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Abstract
In this paper, we share the results of the piloting of national diagnostic assessments for
strategic calculation with Grade 3 learners in South Africa. The diagnostic assessment
pilot intervention was focused on promoting strategic use of calculation strategies and
aimed to move learners on from the concrete one-to-one counting methods that persist
in this grade and into higher grades. Working with a broader team of mathematics
education specialists, including international leaders in the field and department of
education representatives, we designed a series of assessments that focus on key
calculation strategies such as bridging through ten. Each assessment, comprised a
pre- and repeat post-assessment, was accompanied by interim lesson starters for teacher
use in eight 10-min mental mathematics sessions. These were designed to develop
learner fluency in each of the focal strategies and related skills. The pre- and post-
assessments allow teachers to track improvement in student learning. The pilot focused
on the “bridging through ten” strategy in seven classes across the Eastern Cape and
Gauteng provinces. Positive results indicate that the format of these assessments paired
with the lesson starters is potentially useful for broader national trialling and imple-
mentation. This work feeds into the need for diagnostic assessments that inform
teaching focused on strategic efficiency rather than simply accepting correct answers
produced through highly inefficient methods.
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Introduction and rationale

A majority of learners continue to perform below grade level expectations in mathe-
matics in post-apartheid South Africa. Spaull and Kotze (2015) show that by Grade 4 a
majority of learners are already two grades behind curriculum expectations. A key
factor in the shortfall is a lack of number sense and a dominance of concrete methods of
calculation. For example, Schollar (2008) found that “79.5% of Grade Five and
60.3% of Grade 7 children still rely on simple unit counting to solve problems
to one degree or another, while 38.1% and 11.5% respectively, of them rely
exclusively upon this method.” (p.iii). This study gathered data from over 150
schools across all provinces and included addition, subtraction, division and
multiplication problems with both small and large numbers. Schollar argued
from his findings that the inability of the majority of learners to either mentally
or in writing manipulate numbers (including large numbers) and their lack of
understanding of place value and the base-10 number system was “clearly the single
most important cause of poor learner performance in our schools” (piii). Our own work
and research across schools in Gauteng and the Eastern Cape similarly reveals wide-
spread evidence of learners using tallies for simple low range calculations such as 10 +
10 + 10 (e.g. Weitz and Venkat 2013). This points to weak number sense and an absence
of strategic calculating where the focus is on efficient working that pays attention to
number relationships and/or the use of known facts at the level of fluent recall to derive
further results.

Unit counting is widely accepted as key in the initial stages of developing number
sense and calculating with number. Learners do however need to move on from this
approach towards more flexible and efficient strategies as they work with larger
numbers and move up the grades—there is strong evidence that not doing this impacts
on further learning (e.g. Wright et al. 2006a; Bobis et al. 2005). The persistent use of
finger or written tally unit counting for calculating is, of course, not particular to South
Africa. Indeed, researchers in other contexts have noted learners in the later years of
primary schooling using these methods for adding or subtracting single digit numbers
to a number (e.g. see Thevenot et al. 2016; Hopkins and Bayliss 2017). This said, there
is little research that suggests that many learners continue to use these methods for
calculations involving large numbers. In this respect, we argue that our and Schollar’s
findings in the South African context represent an extreme situation requiring urgent
attention at a national systemic level.

Structural approaches to working with number (understanding numbers as being
constituted as part-part-whole relations rather than individual units) are widely consid-
ered important in developing fluent and flexible ways of calculating with number as
well as developing conceptual understanding in mathematics (Björklund et al. 2019).
Mulligan and Mitchelmore (2009) note that “Recent educational research has turned
increasing attention to the structural development of young students’ mathematical
thinking” and that “There is increasing evidence that an awareness of mathematical
structure is crucial to mathematical competence among young children” (p. 33). The
predominance of unit counting as the preferred method of calculation across the South
African primary landscape points to a seeming absence (or at least lack of emphasis) of
teaching approaches that pay attention to calculation strategies that build on under-
standing of the structure of number.
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South Africa’s Curriculum and Assessment Policy document (CAPS) for Grades 1
to 3 states that mathematics should “develop mental processes that enhance logical and
critical thinking, accuracy and problem solving that will contribute in decision making”
(DBE 2011a, 8–9). It includes developing mental models and strategies for computa-
tion that rest on fluency with a range of basic facts that learners should know almost
instantly (such as single-digit doubles, bonds to ten and ten plus a single-digit number).
The listed mental processes include a range of strategic calculation strategies such as
using bridging through ten or compensation for efficient working. Due to our experi-
ence of an absence of these strategies being used or taught in classrooms, we focused
on these strategies in our professional development (PD) projects. We paired the focus
on strategies with use of a range of mental models that support a structural understand-
ing of number such as part-whole diagrams and the empty number line. In an effort to
move students beyond one to one counting methods of calculation, we emphasise the
relationship between fluency with some basic facts and using calculation strategies
flexibly and efficiently. For example, if we automatically know the basic fact that
double 20 is 40 then we can find 19 + 19 by doubling 20 and subtracting 2 (using
doubling and compensation as a strategy).

