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Abstract Due to their heat/cool storage characteristics,

thermostatically controlled loads (TCLs) play an important

role in demand response programmers. However, modeling

of the heat/cool storage characteristic of large numbers of

TCLs is not simple. In this paper, the heat exchange power

is adopted to calculate the power instead of the average

power, and the relationship between the heat exchange

power and energy storage is considered to develop an

equivalent storage model, based on which the time-varying

power constraints and the energy storage constraints are

developed, to establish the overall day-ahead scheduling

model. Finally, the proposed scheduling method is verified

using the simulation results of a six-bus system.
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1 Introduction

Recently, renewable energies, such as wind and solar

energy, have garnered significant attention. However, due

to the uncertainty and intermittency of these energies, their

high penetration will bring about challenges for power grid

scheduling [1, 2]. Demand response (DR) enables cus-

tomers to participate in power system scheduling through

price or incentive, and plays a more and more important

role in shaving the peak load, restraining the fluctuation

caused by new energy, and so on [3–6].

Thermostatically controlled loads (TCLs), such as air

conditioning, refrigerators, and water heaters, are important

DR resources. Further, TCLs have a great potential to

participate in DR programmers, because even when they

are suddenly shut down, the amount of heat/cool they store

will last for a while, without causing much impact on

customers [7].

In the scheduling of TCL participation, different meth-

ods have been proposed to deal with them [8–11]. In [8], in

a commercial building containing the air conditioning

system, the optimal meeting scheduling method is put

forward to minimize the energy cost. In [9], a day-ahead

scheduling model based on the self-adaptive TCL grouping

method is proposed. Direct load control with the fuzzy

adaptive imperialist competitive algorithm is adopted in

[10] to schedule the air conditioner loads. Further, to sat-

isfy the comfort of the customers, customer convenience is

also taken into consideration in [9–11].
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Recently, the heat/cool storage characteristics of TCLs

have garnered increasing attention. The energy storage

model is a good method to deal with these characteristics,

and there have been several papers that propose energy

storage models for TCLs [12–17]. Regarding the inverter

air conditioner, a thermal battery model is established for

the power dispatch model in [12]. To provide regulation

service, a generalized battery model is proposed in [13],

based on which, the improved battery model is established

by considering heterogeneous parameters and the no-short-

cycling requirement [14]. Further, the aggregate flexibility

of TCLs based on the generalized battery model is further

verified in [15]. The battery model usually contains the

information of power constraints and energy storage con-

straints. The average power is used to calculate the

charging and discharging power [16, 17], in which the

time-varying characteristic of the average power is

neglected, and the upper/lower limit of power is constant.

In [13–15], although the heat exchange power is adopted

instead of the average power, in the battery model, the

upper/lower limit of power is still seen to be a constant by

optimization.

Though effectiveness of the above models, the heat

exchange power not only changes with the temperature, but

also has a relationship with the aggregate energy storage,

which will result in a time-varying upper/lower limit of

power. However, these models either neglect this time-

varying characteristic or this relationship between the

power and energy storage.

To fill this research gap, this paper establishes an

equivalent energy storage model for aggregated TCLs with

heterogeneous parameters by introducing the heat

exchange power instead of the average power, to reflect the

time-varying characteristics. Further, the relationship

between the heat exchange power and energy storage is

established too. In this way, the upper/lower limit of power

in the equivalent energy storage model is not a constant,

but changes with time. Further, the scheduling can be more

accurate.

The rest of this paper is organized as follows. Section 2

introduces the equivalent energy storage model, based on

which the day-ahead scheduling of large numbers of TCLs

is established in Section 3. The testing results are analyzed

in Section 4 and the conclusions are drawn in Section 5.

2 Equivalent energy storage model

2.1 Equivalent thermal parameter model

Because the equivalent thermal parameter (ETP) model

is simple and precise, it is always used to characterize the

dynamics of an individual TCL. The first order equivalent

thermal parameter model of one TCL is shown in Fig. 1.

