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Abstract This paper introduces a robust sparse recovery

model for compressing bad data and state estimation (SE),

based on a revised multi-stage convex relaxation (R-Cap-

ped-L1) model. To improve the calculation efficiency, a

fast decoupled solution is adopted. The proposed method

can be used for three-phase unbalanced distribution net-

works with both phasor measurement unit and remote

terminal unit measurements. The robustness and the com-

putational efficiency of the R-Capped-L1 model with fast

decoupled solution are compared with some popular SE

methods by numerical tests on several three-phase distri-

bution networks.

Keywords Distribution system, State estimation, Sparse

recovery, Fast decoupled method

1 Introduction

State estimation (SE) is a fundamental module in energy

management systems (EMSs) and its key task is to provide

estimates of state variables which are as accurate as pos-

sible. For distribution networks, a robust and efficient

distribution state estimator assists in integrated operation

with distributed energy resources, assures power quality

levels, and improves the reliability of a power system [1].

A number of distribution system state estimation (DSSE)

methodologies have been proposed based on different state

variables, treatments for load data and bad data, and

measurements. Weighted least square (WLS) estimators

form the basis of the most popular methods. To suppress

the influence of bad data, some robust estimators, such as

least median of square (LMS) estimators [2], weighted

least absolute value (WLAV) estimators [3, 4], and M-es-

timators [5], have been proposed. To mitigate the effect of

leverage points and improve the applicability of WLAV, a

WLAV estimation with optimal transformations (WLAV-

OT) that systematically solves the problem of computing

rotation angles and scaling factors was proposed [6]. Most

robust estimators consider the measurement residual as a

whole and minimize the value of a penalty function of

residuals. However, the residuals usually consist of two

parts: observation noise and abnormally large measurement

errors caused by bad data, which obey different distribu-

tions. The errors are normally sparse. Therefore, based on

the theory of compress sensing (CS), some sparse recovery

models [7, 8] considering this point have been proposed to

detect bad data. An L1-relaxation (L1-R) model con-

straining the sparse vector by the L1-norm instead of the

L0-norm, which is used to denote the number of non-zero

values in a sparse vector, was proposed [8]. Relaxing the

L0-norm problem to the L1-norm problem is a common
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practice in CS [9]. The effectiveness of the L1-R model has

been proved both mathematically and practically. How-

ever, it has been reported that the relaxation process often

leads to sub-optimal solutions [10]. To handle this issue

mathematically, a multi-stage convex relaxation (Capped-

L1) method was proposed [10]. We first introduced this

method for SE in a transmission power system in our

previous work [11], and found that Capped-L1 method has

an advantage in precision but not in computational speed

because iterations are required and because the optimiza-

tion problem contains both the L1-norm and the L2-norm,

which are relatively nonlinear compared to WLS and

WLAV. Actually, it is easier to solve a pure quadratic

optimization problem than a mixed problem of square

values and absolute values [12]. In this paper, efforts are

made to transform the original Capped-L1 model to a

quadratic optimization model. The efficiency of the revised

Capped-L1 (R-Capped-L1) model is improved

significantly.

Recently, to improve the monitoring of distribution

system operating conditions, some utilities have started

installing phasor measurement units (PMUs) at the distri-

bution level. PMUs provide measurements of voltage

phasor and current phasor with high frequency. Combining

measurements from both remote terminal units (RTUs) and

PMUs can promote the ability to perform state forecasting

for the distribution network [13]. The inclusion of branch

current and voltage measurements helps to improve the

precision but also introduces additional components to the

solution procedure [14]. A novel branch current-based SE

has been proposed [15], with a two-stage solution. In [16],

the active and reactive power measurements were trans-

formed to linear complex current measurements based on

estimated phase angle and voltage. References [17] and

[18] formulated the multi-source measurements SE prob-

lem by extending the state variables. Reference [19]

combines the estimates independently obtained from

supervisory control and data acquisition (SCADA)-based

and PMU-based estimators based on multisensor data

fusion theory. They all showed good performance in han-

dling branch current measurements. However, owing to the

repeating factorization of the Jacobian matrix, these

methods suffer from a heavy computational burden. To

resolve this, a fast decoupled power flow (FDPF) method

for distribution networks by choosing a complex base

voltage and adjusting the ratio of R/X was also proposed

[20, 21]. Its efficiency has been proved in a large number of

case studies. The computational speed of DSSE is expected

to be faster when introducing this method.