It is widely accepted that national assessments and assessment policies greatly
impact teaching (Elmore et al. 1996). Ruthven (1994) argues that assessment plays a
key role in enabling reform and that a “change in public assessment is the key to wider
change in curriculum and pedagogy; more colloquially expressed as the ‘WYTIWYG’
syndrome: namely ‘what you test is what you get’” (p. 433). The Mathematics Annual
National Assessments (ANAs) of the Department of Basic Education (initiated in 2011)
for Grades 1–6 and 9 were criticised for perpetuating weak number sense and their
failure to support teachers in addressing poor performance. A focus on correct answers
fed into acceptance of inefficient counting-based strategies thus perpetuating, rather
than addressing, problems of progression (Graven and Venkat 2014). The ANAs were
abandoned in 2016 which created the space for new forms of assessment that would
support teachers throughout the year. We saw the lack of assessment of the number
sense that underlies fluent, flexible and strategic mental (and written) working in the
previous Annual National Assessments (ANAs) and the way in which the assessments
were influencing teaching practice as problematic (Graven and Venkat 2014). We
decided that in order to shift teacher practice nationally we should attempt to influence
national assessment practices to promote progression beyond counting strategies to
developing a rich and connected understanding that draws on understanding of the
structure of number to calculate flexibly and efficiently.

As the two South African Numeracy Chairs (SANCs) at Rhodes University (in the
Eastern Cape) and Wits University (in Gauteng), we are mandated to both search for
ways forward to the challenges of mathematics teaching and learning in primary
schools and to feed tried and tested innovations into the national landscape. Our Chairs
have worked collaboratively since inception in 2011. An advantage of working across
two very different provinces (Gauteng being the wealthiest and most urban and the
Eastern Cape being one of the poorest and most rural) is that we have been able to
identify both commonalities and differences in the needs of teachers and learners across
the provinces. Our research and PD work across these provinces pointed to (i) the
challenge of weak number sense and strategic thinking when calculating in both
teaching and learning and (ii) opportunities for early intervention that focus on
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progression of learners towards use of more efficient strategies (see Graven and Venkat
2017). Responding to these challenges and opportunities, within the national context of
an emerging space for new forms of assessment that feed back into teaching and
learning (as opposed to the ANAs which were summative and at the end of the year),
we jointly initiated and led the Grade 3 diagnostic assessment collaboration. The project
began in 2016 with a 5-day working session attended by members of both Chair teams,
two international experts in early mathematics teaching and learning (Bob Wright and
Mike Askew), with representation from the Department of Basic Education (DBE at
national, provincial and district level), the professional Association of Mathematics
Education of South Africa (AMESA), the Southern African Association of Research in
Mathematics Science and Technology Education (SAARMSTE) and the NGO commu-
nity. Classroom-based diagnostic assessments were chosen for two reasons: firstly, their
key purpose is to feedback formatively into teaching, a purpose that our DBE partner
indicated that they were looking to support; and secondly, because this model provided a
low-stakes assessments as a national alternative to the relatively high-stakes ANAs that
had previously been rejected as detrimental to teaching and learning development.

Grade 3 was chosen because it is the last grade of the Foundation Phase (Grade R, 1, 2
and 3) and in curriculum terms, by the Intermediate Phase (Grades 4–6), fluent flexible
calculation strategies are largely assumed and emphasis shifts towards the use of written
methods of breaking down into place value parts and the vertical algorithm for addition
and subtraction calculations (DBE 2011b). At this point, pen and paper instructions of
algorithms often replace learners’mental strategies (Heirdsfield and Cooper 2002), even
for problems such as 98 + 2 though often with errors leading to nonsensical answers
such as 910 (see Graven et al. 2013). While algorithmic thinking can involve reasoning
about structure and generality (see Stephens 2018, drawing on Clark 2016), in our
context, rule based following of the vertical addition and subtraction algorithms fre-
quently sidelined any attention to quantitative relations. Establishing strong number
sense by the end of the Foundation Phase of learning is thus critically important.

