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Abstract
The paper presents the methodology of optimization of the sequential grinding process with the application of fuzzy logic 
for the definition of objectives and constraints imposed on the machining process. The presented method includes the suc-
cession of several subsequent operations and the dimensional and shape inaccuracies between them. The use of the fuzzy 
sets theory enabled the definition of not only the space of expectable solutions, but also the space of acceptable solutions 
for which the goals and limits imposed on the grinding process are partially met. The presented methodology was used to 
optimize the process of sequential grinding of small ceramic elements (corundum ceramics with  Al2O3 content of 92–99%.) 
The definition of fuzzy objective and constraints in the process of sequential grinding of small ceramics elements was pro-
posed. The influence of the speed of the rotary grinding table and the machining allowance on the deviation of the flatness 
and height of the grinding elements and the value of the component of the normal grinding force were determined. Using 
the developed relationships, the definition of fuzzy objectives and constraints defined in the process output parameter space 
was transferred to the process parameter set space. In such a defined space, the optimization process was carried out using 
the genetic algorithm. The analysis of the impact of the applied t-norm functions used for aggregation of the fuzzy objective 
and constraints on the obtained results was performed. It was shown that in the case of sequential grinding of small ceramic 
elements, the use of minimum t-norm for an aggregation of grinding objective and constraints allows to achieve the highest 
process efficiency.

Keywords Grinding processes · Dimension and shape accuracy · Process efficiency · Genetic algorithm · Fuzzy 
optimization

List of symbols
ae  Total allowance (μm)
ai  Allowance for the ith grinding wheel (μm)
C  Process constraint
D  Diameter of ground elements, mm
Fn  Normal component of the grinding force (N)
G  Process objective
Qp  Grinding efficiency (pcs/s)
Qv  Grinding volume efficiency  (mm3/s)
To  Distance between consecutive elements on the 

rotary table perimeter (mm)
vw  Speed of the grinder rotary table (mm/s)

Vw  Volume of removed material  (mm3/pcs)
X  Set of process input parameters
yacc  Accepted value of the process output variable
yexp  Expected value of the process output variable
Y  Set of process output parameters
Δh  Workpiece height deviation, μm
Δp  Workpiece flatness deviation, μm
μD  Fuzzy decision
μFn  Degree of fulfillment of the constraint imposed on 

the normal component of the grinding force
μQp  Degree of fulfillment of the objective imposed on 

the grinding efficiency
μΔh  Degree of fulfillment of the constraint imposed on 

the workpiece height deviation
μΔp  Degree of fulfillment of the constraint imposed on 

the workpiece flatness deviation
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1 Introduction

Grinding processes are one of the final operations in the 
manufacturing process. They determine the accuracy of 
the shape, dimensions and quality of the machined surface. 
The result of the grinding process is affected by many fac-
tors related to the properties of the grinding tool and work-
piece as well as the parameters and conditions of grinding 
process [1]. The influence of these factors on the grinding 
results is often characterized by a complex mechanism of 
their cumulative effects.

In grinding processes, material is removed by abrasive 
grains located on the grinding wheel active surface. These 
grains are characterized by a varied shape and random 
distribution on the surface of the active abrasive tool. The 
interactions in the contact area of abrasive grain with the 
workpiece determine the results of the grinding process. 
Studies carried out in the works [2] indicate the inter-
actions variability in the contact area occurring with the 
change in grinding parameters. In addition, material sepa-
ration efficiency also depends on the shape of the abrasive 
grains [3, 4].

In addition, the topography of the active surface of the 
abrasive tool changes during grinding as a result of abra-
sive wear and micro-crushing of the surface of abrasive 
grains and as a result of crushing of whole grains as well 
as the abrasion of the grinding wheel’s surface with the 
workpiece. Therefore, the grinding process is character-
ized by significant randomness.

In the grinding processes of brittle materials, which 
include aluminum oxide ceramics, two types of material 
separation can be distinguished: ductile type and brittle 
type. In the first of these, the material is removed as a 
result of plastic–elastic material separation. In the sec-
ond, material removal occurs as a result of cracking and 
separation of material. Conducting the grinding process 
with small cutting depth allows the process to be run in 
the ductile regime, which ensures a higher quality of the 
treated surface [5, 6].

