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Abstract Due to the stochastic and correlated attributes of

natural inflows, the mid-term generation scheduling prob-

lem for cascaded hydro systems is a very challenging issue.

This paper proposes a novel stochastic optimization algo-

rithm using Latin hypercube sampling and Cholesky

decomposition combined with scenario bundling and sen-

sitivity analysis (LC-SB-SA) to address this problem. To

deal with the uncertainty of natural inflows, Latin hyper-

cube sampling is implemented to provide an adequate

number of sampling scenarios efficiently, and Cholesky

decomposition is introduced to describe the correlated

natural inflows among cascaded stations. In addition, to

overcome the difficulties in solving the objectives of all the

scenarios, scenario bundling and sensitivity analysis algo-

rithms are developed to improve the computational effi-

ciency. Simulation results from both two-station and ten-

station systems indicate that the proposed method has the

merits in accuracy as well as calculation speed for the mid-

term cascaded hydro generation scheduling. The consid-

eration of natural inflow correlation makes the formulated

problem more realistic.

Keywords Cascaded hydro systems, Mid-term scheduling,

Stochastic optimization algorithm, Correlation, Sensitivity

1 Introduction

Mid-term hydro scheduling (MTHS) aims to manage

hydropower generation as well as water release with

maximum profit while satisfying various system constraints

over a yearly horizon [1, 2]. This problem plays a crucial

role in power system operation and a good solution can

provide significant economic benefit. Due to uncertainty

and probability distribution factors (e.g., natural inflow

[3]), it is intractable to formulate and solve MTHS prob-

lems without approximation or simplification. Historically,

the mean of annual natural inflow is formulated as input

and the problem is described by deterministic models

[4–6]. It is difficult to use these models to investigate the

impact of natural inflow fluctuation on system operation

and potential revenue.

To study the impact of uncertainty of natural flow on the

MTHS, stochastic models are proposed in the literature. In

[7], a stochastic optimization problem with Markov deci-

sion process models was developed allowing for the con-

straints of governmental regulations. In [8], a novel

stochastic risk-constrained model was discussed. To con-

sider the seasonal character and uncertainty of reservoir

inflow, a composite optimization model was presented in

[9]. A stochastic model with consideration of random water

inflow and price errors was described by scenarios in [10].

And an energy equivalent reservoir model [11] was applied
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to the stochastic optimization of hydropower production

decisions in the Brazilian power system. For cascaded

hydropower systems, there are correlations among stations

due to their dependence on a common river basin [12].

Typically, natural inflows of stations in the same river

basin will increase or decrease synchronously under the

influence of geographic factors. However, most reported

literature focuses on the relationship between upstream and

downstream reservoirs [13, 14], and considerations of

correlation among natural inflows are limited. Therefore, it

is necessary to consider the correlation of random natural

inflows in MTHS problems.

The stochastic model can describe the mid-term hydro

scheduling problem more accurately, while bringing great

challenges of computation due to the fluctuation of vari-

ables and boundary conditions. Currently, stochastic

dynamic programming (SDP) and the multi-scenario

method are two major approaches to cope with this difficult

issue.

SDP adopts discrete water inflow data and a transition

probability matrix of adjacent periods to represent the

randomness of water inflow [15–17], and maximizes the

expected hydropower generation by finding the optimal

solution for reservoir volume levels in each period. To

reduce the computation time, stochastic dual dynamic

programming (SDDP) [18–20] decomposes the multi-stage

stochastic optimization problem into several one-stage sub-

problems.

With the development of sampling and cutting tech-

nology, the multi-scenario method [21] is used to solve the

MTHS problem. In this approach, uncertainty is formulated

by random variables with known forecasting information,

and many possible scenarios are generated. However, such

a large number of scenarios will increase the computational

burden. Scenario reduction methods, e.g., fast forward

reduction [22], moment based reduction [23], and particle

swarm algorithms [24], are employed to select represen-

tative discrete scenarios and bundle corresponding proba-

bilities with the purpose of decreasing the computation

load. However, most of these approaches can only obtain

the mean value of the optimization objective, and cannot

directly obtain other statistical information such as the

standard deviation and probability distribution curves. One

way to provide comprehensive statistical data is Monte

Carlo simulation with a large enough sampling scale [21],

but the computation time is too long. To overcome above

mentioned deficiencies, it is imperative to develop an

accurate and computationally efficient stochastic opti-

mization algorithm to estimate the objective completely.

The main contributions of this paper include:

1) Latin hypercube sampling combined with Cholesky

decomposition, enabling the detailed modeling of

stochastic natural inflows with the consideration of

correlations among cascaded hydro stations. Cholesky

decomposition has been successfully applied to solve

the correlation of wind farms [25]. In this paper, for

the first time, it is introduced to deal with correlations

in the MTHS problem.