In this paper, we share the ways in which the focus and format of the diagnostic pre-
and post-assessments and interim lesson starters were informed by our experience of
drawing on the international literature based on number sense development in our
intervention work with teachers and learners in the South African context. Furthermore,
we share experiences from the early trialling that allowed us to think more compre-
hensively about the full network of skills and basic facts needed to support develop-
ment of the focal strategies. This was particularly important in a context which is
marked by extremely low attainment. (See Reddy et al. (2016) for the report on South
Africa’s performance in the most recent Trends in International Mathematics and
Science Study (TIMSS).) Thereafter, we report on the findings of our initial pilot of
the implementation of the “bridging through ten” assessment and lesson starter cycle
across three classrooms in the Eastern Cape and four classrooms in the Gauteng
province.

Framing and literature review

Askew (2012), drawing on Kilpatrick et al.’s (2001) work on the intertwined strands of
mathematical proficiency, suggests a focus on fluency, reasoning and problem-solving
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as the “most visible” strands in mathematical working. Askew’s contextualisation of
these three aspects in an example is useful to illustrate how they are interwoven. For
working out 36 + 7 = 43 with bridging through ten you might first add 4, making the 36
up to 40, and then add the remaining 3. Askew (2009) notes that: “This is an effective
and efficient strategy, but only if you are fluent in knowing what to add to a number to
make it up to the next multiple of ten –speedily and confidently being able to say 36, 4;
58, 2; 67, 3. If children have to use their fingers to count-on, the strategy is pointless;
they might as well carry on counting-on in ones.”(27–28). He goes on to argue that
regular, short and speedy focus on these basic skills is needed because children must be
fluent in these to free up working memory (Askew 2012). Reasoning about the
relationships underlying strategic calculating allows attention to equivalences such as
36 + 7 = 36 + 4 + 3.

Given our specific focus on mental calculation skills, we used the terms “rapid
recall”, “strategic calculating” and “strategic thinking” to reflect Askew’s fluency,
problem-solving and reasoning categories in our PD work and in the assessments. In
our focus on supporting learners to progress from concrete inefficient methods of
calculating (usually in the form of unit counting) towards using a range of strategies,
we identified a network of basic facts or skills needed for learners to use each strategy
efficiently. We refer to questions on the assessment of these basic skills or known facts
that need a level of automaticity for efficient use of a calculation strategy, as “rapid
recall” items in our assessments. This is because learners are required to rapidly recall
such facts when learning about and using the various mental calculation strategies
noted in the curriculum. As Askew’s example above shows, a lack of fluency in such
basic facts and skills is likely to render a strategy no more efficient than counting in
ones.

In designing our assessment items, we drew on the seminal assessment work of our
two international participants Mike Askew and Bob Wright and their colleagues in
England and Australia respectively. In particular, we drew on the types of assessment
items included in the study published by Askew et al. (1997) as Effective Teachers of
Numeracy. They included in their design various calculation items that pushed for
forms of reasoning based on the “appreciation of relationships between numbers and
operations” (p. 104) that freed students from calculation. For example: Given that 86+
57 = 143 then what is 87 + 57? 86 + 56? 860 + 570? The findings from their study
indicated that having a connected understanding of mathematics and using correspond-
ing teaching approaches that emphasise the importance of developing mental skills,
strategies and reasoning are important for effective teaching of numeracy. They con-
cluded that highly effective teachers believed that being numerate requires:

& Having a rich network of connections between different mathematical ideas
& Being able to select and use strategies, which are both efficient and effective

These teachers used corresponding teaching approaches that:

& Connected different areas of mathematics and different ideas in the same area of
mathematics using a variety of words, symbols and diagrams

& Used pupils’ descriptions of their methods and their reasoning to help establish and
emphasise connections and address misconceptions
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& Emphasised the importance of using mental, written, part-written or electronic
methods of calculation that are the most efficient for the problem in hand

& Particularly emphasised the development of mental skills (p. 3)

The background to the approach that we took built on international evidence pointing to
the need to support moves beyond counting-based working into approaches based on
part-whole number relationships in early number learning (e.g. Bobis et al. 2005). Van
den Heuvel-Panhuizen’s (2008) attention to provision and use of structured represen-
tations of number, such as part-whole bar diagrams and empty number lines, both of
which support attention to number relationships rather than to counting, were integrated
into our design of assessment tasks and lesson starter activities for use in the 3-week
block between the pre- and repeat post-assessment. The integration of these represen-
tations facilitated, in turn, a useful feedback loop into teaching that emphasised multiple
ways of representing number and number relationships, a further feature that has been
acknowledged as important for gaining a good number sense (McIntosh et al. 1992).

