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Abstract The influence of parameters on system states for

parametric problems in power systems is to be evaluated.

These parameters could be renewable generation outputs,

load factor, etc. Polynomial approximation has been

applied to express the nonlinear relationship between sys-

tem states and parameters, governed by the nonlinear and

implicit equations. Usually, sampling-based methods are

applied, e.g., data fitting methods and sensitivity methods,

etc. However, the accuracy and stability of these methods

are not guaranteed. This paper proposes an innovative

method based on Galerkin method, providing global opti-

mal approximation. Compared to traditional methods, this

method enjoys high accuracy and stability. IEEE 9-bus

system is used to illustrate its effectiveness, and two

additional studies including a 1648-bus system are per-

formed to show its applications to power system analysis.

Keywords Parametric problems, Polynomial

approximation, Galerkin method, Global approximation,

Optimal approximation, Load flow problems

1 Introduction

Parametric problems [1] are depending on parameters in

the real world, which are modelled as a set of equations

involving parameters, i.e., parametric equations. The

parameters addressed here are referred to important vari-

ables, which are analysed to evaluate or comprehend

events, phenomena, or situations in practical problems. The

parameters could be inputs of physical models, measurable

factors of systems, or characteristics of projects, etc. For

example, in power systems, the parameters could be gen-

eration outputs, load factor, wind power output, etc.

Many problems in power systems are formulated as

nonlinear equations implicitly, e.g., AC load flow equa-

tions [2, 3]. To evaluate the relationship between the

parameters and system states governed by the implicit

nonlinear equations, two categories of methodologies are

usually adopted:

1) Sampling methods refer to approaches that repeatedly

evaluate the states under different values of parame-

ters. The widely used Monte Carlo methods work by

random sampling to obtain numerical results, which

are simple and easy to implement.

2) Analytical methods express the states in the form of

explicit analytical formulas with respect to parameters.

Because many problems are modelled as a set of

nonlinear equations, it is hard to derive the states
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directly in an explicit expression in many cases, so that

approximation is often used.

Sampling methods are the most straightforward

approaches, whose results are normally considered to be

the exact solutions for validating other approaches.

Although sampling methods are simple, but the drawbacks

are obvious: � huge computation effort is required par-

ticularly if the sample size is very large; ` they produce

discrete rather than continuous results, which means

additional data processing for sampling results is necessary

if the continuous relation is required. For example, sensi-

tivities analysis cannot be carried out directly based on the

discrete results.

As for the analytical approaches, some approaches use

results from sampling methods to derive analytical

approximations. The traditional data fitting method is

applied in [4, 5]. The accuracy of data fitting method is

closely related to the number of samples and sample

choice. Thus, the problem of overfitting may be engaged, if

the sampling points are too rare or the target function is too

complex. Besides, the collocation method [6, 7] has been

utilized in many studies. This method finds polynomial

functions satisfying original models at a number of points

(called collocation points). However, the collocation points

should be carefully designed in order to achieve high

accuracy, and the stability of this method is not

guaranteed.

Many other analytical approaches are proposed not

relying on the sampling results. One type of these

approaches simply uses linear models so that the exact

solution of each state with respect to parameters can be

directly obtained. For example, the active power DC-load

flow model in this category achieves many applications,

e.g., in probabilistic load flow [8–10], contingency analysis

[11, 12], transmission management [13], etc. Some

approaches linearise AC load flow equations at an opera-

tion point. The linear model enjoys high computational

efficiency but neglects the nonlinearity of power systems,

which may cause large errors in severely nonlinear sys-

tems, e.g., distribution networks.

To handle the nonlinearity more effectively, a promising

approach is to use polynomial function to serve as an

estimated expression between states and parameters. One

direct approach is to use Taylor expansion at one local

operation point, which is derived from sensitivities of

different orders. In [14], region boundaries of voltage

security are investigated based on second-order polyno-

mials approximation according to the first-order and sec-

ond-order sensitivities. The sensitivities are normally

calculated based on differential equations derived from

load flow equations, i.e., Jacobian matrix and Hessian

matrix. However, it is very complicated to derive the

sensitivity differential equations in higher order cases, and

moreover the approximation is local rather than global,

meaning that only the information in the neighbourhood of

the specific point is preserved in the approximation.

The main purpose of this paper is to derive a global

optimal approximation, which can reflect the relationship

governed by the original model as well as possible. A

predefined polynomial function containing unknown coef-

ficients are utilized to express the approximate solutions,

expressed in the form of orthogonal basis representation.