In this paper, we introduce a robust Capped-L1 model

into DSSE. To reduce the computational burden, we

transform the original model to a quadratic form and apply

a novel fast decoupled state estimation (FDSE) method to

formulate the three-phase SE problem with hybrid mea-

surements. The branch current measurements are formu-

lated as the branch active power and reactive power losses,

allowing them to be incorporated into the FDSE model.

Thus, the contributions of this paper can be summarized as

follows:

1) The Capped-L1 model is first introduced for DSSE,

which has a powerful capacity to compress bad data.

2) A novel three-phase fast decoupled state estimation

model with hybrid measurements for DSSE is adopted.

3) A transformation strategy for Capped-L1 to

R-Capped-L1 is applied and the computational effi-

ciency is significantly improved.

2 Proposed state estimation model

This section first reviews the formulation of the sparse

L1-R model for state estimation that has been proposed in

previous work [8]. Based on this formulation, the proposed

Capped-L1 model and the revised model are introduced.

2.1 Sparse L1-R model

When bad data are presented in the measurements, the

relationship between the measurements and the state vari-

ables can be represented as [7]:

z ¼ hðyÞ þ oþ e ð1Þ

where z is the raw measurement vector; h(y) is a set of

measurement functions; o is the vector of errors corre-

sponding to bad data; e is the noise vector.

Generally, the elements of e follow random Gaussian

distributions and are independent in most cases; the error

vector o is a sparse vector with few non-zero values.

Mathematically, the L0-norm of a vector represents the

number of its non-zero values. Therefore, the error vector

can be constrained with the L0-norm and the SE model can

be formulated as an optimization problem:

min Jðy; oÞ ¼ z� hðyÞ � ok k2
s:t: ok k0 � e

(
ð2Þ

where e is a positive small number related to the proportion

of bad data.

Given a reasonable e, we can obtain relatively accurate

estimates for state variables by solving (2). However, there

are two difficulties in solving this problem: � the value of

parameter e is difficult to specify because the proportion of

bad data is not normally known; ` L0-norm minimization

has been proved to be an NP problem that cannot be solved

efficiently [9].
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For �, according to the duality theory, the solution to

(2) corresponds to the solution of the problem (2) for some

Lagrange dual variable k� 0:

min Jðy; oÞ ¼ z� hðyÞ � ok k2þk ok k0 ð3Þ

For `, according to the theory of CS [9], L1-norm

minimization helps obtain sparse solutions. Thereby, the

L0-norm in (3) can be relaxed to an L1-norm problem.

For this step, the original non-convex sparse mini-

mization problem has been evolved into a convex opti-

mization problem given by (4), which can be solved

efficiently:

min Jðy; oÞ ¼ z� hðyÞ � ok k2þk ok k1 ð4Þ

The SE model above is exactly the L1-R model

previously proposed in [8], which is a typical sparse

recovery model.

2.2 Capped-L1 model and transformation strategy

Convex relaxation such as L1-R indeed solves the L0-

norm minimization problem efficiently under some condi-

tions. However, it often leads to a sub-optimal solution in

reality. To obtain better solutions than the L1-R model, a

new model Capped-L1 was proposed [10] and we introduce

this model into the DSSE problem to handle the issues with

a sparse error vector. The Capped-L1 model can be for-

mulated as:

min JðyðlÞ; oðlÞÞ ¼ z� hðyðlÞÞ � oðlÞ
�� ��

2
þk

X
i

c
ðlÞ
i o

ðlÞ
i

��� ���
ð5Þ

where c
ðlþ1Þ
i ¼ Ið oðlÞi

��� ���� aðlÞÞ is a relaxation parameter, Ið�Þ
is a step function with a value of 0 or 1, l is the number of

iterations, aðlÞ is a threshold value changing with the

decision variable o
ðlÞ
i . For this problem, if o

ðlÞ
i

��� ���� aðlÞ, the

value of c
ðlþ1Þ
i will be 1; otherwise, the value will be 0.

In the procedure of solving the problem, the iterations

are needed as shown in Fig. 1.

In the iteration procedure, f ðoðlÞÞ is a function of

oðlÞwhose value meets o
ðlÞ
min � f ðoðlÞÞ � o

ðlÞ
max. Generally, the

function can be chosen as the average value or the median

of vector oðlÞ. The threshold aðlÞ changes in each iteration. e
is a small threshold value to determine whether or not the

iteration has been convergent.

Observing the iteration procedure, it can be seen that

each iteration exactly solves a convex optimization prob-

lem. Once the new sparse error vector oðlÞ is given from the

last iteration, the method studies the new sparse vector oðlÞ

to adjust the relaxation parameter cðlþ1Þ and solve a new

optimization problem to obtain better solutions. This

process continues until the two error vectors of adjacent

iteration steps become relatively close.