2) Scenario bundling and sensitivity analysis to obtain

rapidly and accurately the optimal mid-term schedul-

ing decisions for a large number of sampling scenar-

ios. The mean, standard deviation, and probability

distribution of the objective are captured, which allows

the probability analysis of generation profits.

The rest of this paper is structured as follows. Section 2

describes MTHS mathematical formulation for a cascaded

hydro system. Section 3 presents the stochastic optimiza-

tion approach. Numerical results from case studies are

provided in Section 4, and conclusions are summarized in

Section 5.

2 Mathematical model

2.1 Objective function

The proposed model aims to maximize the power gen-

eration profits of cascaded hydropower stations over a 1-

year horizon. The objective is formulated as:

Y ¼ max
XT

t¼1

XNH

h¼1

Ctwh;t ð1Þ

where Y represents the total profit or generation for the

cascaded hydro system; t and T are the index and number

of months in the time horizon, respectively; Ct is the

energy price in period t; h and NH are the index and number

of hydropower units, respectively; wh;t is the generation

output of unit h in period t.

In the deregulated electricity market, the energy price

during period t (Ct) is varying according to supply and

demand [8]. However, this paper focuses on the vertically

integrated utility in China, and the energy price is regulated

and set by the government [7], hence, energy price

parameters in the studied time horizon are set to be 1, and

equivalently the objective of this problem is to maximize

the total generation over the planning horizon.

2.2 Natural inflow probability model

Typically, natural inflow with correlation [26] is

approximated as a normal distribution [27], so the proba-

bility density function for the natural inflow can be

expressed as:
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f ðrhp;tÞ ¼
1ffiffiffiffiffiffi

2p
p

rhp;t
exp �

ðrhp;t � lhp;tÞ
2

2r2hp;t

" #
ð2Þ

where hp is the index of reservoirs (or stations); rhp;t is the

natural inflow of reservoir hp in period t, and f ðrhp;tÞ is the
corresponding probability density function; lhp;t and rhp;t
are the mean and the standard deviation, respectively.

2.3 Constraints on reservoirs and hydro units

The following constraints provide a complete descrip-

tion of the problem of minimizing (1):

vhp;t ¼ vhp;t�1 þ rhp;t �
X

h2hp
qh;t � shp;t þ

X

i2UP

X

h1

Ih1;iqh1;t þ si;t

 !2
4

3
5Dt

ð3Þ
wh;t �wh;t � �wh;t ð4Þ

�wh;t ¼ Dd;h;t
�Ph;tDt ð5Þ

wh;t ¼ Ph;tDt ð6Þ

Vmin;hp � vhp;t �Vmax;hp ð7Þ

Qmin;h � qh;t �Qmax;h ð8Þ

QS
min;hp

�
X

h2hp
qh;t þ shp;t �QS

max;hp
ð9Þ

vhp;0 ¼ Vini;hp

vhp;T¼Vterm;hp

(
ð10Þ

XR

r¼1

Vhp;r�1dh;hp;t;r � vhp;t �
XR

r¼1

Vhp;rdh;hp;t;r ð11Þ

XR

r¼1

dh;hp;t;r ¼ 1 ð12Þ

dh;hp;t;rQmin;h � qh;t;r � dh;hp;t;rQmax;h ð13Þ

XR

r¼1

qh;t;r ¼ qh;t ð14Þ

wh;t ¼
XR

r¼1

Kh:rqh;t;rDt ð15Þ

where vhp;t is the water volume of reservoir hp in period t;

qh;t is the water discharged from unit h in period t; shp;t is the

spillage from reservoir hp in period t; h1 is the index of

upstream hydropower units, while i is the index of upstream

reservoirs (or stations); Ih1;i is the correspondence relation-

ship parameter of h1 and i, such as if unit h1 belongs to

station i, the value is 1, otherwise the value is 0; UP denotes

the set of upstream reservoirs for reservoir hp; qh1;t is the

water discharged from upstream unit h1 in period t; si;t is the

spillage from upstream reservoir i in period t; �wh;t, wh;t, �Ph;t,

Ph;t are the upper and lower bounds of generation and power

for unit h in period t, respectively; Dd;h;t is the load factor of

hydropower unit h in period t; Dt is the length of each time

period; Vmin;hp , Vmax;hp , qmin;h, qmax;h, Q
S
min;hp

, QS
max;hp

are the

minimum and maximum storage volumes, water discharge

and total release, respectively; Vini;hp and Vterm;hp are the

initial and expected final volume of reservoir hp; r and R are

the index and number of operating zones, respectively; Kh;r

is the energy generation efficiency and Vhp;r is the storage

volume of unit h in operating zone r; and dh;hp;t;r is the

binary variable for unit h in station hp at operating zone

r during period t, such that if Vhp;r�1 � vhp;t �Vhp;r the value

is 1, otherwise the value is 0.