According to references [18–20], the ETP model of one

TCL can be expressed as follows:

Tinðt þ 1Þ ¼ TinðtÞe�Dt=RC þ ð1� e�Dt=RCÞðTaðtÞ
� sðtÞQRÞ ð1Þ

where Tin(t) is the inside air temperature at time t; Ta(t) is

the ambient temperature at time t; R is the equivalent

thermal resistance; C is the equivalent heat capacity; Q is

the equivalent heat rate; Dt is the time step; and s(t) is the

on/off state of a TCL at time t, defined as follows:

sðt þ 1Þ ¼
0 Tinðt þ 1Þ\Tmin

1 Tinðt þ 1Þ[ Tmax

sðtÞ otherwise

8
<

:
ð2Þ

where s = 1 represents the ‘‘on’’ state and s = 0 represents

the ‘‘off’’ state. When the user sets the temperature as Tset,

through the compressor, the TCL will control the temper-

ature within a range, namely (Tmin, Tmax) and Tmax =

Tset ? e/2, Tmin = Tset - e/2, where e is the dead-band.

2.2 Equivalent energy storage model

As TCLs have heat/cool storage characteristics, the

power can be equivalent to the charging and discharging

power, and the storage of heat/cool can be equivalent to the

energy storage. Then, the equivalent energy storage model

can be established to characterize the aggregated

dynamics.

The actual electric power of the ith TCL is Pe,i, obtained

from:

Pe;i ¼
Qi

hi
ð3Þ

where h is the energy efficiency ratio.

Among all the parameters, the values of h and Ta of each
TCL are nearly the same; therefore, here we assume that all

the h and Ta are the same.

TCLs at runtime are periodically switched on and off,

and their duty cycle equals the actual run time ton divided

by the total time ton ? toff. Then, the aggregated average

power Pa,agg can be obtained as shown in (4).

C R
TaTin

Q

Fig. 1 The first-order equivalent thermal parameter model for one

TCL
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Pa;agg ¼
ton

ton þ toff
Pe;agg ð4Þ

where Pe,agg is the actual aggregated electric power,

obtained from (5).

Pe;agg ¼
Xn

i¼1

Pe;i � n
Qave

h
ð5Þ

where Qave means the average value of Qi.

Qave ¼
1

n

Xn

i¼1

Qi ð6Þ

In [16, 17], Pa,agg is directly adopted to calculate the

aggregate charging and discharging power Pc,agg of TCLs.

Pc;agg ¼ Pe;agg � Pa;agg ð7Þ

However, [16, 17] neglect the time-varying

characteristic of Pa,agg. The temperature of TCLs changes

with time; therefore, Pa,agg will change with the

temperature. For this reason, constant Pa,agg is not

suitable for obtaining Pc,agg.

To improve the accuracy of the modeling, the heat

exchange power between TCLs and the outside is adopted

to calculate Pc,agg in this paper. At time t, the heat

exchange power Pex,i of ith TCL is shown in (8).

Pex;iðtÞ ¼
Ta;iðtÞ � Tin;iðtÞ

hiRi

ð8Þ

In (8), Pex,i shows the heat/cool loss rate of the TCLs,

which changes with the temperature of the TCLs.

Assuming that a TCL is in refrigeration mode, Tmin can

be seen as the zero point of energy storage. Then, at time t,

the energy storage Ei(t) of ith TCL is shown as follows:

EiðtÞ ¼
CiTin;iðtÞ

hi
� CiTmin;i

hi
¼ CiðTin;iðtÞ � Tmin;iÞ

hi
ð9Þ

By eliminating the variable Tin,i according to (8) and (9),

the relationship between Pex,i(t) and Ei(t) is obtained.

Pex;iðtÞ ¼
Ta;iðtÞ � EiðtÞhi

Ci
þ Tmin;i

� �

hiRi

ð10Þ

To characterize the aggregate dynamics of large

numbers of TCLs, the easiest method is to model each

individual TCL, and then the aggregate charging and

discharging power can be superimposed by each individual

TCL.

Assuming there are n TCLs, Pc,agg is shown in (11).

Pc;agg ¼ Pe;agg � Pex;agg ð11Þ

where Pex,agg is the aggregated heat exchange power.

Then, based on (10), the relationship between Pex,agg

and Eagg can be obtained in (12), from which we can see

that Pex,agg is time-varying, changing with Eagg.