Then, Galerkin method is introduced to identify the

unknown coefficients. The Galerkin equations are formed

by taking orthogonal projection in the whole domain of

parameters, meaning that the approximation considers the

global information at the whole domain rather than the

local one at a single point. One key property of the

orthogonal projection is that the optimal approximation can

be obtained with high stability. Parametric load flow

problems are investigated to illustrate the implementation

of this novel algorithm.

The contribution of our work can be summarized as

follows: � the explicit expression can facilitate our anal-

ysis and give further insights into power system perfor-

mance; ` the global optimal approximation results can

fully reflect the information on the whole domain of

parameters, which is very suitable to the problems of

region boundaries.

The rest of this paper is organized as follows. Section 2

presents the problem to be resolved. In Section 3 the

detailed solution method is introduced. In Section 4, the

IEEE 9-bus system is used to demonstrate the properties of

our approach, followed by two practical case studies in

Section 5. The last section is the conclusion of this paper.

2 Problem formulation

2.1 Parametric load flow problems

As we know, the load flow model is usually expressed in

either rectangular or polar form. The model in rectangular

form is applied in our analysis, which is governed by a set

of polynomial equations. The reason is that the integral

evaluation, which will be introduced later in this paper, is

easier to handle in polynomial equations. Typically, the

voltage V is given by V ¼ eþ jf , where j is the imaginary

number.

The load flow equations are given as:
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Pm ¼
XNE

n¼1

em Gmnen � Bmnfnð Þ½

þ fm Gmnfn þ Bmnenð Þ� 8m 62 Slack-bus

Qm ¼
XNE

n¼1

fm Gmnen � Bmnfnð Þ½

� em Gmnfn þ Bmnenð Þ� 8m 2 PQ-bus

e2m þ f 2m � V2
m ¼ 0 8m 2 PV-bus

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

ð1Þ

where NE is the total bus number; Gmn and Bmn are the

entries of nodal admittance matrix; Pm, Qm, and Vm are the

active power injection, reactive power injection and volt-

age magnitude of bus m, respectively.

Here, the voltages, em and fm, are the system states to be

found. Besides of the node voltages, the load flow analysis

can be extended to some other system states (e.g., line flow,

netloss, etc.) by introducing the corresponding equations.

For example, in the problems related to netloss, Ploss, the

equation is formulated as
P
m2G

Pm �
P
m2L

Pm � Ploss ¼ 0,

where G is the set of generators and L is the set of loads.

To facilitate the following analysis, we use the general

and abstract formulation:

Aðu; pÞ ¼
Fðu; pÞ ¼ 0

Lðu; pÞ ¼ 0

�
ð2Þ

where F ¼ 0 denotes the load flow equations, the addi-

tional equations are formed as L ¼ 0; u ¼ fumg denotes the
state vector (usually, the bus voltages and the states to be

investigated) and p ¼ fpig is the parameter vector, m =

1,2,…, M, i = 1,2,…, Np.

2.2 Aim of our work

Due to the nonlinearity and implicit formula, an explicit

expression in analytical form, u�ðpÞ, is hard to obtain (the

upper script � means the solution). If an analytical function

can be found to approximate the relationship between u

and p, then the influence of the parameters on the system

states can be evaluated directly based on the

approximation.

For the analytical functions used in approximation, a

common choice is polynomials up to a certain degree.

Then, u�ðpÞ can be approximated by a polynomial

function:

u�ðpÞ � u�NðpÞ ð3Þ

where N is the dimension of polynomial function. Here

u�NðpÞ is to be identified, which is the main purpose of this

manuscript.

It should be mentioned that one necessary condition for

the implementation of polynomial approximation is that,

the parametric problem to be tackled should be solvable for

all p 2 domðpÞ. For further information, one can refer to

[1, 15].

3 Methodology

In this section, some essential mathematical concepts

related to our work are given briefly, and then the method

and its application to load flow problems are introduced.

3.1 Polynomial basis representation

To obtain the approximate solutions in the form of

polynomials, polynomial basis are used to express repre-

sentation here. In a general real-valued functional space RP

with inner product defined by:

hx; yi ¼
Z

RP
xðpÞyðpÞdWðpÞ 8x; y 2 RP ð4Þ

where RP is the support of measure WðpÞ. If fUig is

chosen as the set of basis functions for an N-dimensional

subspace RP
N :¼ span fUig � RP , i = 1,2,…, N, then

every x 2 RP
N has a unique representation x ¼

PN

i¼1

ĉiUi.