Constraint (3) describes the water balance of a reservoir

between two consecutive time periods. Constraints (4–6)

establish the upper and lower power generation limits.

Constraints (7–9) impose the upper and lower bounds on

storage, water discharge, and total release. Constraint (10)

defines the initial volume and final volume, which are

usually determined by long-term scheduling [27]. Con-

straints (11–15) formulate the links of the energy produc-

tion to the water volume and the water inflow [28], as

shown in Fig. 1. According to (11–13), only one of binary

variables dh;hp;t;r has the value of 1. If vhp;t is being dis-

charged in operating zone r, the binary variable dh;hp;t;r is

forced to be 1, otherwise it is 0. Vhp;0 is assumed to be zero.

Equation (15) indicates that if the water volume is in the

operating zone r, the energy generation is the product of

energy efficiency, water discharge in the operating zone r,

and the time period.

The above discussion, apart from probability expression

of (2), establishes the mixed-integer linear programming

(MILP) formulation for the MTHS problem. Since water

inflows in (2) are modeled as random variables, the

objective in (1) is stochastic. In order to estimate the profit

and risk for the cascaded hydro system in the scheduling

horizon, objectives for all of the possible natural inflow

wh,t (MWh)

qh,t (m³/s)0

pVh ,r+1

pVh ,r+2

pVh ,r

pVh ,r 1

pVh ,r 2

Fig. 1 Energy production curve
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scenarios have to be calculated by the stochastic dis-

patching method.

3 Stochastic dispatching method

In order to solve MTHS problem with stochastic and

correlated natural inflows, a new algorithm is developed. It

consists of three parts, which are sampling, bundling and

sensitivity analysis.

3.1 Sampling with correlated random variables

In the proposed algorithm, natural inflows are the input

random variables with correlation. Since Latin hypercube

sampling is more efficient and robust than simple random

sampling [29, 30], and correlations between variables can

be considered by using the correlation matrix during the

pairing process [31], Latin hypercube sampling with the

Cholesky decomposition method is used to generate sam-

ples according to their correlation. The detailed steps are as

follows.

Step 1 Initialize t = 1, define the sample scale K, where

K is a sufficiently large number of scenarios, such

as 3000.

Step 2 Use Latin hypercube sampling to obtain the

independent standardized normal distribution

sampling matrix Rt
0 with dimension NH9K.

Step 3 Based on analysis of historical statistics, calculate

the correlation matrix of natural inflows qH;t. The

matrix is symmetric and positive definite as:

qH;t¼

1 qt1:2 � � � qt1;NH

qt2;1 1 � � � qt2;NH

..

. ..
. . .

. ..
.

qtNH ;1
� � � qtNH ;NH�1 1

2

6664

3

7775 ð16Þ

Step 4 Decompose the correlation matrix using the

Cholesky method:

qH;t¼HHT ð17Þ

where H is a lower triangular matrix.

Step 5 Construct a new matrix Rt
u including standard

normal distribution variables with correlation:

Rt
u ¼ HRt

0 ð18Þ

Step 6 Update the matrix Rt
u to Rt

p with variables

following the normal distribution [lhp,t, rhp,t],

and save Rt
p to the matrix Rs from rows

NH(t - 1) ? 1 to NHt.

Step 7 If t\ T, set t = t ? 1, and go to Step 2, otherwise

stop and output the natural inflow sampling

matrix Rs with dimension (NHT)K.

3.2 Natural inflow scenario bundling

Various scenarios have been produced by the sampling

matrix Rs. Each column in the matrix represents a natural

inflow input scenario, meaning that Rs ¼ ½R1;R2; . . .;

Rk; . . .;RK �. Due to the large number of scenarios, if the

objectives for all of the scenarios are optimized directly, it

is very time consuming. In order to reduce calculation time,

a vector quantization algorithm is used to bundle scenarios

[32]. Based on the distance between the data vectors,

vector quantization assign each vector to a cluster through

an optimization process. The required steps can be sum-

marized as follows:

Step 1 Determine the bundling distance parameter Dd
based on the actual requirement.

Step 2 Initiate the index and number of clusters as

j = J = 1, set the cluster core Qj to be the first

scenario R1, let the number of scenarios contained

in cluster Nj= 0, and set the scenario index k = 1.

Step 3 For scenario k, find out the minimum Euclidean

distance dk from the scenario to all cluster cores

Qj (j 2 f1; 2; . . .; Jg), which may be expressed as:

dk ¼ min
j2f1;2;...;Jg

dðRk;QjÞ ð19Þ

Step 4 If dk is less than or equal to Dd, bundle scenario

k to cluster j (where j ¼ arg min
j2f1;2;...;Jg

dðRk;QjÞ),

increase Nj ¼ Nj þ 1, update the cluster core Qj as

the average of all the included scenarios and go to

Step 6; otherwise, go to Step 5.