Pex;agg ¼
Xn

i¼1

Pex;i ¼
Xn

i¼1

Ta � Eih
Ci

þ Tmin;i

� �

hiRi

0

@

1

A

� n � Eave

CaveRave

þ Ta � Tmin;ave

hRave

� �

¼� Eagg

CaveRave

þ n
Ta � Tmin;ave

hRave

ð12Þ

where Eave, Cave, Rave and Tmin,ave are the average values;

Eagg is the aggregated energy storage. Further,

Cave ¼
n

Pn

i¼1

1
Ci

ð13Þ

Rave ¼
n

Pn

i¼1

1
Ri

ð14Þ

Tmin;ave ¼
1

n

Xn

i¼1

Tmin;i ð15Þ

Furthermore, TCLs have the characteristics of thermal

energy storage, and the heat/cool variation quantity of large

numbers of TCLs during Dt can be expressed through the

energy storage variation quantity DE, shown as follows.

DE ¼ Eaggðt þ 1Þ � EaggðtÞ

¼
Z

�Pc;aggdt

¼ � ðPe;agg � Pex;aggÞDt

ð16Þ

According to (5), (12) and (16), the recursion formula

between Eagg(t ? 1) and Eagg(t) is obtained in (17).

Eaggðtþ1Þ¼EaggðtÞ�ðPe;agg�Pex;aggÞDt
¼EaggðtÞ

� n
Qave

h
þ EaggðtÞ
CaveRave

�n
Ta�Tmin;ave

hRave

� �� �

Dt

ð17Þ

Finally, based on (11)–(17), the equivalent energy

storage model of large numbers of TCLs is established.

3 Day-ahead scheduling of model of large
numbers of TCLs

The day-ahead scheduling model based on the equiva-

lent energy storage model, which considers the Pc,agg

constraint and Eagg constraint, is established in this sec-

tion. To obtain the optimal cost-effectiveness, the

Day-ahead scheduling of large numbers of thermostatically controlled loads… 581

123



minimum cost of power operation is set as the goal to

establish the day-ahead scheduling model.

3.1 Object function

Based on the data of wind power and load forecasting,

the day-ahead scheduling model considering the equivalent

energy storage model can be established. The objective

function is the minimum operation cost, as shown in (18).

minF ¼
X

t2Nt

X

j2NG

f ðGj;tÞ þ f ðRj;tÞ þ f ðSUj;tÞ þ f ðSDj;tÞ
� �

þ
X

t2Nt

f ðPWC;tÞ þ
X

t2Nt

f (Pc;agg;t)

ð18Þ

f ðGj;tÞ ¼ a1;j þ a2;jGj;t þ a3;jG
2
j;t ð19Þ

f ðRj;tÞ ¼ cRRj;t ð20Þ

f ðSUj;tÞ ¼ cSUxj;t ð21Þ

f ðSDj;tÞ ¼ cSDyj;t ð22Þ

f ðPWC;tÞ ¼ cWCPWC;t ð23Þ

f ðPc;agg;tÞ ¼ cTCL Pc;agg;t

�
�

�
� ð24Þ

where F is the cost of power operation, including genera-

tion cost, cutting wind cost, and compensation cost of the

TCLs; Nt is the total period of time; NG is the total number

of thermal power units; f(Gj,t) is the fuel cost of thermal

power units; Gj,t is the output power of the jth unit at time t;

a1, a2, and a3 are the fuel cost coefficients of units; f(Rj,t) is

the cost of the reserve provided by the units; Rj,t is the

reserve of jth unit at time t; cR is the unit price of providing

a reserve; f(SUj,t) and f(SDj,t) are the costs of start-up and

shut-down, respectively; cSU and cSD are the unit prices of

start-up and shut-down, respectively; xj,t and yj,t represent

the start-up and shut-down variables of jth unit at time t,

respectively; f(PWC,t) is the cutting wind cost and PWC,t is

the cutting wind power; cWC is the unit price of cutting

wind; f(Pc,agg,t) is the compensation cost of TCLs and cTCL
is the unit price of increasing or decreasing using TCLs;

Pc,agg,t is the transferred power of TCLs at time t. Further,

if it is positive, it means the load is transferred from time

t to another time; if it is negative, it means the load is

transferred from another time to time t.