In our approach, the basis are chosen from a set of

polynomial sequence fWiðpÞg, where WiðpÞ is a polyno-

mial of degree i. Then, any arbitrary polynomials in terms

of p, xðpÞ 2 span fWiðpÞg, can be expressed by linear

combination of the polynomial basis:

xðpÞ ¼ ĉ0W0 þ
XNp

i1¼1

ĉi1W1ðpi1Þ

þ
XNp

i1¼1

Xi1

i2¼1

ĉi1i2W2ðpi1 ; pi2Þ þ � � �

þ
XNp

i1¼1

� � �
XiNd�1

iNd¼1

ĉi1���iNdWNd
ðpi1 ; pi2 ; � � � ; piNd Þ

ð5Þ

where xðpÞ is a polynomial function of degree Nd, and

Wnðpi1 ; pi2 ; � � � ; pinÞ denotes the polynomial basis of degree

n in the parameters ðpi1 ; pi2 ; � � � ; pinÞ. For notational

convenience, a univocal relation between W and U is

introduced, so that (5) can be rewritten more compactly:

xðpÞ ¼
XN

i¼1

ĉiUiðpÞ ð6Þ
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where N ¼ NpþNd

Np

� �
. Conventionally, W0 ¼ U0 is consid-

ered, and Uð�Þ is ordered with graded lexicographic order

[16].

For the problem in Section 2.2, once a set of basis

fUigNi¼1 is determined, the approximate solutions u�NðpÞ can
be represented by:

u�NðpÞ ¼
XN

i¼1

ĉiUiðpÞ ð7Þ

where ĉi is the coefficient to be determined.

3.2 Orthogonal polynomial basis and best

approximation

In the general inner product spaces, orthogonal poly-

nomial basis is a set of polynomials which are mutually

orthogonal under inner product defined as (4). For any two

basis, Ui and Uj, if they are orthogonal, then hUi;Uji ¼ dij
holds. Here, dij is the Kronecker-d function.

One great advantage of the orthogonality is that the

unknown coefficients can be readily determined by taking

inner products (dot products) onto the corresponding basis.

For (7), if fUig is a set of orthogonal basis, then ĉk can be

determined by taking inner product with its corresponding

basis Uk, that is,

hu�NðpÞ;Uki ¼
XN

i¼1

ĉihUi;Uki ¼ ĉk ð8Þ

Furthermore, the orthogonality leads to one important

theorem of approximation property. The best

approximation of u�ðpÞ can be expressed by

u�NðpÞ ¼
XN

i¼1

ĉiUi ¼
XN

i¼1

hu�ðpÞ;UiiUi ð9Þ

where the global error is minimized. Here, the error is

defined by:

jju�NðpÞ � u�ðpÞjj ¼ hu�N � u�; u�N � u�i
1
2 ð10Þ

In other words, the orthogonal projection leads to the

optimal approximation.

Proof From Section 3.1, it is known that in the space

spanned by fUig, any arbitrary polynomials with degree no

more than Nd can be expressed by the linear combination

of the basis. Here, we suppose there is another Ndth-order

approximation of u�, denoted as v�N ¼
PN

i¼1

ĉ
ðvÞ
i Ui.

By the orthonormality, we have

hu�N � u�;Uii ¼ hu�N ;Uii � hu�;Uii

¼ ĉi �
XN

i¼1

hu�;Uii ¼ 0
ð11Þ

which means ðu�N � u�Þ ? Ui, for i ¼ 1; 2; � � � ;N.

Note that v�N � u�N ¼
PN

i¼1

ðĉðvÞi � ĉiÞUi, then we have

hu�N � u�; v�N � u�Ni

¼
XN

i¼1

ðĉðvÞi � ĉiÞhu�N � u�;Uii ¼ 0
ð12Þ

Thus, ðu�N � u�Þ ? ðv�N � u�NÞ holds.
For the global approximation error of v�N defined as (10),

jjv�N � u�jj2 ¼ jjv�N � u�N þ u�N � u�jj2

¼ jjv�N � u�N jj
2 þ jju�N � u�jj2

þ 2hv�N � u�N ; u
�
N � u�i

¼ jjv�N � u�N jj
2 þ jju�N � u�jj2 � jju�N � u�jj2

ð13Þ

Here, the equality can be achieved, if and only if

jjv�N � u�N jj
2 ¼ 0, i.e., v�N ¼ u�N .

Therefore, the optimal approximation is u�N defined as

(9). This finishes the proof.

Since the orthogonal polynomial basis is very conve-

nient to work with, many classic orthogonal polynomial

sequences have been investigated, from which orthogonal

polynomial basis can be chosen. Table 1 gives three types

of important orthogonal polynomial sequences. In an early

work by Xiu [17], generalized polynomial chaos (gPC) is

introduced for solving stochastic differential equations,

where each type of polynomials is associated with an

identical probability distribution.