Selection of parameters and conditions of the grinding 
process is a frequent demand of manufacturing companies 
as this operation often corresponds to the final accuracy of 
the shape and dimensions of the machined elements. The 
issues concerning optimization of machining processes 
presented in the literature [7–9] assume the search for 
process parameters allowing to obtain: minimum produc-
tion cost, maximal production rate, finest possible surface 
quality. Limitations in the grinding process are most often 
associated with: thermal damage of the ground surface, 
wear of the grinding wheel, stiffness of the grinder-work-
piece-grinding tool system. Determination of the relation 
of the grinding process parameters on the above values 

was conducted using analytical methods [10, 11] or neural 
networks [12, 13]. Gradient methods, nonlinear program-
ming methods and evolutionary algorithms were used to 
solve optimization tasks [9, 14]. It was demonstrated in 
the work [15] that the use of evolutionary algorithms to 
solve the task of grinding processes optimization gives 
the best results.

The multitude of factors affecting the outcome of the 
machining process as well as its complexity of mechanisms 
of cumulation of the effects of their interactions leads to 
the application of procedures effective in the processing 
of these types of data. The use of fuzzy logic methods 
allows for ambiguity and uncertainty in the description of 
the analyzed phenomena. The paper [16] presents the use 
of the fuzzy logic methods in the procedure for parameters 
selection of the surface grinding process. The developed 
approach enabled the determination of a set of optimal 
design variables in order to achieve a set of desired process 
variables. Abbas [17] proposed a method of the optimiza-
tion under uncertainty in machining processes (abrasive 
water jet machining, abrasive water jet and ultrasonic 
machining). The method applied to machining parameters 
optimization takes into account the variability of the pro-
cess parameters and their effect on the variability of the 
machining results. Chiang [18] developed a gray-based 
fuzzy algorithm which simplifies the optimization pro-
cedure for the complicated performance characteristics. 
Rahul et al. [19] described an integrated optimizing path 
combining satisfaction function, fuzzy inference system 
and Taguchi method for machining performance optimi-
zation for electro-discharge machining of Inconel alloys.

So far, the methods of grinding processes optimiza-
tion have assumed crisp definitions of objectives and con-
straints. In this approach, the transition from the set of 
acceptable processing parameters to the set of unaccepta-
ble parameters takes place in a stepwise manner. The vari-
ability of the results of grinding process resulting from the 
randomness of phenomena occurring in the grinding zone 
is in some contradiction with this approach. A more natu-
ral approach would be an introduction of graduation deter-
mining the membership of grinding parameters to the set 
of assumed objectives and constraints. In addition, many 
optimization criteria are contradictory (e.g., maximum 
processing efficiency, high quality of processed surface). 
For a sharp transition from the set of permissible param-
eters to the set of unacceptable parameters, the degree of 
fulfillment of the constraints and objective of the grinding 
process is purely zero–one. For contradictory constraints, 
when the set of grinding parameters allowing to fulfill all 
constraints is empty, the lack of graduation in the evalu-
ation of the fulfillment of optimization criteria makes it 
difficult to evaluate the solutions obtained by optimization.
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The introduction of graduation in the description of 
objectives and constraints cannot be recognized by the appli-
cation of crisp set theory and enforces the application of 
fuzzy sets theory [20–22]. The basics of decision making in 
a fuzzy environment are described in the study by Belman 
and Zadeh [23]. Since then, the issues related to decision-
making methodology in a fuzzy environment have been of 
an interest to a number of researchers. Tang [24] presents an 
overview of theories and methods related to fuzzy optimiza-
tion, classification of fuzzy modeling and optimization, and 
methods of solving them.

The multitude of factors affecting the result of grinding 
process and the variability of their effect during the process 
induces the use of fuzzy logic methods in the definition of 
machining objectives and constraints. This is particularly 
important in sequential grinding with the cumulative impact 
of individual operations inaccuracy on the result of the 
process.

The paper presents the assumptions and results of the 
optimization of the grinding process using fuzzy logic to 
the definition of objectives and constraints imposed on the 
example of the sequential grinding of small ceramic ele-
ments. On the basis of experimental research, the variability 
of the values of parameters describing the machining accu-
racy was determined, which was included in the definition 
of the constraints membership functions. The assumptions 
of the optimization process also include the sequentiality of 
the process and the associated fact of propagation of machin-
ing inaccuracies between successive machining zones. An 
objective function has been defined that allows determining 
the impact of the degree of fulfillment of individual objec-
tives and processing constraints on the result of the fuzzy 
decision.

Experimental study was carried out to determine the rela-
tionships allowing the transfer of objectives and constraints 
of the grinding process from the output variable space into 
the grinding parameters space. Process parameters assuring 
maximization of fuzzy decision using a genetic algorithm 
were optimized. An analysis of the impact of t-norms used 
for an aggregation of fuzzy objectives and constraints on 
optimization results was performed.