3.2 Constraints

1) Power balance constraint
X

j2NG

Gj;t þ PW;t � PWC;t ¼ Lt � Pc;agg;t ð25Þ

where PW,t is the forecasted wind power at time t; Lt is the

total load at time t.

2) On-off state of units

uj;t ¼
1 unit is on

0 unit is off

	

ð26Þ

where uj,t is the on-off state of the jth unit at time t.

3) Start-up and shut-down variables of units

xj;t � yj;t ¼ uj;t � uj;t�1

xj;t þ yj;t � 1

	

ð27Þ

where xj,t and yj,t represent the start-up and shut-down

operation of the jth unit at time t, respectively.

4) Output power limit constraint of the units

uj;tG
min
j �Gj;t � uj;tG

max
j ð28Þ

where Gj
max and Gj

min are the upper and lower limit of the

output power of the jth unit, respectively.

5) Ramp rate limit constraint of units

�SDj �Gj;t � Gj;t�1 � SUj ð29Þ

where SUj and -SDj are the upper and lower limit of the

ramp rate of the jth unit, respectively.

6) Reserve limit constraint of units

0�Rj;t �Rmax
j ð30Þ

Rj;t �Gmax
j � Gj;t ð31Þ

where Rmax
j is the upper limit of the reserve.

7) Chance constraint considering the uncertainty of load

and wind power

Pr
X

j2NG

Gj;t þ
X

j2NG

Rj;t þ PW;t � Lt � Pc;agg;t

( )

� g ð32Þ

where g is the confidence coefficient.

Assuming that the errors of load and wind power pre-

diction are both subject to normal distribution, whose

expectations are both 0, and the standard deviations are dl
and dw, respectively.

Lt �EðLtÞ þ Nð0; d2l Þ

PW;t �EðPW;tÞ þ Nð0; d2wÞ

where E(Lt) and E(PW,t) are the mathematical expectations

of Lt and PW,t, respectively. Assuming that the forecast

errors of load and wind are unrelated:

Lt � PW;t �EðLtÞ � EðPW;tÞ þ Nð0; d2l þ d2wÞ ð33Þ

Then, constraint (32) can be transformed into (34).

Pr
X

j2NG

Gj;t þ
X

j2NG

Rj;t þ Pc;agg;t � Lt � PW;t

( )

� g ð34Þ
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Further

U

P

j2NG

Gj;t þ
P

j2NG

Rj;t þ Pc;agg;t � EðLtÞ � EðPW;tÞ

 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d2l þ d2w

q

0

B
@

1

C
A� g

ð35Þ

where U is the probability distribution function and g
equals to 95%.

8) Charging and discharging power constraint of TCLs

Each TCL may be in different states, on or off, so

Pe,agg of TCLs has the upper and lower limits.

Pmin
e;agg �Pe;agg �Pmax

e;agg ð36Þ

where Pmax
e;agg is the upper limit of the total electric power,

which can be obtained by setting all the TCLs to on.

Similarly, the lower limit Pmin
e;agg is obtained by setting all

the TCLs to off, and it is usually zero.

Further, combined with (11), the constraint of Pc,agg of

the TCLs participating in the scheduling is shown as

follows:

�Pex;agg �Pc;agg �Pmax
e;agg � Pex;agg ð37Þ

where Pex,agg is obtained from (12). Note that Pex,agg is

time-varying (related with Eagg), so the upper and lower

limits of Pc,agg are not constants, changing with Eagg.

9) Energy storage constraint of TCLs

The maximum energy storage of an individual TCL is

Emax;i ¼
CiðTmax;i � Tmin;iÞ

h
ð38Þ

Then the maximum energy storage Emax
agg of large numbers

of TCLs is shown as follows:

Emax
agg ¼

Xn

i¼1

CiðTmax;i � Tmin;iÞ
h

� n
CaveðTmax;ave � Tmin;aveÞ

h

ð39Þ

Finally, the limits of the energy storage of aggregate TCLs

are shown in (40).