In fact, any arbitrary parameter p can be replaced by

another parameter on ½�1; 1�, ½�1;1� or ½0;1�, after a
linear transformation is applied. For example, if p 2 ½a; b�,
then the transformation is p0 ¼ 2p�a�b

b�a
, where p0 2 ½�1; 1�.

Thus, in this paper the orthogonal polynomial sequences

listed in Table 1 are chosen as basis to represent the

approximations in (7).

Table 1 Examples of orthogonal polynomials

Name Support domain

Legendre polynomials ½�1; 1�
Hermite polynomials ½�1;1�
Laguerre polynomials ½0;1�
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3.3 Galerkin method

Galerkin method can be used to identify the coefficients

in (7). The key implementation process of this method is

summarized as the following steps:

1) A set of orthogonal polynomials is chosen as the basis

fUig called trial basis, and then the approximate

solutions can be expressed as (7).

2) Substitution (7) into (2) produces a nonzero R, called

residual:

R ¼ Aðu�NðpÞ; pÞ ¼ A
XN

i¼1

ĉiUiðpÞ; p
 !

ð14Þ

3) Since one wants to find coefficients to make the

residual as small as possible, the projection of R onto

each basis of fUig (called test basis) is set to zero:

hR;Uki ¼ 0 k ¼ 1; 2; � � � ;N ð15Þ

where the inner product h�; �i is defined in the manner of

(4). Equation (15) is named as Galerkin equations. The

orthogonality of polynomial basis ensure the error is

orthogonal to the functional space spanned by fUig [17].

After taking inner product, the Galerkin equations are only

in terms of the unknown coefficients, while all parameters

are eliminated by evaluation of integration.

4) Solve Galerkin equations, and then substitute the

coefficients into (7) and produce the approximate

solutions u�NðpÞ.

Generally, the main idea of Galerkin method can be

summarized as: the approximate solutions are represented

as a basis expansion in the trial space spanned by trial

basis, and then the unknown coefficients are determined by

projecting the residual onto the test space spanned by test

basis. It should be noted that the trial basis and test basis

are from the same family of basis functions usually.

As for the orthogonality of trial and test basis, we prefer

to consider the orthogonal basis, because the orthogonality

leads to the best approximation as discussed in Section 3.2.

That means, for a required accuracy, fewer basis are nee-

ded for the orthogonal basis. If orthogonal basis is applied,

the optimal approximation can be obtained, making this

approach be advantageous than other methods [1].

Moreover, the coefficients are determined by solving

Galerkin equations formed by taking inner products on the

whole domain of parameters, so the approximation con-

siders the global information on the whole domain, which

is advantageous over the local approximations derived by

taking sensitive analysis at one single point. Compared to

the data fitting method based on sample results but

regardless of the governing equations, Galerkin method has

better stability and the error convergence is guaranteed

when increasing the polynomial order.

3.4 Implementation to parametric load flow

problems

In this section, the Galerkin method is applied to the

parametric load flow problems illustrated in Section 2.

Without loss of generality, it is assumed that the power

injections are assumed to be influenced by the parameter p,

which means the active power injection in (1) is PmðpÞ, and
the reactive power injection is QmðpÞ. Besides the load flow
equations F ¼ 0, the additional equations, L ¼ 0, are for-

mulated to involve the extended system states. Note that,

the total number of unknown system states is equal to the

dimension of equations, denoted as M in our analysis.

3.4.1 Choose polynomial basis

As discussed in Section 3.2, after linear transformation,

the classic orthogonal polynomial sequences can be used as

polynomial basis.

Assume that, the basis is fUig. Then, PmðpÞ and QmðpÞ

can be expressed as Pm ¼
PN

i¼1

c
ðPmÞ
i Ui and Qm ¼

PN

i¼1

c
ðQmÞ
i Ui,

where the coefficients c
ðPmÞ
i and c

ðQmÞ
i can be readily

determined by (8). The states em and fm can be represented

as:

em ¼
PN

i¼1

ĉ
ðemÞ
i Ui

fm ¼
PN

i¼1

ĉ
ðfmÞ
i Ui

8
>>><

>>>:
ð16Þ

where ĉ
ðemÞ
i and ĉ

ðfmÞ
i are the unknown coefficients to be

determined. By utilizing the expansion of polynomial

basis, the relationship between states and parameters,

which is complicated and usually nonlinear, are effectively

expressed in the functional space spanned by polynomial

basis. Similarly, the extended system states can be repre-

sented in the form of (16) as well. Each system state has N

unknown coefficients, so the total number of unknown

coefficients is M 	 N.