Step 5 If dk is greater than Dd, create a new cluster, set

J = J ? 1, assign the scenario k to cluster J, save

the scenario Rk as the core of the new cluster QJ,

and set NJ= 1.

Step 6 If k is less than K, update k = k ? 1 and go to Step

3; otherwise, finish the bundling because all of the

scenarios are distributed to clusters, and Qj

(j 2 f1; 2; . . .; Jg) are the corresponding

clustering cores.
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3.3 Fast stochastic scheduling based on sensitivity

analysis

In the framework of stochastic optimization, the objec-

tive of all the scenarios should be solved. Firstly, we can

take one of the scenario clustering cores Qj as the natural

inflow input, hence the MTHS problem becomes single-

scenario hydropower scheduling.

For brevity’s sake, the single-scenario hydropower

scheduling problem can be formulated as follows:

max Y ¼ f ðxÞ ð20Þ
s:t: ARþ Bx ¼ 0 ð21Þ

gðx; yÞ� 0 ð22Þ
hðx; yÞ ¼ 0 ð23Þ

x� 0

y 2 f0; 1g

(
ð24Þ

where R represents the natural inflows in the scenario of the

clustering core Qj; x is a set of positive variables; y is a set

of binary variables; A and B are coefficients. Equation (21)

is the water balance constraint as modeled in (3), and g(x,

y) and h(x, y) are the other inequality and equality con-

straints. The above formulation can be solved by MILP

using, for example, the CPLEX solver, and the acquired

objective function is denoted as YQ.

Thereafter, to acquire the objective functions for all of

the scenarios in cluster j, sensitivity analysis is introduced.

Figure 2 shows that all the scenarios in the same cluster are

in close proximity to the clustering center. Due to sensi-

tivity analysis theory [33], if the sensitivity of the objective

function to the input random variable is SY , the objective

function YR of any scenario Rk in the cluster can be restored

by:

YR ¼ YQ þ SYðRk � QjÞ ð25Þ

In (25), the key task is to address the sensitivity. When

there are binary variables in the proposed formulation, it is

very difficult to acquire the sensitivity. In order to

overcome this difficulty, the optimal binary variable ~y is

used in the formula, and the scheduling problem is

transformed into a linear programming problem. Some

auxiliary variables k; l; c are introduced to convert (20–24)
into an unconstrained optimization problem as follows:

max L ¼ f ðxÞ � kðARþ BxÞ � lðgðx; ~yÞÞ � cðhðx; ~yÞÞ
ð26Þ

When the optimal solution is found, the gradient (partial

derivative) of L for all variables will be equal to 0. So:

rRLj x¼~x
y¼~y

¼ rRf ðxÞj x¼~x
y¼~y

�kA ¼ 0 ð27Þ

The sensitivity can be represented by the gradient of f(x)

with respect to R, so according to (27) the sensitivity of the

primitive objective function can be formulated as:

SY ¼ rRf ðxÞj x¼~x
y¼~y

¼ kA ð28Þ

It can be seen that the physical interpretation of k is the

dual solution of the constraints (21). According to the dual

principle, the sensitivity can be reached, and on the basis of

(25) the objective functions for the scenarios included in

cluster j may be obtained with high calculation speed.

Finally, if all of the clusters have been calculated by this

method, the objectives for the original sampling scenarios

(K scenarios) are captured, and then the expectation and

probability distribution of the scheduling objective are able

to be analyzed.

Consequently, by considering random and correlated

natural inflows, the proposed approach can provide an

operator a probability analysis of generation profits for

cascaded hydro systems.

4 Case studies

The models and methods presented are applied to two

actual cases in China, a two-station system and a ten-sta-

tion system. The systems have been implemented on the

GAMS and MATLAB platform. The tests are executed on

an IBM dual processors computer operating at 2.5 GHz

with 4 GB RAM under 32-bit Windows 7. The time hori-

zon of the mid-term scheduling is 1 year, and the time step

is 1 month.

4.1 Two-station system

The parameters of the hydropower stations are given in

Table 1. The mean values of water inflow forecast infor-

mation are listed in Table 2. The water inflow correlations

of the two stations over the 12-month horizon are all set to

be 0.6. In this system, there are 24 water inflow input

Cluster j

Qj
Rk

Scenarios included 
in the cluster 

Cluster center

Fig. 2 Diagrammatic sketch of scenario cluster
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random variables (multiply 2 stations by 12 months), and

the sample scale K is 3000 scenarios.