In terms of supporting teaching for attention to number structure and relation, we
borrowed approaches suggested by Fosnot and Dolk’s (2001) notion of “problem
strings”: “a structured series of problems that are related in such a way as to develop
and highlight number relationships and operations” (Location 2519). This idea of using
carefully structured sets of examples to draw attention to structure and relationships
through the use of variation has been described extensively in the work of Watson and
Mason (2005). We incorporated the approach into our development of what we came to
call “reasoning chains”. Reasoning chains are sets of connected problems carefully
designed on the basis of “root” problems that are amenable to solution by recalled facts.
The root problem is followed by related problems that can be solved by reasoning about
the relationship of the related problem to the root problem, e.g.:

25þ 25

25þ 26

25þ 27

Our focus was on encouraging teachers to point out to learners that strategic calculating
involves seeing connections between the set and using rapid recall of answers to root
problems for working efficiently on the follow-up problems.

In addition, we drew on Bob Wright and his colleagues’ Learning Framework in
Number (LFiN) and particularly the Stages of Early Arithmetic Learning (SEAL) that
support first assessing the stage of calculation efficiency that learners are at and then
encouraging progression up the stages (see for example, Wright et al. 2006a; Wright
et al. 2012; Wright et al. 2006b). For this paper, we focus on Wright and colleagues’
emphasis on beginning intervention for learners who have fallen behind, with diag-
nostic assessments focused on strategic efficiency of the response rather than on the
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correctness of the answer. However, since their assessments are based on one to one
interviews with learners and individualised intervention, we needed to translate this
idea into a model for whole class assessments and intervention. Recall that in South
Africa it is the majority of learners rather than a few who have fallen behind (discussed
above). Furthermore, classes of more than fifty learners are common and so in this
respect we needed to move to assessment and intervention formats that could be
administered in whole class contexts. Earlier research in both Chair projects pointed
to successful outcomes in adapting Wright and colleagues’ individual assessment and
remediation approach to group-based assessment and remediation (e.g. Morrison 2018;
Wasserman 2017).

Our intention for the assessments and linked lesson starters to be used nationally in
whole class contexts led us to consider a written assessment format that could maintain
attention to the strategic approach used. We also needed written assessments and
reasoning chain activities that could fit within the timeframes of the lesson starter part
of lessons. (Lesson times can differ across primary schools ranging from 30 to 50 min)
The curriculum and assessment policy suggests that lessons begin with:

Whole class activity: where the focus will mainly be on Mental Mathematics,
Consolidation of concepts and allocation of independent activities for 20 minutes
per day at the start of the mathematics lesson. During this time the teacher works
with the whole class to determine and record (where appropriate) the name of the
day, the date, the number of learners present and absent, and the nature of the
weather (including temperature in Grade 3). Mental Mathematics will include
brisk mental starters such as “the number before 8 is; 2 more/less than 8 is; 4+2;
5+2; 6+2 etc. (2011a, b p.9)

These contextual factors led us to the development of low-stakes diagnostic assess-
ments to be set in a time-limited format, and over the following 3 weeks, a series of 10-
min lesson starters focused on linking rapid recall facts and strategic calculating and
thinking, with a particular strategy in focus (the bridging through ten (BTT) strategy, in
the case of this paper). In this format, the extent of effective completion of items across
the rapid recall, strategic calculating and strategic thinking sections of the assessment
provided a proxy indicator of the extent of each of these skills, based on marking of the
assessments simply according to a right or wrong answer. Differences in the extent of
effective completion between the pre- and post-assessments provided indications of the
efficacy of the interim lesson starters teaching and learning. This model thereby
provided a format that was likely to be straightforward enough for larger-scale roll-
out in the event of promising results, while maintaining focus on the flexible number
sense that we were seeking to promote.

In the next section, we discuss firstly our research design and the six strategies we
selected to focus on. Thereafter, we elaborate on the categories of assessment items
developed and the way in which we collated these into 2- to 3-week assessment-lesson
starter cycles for each of the six strategies. We then provide an example of the first of
the six assessment-lesson starter packages which we used as a pilot to gauge the
feasibility of the “packages” in providing teachers with support and guidance on a
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coherent assessment-teaching cycle of the bridging through ten strategy. Thereafter, we
discuss the data and findings from this pilot.