However, the Capped-L1 model (5) is an extremely

nonlinear model with a fairly heavy computational burden.

To increase the calculation efficiency, the following

transformation strategy can be adopted:

min JðyðlÞ; oðlÞÞ ¼ z� hðyðlÞÞ � oðlÞ
�� ��

2
þk

X
i

c
ðlÞ
i a

ðlÞ
i þ b

ðlÞ
i

� �
s:t: a

ðlÞ
i � 0

b
ðlÞ
i � 0

a
ðlÞ
i � b

ðlÞ
i � o

ðlÞ
i ¼ 0

8>>>>>>><
>>>>>>>:

ð6Þ

where a
ðlÞ
i and b

ðlÞ
i represent auxiliary variables sharing the

same dimension with o
ðlÞ
i .

This strategy transforming the optimization problem (5) to

(6) is actually relaxing the absolute value, and the relaxation

method has been proved to be valid mathematically [22].

Solutions to (6) are exactly the same as those to (5); thereby,

the precisions of the two Capped-L1 models are identical.

However, through the relaxation process, the computational

speed of the Capped-L1 model will be significantly improved

because each iteration of (6) is actually a quadratic opti-

mization problem, which is relatively easily solved. The

iteration procedure for solving (6) is the sameas that of (5), but

each iteration saves a lot of time thanks to the linearization.

By adopting this R-Capped-L1 model, a robust SE model

with a lighter computational burden can be developed.

3 Fast decoupled model for three-phase
distribution networks

The fast decoupled method has been applied in trans-

mission networks for a long time and its efficiency has

been proved by substantial practice. However, resulting

from the large R/X in distribution networks, the

Fig. 1 Iterative procedure of Capped-L1
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‘‘decoupled’’ idea fails for almost all feeders. Recently, to

handle this problem, a fast decoupled algorithm via com-

plex per unit (pu) normalization for distribution networks

has been proposed [20]. To be more readable, a briefly

review of the complex pu normalization algorithm is given

in Appendix A. In this section, we will introduce a novel

three-phase fast decoupled model to estimate state vari-

ables for unbalanced three-phase distribution networks. To

take the branch current measurements into consideration,

the branch active power and reactive power losses are

employed. Using the fast decoupled method, the calcula-

tion efficiency of the R-Capped-L1 sparse recovery model

will be further improved, enabling good handling of the

branch current measurements.

In the DSSE problem, the measurement vector has to be

extended as (7) and the state variable vector can be rep-

resented as (18):

z ¼ Uabc
i ; habci ;Pabc

ij ;Pabc
ji ;Qabc

ij ;Qabc
ji ;Pabc

i ;Qabc
i ; Iabcij

h i
ð7Þ

y¼ Uabc
i ; habci ;Pabc

ij ;Pabc
ji ;Qabc

ij ;Qabc
ji

h i
ð8Þ

where U is the bus voltage; h is the phase angle; P is the

active power of branches or injections; Q is the reactive

power of branches or injections; I is the magnitude of

branch current; the superscript abc denotes the three phases

of the variables; the superscript ij denotes that the variable

flows from bus i to bus j; the superscript i denotes bus i.

The measurement function h(y) relating z and

y includes:

1) Three-phase real and reactive power measurements of

the branch:

ðPa
ijÞ

m

ðPb
ijÞ

m

ðPc
ijÞ

m

2
664

3
775 ¼

Pa
ij

Pb
ij

Pc
ij

2
664

3
775þ

oPa
ij

oPb
ij

oPc
ij

2
664

3
775þ

ePa
ij

ePb
ij

ePc
ij

2
664

3
775 ð9Þ

ðQa
ijÞ

m

ðQb
ijÞ

m

ðQc
ijÞ

m

2
664

3
775 ¼

Qa
ij

Qb
ij

Qc
ij

2
664

3
775þ

oQa
ij

oQb
ij

oQc
ij

2
664

3
775þ

eQa
ij

eQb
ij

eQc
ij

2
664

3
775 ð10Þ

where the superscript m denotes the measurement

quantities.

2) Three-phase injection power measurements:

ðPa
i Þ

m

ðPb
i Þ

m

ðPc
i Þ

m

2
64

3
75 ¼¼

X
j2i

Pa
ij

Pb
ij

Pc
ij

2
664

3
775þ

oPa
i

oPb
i

oPc
i

2
664

3
775þ

ePa
i

ePb
i

ePc
i

2
664

3
775 ð11Þ

ðQa
i Þ

m

ðQb
i Þ

m

ðQc
i Þ

m

2
64

3
75 ¼

X
j2i

Qa
ij

Qb
ij

Qc
ij

2
664

3
775þ

oQa
i

oQb
i

oQc
i

2
664

3
775þ

eQa
i

eQb
i

eQc
i

2
664

3
775 ð12Þ

where j 2 i indicates that j is connected to i.