2  Basis of making fuzzy decision in fuzzy 
environment

Fuzzy decisions making requires defining the fuzzy objec-
tives and constraints [22]. The definition of fuzzy objec-
tives requires the determination of the membership func-
tion assigning each element from the process output set Y 
the value in the range [0, 1] informing about the degree of 
membership μ of the element y to the given objective G or 
the constraint C:

The objectives and constraints imposed on the machining 
result mainly from the technological requirements (e.g., the 
expected value of the surface roughness parameter Sa, the 
acceptable tolerance of the shape and dimensions) and the 
economic requirements (e.g., high grinding performance, 
small grinding cost). In the case of the machining, the mem-
bership functions determining the degree of membership of 
the process output y to a given objective or constraint can be 
interpreted as functions determining the satisfaction level of 
the machining result.

In the machining, the definition of objectives and con-
straints is usually made in the output parameters space. The 
optimization of machining process input parameters allowing 
to achieve machining objectives and constraints requires the 
transfer of objective definitions and constraints from the pro-
cess output space Y to the process input parameters space X. 
This requires determination of the function f:

being a model of the machining process. With this assump-
tion, it is possible to transfer the definition of the fuzzy 
objectives and constraints into the space of the adjustable 
machining parameters:

The decision concerning selection of the appropriate 
machining parameters is formulated with a fuzzy set D, 
obtained as a result of an aggregation of fuzzy sets of n objec-
tives and m constraints. The assumption that the fuzzy deci-
sion should provide both the fulfillment of objectives and 
constraints requires the use of t-norms as operators of fuzzy 
sets aggregation:

where ⊙ a is t-norm operator.
The fuzzy decision μD defines the degree of fulfillment of 

fuzzy objectives and constraints. The type of t-norm applied 
significantly affects the aggregated fuzzy decision.

The need to determine the optimal machining parameters to 
ensure the expected quality of the process requires the deter-
mination of the non-fuzzy values from the fuzzy decision. 
Because the fuzzy decision determines the degree of fulfill-
ment of particular fuzzy objectives and constraints, the optimal 
set of machining parameters is the set x*, for which:

(1)�G(y) ∶ Y → [0, 1]

(2)�C(y) ∶ Y → [0, 1]

(3)f ∶ X → Y , y = f (x)

(4)�
�

G
(x) = �G

[
f (x)

]
, ∀x ∈ X

(5)�
�

C
(x) = �C

[
f (x)

]
, ∀x ∈ X

(6)
𝜇D(x) = 𝜇

�

G1
(x)⊙…⊙ 𝜇

�

Gn
(x)⊙ 𝜇

�

C1
(x)⊙…⊙ 𝜇

�

Cm
(x)
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This method provides a selection of machining param-
eters for maximizing the degree of fulfillment of machining 
objectives and constraints.

3  Assumptions of the optimization 
of the process of sequential grinding 
of small ceramic elements

The process of sequential grinding of small ceramic ele-
ments involves the implementation of a series of grinding 
operations in one pass. The total machining allowance ae is 
divided between grinding wheels located on the periphery 
of the rotary table with the ceramic elements placed on it 
(Fig. 1). The workpieces move along with the table, passing 
under the successive grinding wheels, where the calculated 
allowance is removed. Ceramic elements, placed on the 
rotary table, are ground and smoothed successively.

The purpose of grinding process is to remove relatively 
large machining allowances resulting from the geometric 
inaccuracy of ceramic elements obtained in the sintering 

(7)�D(x
∗) = max

x∈X
�D(x)

process. The grinding process is carried out using the grind-
ing wheels inclined at an angle α and β with respect to the 
plane of workpieces’ track (Fig. 2).

The method, due to the appropriate kinematics, allows 
accurate and efficient grinding of ceramic elements. The incli-
nation of the conical grinding wheel increases the grinding 
path and thus reduces the removal speed of the allowance [25].

During the grinding process, the elements are fixed on the 
surface of the rotary table; and during the finishing process, 
they are lifted and flexibly pressed to the active surfaces of the 
smoothing and polishing wheel.

The assumed objectives in the grinding processes are 
mainly based on economic requirements and assumptions 
for assuring the quality requirements of ground parts. The 
constraints imposed on the grinding process are most often 
attributed to the properties of the technological devices and the 
properties of the tool itself, as well as an impact of the grinding 
parameters on the process quality.