Research design

Our research methodology relates to developmental teaching experiment research in
that it included the three central elements of instructional planning and design, ongoing
analysis of classroom events and retrospective analysis of data generated from the
course of a teaching experiment (Cobb 2000). That is, we first designed our assess-
ments and series of lesson starters, informed by research in established literature;
second, we implemented these in several informal settings with only a few learners
and adapted both the content and format of the assessments; third, we implemented the
assessments and lesson starter instructional sequence in three different classrooms.
Reflections on the trialling in the three classes were summarised for discussion with
the broader team and again several adaptations were made to the format and content of
both the assessments and the lesson starter sequence of activities. Ethical approval was
sought and obtained by all relevant stakeholders including our universities, the provin-
cial departments of education, the schools, teachers and the parents of the learners.

The following six strategies for performing calculations with numbers were chosen
as most appropriate for the development of Grade 3 assessment items and lesson
starters:

& Bridging through ten
& Jump strategy
& Doubling and halving
& Understanding the relationship between addition and subtraction
& Re-ordering
& Compensation

These were chosen from the Curriculum and Assessment Policy (CAPS) document for
the Foundation Phase (Grades R, 1, 2 and 3) (DBE 2011a) and, as noted in the
literature, were seen to be important strategies for enabling learner progression from
one-by-one counting and for developing a rich and interconnected number sense.
Number lines and part-whole bar diagrams were considered to be essential models of
and tools (whether as a written representation or as a mental image) for making sense
of, and working across, these strategies. Several linked basic facts were identified as
essential for the successful use of these strategies. Data from the piloting of the first
assessment-lesson starter cycle for the “bridging through ten” strategy is shared in this
paper.

We chose a 2- to 3-week cycle with a pre- and post-assessment format focused on
each of the six strategies (noted above). The length was chosen because we had thought
this would enable two strategies to be done in each of the first three school terms and
the fourth term could then allow for consolidation and working across strategies.
Furthermore, we considered that eight lesson starter sessions would be sufficient for
the teaching of a strategy and that these, with the pre- and post-assessment sessions,
could be achieved over a 2- to 3-week period. The extra week would allow teachers to
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consolidate a session if they felt it was needed and for unforeseen disruptions to the
timetable. The 2- to 3-week cycle was comprised as follows:

& Cycle begins and ends with an assessment in time-limited format
& Marking assessments guides lesson starter “reasoning chain”
& Lesson starter teaching activities aimed at developing fluencies and strategies in 10-

min sessions across the 2–3 weeks of lessons following the pre-assessment
& Re-assessment provides feedback on learning and, hence, success of teaching

In respect of the above, for each of the six strategies, we were broadly guided by
Askew’s (2012) focus on fluency, problem-solving and reasoning to design three
categories of assessment items, namely:

Rapid recall items: designed as items we would expect learners should be able to
almost instantly “recall” when asked. These items are noted in the CAPS curric-
ulum particularly under the heading of mental mathematics and include “mental”
calculation skills such as adding and subtracting 1, 2, 3, 4, 5 and 10 to any number;
place value decompositions of number; and key fact triples between 1 and 20.
Strategic calculating items: designed as items that are too time consuming to do in
a unit counting or “procedural” calculation orientation but can be efficiently done
by employing one of our six strategies. For example, to do a problem such as 99 +
99 would be extremely slow through counting on in ones and relatively inefficient
using the vertical algorithm (and these methods are highly error prone). Efficient
calculation involves the strategy of doubling or bridging through 100. That is, if it
is recognised as a problem that is either (i) amenable to rounding to 100, doubling
and then compensating (i.e. 99 + 99 can be thought of as 99 × 2 which is the same
as 100 × 2 = 200 then 200 –1 – 1 = 198) or (ii) amenable to using a number line—
written or mental—to “bridge through 100” (i.e. 99 + 99 can be pictured as 99 +
1 + 98 = 198) or “compensate” by subtracting 1 after adding 100 to 99.
Strategic thinking items: designed as items which focused on understanding and
using the structure of number, i.e. number properties and number relationships,
including knowledge of how operations behave. These items focus on using such
knowledge to reduce the amount of calculation needed or to eliminate the need for
calculation entirely. For example, given 43 + 138 = 181 then what is 181 – 43 =
__? or What is 43 + 139 = ?