3) Three-phase branch current measurements:X
/2fa;b;cg

I
u
ij I

/
ij ðcosðh

/
ij � huij Þr

/u
ij þ sinðh/ij � huij Þx

/u
ij Þ

¼ P
u
ij þ P

u
ji þ oPu

ji;loss
þ ePu

ji;loss
¼ P

u
ji;loss

ð13Þ

X
/2fa;b;cg

I
u
ij I

/
ij ðcosðh

/
ij � huij Þx

/u
ij � sinðh/ij � huij Þr

/u
ij Þ

¼ Q
u
ij þ Q

u
ji þ oQu

ij;loss
þ eQu

ij;loss
¼ Q

u
ij;loss

ð14Þ

where / and u represent the phases; r
/u
ij is the mutual resis-

tance of branch ij between phase u and phase /; x/uij is the

mutual reactance ofbranch ijbetweenphaseu andphase/.

4) Three-phase bus voltage and phase angle

measurements:

ðUa
i Þ

m

ðUb
i Þ

m

ðUc
i Þ

m

2
64

3
75 ¼

Ua
i

Ub
i

Uc
i

2
64

3
75þ

oUa
i

oUb
i

oUc
i

2
664

3
775þ

eUa
i

eUb
i

eUc
i

2
664

3
775 ð15Þ

ðhai Þ
m

ðhbi Þ
m

ðhci Þ
m

2
64

3
75 ¼

hai

hbi
hci

2
64

3
75þ

ohai

ohbi

ohci

2
664

3
775þ

ehai

ehbi

ehci

2
664

3
775 ð16Þ

5) Pseudo-measurements formulating network

constraints:

P
u
ij

U
u
i

¼
X

/2fa;b;cg
U

/
j ðcosðh

u
i � h/j Þg

u/
ij þ sinðhui � h/j Þb

u/
ij Þ

�
X

/2fa;b;cg
U

/
i ðcosðh

u
i � h/i Þg

u/
ij þ sinðhui � h/i Þb

u/
ij Þ

ð17Þ

Q
u
ij

U
u
i

¼
X

/2fa;b;cg
U

/
j ðsinðh

u
i � h/j Þg

u/
ij � cosðhui � h/j Þb

u/
ij Þ

�
X

/2fa;b;cg
U

/
i ðsinðh

u
i � h/i Þg

u/
ij � cosðhui � h/i Þb

u/
ij Þ

ð18Þ

where g
u/
ij is the mutual conductance of branch ij between

phase u and phase /; bu/ij is the mutual susceptance of

branch ij between phase u and phase /.
The fast decoupled method can improve the efficiency of

this DSSE problem. Fast decoupled state estimation depends

on the PQ decoupled formulation of the measurement

equations. Clearly, the real and reactive power measurement

(9) and (10), the injection power measurement (11) and (12),

the branch current measurement (13) and (14), and the bus
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voltage and phase anglemeasurement (15) and (16) can all be

expressed in a PQ decoupled formulation.

The network constraints (17) and (18) involve both volt-

ageU and phase angle h. As reviewed above, in a distribution
network, the normalized R/X can be adjusted by choosing an

appropriate complex base value and thus original R/X value

is not required to be small to adapt the proposed formulation.

Once normalized R/X is small, U has little impact on the

active power, and h has little impact on the reactive power

andU
/
j � 1. Hence, the first-order differential of the pseudo-

measurement equations can be formulated to have PQ

decoupled properties as (19) and (20).

DPu
ij

U
u
i

¼
X

/2fa;b;cg
ðbu/ij cosðhui � h/j Þ � g

u/
ij sinðhui � h/j ÞÞðDh

/
i � Dh/j Þ

ð19Þ
DQu

ij

U
u
i

¼
X

/2fa;b;cg
ðgu/ij sinðhui � h/j Þ � b

u/
ij cosðhui � h/j ÞÞðDU

/
i � DU/

j Þ

ð20Þ

In addition, in a three-phase distribution system, some

other approximations listed in (21) can be made.

ha � hb � 120o

ha � hc � �120o

hb � hc � �240o

8><
>: ð21Þ

As a result, (19) turns to be (22) and (20) is transformed

to be (23):