The basic economic criterion of the processing is the vol-
ume efficiency of the process. The volume efficiency Qv of the 
ceramic elements grinding process in the automatic cycle is 
determined by the relationship:

(8)Qv = Vw ⋅ Qp =
� ⋅ d2

4
⋅ ae ⋅

vW

To

Fig. 1  Integrated machining of 
ceramic elements in automatic 
cycle: process visualization 
(a) and general scheme of the 
method (b)
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where N—the number of grinding wheels; ae =
∑N

i=1
ai ; ai—

the allowance for the ith grinding wheel, mm.
It may be concluded from the above relationship that it is 

necessary to increase the speed of the grinder rotary table 
to increase the volume efficiency of the process. Thus, the 
criterion of the highest speed of the grinder rotary table can 
be accepted as the ultimate objective of optimization, which 
is at the same time a controllable parameter of the grinding 
process.

The grinding objective fuzzy membership function μG 
was defined in the form of a trapezoidal function, defined 
by the relationship:

where yacc—the accepted value of the process output vari-
able, yexp—the expected value of the output variable, z1, 
z2—auxiliary variables.

An exemplary representation of the grinding objective 
fuzzy membership function μG(Qp) and μG(vw) is shown in 
Fig. 3.

Based on relationship (8), the grinding objective fuzzy 
membership function μG was transformed into the space of 
the grinding process parameters X (Fig. 3b):

(9)�G(y) =

( ||y − yacc
||

yexp − yacc

)

⋅ z1 + z2

(10)z1 =

{
1 if yacc < y < yexp
0 otherwise

(11)z2 =

{
1 if y ≥ yexp
0 otherwise

(12)�
�

G

(
vw
)
= �G

[
f
(
vw
)]
,∀vw ∈ X.

The selection of grinding parameters should ensure 
obtaining the assumed grinding efficiency without the nega-
tive effects on the dimensions and shape accuracy of the 
workpieces and the quality of their surface.

(13)f
�
vw
�
=

4 ⋅ To

� ⋅ d2
⋅

Qp

∑N

i=1
ai

Fig. 2  Illustration of the grinding method with the face of a conical grinding wheel: 3D view (a) and projection on a plane perpendicular to the z 
axis (b) [25]

Fig. 3  The grinding objective fuzzy membership function for: 
Qp_exp = 400 pcs/h, Qp_acc = 320 pcs/h in the space of output param-
eters Y (a) and input parameters X (b)
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The possible range of parameter values depends on the 
constraints resulting from the properties of the grinder, 
the workpiece and the grinding wheel. Because the grind-
ing power required to remove the total allowance ae is 
small in the analyzed grinding process, there is no con-
straint associated with the power of the grinder. There 
are constraints related to the accuracy of the shape and 
dimensions of the workpieces. The machined ceramic 
elements work as a sliding cooperating part, and proper 
tightness of connections must be ensured. Accordingly, 
the processing parameters should ensure the fulfillment 
of the constraints related to the value of acceptable and 
expected deviation of height Δh and deviation of flatness 
Δp of the workpiece. The acceptable and expected value 
of the parameters results from the requirements for dimen-
sion and shape tolerance of the product and the variation 
of the machining results.

The expected value yexp and the acceptable yacc of the 
output values of the process can be determined in accord-
ance with the equation:

where yUTL—upper tolerance limit for variable y, �̄�R—the 
mean standard deviation of variable y.

The difference between the acceptable value yacc and the 
expected value yexp of the parameter allows for taking into 
account the shift of the mean value of the output value of 
the process as a result of affecting the process of random 
factors by a value equal to (m − n) ⋅ 𝜎R̄ (Fig. 4).

The acceptable and expected values of the output 
parameters determined on the basis of relationships 12 
and 13 may also include expectations regarding the values 
of the qualitative indicators. For example, for n = 3 and 

(14)yacc = yUTL − n ⋅ �̄�R

(15)yexp = yUTL − m ⋅ �̄�R, where m > n

m = 5 the expected value of the Cpk capability index will 
be 1.66 and the permissible value will be 1.

The process of grinding of the brittle ceramic elements 
is fraught with the risk of fracture micro-cracking of the 
ground surface. To ensure a suitable surface quality of the 
cooperating elements, the restriction of the normal com-
ponent of the grinding force Fn is required.

The membership functions of the constraints related 
to the deviation of height μC1(Δh), the deviation of flat-
ness μC2(Δp) and normal component of the grinding force 
μC3(Fn) are defined as trapezoidal functions:

Fuzzy constraints are defined in the space of grinding 
output parameters Y. Determination of the optimum val-
ues of grinding parameters satisfying these constraints 
requires the transfer of the membership functions of fuzzy 
constraints to the space of grinding input parameters X:

The functions fΔh, fΔp and fFn determining the influence 
of grinding parameters on the process output values were 
obtained by the experiment described in Sect. 4.