The process of refining assessments and lesson starters prior to piloting

Prior to piloting the first author trialled the use of the bridging through ten draft
assessments and lesson starters by administering the assessments and the linked lesson
starters to three classes in one Eastern Cape school. This involved spending approximately
10 to 15 min in three different Grade 3 classes at the start of their daily mathematics lesson
everyday for 2 weeks (10 school days). On the first day, the assessments were adminis-
tered. From the second to ninth day, the lesson starter activities for the bridging through
ten strategy were taught for both adding and subtracting a single digit number to/from a
two digit number. Each day the lesson starter was taught to one class by the first author
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with the three teachers of the three classes observing. The lesson starters for the latter two
classes were taught by the teachers with the first author observing and providing support.
On the tenth day, the assessments were re-administered. The teachers observed the
administering of the assessments and provided feedback on their experiences after each
lesson starter session. While most of the assessment items and lesson starter activities ran
smoothly, some challenges arose that we built into the reformatting and refinement of our
assessments and lesson starter activities. The initial format of the assessment had one page
of 10 rapid recall items followed by a single second page of ten combined strategic
calculating (first 5 items) and strategic thinking items (second five items). Oneminute was
given for the first page and another 2 min given for the second page. As mentioned above,
the limited time was intended to discourage slower unit counting or procedural methods.
While many students finished the first page before the minute was up, most learners did
not get past the first two or three items on the second page, commonly becoming bogged
down in unit counting. This meant learners did not get to attempt the strategic thinking
items. For the pilot, we thus changed the format of the assessments to three separate pages
for each of the three categories of items (with each page timed separately).

Some predictable learner nervousness around being “tested” was noted and since
timed assessments or “speed tests” can be particularly stressful (Boaler 2012) we
emphasised to learners that the assessments were low stakes (they would not affect
their report marks) and that the aim of the assessments was to gauge individual
improvements over time. Thus, the aim for each learner was to improve on their
performance from the pre- to the post-assessment and it was this improvement that
was the focus rather than the mark for the assessments. The explanation to learners
appeared to work well as learners seemed comfortable and quite excited to complete as
much of the assessment as they could in the given time. This concurred with Stott and
Graven’s (2013) experience that it was possible to reduce learners’ negative perceptions
and experiences of timed tests when the emphasis is placed on their own improvement
rather than comparing performance with others.

When teaching the BTT lesson starters, a range of rapid recall skills were noted as
absent among learners. These were not in our rapid recall assessments or in our lesson
starter plans as we had assumed them to be in place. So, for example, in order to use the
BTT strategy to calculate 26 + 7, learners must be able to rapidly identify the closest
next ten to a number (i.e. the next ten after 26 is 30); know the bond to ten that will get
you to the next ten (26 + 4 will get me to 30); know the various bonds that make up the
number added (i.e. 4 + 3 = 7); and be able to add the “leftover” part of the number to the
multiple of 10 (i.e. 30 + 3 = 33). While we had predicted that rapidly recalling bonds to
ten would be weak and in need of practice, we had assumed stating the next ten after a
given number and adding a single digit number to a multiple of ten would be well-
established known facts easily rapidly recalled by Grade 3 learners. This was not the
case and many learners used fingers and or unit counting to add a single digit number to
a multiple of ten. Thus, having realised that many learners did not know these basic
facts, we re-designed both our assessments and our lesson starters to explicitly focus on
practicing, establishing and assessing these. Thus, the rapid recall assessment was
expanded to twenty items (see Fig. 1 Appendix) and the lesson starters built into them
rapid recall questions focused on establishing each of these rapid recall elements in
support of the strategy. In addition, we realised that learners needed an opportunity to
practice working with the strategies outside of the whole class lesson starter setting. In
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this respect, we devised two take home worksheets given at the end of session 4 and
session 7. These worksheets had items similar to the ones in the assessments and
included empty number line and part-whole bar diagram items.

The marking of the assessments according to right or wrong answers, then entered
into a spreadsheet, provided an adequate, straightforward and well-understood descrip-
tive overview by which we could judge overall learner improvement. However, as
indicated above, the combined assessment of strategic calculating items with strategic
thinking items in this initial trial meant that we could not distinguish between improve-
ments in these two categories. The assessment results of the three Grade 3 Eastern Cape
classes (n = 94) showed an average improvement in correct answers for the ten rapid
recall items from 5.5 to 8.4 while the average improvement on the ten combined
strategic calculation and strategic thinking items improved from 2.6 to 3.1. While the
average improvement on the strategic thinking and strategic calculating items was
relatively small in comparison with the pleasing improvement on the rapid recall items,
we felt that we had sufficient evidence as to the value of our approach to proceed to
piloting with learners and schools across our two provinces. Furthermore, the three
teachers involved in the trialling indicated that they found the process valuable and
particularly appreciated the focus on developing more efficient calculation strategies.