In order to evaluate the performance of the proposed

method, a series of studies of Latin hypercube sampling

with Cholesky decomposition (LC), LC using scenario

bundling (LC-SB) and LC combined with scenario bund-

ling and sensitivity analysis (LC-SB-SA) are carried out on

the test system. Since the sample scale of LC is 3000, the

sampling generates 3000 natural inflow scenarios. In LC-

SB, the bundling distance parameter is set to be 30 and the

number of scenarios is reduced to 46. The mid-term cas-

caded hydropower scheduling problem is optimized by the

three methods in turn. It is assumed that the results of LC

are very accurate and can be treated as the reference case.

Statistical analyses of the objective (Y) by the three

methods are shown in Table 3. With respect to the result of

LC with 3000 scenarios, the errors of LC-SB-SA are much

smaller than that of LC-SB. Due to the reduction in sce-

narios, the solution of LC-SB is less accurate, and it gives a

poorer estimate of the standard deviation than of the mean

value.

In order to view the accuracy of all the optimization

results, the optimized total generation output for 3000

scenarios by LC-SB-SA are compared with LC, and the

relative errors are illustrated in Fig. 3. The errors are

mainly caused by nonlinear constraints in the model. For

scenarios further from the cluster center, the probability of

a large error is higher. In Fig. 3, the maximum error is

4.81% and the average error is only 0.32%. It can be

concluded LC-SB-SA has a high precision in solving the

MTHS problem.

Figure 4a, b compare the probability distribution of total

generation obtained by LC-SB and LC-SB-SA against LC.

The simulation results of LC-SB have a larger deviation. In

contrast, the probability density curve of LC-SB-SA can

better match that of LC, and the cumulative distribution

curves of the two approaches are almost identical. This

means that the proposed LC-SB-SA can accurately indicate

the probability distribution of objectives in the optimal

scheduling problem including uncertain factors.

The cumulative probability distribution curves show the

likelihood of achieving different levels of total generation.

If only considering the predicted mean value of natural

inflow, the objective function is 1220800.29 MWh, and the

probability of achieving less than or equal to this target is

51.27%. This indicates the high risk of focusing only on the

Table 1 Characteristics of hydro stations in two-station system

Station No. Capacity (MW) Vmax;hp

(106m3)

Vmin;hp

(106m3)

QSmax;hp

(m3/s)

Vini;hp

(106m3)

Vterm;hp

(106m3)

Hydro units No.

1 320 455 133 8386 364 364 1–3

2 84 348 100 5260 278 278 4–6

Table 2 Predicted values of natural inflow in two-station system

Period

(month)

Station 1 (m3/s) Station 2 (m3/s)

Mean Standard

deviation

Mean Standard

deviation

1 8.16 0.41 20.83 1.04

2 7.68 0.38 19.04 0.95

3 7.04 0.35 16.58 0.83

4 11.36 0.57 25.50 1.28

5 34.72 1.74 85.76 4.29

6 68.16 6.07 233.57 20.79

7 70.40 6.27 261.26 23.25

8 55.04 4.90 179.99 16.02

9 43.52 3.87 138.46 12.32

10 33.28 2.96 101.78 9.06

11 19.36 0.97 52.38 2.62

12 10.88 0.54 27.04 1.35

Table 3 Comparisons of optimization results for total generation

output with different methods in two-station system

Optimization results LC LC-SB LC-SB-SA

Y (MWh) Mean 1220626 1220429 1220429

Standard deviation 23577 15755 23709

Maximum 1292018 1282422 1293962

Minimum 1148110 1172157 1147966

eY (%) Mean / 0.02 0.02

Standard deviation / 33.18 0.56

Maximum / 0.743 0.15

Minimum / 2.09 0.01
R

el
at

iv
e 

er
ro

r (
%

)

0 500 1000 1500 2000 2500 3000

2

4

6

Scenario No.

Fig. 3 Relative errors for all the sampled scenarios in two-station

system
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scenario with predicted mean value. Thus, being able to

obtain the cumulative distribution curve quickly can help

operators to evaluate the profit and risks of the cascaded

hydropower system.

Table 4 summarizes the computing time for the three

mentioned methods. The total computing time is composed

of four parts, which are sampling, bundling, optimizing,

and restoring. As shown in Table 4, the most time is

consumed on the optimization calculation for each sce-

nario, and the sampling, bundling, and other processes do

not increase the time greatly. Since the size of scenario

clusters for LC-SB is reduced, LC-SB consumes much less

time than LC. Compared to the LC-SB, LC-SB-SA obtains

more accurate dispatching results with a minor increment

on computation time.

The sensitivity of probabilistic results and computing

time for LC-SB-SA to different bundling distances is pre-

sented in Table 5. As the bundling distance increases, the

size of scenario clusters tends to decrease, and the total

computing time is also reduced. However, compared with

LC, the relative errors of mean and standard deviation of

the objective (eY) demonstrate an upward tendency. It can

be found that, when 30 is selected as the bundling distance

parameter, both of the errors and the computing time are

moderate, which means that a reasonable bundling distance

parameter can balance accuracy and computation time.