In the optimization process of the grinding parameters, 
it was assumed that the next grinding wheel removes the 
allowance increased by the value of the deviation of height 
resulting from deformation of the former grinder head-
stock. Thus, the resulting value of the deviation of the 
height on the subsequent headstocks is defined by:

Where Δhi—ceramic element height deviation on the ith 
grinding wheel, fΔh—function determining the relationship 

(16)�C(y) =

( |
|y − yacc

|
|

yacc − yexp

)

⋅ z1 + z2

(17)z1 =

{
1 if yacc < y < yexp
0 otherwise

(18)z2 =

{
1 if y ≥ yexp
0 otherwise

(19)�
�

C1

(
vw, a

)
= �C1

[
fΔh

(
vw, a

)]
, ∀vw, a ∈ X

(20)�
�

C2

(
vw, a

)
= �C2

[
fΔp

(
vw, a

)]
, ∀vw, a ∈ X

(21)�
�

C3

(
vw, a

)
= �C3

[
fFn

(
vw, a

)]
, ∀vw, a ∈ X

(22)

Δh1 = fΔh
(
a1, vw

)

Δh2 = fΔh
(
a2 + Δh1, vw

)

⋮

ΔhN = fΔh
(
aN + ΔhN−1, vw

)

Fig. 4  An example of determination of the membership function of 
the fuzzy constraint, including information about the variability of the 
variable
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between the grinding parameters and the deviation of grind-
ing elements height.

Schematically, the above assumptions for the process of 
sequential grinding of small ceramics elements fuzzy opti-
mization are shown in Fig. 5.

An increase in grinding efficiency (increase in the speed 
of the rotary table vw) is possible due to appropriate division 

of the total grinding allowance ae= [a1, a2, a3] among the 
grinding wheels. The fuzzy constraint of the normal grind-
ing force was imposed on all grinding wheels, whereas the 
fuzzy constraints of the deviation of height and flatness 
were imposed on the last grinding wheel in the sequential 
grinding operation. An assessment of the degree of fulfill-
ment of the fuzzy objective and constraints is made by an 

Fig. 5  General scheme of fuzzy optimization method in application for the optimization of parameters of sequential grinding of small ceramic 
elements
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aggregation of fuzzy membership functions according to 
Eq. 6.

The use of following t-norms was assumed in the aggre-
gation of fuzzy membership function:

• minimum: tmin(a, b) = min(a, b);;
• product: tprod(a, b) = a ⋅ b;;
• Łukasiewicz t-norm:

  

• Hamacher product:
  

The grinding process parameters that maximize a fuzzy 
decision were found using a genetic algorithm. A detailed 
description of the results of the simulation procedure and 
their discussion is provided in Sect. 5.

4  Experimental study

Selection of the optimum values of grinding parameters 
requires the determination of the relationship between the 
grinding input parameters (ith grinding wheel allowance 
ai and speed of the grinder rotary table vw), and selected 
grinding output parameters (flatness deviation Δp and height 
deviation Δh of ground elements, and the normal compo-
nent of the grinding force Fn). The study was carried out 
on an automatic grinder AU-16 for small ceramic elements 
(Fig. 6).

The grinding parameters and conditions are summarized 
in Table 1. The ground workpiece is made of corundum 
ceramics with  Al2O3 content of 92–99%. The workpiece 
diameter was 15.8 mm, and the height was 3.8 mm. The 
mechanical and physical properties of the material are sum-
marized in Table 2.

tLuk(a, b) = max(0, a + b − 1);

tH(a, b) =

{
0 if a = b = 0
a⋅b

a+b−a⋅b
otherwise

.
Due to the fact that the active surface of the grinding 

wheels is inclined in relation to the plane of the rotary table, 
a long grinding path has been obtained. The removal speed 
of the allowance decreases along the grinding path, which 
is advantageous due to the smaller thermal effects in the 
machining zone. Water cooling was used in the process due 
to the fact that in addition to the cooling functions it had a 
positive effect on the condition of the active surface of the 
diamond wheels. The active surface retained its ability to 
last longer, and there was no excessive sticking of the waste 
products of the machining process.

Workpieces were pressed by the grinding forces to the 
profiled table edge as a result of the tilting of the grinding 
wheel at angles α and β (Fig. 2). Cooling with water ensured 
efficient washing out of the machining products from the 
clamping zone.