0�Eagg �Emax
agg ð40Þ

10) Equality constraint between Pex,agg and Eagg

As we can see from (12), Pex,agg of TCLs has a

relationship with Eagg, thus, the equality constraint between

them can be obtained as (41).

Pex;agg ¼ � Eagg

CaveRave

þ n
Ta � Tmin;ave

hRave

ð41Þ

In summary, the day-ahead scheduling model of large

numbers of TCLs based on the equivalent energy storage

model is established.

4 Testing results

Case studies were conducted on the six-bus system, as

shown in Fig. 2. The data of the thermal power unit refers

to [21], and the wind power is connected at bus 5. Forecast

baseline load [22] and wind power are shown in Fig. 3. In

the testing example, 50000 TCLs are considered, and they

are assumed to be working in refrigeration mode. Due to

the randomness of large numbers of TCLs, the parameters

are heterogeneous and set in a random normal distribution,

as shown in Table 1. The initial stage of TCLs is assumed

to be stable.

For comparison, three scheduling models are adopted, as

follows:

I. Traditional scheduling model: only the Pc,agg constraint

of TCLs is considered, and it is calculated using (7), in

which Pa,agg is 1.209105 kW, calculated using (4).

II. The scheduling model considers the TCL equivalent

energy storage model, but Pc,agg is calculated by

Pa,agg, in the same manner as model I (This method

follows the idea of many existing methods [16, 17]).

III. The scheduling model considers the TCL equivalent

energy storage model, and Pc,agg is calculated through

Pex,agg, that is, Pex,agg is calculated through (12), as

shown in Fig. 4, and then Pc,agg is calculated through

(11) (the proposed method).

The ideal Emax
agg of TCLs is 1.259105 kWh, calculated

using (39). However, it is difficult for the indoor temper-

ature Tin to reach the maximum or the minimum, so when

considering the upper or lower limit of the energy storage,

5% of the ideal energy storage limit is set aside.

The scheduling results are shown in Figs. 5, 6, 7, from

which we can draw the following conclusions:

1) From Fig. 5, in the day-head scheduling model

without considering the equivalent energy storage

model, though the Pc,agg is constrained within limits,

the maximum Eagg reaches 49105 kWh, far beyond the

energy storage range. Further, the minimum is

G1 G2

G3L2 L3

L1
1 2 3

4 5 6

Wind power

~~

~

~

Fig. 2 One line diagram of six-bus system
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negative, which obviously disagrees with the facts. It

indicates that in this situation, TCLs are not sufficient

to meet the scheduling requirements, which will not be

conducive to the reliable operation of the system.

2) It is obviously seen that as the calculation methods of

Pc,agg are different; in Figs. 5b and 6b, the limits of

Pc,agg are always constant, while in Fig. 7b, the limits

of Pc,agg change with time because of the time-varying

characteristics.

3) In Figs. 6 and 7, when the equivalent energy storage

model is taken into account, though the loads partic-

ipating in scheduling are decreased, the limits of the

energy storage are constrained in a safe range because

these two models both consider the actual ability of

TCLs participating in scheduling. This shows that it is

significant to introduce the equivalent energy storage

model into the day-ahead scheduling model.

The results of the day-ahead scheduling will provide the

basis for the actual control of TCLs. Within a day’s actual

control, TCLs will carry out the load tracking control

according to the power determined by the day-ahead
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Table 1 Parameters of TCLs

Parameters Mean value* Relative standard deviation (RSD)

of normal distributions

Tset 20 �C 0.1

e 0.625 �C 0.1

Ta 32 �C 0

R 2 �C/kW 0.1

C 10 kWh/�C 0.1

Q 14 kW 0.1

h 2.5 0

Note: *Mean value refer to [23]
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scheduling, to make the aggregate power of TCLs as close

to the result of the scheduling as possible [15].

In the following examples, the results of the load

tracking control are compared, as shown in Figs. 8, 9,

10.

The state of charge (SOC) of the equivalent energy

storage model is represented by SOC, and SOC at time t is

defined as follows.

SOCðtÞ ¼
E0
aggðtÞ
Emax
agg

ð42Þ

where E0
agg(t) is the aggregated energy storage obtained by

the tracking control.