DPa
ij

Ua
i

DPb
ij

Ub
i

DPc
ij

Uc
i

2
666666664

3
777777775
¼ ½A � A�

Dhai

Dhbi
Dhci
Dhaj

Dhbj

Dhcj

2
66666666664

3
77777777775

ð22Þ

DQa
ij

Ua
i

DQb
ij

Ub
i

DQc
ij

Uc
i

2
666666664

3
777777775
¼ ½�A A�

DUa
i

DUb
i

DUc
i

DUa
j

DUb
j

DUc
j

2
6666666664

3
7777777775

ð23Þ

where A in (22) is a constant matrix of size 3� 3:

A ¼

baaij � 1

2
babij �

ffiffiffi
3

p

2
gabij � 1

2
bacij þ

ffiffiffi
3

p

2
gacij

� 1

2
babij þ

ffiffiffi
3

p

2
gabij bbbij � 1

2
bbcij �

ffiffiffi
3

p

2
gbcij

� 1

2
bacij �

ffiffiffi
3

p

2
gacij � 1

2
bbcij þ

ffiffiffi
3

p

2
gbcij bccij

2
666666664

3
777777775

ð24Þ

Finally, all of the elements in the Jacobian matrix of h(y)

are constant. It is important to note that

Pabc
ij ;Pabc

ji ;Qabc
ij ;Qabc

ji ;Pabc
i ;Qabc

i , and Iabcij are irrelevant to

the bus voltage U and phase angle h in our model and the

Jacobian matrix can be divided into three blocks arranged

in diagonal form. Therefore, the calculation procedure of

the proposed FDSE is mainly composed of the following

three steps.

Step 1: Estimates of branch active and reactive powers

are first calculated as:

ðPabc
ij Þm

ðPabc
ji Þm

ðQabc
ij Þm

ðQabc
ji Þm

ðPabc
i Þm

ðQabc
i Þm

ðPabc
ij lossÞ

m

ðQabc
ij lossÞ

m

2
66666666666666664

3
77777777777777775

¼ C

Pabc
ij

Pabc
ji

Qabc
ij

Qabc
ji

2
666664

3
777775 ð25Þ

where C is the constant measurement Jacobian matrix for

branch active and reactive power measurements and cur-

rent measurements.

Then, the estimates of U and h can be obtained by

conducting the fast decoupled iteration process.

Step 2: The phase angles are first corrected by:

Dðhabci Þm

DPabc
ij

Uabc
i

2
64

3
75 ¼ B1Dh

abc
i ð26Þ

Step 3: The voltages are corrected by:

DðUabc
i Þm

DQabc
ij

Uabc
i

2
64

3
75 ¼ B2DU

abc
i ð27Þ

where B1 and B2 are the constant measurement Jacobian

matrixes for pseudo-active power measurements.

This procedure continues to convergence. The detail of

the iteration procedure is similar to that reported previously

[1].

In step 1, the constant Jacobian matrix C relates the

active and reactive power state variables to active and

A sparse recovery model with fast decoupled solution… 1415
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reactive power measurements. The elements of C are

determined by (9)–(14). C is relatively independent and the

relationship between measurements and state variables is

linear. Thus, there is no need to calculate iteratively.

Pabc
ij ;Pabc

ji ;Qabc
ij ;Qabc

ji ;Pabc
i ;Qabc

i and Iabcij can be estimated

directly in one calculation.

In Step 2, the constant Jacobian matrix B1 relates the

phase angle state variables to phase angle measurements

and pseudo-active power measurements. B1 is formulated

by the Jacobian matrix ½A;�A� as shown in (22) repre-

senting the relationship between the incremental of pseudo-

active power measurements and incremental of phase angle

state variables, and unit matrixes representing the rela-

tionship between the incremental of phase angle measure-

ments and the incremental of phase angle state variables.

In Step 3, the constant Jacobian matrix is B2 relates the

voltage state variables to voltage measurements and

pseudo-reactive power measurements. B2 is formulated by

the Jacobian matrix ½�A;A� as shown in (23) representing

the relationship between the incremental of pseudo-reac-

tive power measurements and incremental of phase angle

state variables, and unit matrixes representing the rela-

tionship between the incremental of voltage measurements

and incremental of voltage state variables.

4 Numerical tests

To verify the effectiveness of the R-Capped-L1 SE

model with fast decoupled solutions in a three-phase dis-

tribution network, the method was programmed in

MATLAB and tested on three distribution networks: an

IEEE 33-bus distribution network, an IEEE 123-bus dis-

tribution network, and a 615-bus distribution network

spliced by 5 IEEE 123-bus systems.