The quality of the ground elements was evaluated by the 
following devices: L-GAGE LG5 laser sensor for height 
deviation measurement (sensing window range 1.5 mm, 
sensing beam wavelength 650 nm, response speed slow) and 
PIK-1A analyzer for flatness deviation measurement (sen-
sor type: inductive, measuring tip length 45 mm). During 
the grinding process, values of the force components were 
measured using a piezoelectric force sensor with integrated 
electronics 9602A by Kistler. The measurement data were 
registered at 10 kHz frequency using a 16-bit measurement 
card.

Fig. 6  General view of the test stand

Table 1  Grinding process parameters

Properties Unit Value

Grinding wheel – S3020 
200 × 85 × 30 × 4 
SD 125/100 BT

Grinding speed, vc m/s 29.5 m/s
Allowance, a μm 50, 100, 200
Table speed, vw mm/s 4, 5, 7
Grinding condition – Wet
Grinding fluid – Water

Table 2  Mechanical and physical properties of ground elements

Properties Unit Value

Density g/cm3 3.4–3.8
Flexural strength MPa 250–300
Impact strength kJ/m2 4
E-modulus GPa 220–300
Hardness (Knoop, 100 g) GPa 20
Specific heat capacity J/kg/K 850
Thermal conductivity W/m/K 27.8–34.9
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The experiment plan and the results are summarized in 
Tables 3, 4 and 5. The standard deviation of the measurement 
results was determined based on the range of the variable val-
ues, taking into account the correction factor d∗

2
 [26, 27].

The model describing the influence of grinding parameters 
on the output values of the process was formulated as follows:

(23)y = f
(
a, vw

)
= k0 ⋅ a

k1 ⋅ v
k2
w

where ki—equation coefficients.
The task of matching the model to the experimental data 

was reduced to finding assessments of parameters a and b min-
imizing the sum of residual squares. The equation coefficients 
are based on the classic method of least squares. The degree 
of correctness of the description of experimental data was also 
determined by the regression function, determining for each 

Table 3  Influence of grinding 
parameters on the workpiece 
height deviation Δh 

No. vw (mm/s) a (μm) Δh (μm) Δh (μm) �Δh

1 2 3

1 4 50 4.1 4.4 3.1 3.87 0.68
2 5 50 10.1 10.2 12.6 10.97 1.31
3 7 50 14.5 16.1 16.0 15.53 0.84
4 4 100 7.9 9.1 7.9 8.30 0.63
5 5 100 16.2 16.4 14.3 15.63 1.10
6 7 100 21.6 24.8 22.4 22.93 1.67
7 4 200 16.1 19.2 18.4 17.90 1.62
8 5 200 25.1 25.7 26.3 25.70 0.63
9 7 200 34.8 32.7 28.5 32.00 3.30

�̄�Δh 1.31

Table 4  Influence of grinding 
parameters on the workpiece 
flatness deviation Δp 

No. vw (mm/s) a (μm) Δp (μm) Δp (μm) �Δp

1 2 3

1 4 50 1.49 1.73 1.49 1.57 0.13
2 5 50 1.47 1.62 1.84 1.64 0.19
3 7 50 2.71 2.73 2.64 2.69 0.05
4 4 100 1.74 2.10 2.02 1.95 0.19
5 5 100 2.12 2.46 2.33 2.30 0.18
6 7 100 3.50 3.42 2.86 3.26 0.33
7 4 200 3.02 2.77 2.81 2.87 0.13
8 5 200 4.08 3.81 3.83 3.91 0.14
9 7 200 4.92 5.51 5.60 5.34 0.36

�̄�Δp 0.19

Table 5  Influence of grinding 
parameters on the normal 
component of grinding force Fn 

No. vw (mm/s) a (μm) Fn (N) F̄n (N) �
Fn

1 2 3

1 4 50 15.2 13.8 11.5 13.50 1.94
2 5 50 15.9 19.2 20.1 18.40 2.20
3 7 50 25.7 28.4 29.6 27.90 2.04
4 4 100 20.1 18.9 22.5 20.50 1.88
5 5 100 28.1 26.2 30.2 28.17 2.09
6 7 100 33.1 30.9 35.4 33.13 2.35
7 4 200 35.5 32.8 31.7 33.33 1.99
8 5 200 33.1 35.0 38.9 35.67 3.03
9 7 200 35.6 42.1 39.2 38.97 3.40

�̄�
Fn

2.33
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of the models the square of the relationship between the data 
obtained in the experiment yi and the response of the model ŷi:

where SSE =
∑N

i=1

�
yi − ŷi

�2—the square of the difference 
between the values obtained in the experiment ŷi and as a 
result of modeling ŷi ; SST =

∑N

i=1

�
yi − ȳ

�2—square differ-
ence between the values obtained in the experiment yi and 
the mean value ȳ.