To study the impact of inflow correlation on the simu-

lation results, two-station test system has been optimized

with different correlation coefficients. The correlation

parameters are set to be 0.1, 0.3, 0.5, 0.7, 0.9, respectively,

and corresponding probability distributions of the objective

are shown in Fig. 5. As the water inflow correlation coef-

ficient increases from 0.1 to 0.9, the range of variation of

the total generation presents an increasing trend. The rea-

son is that with the rising inflow correlation, the synchrony

of the adjacent hydropower plants is enhanced, the

probability of the generators being in the state of low

output or high output at the same time is increased, and the

total generation is more volatile.

4.2 Ten-station system

A ten-station system with 10 reservoirs and 34 hydro-

power units is used to test the proposed approach. The

Y (TWh)
1.10 1.15 1.20 1.25 1.30 1.35
0
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1.0
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×10-5

0
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0.4
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ty
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si
ty

Pr
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1.10 1.15 1.20 1.25 1.30
Y (TWh)

×10-5

(a) Probability density 
curves

(b) Cumulative probability 
distribution curves 

LC; LC-SB-SA; LC-SB

Fig. 4 Comparison of probability distribution curves

Table 4 Comparison of computing time with different methods for

the two-station system

Methods Sampling

time (s)

Bundling

time (s)

Optimizing

time (s)

Restoring

time (s)

Total

computing

time (s)

LC 0.678 0 2269.601 0 2270.279

LC-SB 0.678 0.807 55.212 0 56.696

LC-SB-SA 0.678 0.807 55.212 0.361 57.057

Table 5 Analysis of distance parameters for LC-SB-SA

Dd Size of scenario

clusters

Relative error eY (%) Total computing

time (s)
Mean Standard

deviation

10 2462 0.006 0.083 2854.88

20 243 0.013 0.258 415.05

30 46 0.016 0.560 57.06

40 15 0.122 0.954 18.16

50 8 0.217 1.267 10.17
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Fig. 5 Probability distributions of objective function with different

correlation coefficients
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schematic layout and parameters of hydropower stations in

[34] are adopted. The predicted mean values of natural

inflow over a 12-month horizon are presented in Table 6.

In the rainy season (June to October), standard deviations

are assumed to be 6.67% of the mean, while in the dry

season (November to May) standard deviations are

assumed to be 3.33% of the mean. The water inflow cor-

relation parameters among stations are shown in Table 7.

The scenario bundling distance parameter is set to be 30 as

for the two-station system. There are 120 natural inflow

values (multiply 10 stations by 12 months) which are input

random variables for the MTHS problem.

To check the effectiveness of the LC-SB-SA on large-

scale stochastic scheduling, the LC with 3000 scenarios is

selected as the baseline for comparison because of its high

accuracy. The results of the two methods are given in

Table 8. The relative error of mean, standard deviation,

maximum, and minimum are 0.023%, 0.547%, 0.071%,

0.018%, respectively. Figure 6 shows probability distribu-

tion curves of total generation output corresponding to the

dispatching schemes obtained by different methods, and

the curves are almost coincident. Hence the LC-SB-SA

method can yield the results with similar accuracy as LC

method, and maintain its good performance when number

random variables is increased to 120.

The comparison of the computing time for the two

approaches is studied in Table 9. The total computing time

of LC-SB-SA is only 1.3% of that of LC. This is because

LC-SB-SA uses scenario bundling to reduce the number of

scenarios from the original 3000 scenarios to 37. There-

fore, only a few scenarios need to be optimized. The

optimization results of all the original 3000 scenarios can

be restored through sensitivity analysis. The restoration

step uses simple linear calculations and consequently takes

a small amount of time. For a large-scale hydropower

system, the optimizing step is more time consuming, so

reducing the number of scenarios will lighten the compu-

tation burden significantly, with the restoring step to ensure

precision of calcuations for each scenario. As a result, the

proposed LC-SB-SA has clear advantages in providing an

accurate solution with a small amount of calculation.

Table 7 Water inflow correlation parameters among stations

Station No. Station No.