The standard deviation of the errors corresponding to

bad data o is 50 times that of the noises e, and the standard

deviation of noises e is given by:

r ¼ 0:001� zmeanj j ð28Þ

where zmean is the mean of the per-unit measurements.

We measure the estimate errors by resistance of the

branch R ¼ ŷ� ytruek k2, where ŷ is the estimated value and

ytrue is the true value, and assign aðlÞ in Fig. 1 to be (29),

which is relatively reasonable for the simulation method.

aðlÞ ¼ f ðoðlÞÞ ¼ meanðoðlÞÞ ð29Þ

To maintain a situation close to the practical scenario,

30% of nodes and branches were selected randomly for

installation by PMU, and voltages, phase angles, and

currents on these nodes and branches are part of the

measurement vector.

To perform sufficient analysis on the R-Capped-L1

model and the fast decoupled method for the three-phase

distribution network, we conducted case studies from four

aspects:

1) Impact of the dual parameter k on the accuracy of the

R-Capped-L1 model.

2) Efficiency comparison of FDSE with Newton base SE

in [16] and R-Capped-L1 with Capped-L1.

3) Performance comparison with the traditional WLS

model, robust WLAV model, and sparse recovery

model L1-R.

4) Impact of imbalance in the three-phase loads.

In these cases, the WLAV model for comparison is a

traditional robust model that performs superiorly in sup-

pressing bad data. We compared our sparse recovery

Capped-L1 model with this widely accepted robust model

to verify the efficiency and precision of our model. The

formulation of the WLAV model is as follows:

min JðyÞ ¼
X
i

wiðzi � hðyiÞÞj j ð30Þ

where wi is the weight associated with ith measurement.

For convenience, we simply considered the unweighted

situation and ignored the differences in precision between

measurements. Thus, the WLAV model can be simply

described as :

min JðxÞ ¼ y� hðxÞk k1 ð31Þ

Similarly, the weights in the WLS model were ignored

and the unweighted model was adopted.

Comparisons between these two unweighted and sparse

recovery models will be discussed next.

4.1 Impact of dual parameter on accuracy of R-

Capped-L1 model

Similar to other Lagrangian optimization problems, k is

a crucial parameter that largely influences the precision of

the solutions. To maximize the precision of the sparse

recovery SE models and detect the impact of the dual

parameter, we scanned k across a range for the L1-R and

R-Capped-L1 models (identical to Capped-L1). The opti-

mal value of k for different test cases is provided by case

study, which is important for the application of sparse

recovery models. Table 1 shows the optimal value of k for

the three test feeders in cases of bad data proportions (BD)

of 0.06 and 0.1.

Figures 2, 3 and 4 show the estimation errors against k
for the R-Capped-L1 model, the L1-R model, and the

robust WLAV model. As a result of the independence of

WLAV from k, the WLAV trendline is horizontal. How-

ever, both the R-Capped-L1 and the L1-R models are
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sensitive to dual parameter k and the trendlines have

extreme values. At extreme points, the SE precision of the

R-Capped-L1 model is highest, and the WLAV model is

the most inaccurate. Thereby, in the following case studies,

the optimal values of k were applied to test the perfor-

mance of the sparse recovery SE models.

4.2 Efficiency comparison

To reduce the calculation time of the Capped-L1 model,

the fast decoupled method for three-phase DSSE was

adopted and a transformation strategy was applied. To verify

the efficiency of the FDSE method on the R-Capped-L1

model, the test results comparing the computational speed of

the four SEmethods are shown in Tables 2, 3 and 4. Bad data

proportions were 0.06 for all simulations. The calculation

times were measured by CPU time. All results in the
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Table 1 Optimal value of k for tested cases

Case BD = 0.06 BD = 0.10

L1-R R-Capped-L1 L1-R R-Capped-L1

IEEE 33-bus 0.36 0.42 0.22 0.36

IEEE 123-bus 0.14 0.14 0.14 0.28

615-bus 0.06 0.09 0.06 0.13
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Table 2 Performance of two SE models using NB or FD methods in

IEEE 33-bus system

SE method Iteration CPU time (s) Error

Capped-L1 with NBSE 13 2.1893 0.0075

R-Capped-L1 with NBSE 13 1.9164 0.0075

Capped-L1 with FDSE 24 0.5235 0.0075

R-Capped-L1 with FDSE 24 0.4500 0.0075
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tables are the average of 20 trials in which the locations of

bad data, the errors, and the noises were randomized.