As a result of approximation of experimental data using 
the above relationship, the models allowing to transfer of the 
fuzzy constraints definition into input grinding parameters 
space were obtained (Fig. 7).

The analysis of regression coefficients indicates a greater 
influence of the speed of rotation of the rotary table vw than 
the value of the allowance a on the value of the monitored 
output variables (height and flatness deviation as well as nor-
mal component of the grinding force). Increasing the value 
of the allowance, in the analyzed grinding method, increases 
the length of the grinding zone, which causes that the effect 
of the increase in the allowance on the normal component 
of the grinding force is smaller than the influence of the 
feed speed of the workpiece. The increase in the value of the 
component of the normal grinding force is one of the main 
factors affecting the size of the deformation of the machining 
system, and hence the increase in the deviations of the height 
and flatness of the workpieces.

The obtained models have a good fit for the experimental 
data. The average value of determination factor R2 for the 
models is 0.93. Higher impact of the grinder rotary table 
speed vw on the output value of the process parameters is 
noticeable in each of the developed models.

5  Fuzzy optimization of process parameters

The genetic algorithm was used to optimize the parame-
ters of sequential grinding of small ceramic elements. The 
scheme of the optimization method is shown in Fig. 8.

The range of the initial population values corresponded 
to the range of input process parameters used in the experi-
ment. A constraint-dependent crossover operator was used.

Grinding parameters x = [a1, a2, a3, vw] were optimized to 
maximize the value of fuzzy decision μD(x). The optimiza-
tion was made in the MATLAB 2016b environment, for the 
following genetic optimization parameters:

• initial population size 500;
• generations 20;
• function tolerance 1e−10;
• constraint tolerance 1e−10.

(24)R2 = 1 −
SSE

SST

The results of the optimization were analyzed for two 
cases, differing in the grinding objectives values:

• Case 1: Qp_acc = 230 pcs/h, Qp_exp = 286 pcs/h,
• Case 2: Qp_acc = 275 pcs/h, Qp_exp = 400 pcs/h.

In both cases, the constraints related to the accuracy of 
the dimensions and shape of the workpieces and the sur-
face quality were assumed at the same level and deter-
mined on the basis of Eqs. 12 and 13 (for ΔhUTL = 14 μm, 
ΔpUTL = 2.4 μm, Fn_UTL = 42 N, n = 3, m = 5):

• deviation of height: Δhacc = 10.08 μm, Δhexp = 7.46 μm,
• deviation of flatness: Δpacc = 1.84 μm, Δpexp = 1.46 μm,
• normal component of grinding force: Fn_acc = 35 N, 

Fn_exp = 30.33 N.

The fuzzy decision μD(x) values in subsequent genera-
tions of genetic algorithm, determined for particular t-norms 

Fig. 7  Models determining the effect of processing parameters on the 
workpiece height deviation (a), workpiece flatness deviation (b), nor-
mal component of the grinding force (c)
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used for an aggregation of fuzzy objectives and constraints, 
are presented in Fig. 9.

The fuzzy decision values in successive generations of 
genetic algorithms indicate that increasing number of gen-
erations of genetic algorithm above a 16th does not sig-
nificantly improve the obtained results. An increase in the 
requirements concerning grinding efficiency results in a 
decrease in the degree of the fuzzy objective and constraints 
fulfillment and thus in reduction in the fuzzy decision values 
(Fig. 9). This is the result of the consensus between contra-
dictory requirements imposed on the grinding process. The 
highest value of the fuzzy decision is achieved in the case of 
using of minimum function (Fig. 9a). This is a consequence 
of the fact that in the case of the minimum function use, the 
fuzzy decision value is only determined by the lowest degree 
of the fulfillment of any objective or fuzzy constraint. This 
leads to the maximization of the degree of fulfillment of 
individual objectives and constraints (Table 6).

In the case of a large discrepancy between objectives and 
constraints imposed on the grinding process, the applica-
tion of the Łukasiewicz t-norm for an aggregation of objec-
tives and fuzzy constraints causes that the value of the fuzzy 
decision for any values of the grinding parameters equals 0 
(Fig. 9c, Table 6). In effect, it is impossible to evaluate the 
genetic algorithm optimization results.