3.4.2 Form the residual

The residual of load flow equations, shown as (17), can

be obtained by substituting the representations in (16) into

(1). Here, RP
m, R

Q
m, and RV

m are the entries of R in (14).

Similarly, substituting the approximation into L ¼ 0 pro-

duces the residual, RL.
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RP
m ¼

PNE

n¼1

PN

i¼1

ĉ
ðemÞ
i Ui

�
Gmn

PN

i¼1

ĉ
ðenÞ
i Ui � Bmn

PN

i¼1

ĉ
ðfnÞ
i Ui

� �

þ
PN

i¼1

ĉ
ðfmÞ
i Ui Gmn

PN

i¼1

ĉ
ðfnÞ
i Ui þ Bmn

PN

i¼1

ĉ
ðenÞ
i Ui

� ��
�
PN

i¼1

c
ðPmÞ
i Ui

RQ
m ¼

PNE

n¼1

PN

i¼1

ĉ
ðfmÞ
i Ui

�
Gmn

PN

i¼1

ĉ
ðenÞ
i Ui � Bmn

PN

i¼1

ĉ
ðfnÞ
i Ui

� �

�
PN

i¼1

ĉ
ðemÞ
i Ui Gmn

PN

i¼1

ĉ
ðfnÞ
i Ui þ Bmn

PN

i¼1

ĉ
ðenÞ
i Ui

� ��
�
PN

i¼1

c
ðPmÞ
i Ui

RV
m ¼

PN

i¼1

ĉ
ðemÞ
i Ui

� �2

þ
PN

i¼1

ĉ
ðfmÞ
i Ui

� �2

�V2
m

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

ð17Þ

3.4.3 Form Galerkin equations

The projection of the residual fRP
m;R

Q
m;R

V
m;R

LgT onto

each basis of fUkg is conducted to form Galerkin equations

as (15). The dimension is N times of the original model’s

dimension, which is equal to the number of unknown

coefficients. By evaluating the inner product, the parame-

ters are eliminated, so that the Galerkin equations are only

in terms of coefficients to be determined.

3.4.4 Solve Galerkin equations

The Galerkin equations we obtained are in terms of

polynomials, which is usually nonlinear and coupled.

Because the Galerkin equations are only in terms of

unknown coefficients and the dimension of Galerkin

equations is equal to the number of coefficients, the

numerical approaches can be used to solve the coefficients,

e.g., Newton-Raphson method. Once the coefficients are

found, the approximate solutions can be obtained by sub-

stituting them into (16).

As we know, the cross effect between different param-

eters is a problem of combinatory explosion, so there will

be too many cross-terms in the polynomial basis to reflect

the corresponding cross effects. Thus, one major difficulty

for utilizing Galerkin method is the coupled Galerkin

equation will have very high dimension if the number of

parameters is too large.

4 Numerical simulation

To illustrate the accuracy effectiveness and convergence

of the proposed method, a 9-bus system shown in Fig. 1

[18] is used. It is assumed that the active power output of

generators at bus-2 and bus-3, PG2 2 ½0; 2� and PG3 2 ½0; 1�,
are parameters (bus-1 is slack bus). The coefficients of

approximate solutions is found by Newton-Raphson

method, and the iteration threshold is set to 1	 10�8. In

our paper, the computation is performed on the platform of

Wolfram Mathematica.

4.1 Approximate results

Here, the polynomial basis is chosen from Legendre

polynomials. Equation (18) give the approximate solutions

of F7!5 (the power flow from bus-7 to bus-5) when

Nd ¼ 3. As shown, the system states can be expressed in

terms of PG2 and PG3 explicitly.

F7!5 ¼ 0:33þ 0:6363PG2 þ 0:1944PG3 � 0:0001P2
G2

� 0:0031P2
G3 þ 0:0002PG2PG3 � 0:0012P3

G2

� 0:0008P2
G2PG3 þ 0:0004PG2P

2
G3 þ 0:0002P3

G3

ð18Þ

It is very beneficial when we want to evaluate the states

quickly for a new set of parameters. The results can be

obtained directly by substituting the value of PG2 and PG3

into the approximate solutions, rather than evaluating the

whole load flow equations. Furthermore, the explicit

formula can provide additional insights of the

dependence of states on parameters. For example, it can

be seen that PG2 has greater influence than PG3 on F7!5

intuitively. The reason is that the coefficient of PG2 is much

greater than any other coefficients, which means the change

of PG2 cause the bigger change of F7!5 than other

parameters.