The final assessments and lesson starters for the pilot

The redesigned assessment items and format involved three single pages of items admin-
istered separately, with the times available for each category of items stated, as follows:

& 20 rapid recall items to be completed in 2 min (e.g. 10 = 7 + _; 50 + 6 = _ and 40–
7 = _)

& 5 strategic calculating items to be completed in 1 min (e.g. 56 + 8 = _ and 93–7 = _,
the first two items were accompanied by a number line for example:

& 5 strategic thinking items to be completed in 1 min (e.g., 67 + 5 = 67 + 3 + __)

Appendix provides the full assessments for each of the three categories of items. Each
of the required basic facts was explicitly built into the rapid recall part of the assessment
and into the reasoning chain so that even the most basic of these were not taken for
granted (see Appendix Fig. 1). This was important given the possible national context
of implementation further down the line. Furthermore, in the assessments and in the
reasoning chains, there was emphasis on working across representations and building
variation into the items and examples. For example, the empty number line is included
in all three categories of assessment items (see Appendix Fig. 1 question 6, Fig. 2
questions 1 and 2, Fig. 3 questions 3 and 5). Part-whole bar diagrams are included in
the rapid recall assessment (see Appendix Fig. 1 questions 5 and 9). Variation in terms
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of the missing number position is built into all three categories of assessment items (see
for example 56 + 8 = _ 67 + _= 73 and _ +7 = 82 in Appendix Fig. 2).

As indicated above, the pre-assessments were followed by eight lesson starter sessions
which each began with some fast paced mental warm-ups establishing and practising
connected known facts. Variation and the use of a variety of representations were built into
the “reasoning chain” sequence over the eight sessions. After the pre-assessment and the
eight lesson starter sessions, learners were re-assessed on the assessments in the sameway.
Day one’s lesson starter outline for the bridging though ten strategy is given below:

Day 1: Bridging through ten – lesson starter reasoning chain

Table 1 indicates how each of our three categories of items (rapid recall, strategic
calculating and strategic thinking) relates to one another and the focal strategy (BTT).
We also provide in the table examples of items for each of these categories for the
example given above in the first lesson starter session of adding a one digit to a two-
digit number (46 + 7) using the bridging through ten strategy:

The pilot: sampling and the process

The authors sought and obtained access to two government primary schools in Gauteng
and one government primary school in the Eastern Cape to pilot the above-described pre-
assessment–lesson starter–post-assessment cycle. Below we share the results of our pilot
based on administering the assessment at the start and at the end of a 2- to 3-week period in
which the teachers in these schools taught the eight lesson starter sessions. South African
state schools are classified into five quintiles based on a range of catchment area factors
(e.g. income, unemployment rate). Quintile 1 schools are the poorest, while quintile 5 the

First minute mental warm up: play ‘quiz games’ bonds to ten and to multiples of ten; find the next ten and
adding a single digit number to a multiple of 10

Examples:
For bonds to 10 ‘I say 3 you say 7 to make up 10; I say 6 you say ? [4]’ etc. Bonds to 50 ‘I say 44 you say 6 to

get to 50. I say 46 you say? [4] I say 41 you say? [9] etc.
What is the first multiple of ten (‘the next ten’) that comes after 47? [50] 58? [60] 32? [40] – emphasise that

this is not rounding to the nearest ten but finding the next ten on the number line.
What is 50 + 7? 50 + 9? 50 + 3? 50 + 2? Etc.
Start of the reasoning chain:
Consider: 46 + 7. We can show this on a number line:

We have to jump forwards 7. Let us jump to the next ten rather than jumping in 1s. What is the next ten after
46? Then show the 50 on the number line above. What do we add to get to the 50? Show this +4 with an
arrow in the number line. We have added 4 but we need to add 7. How much more must we add? Show the
+3 with an arrow on the number line from 50 to ? So 50 + 3 is ? Show the 53 on the number line. So 46 + 7
= 46 + 4 + 3 = 53. Do another example and have learners solve a few more using this method
independently.
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“least poor” (DoE 1998). The twoGauteng schools were a township quintile 1 school and a
suburban quintile 5 school. One township quintile 3 school participated in the
Eastern Cape trial. In this Eastern Cape school, a Grade 2 teachers also
requested to participate. While the assessment and lesson starter cycle was
designed at Grade 3 level, all fluencies and strategies assessed apply also to
Grade 2 learners in curriculum terms. Furthermore, since the pilot occurred
towards the end of the academic teaching year, it was considered appropriate to
include these Grade 2 learners. In terms of the language of instruction, the pilot
was conducted in the classroom language of instruction, which across the three
schools was a language that the learners were fluent in either as a first or
second language (isi-Xhosa in the Eastern Cape school; Sepedi in the Gauteng
township school and English in the Gauteng suburban school).