For lower requirements imposed on the grinding pro-
cess efficiency, values of the degree of fulfillment of fuzzy 
objectives and constraints (Table 6) and grinding param-
eters (Table 7) obtained for product, Hamacher product 
and Łukasiewicz t-norms are comparable. An application 
of the Łukasiewicz t-norms for the aggregation leads to 
the search for grinding parameters which allow to fulfill 
in a full degree the highest number of fuzzy objectives 
and constraints. (The value of the fuzzy membership func-
tion equals 1.) In the case when higher grinding require-
ments were imposed on the process efficiency, it is not 
possible to obtain in full degree all the fuzzy objectives 

Fig. 8  Scheme of the procedure 
for optimizing the fuzzy process 
of sequential grinding using a 
genetic algorithm
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and constraints. So, the application of Łukasiewicz t-norm 
makes impossible to evaluate solutions generated by 
genetic algorithm.

The use of the product t-norm and the Hamacher product 
t-norm enables to obtain the results in the space between 
expectation of fulfillment in a full degree of maximum 
number of fuzzy objectives and constraints (Łukasiewicz 

t-norm) and the maximization of minimum fulfillment of 
fuzzy objectives and constraints (minimum t-norm).

In case of the reduced requirements concerning grind-
ing process efficiency, there are no significant technological 
differences in the values of grinding parameters obtained 
for different t-norms. The highest efficiency was achieved 
with the use of the minimum t–norm (for vw = 4.83 mm/s, 
Qp = 281 pcs/h). An increase in the grinding process effi-
ciency requirements significantly differentiates the opti-
mization results. This is due to the inability of complete 
fulfillment of the requirements imposed on the process. 
The best grinding process parameters were obtained when 
minimum t-norm for aggregation requirements imposed on 
the grinding process was used. The obtained highest rotary 
table speed vw = 5.59 mm/s, for which the grinding process 
efficiency Qp = 319 pcs/h.

6  Summary and conclusions

The stochastic nature of grinding process, caused by the 
multiplicity of factors affecting its results, induces the use 
of fuzzy logic methods in the decision-making process for 
the selection of grinding parameters.

The use of classic methods to define objectives and con-
straints results in the fact that the machining parameters 
obtained as a result of optimization are often located at the 
border of acceptable areas. The variability of the grinding 
process, resulting from the changes of grinding wheel active 
surface condition, causes the process to pass from the set of 
admissible parameters into the space of parameters that do 
not provide the required quality of the process.

Furthermore, the imposition of many restrictions on the 
machining process, in particular sequential processing, can 
lead to a situation in which there is no parameter space that 
meets all the objectives and constraints imposed on the pro-
cess. (The problem is infeasible.)

In such cases, the application of the fuzzy set theory 
allows to determine the area of acceptable changes in the 
value of objectives and constraints imposed on the machin-
ing process. It leads to the possibility of assessing the degree 
of deviation of the optimization results from the expected 
values.

The article presents the fuzzy optimization of the pro-
cess of sequential grinding of small ceramic components. 
The objectives and fuzzy constraints described in the pro-
cess output parameters space were defined. These param-
eters were related to grinding efficiency, accuracy of the 
dimension and shape and quality of workpieces surface. The 
experimental study allowed to develop the models enabling 
the transfer of fuzzy constraints definition from the process 
output parameters to the input parameters space (i.e., process 

Fig. 9  Results of the fuzzy optimization process, using the following 
t-norms for objective and fuzzy constraints aggregation: minimum 
(a), product (b), Łukasiewicz (c), Hamacher product (d)
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setting parameters: allowance ai and grinder rotary table 
speed vw). The results of the analyses allow to conclude:

• The application of fuzzy logic to define the fuzzy objec-
tives and constraints allows to consider the degree of ful-
fillment of the contradictory objectives and constraints 
imposed on the grinding process during making deci-
sions of the selection of grinding parameters.

• The development of models concerning the effect of 
grinding parameters on the selected output parameters of 
the grinding process allows to determine the aggregated 
function of the fuzzy decision in the space of the decision 
parameters (process input parameters).

• The results of the fuzzy optimization are significantly 
dependent on the t-norm applied to the aggregation of 
constraints and the objectives of the grinding, and the 
greater the area of grinding parameters in which the 
aggregated value of the fuzzy decision takes values dif-
ferent from 0 or 1, the greater the differentiation of the 
decisions made.

• In the case of sequential grinding of small ceramic ele-
ments, the use of minimum t-norm for an aggregation of 

grinding objective and constraints allows to achieve the 
highest process efficiency.
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