Besides, sensitivities can be calculated by derivatives of

the explicit expressions directly. For example, the second

order sensitivity of F7!5 with respect to PG2 is

o2F7!5

oP2
G2

¼ �0:0002� 0:0074PG2 � 0:0016PG3 ð19Þ

4.2 Accuracy

To demonstrate accuracy, the results from a sampling

method are considered as the exact solutions for bench-

marking, where both PG2 and PG3 are sampled for 21 times

2

2G 3G

1G

7 8 9

6

4

1

5

3

Fig. 1 9-bus system
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from the lower boundary to the upper boundary. The

samples are assumed to have equal intervals and calcula-

tion is performed repeatedly just as the traditional load

flow.

To show the accuracy of all results, root mean square

error (RMSE) is used here. The RMSE of e and f at all

buses are given in Table 2 with Nd increasing from 1 to 3.

When Nd becomes larger, the RMSE of every state

decreases very fast. The average value of RMSEs of all

states decreases from 4:92	 10�3 when Nd ¼ 1 to 5:16	
10�5 when Nd ¼ 3 exponentially, indicating that the

approximate solutions converge to the exact solutions at a

very fast speed. As for the computation time, the 3-order

approximation only need 0.062 s. Moreover, from a prac-

tical view, using 3-degree polynomials to approximate the

solution of load flow problems in 9-bus system can produce

very accurate results.

4.3 Convergence

In this subsection, the convergence of coefficients with

respect to the polynomial basis is investigated. For facili-

tating analysis, the case with a single parameter PG2 2
½0; 2� is considered, while PG3 is set to 0.5, regarded as a

constant. Here, the iteration threshold in Newton-Raphson

method is set to 1	 10�15.

The absolute value of coefficients of e5 and f5 is

depicted on a semi-log plot in Fig. 2 when Nd ¼ 14. It is

noticed that an exponential convergence is achieved and

the first few terms make major contribution to the

approximation. That means the neglected high-order terms

have little influence on the approximation.

4.4 Comparison with Taylor expansion method

The Taylor expansion is derived from partial differential

equations in our analysis, which provides a local approxi-

mation. As shown in Table 2, the RMSE of e5 by Galerkin

method has the biggest value among the when Nd ¼ 3.

Thus, the 3rd-order approximation of e5 is used to show the

comparison between Taylor expansion and Galerkin

method, and the Taylor expansion is calculated at the point:

PG2 ¼ 1:0 and PG3 ¼ 0:5.

Figures 3 and 4 show the error of e5 by Galerkin

method and Taylor expansion method, respectively. It can

be seen that the Taylor expansion’s error becomes larger

when PG2 and PG3 get more far away from the point where

the approximation is expanded, while the error by Galerkin

method is distributed more uniformly. Moreover, the lar-

gest absolute error of e5 is less than 0.6%, while the largest

absolute error in Taylor expansion is over 1.6%. When the

whole information on the domain is concerned about, it is

advantageous to use the global approximation rather than

the local one.

4.5 Comparison with data fitting method

Data fitting method is based on square least algorithm

here. To ensure the accuracy, the theoretical number of

sample points is ðNd þ 1ÞNp according to [19]. Thus, two

scenarios are considered in our studies, where 9 sample

points (optimal number when Nd ¼ 2) and 16 sample

points (optimal number when Nd ¼ 3) are used respec-

tively. The RMSE of e5 by different methods are given in

Table 3. All the errors by Galerkin method are smaller than

Table 2 Comparison of RMSE under Nd ¼ 1; 2; 3

Parameter Nd ¼ 1 Nd ¼ 2 Nd ¼ 3

e2 1:48	 10�2 5:89	 10�4 1:29	 10�4

e3 9:37	 10�3 4:33	 10�4 1:04	 10�4

e4 3:33	 10�3 1:72	 10�4 3:95	 10�5

e5 6:44	 10�3 3:24	 10�4 6:65	 10�5

e6 5:47	 10�3 2:90	 10�4 6:13	 10�5

e7 1:17	 10�2 5:03	 10�4 1:10	 10�4

e8 1:05	 10�2 4:84	 10�4 1:05	 10�4

e9 8:98	 10�3 4:33	 10�4 9:82	 10�5

f2 1:55	 10�3 1:44	 10�4 2:00	 10�5

f3 1:67	 10�3 3:15	 10�4 3:43	 10�5

f4 6:84	 10�4 2:67	 10�5 6:67	 10�6

f5 8:44	 10�4 3:37	 10�5 6:81	 10�6

f6 8:55	 10�4 6:61	 10�5 1:02	 10�5

f7 8:61	 10�4 7:44	 10�5 1:12	 10�5

f8 6:32	 10�4 4:66	 10�5 6:79	 10�6

f9 1:17	 10�3 1:86	 10�4 2:07	 10�5

Average 4:92	 10�3 2:57	 10�4 5:16	 10�5
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that by data fitting method because Galerkin method pro-

