives related to UME.

In fact, the challenges which students face in mathematics courses may, at first sight,
be seen as calling for local development, that is, initiatives to improve the practice and
organisation within a single institution (such as a university, study programme or
course). However, the similarity of problems identified across institutions, as well as
the need to base development initiatives on solid and explicit grounds, also implies a
need for research – that is, establishing knowledge on which development can be
grounded, and which is meaningful and valid across institutions and is warranted by
theoretically informed and empirically based investigations. The fact that research
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problems and results can be shared across institutions, assuming explicit consideration
of context, also means that research on UME becomes increasingly international, as it
expands in scope, sophistication and volume.

One clear sign of this development is the creation and growth of the thematic
working group on University Mathematics Education at the ERME (European Re-
search in Mathematics Education) Congress, CERME. This group has grown consid-
erably since its launch in 2011, to become the largest in the latest CERME held in
Dublin in 2017 (Winsløw et al. 2018). The creation of INDRUM (International
Network for Didactic Research on University Mathematics) in 2015, during CERME9
in Prague, was one fruit of the collaboration within the group. This initiative can also be
seen as one example of a tendency towards synthesis emerging from research collec-
tives that have formed at several conferences across the world (Nardi 2017).

The INDRUM Conferences

INDRUM2016 (Montpellier, March 31 – April 2, 2016) was the first in what is planned
as a series of biennial conferences that address all aspects of research in didactics of
mathematics at tertiary level, on two broad themes: students’ and teachers’ practices
and the teaching and learning of specific mathematical topics. We were delighted to
receive 81 submissions (63 full papers, 18 poster proposals) with 46 full papers and 15
posters eventually comprising the conference programme and the subsequent proceed-
ings volume. A plenary by Michèle Artigue focused on the achievements and chal-
lenges of UME research in the last 20 years and a panel discussion led by Marianna
Bosch explored the theme of interactions between mathematicians and researchers in
mathematics education. The conference attracted 100 registered participants and the
invitation to submit a paper for the present special issue was addressed to all soon after
the conference closing. Based on the papers received, five thematic groups were formed
to structure the conference programme: Calculus and analysis; Modelling and mathe-
matics in other disciplines; Logic, numbers and algebra; Teachers’ practices and
institutions; and Students’ practices. The conference was organised in the CERME
spirit, with the five thematic working groups organising the presentation and discussion
of the papers allocated to each. There are papers in the present special issue that reflect
the discussions in each of the five working groups.

The Story of this Special Issue

We are delighted to present this Special Issue in the International Journal for Research in
Undergraduate Mathematics (IJRUME). As INDRUM2016 Chairs, we guest-edited this
Special Issue with support from the IJRUME Editors and from reviewers who were
members of the INDRUM2016 Scientific Committee and/or the IJRUME Editorial Board.

We invited papers of 6000–8000 words in length, written in English, and with the
abstract in both English and French, to reflect that INDRUM2016 had these two
working languages. We received 23 submissions and ten of these made it to this Special
Issue. We aimed for the Special Issue to be ready in time to celebrate its publication at
INDRUM2018 in Kristiansand, Norway – and we are very pleased that it is!
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This Special Issue reflects the thematic range and richness of the INDRUM2016
programme. Its overall aim is to publish some of the best research presented at
INDRUM2016. Bearing in mind that conference papers often outline a small part of
a larger study, we particularly welcomed papers that elaborate and expand substan-
tially what was presented at the conference and published in the Proceedings (Nardi
et al. 2016). We see the ten papers in this Special Issue doing so in the following
way: all papers are based on one or more papers presented in the conference, and
they certainly draw on some of the work accomplished within each of the five
thematic groups. Needless to say, the procedures and quality standards of the
journal were meticulously observed. It is also obvious that the ten papers which
comprise this special issue do not represent the entire breadth of work presented at
the conference. Nonetheless, these ten papers cover a broad range of theoretical
perspectives, mathematical and pedagogical foci as well as methodologies deployed
within the INDRUM community. We notice that more than half of the papers draw
on the Anthropological Theory of the Didactic (ATD: Chevallard 2018; Winsløw
2015), a framework that is extensively present also in several, recent CERME UME
papers. We believe that the issue presents a valid and original selection of state-of-
the-art research works that report not only accomplished results but also suggest
important perspectives for future pursuits in our field. We now outline each one of
the ten contributions to highlight how each does both.