1 2 3 4 5 6 7 8 9 10

1 1 0.58 0.33 0.02 0.19 0.11 0.46 0.36 0.01 0.05

2 0.58 1 0.7 0.33 0.33 0.2 0.24 0.54 0.05 0.1

3 0.33 0.7 1 0.73 0.36 0.25 0.06 0.25 0.14 0.15

4 0.02 0.33 0.73 1 0.61 0.41 0.19 0.23 0.18 0.26

5 0.19 0.33 0.36 0.61 1 0.65 0.07 0.03 0.24 0.6

6 0.11 0.2 0.25 0.41 0.65 1 0.03 0 0.16 0.21

7 0.46 0.24 0.06 0.19 0.07 0.03 1 0.82 0.14 0.14

8 0.36 0.54 0.25 0.23 0.03 0 0.82 1 0.23 0.11

9 0.01 0.05 0.14 0.18 0.24 0.16 0.14 0.23 1 0.69

10 0.05 0.1 0.15 0.26 0.6 0.21 0.14 0.11 0.69 1

Table 8 Comparison of optimization results using different methods

in ten-station system

Methods Optimization results (MWh)

Mean value Standard

deviation

Maximum Minimum

LC 22745954.94 316343.84 23916060.70 21541920.97

LC-SB-

SA

22751224.08 318074.77 23933036.68 21538074.23

Table 6 Predicted mean values of natural inflow in ten-station sys-

tem test

Period Station No. (m3/s)

1 2 3 4 5 6 7 8 9 10

1 4 21 11 40 42 2 21 12 37 21

2 4 21 11 40 41 2 19 12 40 21

3 4 21 11 38 43 3 17 10 44 23

4 6 40 17 52 84 10 26 19 90 41

5 17 93 42 108 189 25 86 63 158 87

6 34 145 87 234 326 30 234 134 204 164

7 35 130 76 269 292 19 261 110 158 161

8 28 83 48 218 183 18 180 72 102 100

9 22 63 37 172 122 12 138 46 73 79

10 17 50 32 122 121 8 102 38 78 61

11 10 38 20 70 87 6 52 24 67 43

12 5 26 14 47 52 3 27 15 43 28
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Figure 7 presents the optimal total reservoir storage

levels in each month, where the highlighted line is the

result under the mean value scenario of natural inflow, and

the other lines are solutions for all the scenario cluster

centers. It illustrates that the proposed method can provide

many candidate proposals corresponding to various oper-

ating circumstances.

The probability density curves and cumulative proba-

bility distribution curves of the objective function are

compared in Fig. 8 with and without consideration of water

inflow correlation. It can be observed that water inflow

correlation has little influence on the mean value of the

generation. However, the correlation increases the range of

Table 9 Comparisons of computing time with different methods in ten-station system

Methods Sampling time (s) Bundling time (s) Optimizing time (s) Restoring time (s) Total computing time (s)

LC 2.09 0 45375.15 0 45377.24

LC-SB-SA 2.09 2.32 585.03 1.49 590.93
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Fig. 7 Optimal reservoir volumes for all the scenario cluster centers
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variation of the total generation output, resulting in a

higher probability of small or large total generation. The

correlation of natural inflow correlation should therefore be

considered in the assessment of total generation.

5 Conclusion

This paper proposes a computationally efficient

stochastic optimization algorithm to solve the MTHS

problem for cascaded hydropower systems. Latin hyper-

cube sampling and the Cholesky decomposition method are

employed to formulate the random natural inflows

accounting for correlation. Scenario bundling and sensi-

tivity analysis are used to obtain the objective function

solutions of all scenarios, and to accelerate the calculation.

Two-station and ten-station cascaded hydropower systems

are used to investigate the proposed method. Conclusions

are summarized as follows:

1) The proposed Latin hypercube sampling with Cho-

lesky decomposition combined with SB and LC-SB-

SA to solve the stochastic MTHS problem has the

merits both in calculation speed and precision com-

pared with LC alone and LC-SB. Thus LC-SB-SA is

able to yield the probability distribution of the

objective function solution rapidly and reliably, and

operators can make decisions in a better way to reduce

risks.

2) The appropriate bundling distance parameter can be

selected according to the requirements of actual

operating conditions. Generally, if the parameter is

smaller, it is possible to achieve higher solution

accuracy with the expense of longer computing time.

3) Natural inflow correlation has a significant impact on

the estimated generation. Scheduling without consid-

eration of natural inflow correlation significantly

misjudges the fluctuation of total energy production.

Consequently, the solutions of MTHS problem

become more realistic by adding such correlation to

simulations.

4) While coping with many random and correlated

variables as in a ten-station system, this approach

can still provide an accurate probability curve of total

power generation for assessment of mid-term hydro

scheduling.