vides the optimal approximation. However, when Nd

increases, the error does not always decrease in data fitting

method. In the results of 9 sample points, the RMSE

increases from 4:53	 10�4 to 2:35	 10�3 when Nd

increases from 2 to 3, which could be explained as the

overfitting problem, because 9 samples is not enough to fit

10 coefficients.

In fact, the accuracy of traditional data fitting method is

closely related to the number of samples and the

complexity of target function (i.e., the polynomial

approximation to be determined). Because ðNd þ 1ÞNp

increases very fast when Np becomes larger, it is not

affordable to handle so many sample results at one go if Np

is very large. Thus, only parts of these samples are applied

by some empirical rules, meaning that the accuracy shall be

compromised. However, the approximation results, derived

from the orthogonal projection of governed equations, do

not rely on the sampling results and the accuracy is guar-

anteed when Nd increases.

4.6 Comparison with interpolation method

Spline interpolation is a widely used polynomial

approximation approach, where the interpolant is a special

type of piecewise polynomial called a spline. In this case,

three scenarios are considered: s1) 9 interpolation points

have equal intervals lying from the lower boundary to the

upper boundary, e.g., f0%; 50%; 100%g; s2) 9 interpola-

tion points are selected from the lower boundary to the

upper boundary as f25%; 50%; 75%g; s3) the proposed

method.

Figures 5 and 6 show the error distribution of e5 by s1

and s2 respectively. Compared with Fig. 3, the errors under

s1 and s2 are much larger than that under s3, where the

largest absolute errors under s1 and s2 are 0.625% and

1.56% respectively. It can be seen that, the errors at

interpolation points are zero, because the interpolation

method is to find polynomial approximation satisfying the

sample results at interpolation points. That means the

approximation accuracy is closely related to the choice of

interpolation points, whereas the proposed method does not

rely on sampling results. For the global error, the RMSEs

of e5 under s1 and s2 are 2:47467	 10�4 and 2:81343	
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Table 3 RMSE of e5 by different methods when Nd ¼ 1; 2; 3

Nd Galerkin method Data fitting method

9 samples 16 samples

1 6:44	 10�3 8:4	 10�3 7:32	 10�3

2 3:24	 10�4 4:53	 10�4 3:73	 10�4

3 6:65	 10�5 2:35	 10�3 8:91	 10�5
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10�4 respectively, which are 3.72 and 4.23 times of the one

under s3.

4.7 Comparison with collocation method

For the collocation method, the strategy of collocation

points selection will influence the approximation accuracy.

Here, two strategies are chosen, which are Gaussian

quadrature rule [20] and Chebychev rule [21]

respectively.

Figures 7 and 8 show the error distribution of e5 by

Gaussian quadrature and Chebychev rule respectively.

Compared with Fig. 3, the errors by collocation method are

much larger than that by the proposed method, where the

largest absolute errors under Gaussian quadrature and

Chebychev rule are 1.29% and 1.31% respectively. For

the global error, the RMSEs of e5 under Gaussian

quadrature and Chebychev rule are 1:809	 10�4 and

1:777	 10�4 respectively, which are 2.87 and 2.82 times

of the one by the proposed method.

5 Applications to the region boundary problems

In many problems, the boundary is very useful to help us

to distinguish the domains with different properties. For

example, the static voltage stability region boundaries can

be used to describe the critical condition of the static

voltage stability [22]. In this section, two examples are

introduced to show the applications of Galerkin method to

the region boundary problems.

5.1 Example 1

The second-order condition boundary of convexity in

power systems is chosen as the first example. As is known

by now, it is hard to decide whether the hyperplane of the

extended system states determined by load flow equations

is convex or not. One possible way is to use sampling

methods, where the convexity of hyperplane at each sample

point is investigated independently. The Galerkin method
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Table 4 Branch data changed in IEEE 9-bus system

From To Value R X B

Bus-9 Bus-6 OV 0.039 0.17 0.358

MV 0.174 0.617 0.736

Bus-6 Bus-4 OV 0.017 0.092 0.158

MV 0.317 0.920 0.716

Note: ‘‘OV’’ and ‘‘MV’’ represent the original and modified value,

respectively
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introduced in this paper provides an new approach to

investigate the convexity.