What the Papers in this Special Issue Have to Offer

Barquero, Monrela, Ruiz-Monzón and Serrano designed and trialled an experimental
study and research path (in the sense of ATD) with first year business students. Students
engaged with the generating question: How will the global number of Facebook users
develop? Students examine this question based on data, prerequisite knowledge, and
course material (not least from basic statistics). The paper focuses on the dynamics
between, on one hand, the students’ Bresearch^ based on prerequisite knowledge, and
on the other hand, the study of new knowledge (to them), in the setting of more
commonplace transmissive teaching. The experiment gives rise to further hypotheses
related to the potential of study and research paths at university level, in particular for
having the teaching of mathematics and statistics interact more directly with other
disciplines in the students’ programme, and for combining modeling and inquiry with
units of Bnormal^ content-driven teaching.

Bosch, Gascón and Nicolás present a theoretical analysis of two different approaches
to inquiry based teaching of group theory, both situated within the framework of ATD.
The first analysis concerns task design based on a praxeological analysis of the basic
definitions and results in group theory, with the aim of providing students with a
broader and more autonomous practical experience related to the theoretical elements.
This first analysis is contrasted with a deeper inquiry (by students) into the raison d’être
of group theory. As an example, Bosch et al. outline a study and research path on the
symmetries of a square as a possible direction in which this subject can be developed
more naturally from students’ previous knowledge of mathematics. The main points of
the paper are (1) to address a broader problem facing undergraduate courses in pure
mathematics, namely that subjects such as group theory tend to appear and pass at a
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high pace, with little visible motivation and rationale for students; and, (2) to propose
the Bparadigm of questioning the world^ as a strategy to address it.

Broley explores the place of computer programming in the research and teaching
practices of university mathematicians. She builds on prior research that identified
differences between research and teaching practices, and aims to capture the differences
through drawing on praxeological (ATD) analysis, as well as Morrissette’s (2011) triad
of shared, admitted and contested practices. She identifies six levels at which the
professional mathematicians might interact with programming. Her analysis allows
her to note important differences between the praxeologies of individual mathemati-
cians and those they propose to their students, with the latter rarely involving the most
active version of the highest level. She also notes that while programming at the highest
level is shared or admitted within applied or pure mathematics research communities,
respectively, it may still be rejected or contested within institutions where mathematics
is taught and learnt. Reasons why this gap may occur include variability of institutional
constraints (curricular, departmental and cultural). There was uniform support for the
potential benefits (epistemic, pragmatic and sociocultural) of reducing the gap and her
findings acknowledge that a nuanced, far from hierarchical interpretation of the six
levels is needed when deciding which levels of programming students may be exposed
to in various tasks.

Gueudet and Pepin study teaching and learning issues that characterise the begin-
ning of university mathematics studies by introducing a link between the Theory of
Didactical Situations (Brousseau 1997) and the Documentational Approach (Gueudet
and Trouche 2009) – and deploying this link to investigate the university mathematics
didactic contract at three levels (institutional, mathematical domain, specific mathemat-
ical topic), especially in relation to how students use resources. The analyses presented
in the paper originate in two complementary case studies, one in the UK and one in
France, and focus on identifying didactic contract rules at the three levels, both for
students and for teachers. The analysis identifies discrepancies between students’ and
teachers’ rules, and also between those two sets of rules and the explicit rules of the
institution. Gueudet and Pepin note that these discrepancies may impede students’
effective engagement with university mathematics and they highlight ways in which
that these gaps can be reduced. They propose that university mathematics teachers can
make expectations from students about how to use resources more explicit and that the
university institution can also improve the alignment between resources offered to
students and students’ approaches to study.

Hausberger outlines and exemplifies a new research programme on the teaching and
learning of abstract algebra, based on careful analysis of what he calls structuralist
praxeologies. These are characterised by a dialectics between the particular and the
general, corresponding to three levels of abstraction at which a given task may be
approached; and by a dialectics of objects and structures, as seen in quotient construc-
tions based on morphisms (such as the passage from integers to rational numbers). As
an example to illustrate the use of this epistemological model to analyse the achieve-
ments and shortcomings of students’ autonomous development of structuralist praxe-
ologies, Hausberger analyses a very rich thread from an Internet forum, where a group
of (presumably) students discuss the task of deciding whether a given ring (in casu, the
ring of finite decimals) is a principal ideal domain. The paper concludes with discussing
designs of formal teaching in view of achieving similar dynamics.
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Kidron sets out from the observation that constructing the field of real numbers is a
key part of students’ introduction to university mathematics and that therefore the study
of their pre-university conceptions of irrational numbers is important. Drawing on
Fischbein’s (1987) classic works on infinity, she examines upper secondary students’
conceptions of irrational numbers and she finds that, even though most students
claimed that they had learned about irrational numbers, only a fifth demonstrated
awareness of the irrational numbers as non-repeating infinite decimals or of their
presence on the real number line. She also observes that many of those who showed
awareness of irrational numbers as non-repeating infinite decimals also wrote in their
responses that only rational numbers appear on the number line. She concludes that
instruction that places emphasis on both representations is needed.