From the results, we can conclude that the proposed FDSE

is more efficient. On one hand, although the Jacobian matrix

of the FDSE was enlarged by introducing additional state

variables ðPabc
ij ;Pabc

ji ;Qabc
ij ;Qabc

ji Þ, this matrix is very sparse

and the function between these variables and measurements

is linear with no need to iterate in the calculation process. On

the other hand, despite the fewer iterations required for

NBSE, the Jacobian matrix has to be reformulated at every

iteration, whereas it only needs to be formulated initially for

FDSE. Thus, the FDSE method maintains its efficiency.

Additionally, the validity of the transformation strategy

in (6) is proved. The process transforming the original

Capped-L1 to a formulation without absolute value helps

decrease the computational burden.

It is important to note that the calculation errors for the

four methods are very close because all the methods met

the same constraints and were solved by the same sparse

recovery model (the solution for Capped-L1 is the same as

that for R-Capped-L1).

4.3 Performance comparison with WLS, WLAV

and L1-R models

In this section, test results comparing the performance of

the R-Capped-L1 model (with fast decoupled solutions)

with the traditional WLS model, the WLAV model, and the

L1-R model are listed. The dual parameter k was chosen to

be optimal as shown in Table 1 and all results are the

average for 20 trials. Tables 5, 6 and 7 show the estimation

errors, iterations, and CPU times of each model for the

three distribution systems. Table 8 lists a specific example

that compares the recovered sparse errors of bad data via

the proposed R-Capped-L1 model, the traditional WLS

model, the WLAV model and the L1-R model with the pre-

set bad data values. Please note that since the WLS model

and the WLAV model cannot distinguish between noises

and errors, for convenience of comparison, the values listed

Table 3 Performance of two SE models using NB or FD methods in

IEEE123 bus system

SE method Iteration CPU time (s) Error

Capped-L1 with NBSE 12 4.1487 0.0076

R-Capped-L1 with NBSE 12 2.9389 0.0076

Capped-L1 with FDSE 16 0.9003 0.0076

R-Capped-L1 with FDSE 17 0.5671 0.0076

Table 4 Performance of two SE models using NB or FD methods in

615-bus system

SE method Iteration CPU time (s) Error

Capped-L1 with NBSE 12 19.848 0.0084

R-Capped-L1 with NBSE 12 13.089 0.0084

Capped-L1 with FDSE 18 4.4106 0.0084

R-Capped-L1 with FDSE 18 2.3406 0.0084

Table 5 Performance of four SE models in IEEE 33-bus system

SE model BD Iteration CPU time (s) Error

WLS 0.06 5 0.7562 0.0610

0.10 6 0.7073 0.1475

WLAV 0.06 4 0.6162 0.0092

0.10 4 0.5928 0.0108

L1-R 0.06 4 0.7823 0.0084

0.10 4 0.7139 0.0103

R-Capped-L1 0.06 22 0.4228 0.0075

0.10 18 0.3215 0.0080

Table 6 performance of four SE models for IEEE 123-bus system

SE model BD Iteration CPU time (s) Error

WLS 0.06 4 0.9298 0.1125

0.10 4 0.8961 0.1679

WLAV 0.06 4 0.9008 0.0093

0.10 4 0.8890 0.0106

L1-R 0.06 4 1.1236 0.0090

0.10 4 1.1354 0.0105

R-Capped-L1 0.06 19 0.6100 0.0083

0.10 18 0.5304 0.0090

Table 7 Performance of four SE models in 615-bus system

SE model BD Iteration CPU time (s) Error

WLS 0.06 5 7.8428 0.2266

0.10 4 8.0753 0.3200

WLAV 0.06 4 7.3726 0.0122

0.10 4 6.9826 0.0143

L1-R 0.06 4 8.3318 0.0119

0.10 4 8.2323 0.0141

R-Capped-L1 0.06 18 2.5835 0.0074

0.10 18 2.8137 0.0131

Table 8 Sum of recovered sparse errors and noises in IEEE 33-bus

system compared with different pre-set values

SE model Uabc
i habci

Pre-set 0.0265 0.0371

WLS 0.0228 0.0322

WLAV 0.0262 0.0302

L1-R 0.0259 0.0364

R-Capped-L1 0.0263 0.0371
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in the table are the sums of them and since the numbers of

sparse errors for the tested systems are very large even if

bad data proportion is 0.06, only the recovered errors and

noises of bus voltage and phase angle measurements with

larger amplitude are listed in the table.

It can be discerned from the results that the R-Capped-

L1 model has the highest precision and efficiency of all

three cases, but it also has the largest number of iterations

because the process of solving an R-Capped-L1 model is a

multi-stage issue, with each stage exactly solving a convex

optimization problem (each stage is similar to the L1-R

model). Although the number of iterations for solving the

R-Capped-L1 model is larger, its computational speed is

still the fastest because of the application of the FDSE

method and the relaxation step in (6). Furthermore, as the

BD increases from 0.06 to 0.1, all SE models except for

WLS show good performance in compressing bad data.