Here, the 9-bus system in Section 4 is used and the

convexity of netloss is investigated. To show the noncon-

vexity, the data of two transmission line is modified as

Table 4.

From [23], it is known that if Ploss is convex in

domðPlossÞ, one necessary condition is its Hessian matrix,

r2Ploss, is positive semidefinite and its eigenvalues are

nonnegative. This is also called the second-order condition

of convexity. The second-order condition boundary con-

nects the domain where the second-order condition holds

and does not holds. Thus, r2Ploss will have a zero eigen-

value at the boundary. Therefore, we have:

r2Ploss � n ¼ 0 � n
nT�n ¼ 1

�
ð20Þ

…where n ¼ fn1; n2gT is the right unit eigenvector of

r2Ploss. In this case, the dimension of (20) is 3.

By applying the basis representation, we have n1 ¼PN
i ĉ

ðn1Þ
i UiðPG3Þ and n2 ¼

PN
i ĉ

ðn2Þ
i UiðPG3Þ, where ĉ

ðn1Þ
i

and ĉ
ðn2Þ
i are the unknown coefficients.

The second-order condition boundary of Ploss can be

described as BðPG2;PG3Þ ¼ 0, from which PG2 can be

approximated in terms of PG3:

PG2 ¼
XN

i¼1

ĉ
ðPG2Þ
i UiðPG3Þ ð21Þ

where ĉ
ðPG2Þ
i is the coefficient to be determined. Thus, the

total number of unknown coefficients in (20) and (21) is

3N.

Substituting (21) into (20) will result the residual, Rcvex,

which is only in terms of unknown coefficients and PG3.

Then, Galerkin equations can be formulated by projecting

Rcvex onto each basis of fUig. The dimension of Galerkin

equations will be 3N, which is equal to the number of

unknown coefficients. The coefficients can be found by

solving the Galerkin equations, and then the boundary can

be obtained by substituting them into (21).

The area filled with slashes in Fig. 9 shows the regions

of Ploss satisfying the second-order condition. It can be

interpreted that the graph of Ploss have positive upward

curvature.

5.2 Example 2

The second example is from a practical system con-

taining 1648 buses [24], and the influence of different load

levels on bus voltage control types is investigated. In our

analysis, it is assumed that the load factors in area-1 and

area-2 are denoted as k1 and k2 respectively, where the

original load values are multiplied by the corresponding

load factors. As for the computation time of this large-scale

system, the 3-order approximation desires about 1.354 s.

It is known that the bus type will switch between PV and

PQ, when the reactive power injection reaches its limit.

Bus-18 is selected to investigate the impact of load varia-

tion, which is located at the boundary of load area-1 and

area-2. To show the impact on the maximum reactive

power reserve of bus-18, the extended equation L ¼ 0 is:

XNE

n¼1

f18 G18nen � B18nfnð Þ½

� e18 G18nfn þ B18nenð Þ� ¼ �Q18

ð22Þ

where �Q18 is the maximum reactive power injection at bus-

18.

Assume that the switch condition is formulated as

Sðk1; k2Þ ¼ 0. Then, k1 can be expressed as:

k1 ¼
XN

i¼1

ĉ
ðk1Þ
i Uiðk2Þ ð23Þ

where ĉ
ðk1Þ
i is the coefficient to be determined.
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Substituting (23) into load flow equations and (22), we

can obtain the residual in terms of k2, denoted as R
QV . Then

RQV is projected onto each basis of fUig and the unknown

coefficients can be found by solving the resulted Galerkin

equations.

Figure 10 shows the PV area and PQ area of bus-18 with

different k1 and k2. It can be seen that in the blue area, the

reactive power capacity is adequate to maintain the voltage

at the specified value. But when the load factors become

bigger, bus-18 will change into PQ type at the black line

between the two areas.

6 Conclusion

This paper proposes a new method to provide a global

optimal approximation by using orthogonal polynomial basis

andGalerkinmethod. Numerical simulation results show that

this method has better accuracy and stability compared to

Taylor expansion and data fitting method. One important

application is to obtain the region boundaries satisfying the

corresponding critical conditions, and two additional case

studies are performed to show the effectiveness.

The major difficulty in the implementation is that when

the number of parameters is very large, the high-dimen-

sional Galerkin equations are very hard to solve. However,

we may still try some other ways to cope this problem, e.g.,

clustering the similar parameters into one equivalent

parameter, using network partition and analysing a few

number of parameters at one go, etc. Our future work will

be dedicated to this topic.
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