Kondratieva and Winsløw set out from what Verret (1975) called the
desynchretisation of knowledge: the separation, for the purpose of teaching, of ele-
ments of knowledge which were originally combined and united – and examine the
implications that this desynchretisation has on undergraduate mathematics. The paper
proposes reviving Klein’s (1908/2016) idea of BPlan B^ in order to provide early
resynchretization experiences and does so through praxeological (ATD) analyses in two
cases that re-link the theory of analysis with practical knowledge from calculus: in the
first, Kondratieva and Winsløw consider the contribution of vector analysis to the
foundations of trigonometric functions, and in the second case they establish links
between the proof of a basic theorem in Fourier Analysis and the computation of
elementary infinite series. Through small-scale trials of their propositions, Kondratieva
and Winsløw pave the way for what they describe as a much needed, important and
feasible new didactical research agenda which aims to help students integrate mathe-
matical theories and practices that are otherwise taught separately.

Montoya Delgadillo, Murillo, Vandebrouck and Vivier draw on Vandebrouck’s
(2011) theoretical construct of three localization perspectives (pointwise, local and
global), initially proposed for the topic of functions, and expand it towards the study
of more objects in real analysis. The paper presents two cases: computing the tangent to
a curve and computing the limit of a function. Montoya Delgadillo et al. see the
importance of localization perspectives for mathematical work in their capacity to
extend classical binaries in mathematics education such as potential/actual and local/
global. The paper draws on earlier analyses of data with first-semester university
students studying science and presents the argument in favour of using localization
perspectives towards understanding students’ mathematical work in terms of decon-
structions with localization perspectives, good coordination between localization per-
spectives, and the benefits thereof.

Thoma and Nardi analyse four types of commognitive conflict (Sfard 2008) which
can be observed in students’ examination scripts from a first year module, particularly
in the light of the lecturer’s assessment comments. The conflicts observed concern the
discursive context intended by the lecturer (but not assumed by the students), the use of
visual mediators in different domains of mathematics (in casu, probability theory, set
theory and school algebra), and the often different discursive rules that govern these
domains. The paper makes the case that unresolved commognitive conflicts of these
four types are central components of the students’ experience of the transition from
school to university mathematics, as well as of their difficulties with distinguishing and
mastering the discourses expected in different domains of university mathematics.
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While it is understandable that discursive rules and norms tend, in general, to be
implicit, meta-level knowledge of the aforementioned types of conflict may assist
lecturers to address these difficulties more effectively.

Trigueros Gaisman, Martínez-Planell and McGee investigate students’ understand-
ings of the relations between planes that are tangential to the graph of a real valued
function of two variables, and the total differential of the same function. The paper
presents an original combination of theoretical analyses of this subject matter: a genetic
decomposition in the sense of Action-Process-Object-Schema theory (APOS: Dubinsky
and McDonald 2001), andmoments of study related to a reference praxeological model,
in the sense of ATD. A main point is to relate the analysis of institutional organisations
of subject matter and of study processes intended to engage students with this subject
matter, to a cognitive analysis of students’ actions in and recollections from these
processes. As a result, the genetic decomposition is refined to include the notions of
vertical change and the functional nature of the differential, along with a geometric
interpretation of these notions. In turn, this refinement leads to the suggestion of
necessary changes in the organisation of the study process.

What Next?

A measure of success for an initiative like INDRUM is legacy and longevity. As we are
writing this editorial, INDRUM2018 is approaching (April 5–7, 2018; Kristiansand, Nor-
way; chaired by Viviane Durand-Guerrier and Reinhard Hochmuth, with Simon Goodchild
as Chair of the Organising Committee) and plans for INDRUM2020 are already under way.
An ERME Topic Conference book is planned for publication after INDRUM2018. We
envisage that this Special Issue alongside the INDRUM2016 Proceedings and the
INDRUM2018 activities and Proceedings will inform the planning of this volume.

Certainly, research on UME is not restricted to the INDRUM community. On the
contrary, regional and local initiatives, as well as more global forums for developing
and sharing new knowledge on UME, are – and will continue to be – important for
nourishing and complementing efforts in this setting (Nardi 2017). One particular
characteristic of many INDRUM papers, certainly visible in the collection presented
here, is the strong emphasis on theoretical precision, which needs to be enriched and
strengthened through an ongoing dialogue with local practices. At the same time,
settings like INDRUM are increasingly important to resource and validate investiga-
tions and interventions in local contexts, which are often constrained by policies and
circumstances that should not be construed as Bfacts of nature^ but as objects of
research and potential areas for improvement.

We now invite you to carry on reading this Special Issue and we hope that the
promise of its contents will encourage you to consider joining, or continuing to be part
of, the ambitious and bold enterprise that is INDRUM!
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