From Figs. 8, 9, 10, the following conclusions can be

obtained.

1) In Fig. 8, as the equivalent energy storage model is not

considered, and the load tracking control cannot always

accurately track Pc,agg obtained in Fig. 5b. During 7–10

h and 15–24 h, the load tracking control fails and SOC is

E a
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either close to or even more than 1, or infinitely close to

0, which indicates again that the potential of TCLs has

been exhausted, and it is not possible to participate fully

in scheduling. Once again, the necessity of considering

the equivalent energy storage model is explained.

2) In Fig. 9, the equivalent energy storage model is

considered, but Pc,agg is obtained by Pa,agg, which is a

constant. Although the scheduling results of Fig. 6b

can be tracked well most of the time, it fails during

19–21 h, and SOC is close to 0 at this moment. On the

one hand, it is effective to introduce the equivalent

energy storage model to some extent; on the other

hand, it is not accurate enough to obtain Pc,agg directly

by Pa,agg, and it is still detrimental to the stable oper-

ation of the power grid.

3) Figure 10 adopts the proposed method. Not only is the

scheduling result accurately tracked all the time, but

SOC is also constrained within 0–1, which indicates

that after adopting the time-varying Pex,agg and

establishing its relationship with Eagg, the proposed

model benefits the stable operation of the system.

In order to clearly show the accuracy of the load

tracking control results, the integrated square error (ISE) is

adopted, as shown in (43).

ISE ¼
Z T

0

ðP0
c;aggðtÞ � Pc;aggðtÞÞ2dt ð43Þ

where P0
c,agg is the power obtained by the tracking control;

Pc,agg is the power obtained by the scheduling.

The results are shown in Table 2, from which we can

see that ISE of model III (the proposed model) is the

smallest, and is far smaller than the other two models.

Again, this indicates that it is important to introduce the

proposed equivalent energy storage model into the

scheduling model.

Further, to compare the influence of the constraint per-

centage of the energy storage in the scheduling model on

the load tracking control results, ISE is adopted to show the

differences, as shown in Table 3.

From Table 3, when the constraint percentage is smaller

than 5%, ISE tends to be larger because the scheduling

results are not tracked well. Further, another reason is that

the temperature cannot reach the maximum or the mini-

mum, and so the energy storage cannot reach 100% or 0%.

When the constraint percentage is higher than 5%, ISE

tends to be smaller. However, in this case, the potential of

TCLs is not fully realized because the energy storage is too

constraining. Though the load tracking control performs

well, TCLs participating in the scheduling will decrease

significantly, resulting in a decrease in the advantage of

TCLs participating in the scheduling.
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Table 2 ISE of results of different load tracking control

Model ISE

I 3.15069104

II 1.49389102

III 20.4108

Table 3 Results of different energy storage constraints

Constraint percentage of

the energy storage (%)

ISE

0 132.97

3 36.22

5 20.41

10 10.14

20 7.17
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5 Conclusion

In this paper, the large numbers of TCLs are modeled by

the equivalent energy storage model and participate in day-

ahead scheduling. The main contributions of this paper can

be summarized as follows:

1) The time-varying heat exchange power is adopted to

calculate the charging and discharging power instead

of the average power, to reflect the time-varying

characteristics and improve the accuracy.

2) The relationship between the heat exchange power and

the aggregate energy storage is established in the

equivalent energy storage model, compared to other

energy storage models, which leads to a time-varying

upper/lower limit of the charging and discharging

power.

3) The day-ahead schedulingmodel based on the equivalent

energy storagemodel is proposed to effectively avoid the

TCLs’ power and energy storage beyond the range. By

load tracking control, the scheduling results can be

tracked precisely. The testing results have shown the

significance of the proposed model, and the model can

improve the safety and reliability of the power grid.

Though the proposed scheduling model can provide

comparatively accurate scheduling results, when charac-

terizing the dynamics of TCLs, the second-order ETP

model is more complex but more accurate than the first-

order ETP model adopted in the proposed model. In the

future work, we will try to establish a new energy storage

model based on the second-order ETP model, and intro-

duce it to the day-ahead scheduling model, in order to

further improve the accuracy of scheduling.
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