The R-Capped-L1 model was more robust than the other

models. Please note that the errors here are different

because different models are adopted.

4.4 Impact of imbalance in three-phase loads

Finally, we consider the impact of imbalance in the

three-phase loads. On the basis of the original IEEE 33-bus

system, the ratio among the load of each phase was mul-

tiplied by a coefficient to explore the effect of three-phase

imbalance on the iteration times of the FDSE method.

Table 9 lists the number of iterations and the CPU time of

FDSE and NBSE for the R-Capped-L1 models. The bad

data rate was 0.1.

As shown in Table 9, the iteration of both FDSE and

NBSE for R-Capped-L1 are almost constant as the load

ratio changes. The imbalance in the three-phase distribu-

tion system has little impact on the iteration process.

Actually, a similar conclusion has already been discussed

elsewhere [20] and it was concluded that the iterative times

for FDPF depend on R/X and the power factor to some

degree, but not the imbalance in the loads.

5 Conclusion

In this paper, Capped-L1 was first introduced into DSSE

and a revision, denoted R-Capped-L1, was proposed to

improve the computational efficiency. In addition, a novel

three-phase FDSE model for distribution networks was

adopted, which could also accelerate the solution procedure

for R-Capped-L1. Numerical tests were conducted to

analyze the performance of the proposed R-Capped-L1

model and it was shown to have advantages in both com-

putational efficiency and compressing bad data.

Furthermore, the transformation strategy shown in (6)

can be applied to the L1-R model to accelerate the calcu-

lation process, and the R-Capped-L1 model with fast

decoupled solutions can also be used in solving the SE

problem for transmission networks. The optimal placement

of PMUs to enhance accuracy of state estimation is another

interesting topic but probably beyond the scope within this

single paper. Also, spatial decomposition into multi-area

SE merits further investigation. These issues will be

regarded as future works.
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Appendix A: Review of complex per unit
normalization

To adjust the R/X in distribution networks, the param-

eters and variables are normalized on a complex per unit

basis. The main idea is that by adjusting the phase angle in

the base of complex impedance, the R and X in SE cal-

culation can be normalized into a small R/X ratio. The

complex volt-ampere base is adopted, that is [20]:

_Sbase ¼ _Sbase
�� ��e�j/base ðA1Þ

where _Sbase is the complex power base; /base is the base

angle.

The voltage base is given by:

_Vbase ¼ _Vbase

�� ��e�j0 ¼ Vbase ðA2Þ

where _Vbase is the complex voltage base.

Table 9 Iterations and CPU times for R-Capped-L1 model of three-

phase imbalances in IEEE 33-bus system

Load ratio

(a:b:c)

FDSE NBSE

Average

iteration

CPU time

(s)

Iteration CPU time

(s)

1:1:1 23.9 0.4167 13.6 2.0194

1:0.8:1.2 23.4 0.4479 13.6 2.8714

1:0.6:1.4 22.3 0.4602 13.6 2.4223

1:0.4:1.6 21.9 0.4470 13.3 2.7062

1:0.2:1.8 22.0 0.4837 13.7 2.7539
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According to (A1) and (A2), the impendence base will

also be complex:

_Zbase ¼
V2
base

_S	base
¼ _Zbase

�� ��e�j/base ðA3Þ

The complex normalized value of impendences can be

determined by:

_Zcpu ¼
RX þ jXX

_Zbase
¼

_ZX
�� ��e�jh

_Zbase
�� ��e�j/base

¼ _Zpu
�� ��e�jð/baseþhÞ ðA4Þ

Then, the ratio of X/R can be expressed as (A5), which

can be adjusted by changing /base.

Xcpu

Rcpu

¼ tanð/base þ hÞ ðA5Þ

The determination of the base angle is achieved by:

/base ¼
p
2
�
aavg þ cavg

2

� �
ð1þ eÞ ðA6Þ

where aavg ¼
Pm
i¼1

arctanðXi=RiÞ
� �	

n; n is the total

number of branches.

cavg ¼ ½maxðarctanðX=RÞÞ þminðarctanðX=RÞÞ�=2;

e ¼ 1�
Xl

i¼1

cosðarctanðQi=PiÞÞ=l:

With the complex per unit normalization, the fast

decoupled algorithm can be used for state estimation for

distribution networks with a high R/X ratio.
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