Further work may include pumped hydro storage facil-

ities to adapt to grids with high penetration of variable

renewable generation.
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ing applied to the stochastic dynamic programming for long

term operation planning of hydrothermal power systems. Eur J

Oper Res 229(1):212–222

[18] Flach BC, Barroso LA, Pereira MVF (2010) Long-term optimal

allocation of hydro generation for a price-maker company in a

competitive market: latest developments and a stochastic dual

dynamic programming approach. IET Gener Transm Distrib

4(2):299–314

[19] Geoffrey P (2015) Stochastic inflow modeling for hydropower

scheduling problems. Eur J Oper Res 246:496–504

[20] Pereira MVF, Pinto LMVG (1991) Multi-stage stochastic opti-

mization applied to energy planning. Math Progr 52:359–375

[21] Baslis CG, Bakirtzis AG (2011) Mid-Term stochastic schedul-

ing of a price-maker hydro producer with pumped storage. IEEE

Trans Power Syst 26(4):1856–1865

[22] Feng YH, Ryan SM (2014) Scenario reduction for stochastic

unit commitment with wind penetration. In: Proceedings of

IEEE PES general meeting, National Harbo, USA, 27–31 July

2014, 5 pp

[23] Gil E, Aravena I, Cardenas R (2015) Generation capacity

expansion planning under hydro uncertainty using stochastic

mixed integer programming and scenario reduction. IEEE Trans

Power Syst 30(4):1838–1847

[24] Pappala VS, Erlich I, Rohrig K et al (2009) A stochastic model

for the optimal operation of a wind-thermal power system. IEEE

Trans Power Syst 24(2):940–950

[25] Delgado C, Domı́nguez-Navarro JA (2014) Point estimate

method for probabilistic load flow of an unbalanced power

distribution system with correlated wind and solar sources. Int J

Electr Power Energy Syst 61:267–278

[26] Pereira MVF, Oliveira GC, Costa CCG et al (1984) Stochastic

streamflow models for hydroelectric systems. Water Resour Res

20:379–390

[27] Xie M, Zhou J, Li C et al (2015) Long-term generation

scheduling of Xiluodu and Xiangjiaba cascade hydro plants

considering monthly streamflow forecasting error. Energy

Convers Manage 105:368–376

[28] Li X, Li TJ, Wei JH et al (2014) Hydro unit commitment via

mixed integer linear programming: a case study of the three

gorges project. China. IEEE Trans Power Syst 29(3):1232–1241

[29] Shukla A, Singh SN (2016) Clustering based unit commitment

with wind power uncertainty. Energy Convers Manage

111:89–102

[30] Dı́az G, Casielles PG, Coto J (2014) Simulation of spatially

correlated wind power in small geographic areas—sampling

methods and evaluation. Int J Electr Power Energy Syst

63:513–522

[31] Azizipanah-Abarghooee R, Niknam T, Malekpour M et al

(2015) Optimal power flow based TU/CHP/PV/WPP coordina-

tion in view of wind speed, solar irradiance and load correla-

tions. Energy Convers Manage 96:131–145

[32] Cooper HJ, Goodwin GC, Feuer A et al (2012) Design of sce-

narios for constrained stochastic optimization via vector quan-

tization. In: Proceedings of American control conference,

Montreal, USA, 27–29 June 2012, 5 pp

[33] Greene S, Dobson I, Alvarado FL (2002) Sensitivity of transfer

capability margins with a fast formula. IEEE Trans Power Syst

17(1):34–40

[34] Ge XL, Zhang LZ, Shu J et al (2014) Short-term hydropower

optimal scheduling considering the optimization of water time

delay. Electr Power Syst Res 110:188–197

Xiaolin GE received the M.S. degree and Ph.D. in Electrical

Engineering from North China Electric Power University, Beijing,

China, in 2010 and 2013, respectively. In 2013, she joined the

Shanghai University of Electric Power, where she is currently an

associate professor. Her research interests include optimization of

large-scale systems and scheduling of cascaded hydro power systems.

Shu XIA received Ph.D. in Electrical Engineering from North China

Electric Power University, Beijing, China, in 2014. Currently, he

joined the State Grid Shibei Power Supply Company, where he is an

engineer. His research interests include scheduling of power systems

and mixed-integer nonlinear programming problems.

Wei-Jen LEE received the B.S. and M.S. degrees from National

Taiwan University and the Ph.D. degree from the University of Texas,

in 1978, 1980, and 1985, respectively, all in Electrical Engineering. In

1985, he joined the University of Texas, Arlington, where he is

currently a professor of the Electrical Engineering Department and

the director of the Energy Systems Research Center. He has been

involved in research on power flow, transient and dynamic stability,

voltage stability, short circuits, relay coordination, power quality

analysis, renewable energy, and deregulation for utility companies.

He is a registered Professional Engineer in the State of Texas.

An efficient stochastic algorithm for mid-term scheduling of cascaded hydro systems 173

123


	An efficient stochastic algorithm for mid-term scheduling of cascaded hydro systems
	Abstract
	Introduction
	Mathematical model
	Objective function
	Natural inflow probability model
	Constraints on reservoirs and hydro units

	Stochastic dispatching method
	Sampling with correlated random variables
	Natural inflow scenario bundling
	Fast stochastic scheduling based on sensitivity analysis

	Case studies
	Two-station system
	Ten-station system

	Conclusion
	Acknowledgements
	References