We provided all teachers involved in the pilot with an introduction to the assess-
ments and the lesson starters. We emphasised that the assessments were low stakes and
aimed at assessing where learners were at so as to inform teaching and to assess
progress over time. The logical flow of the lesson starter outlines was explained (and
provided) for each of the eight sessions for use by teachers in class. We emphasised that
teachers could adapt these depending on the results of the pre-assessments and learner
needs (e.g. they could do more or less of the warm-ups of known facts depending on
the knowledge of the class and do additional examples of using the strategy).
The pre- and post-assessments in the above format were administered, marked
and entered into spreadsheets by our Chair teams. This was done in order to
ensure that the timing of the assessments was strictly kept to and that the data
was accurately captured. Feedback on the pre-assessments was provided to
teachers in terms of identifying the strengths and weaknesses of the learners
in the class. A simple total of the number of students in their class who had
succeeded in each question was shared with teachers as this quickly pointed to
the general strengths and weaknesses across the various items in each of the
three assessments. In some cases, exemplar scripts were used to exemplify
some of the inefficient methods learners were seen to be using on the scripts.

Table 1 The relationship between three categories of assessment items/lesson starter examples

Focus Assessment item/ lesson starter 

example type

Possible examples

Strategy: using BTT to calculate strategic calculating 46 + 7 = 

Related known facts: set of 

known facts that should be 

automated for using BTT 

efficiently

rapid recall The next ten after 46 is ?

How far to next 10 46 + _ = 30

Suitable breaking down of 

addend: 7 = 4 + _

10s + a single digit facts: 50 + 3 

= ?

Structural reasoning: using 

reasoning about the relationships 

between numbers and operations

strategic thinking 46 + 7 = 46 + 4 + _
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Results

As the assessments were aimed at mental calculation and learners were encouraged to only
write the answer, the pre- and post-assessments were marked simply according to right or
wrong answers. As noted in the trialling, this provided sufficient descriptive statistics to
indicate whether the intervention led to improvements in each category of items.

Tables 2 and 3 provide the results for the mean number of correct answers in the pre-
and post- assessments across the two provinces. These are given as both average marks
and percentages—the latter enables comparison in terms of the percentage point
improvement for the three categories of assessment items.

The differences in performance on assessments across the two provinces cohere with
national data which indicates Gauteng as one of the top performing provinces in the
country and the Eastern Cape as one of the lowest. This also reflects the difference in
economic wealth of these provinces with Gauteng being the wealthiest most urban
province and the Eastern Cape being among the poorest and most rural.

There are several interesting points to make in relation to the pre-assessment
results in the above tables. Predictably, and in both provinces, pre-assessment
performance was highest in the rapid recall cluster of items and lower in the
other two item cluster types. What the pre-assessment results also point to
though is problematic weaknesses with the rapid recall items. Since these items
are based on basic skills that curriculum expectations indicate Grade 3 children
should be fluent in, not having these skills stifles the opportunity for develop-
ing strategic calculating and strategic thinking. The Eastern Cape pre-
assessment data for rapid recall items indicates that the average for the two
classes of Grade 3 learners is just under 27%. This indicates that in 2 min most
learners were unable to answer more than 6 of the 20 basic questions (see Fig.
1 Appendix) correctly. While the Grade 2 results in the Eastern Cape are
similar, though surprisingly slightly better than the Grade 3 results (31%), the
Gauteng data is quite a bit stronger for rapid recall items (56.3% average in the
pre-assessment across Grade 3 learners). However, since Gauteng learners
mostly only managed to answer just over half of the 20 basic items correctly,
this suggests that learners will face challenges when answering questions that
require them to use strategies and strategic thinking that are built on and
depend on rapid recall of these basic facts. In this respect, it is unsurprising
that across all schools, classes and provinces the average pre- and post-
assessment results of the strategic calculating and strategic thinking items are

Table 2 Eastern Cape Township school Grade 3 and Grade 2 outcomes of correct responses

Rapid recall
(20 items; 2 min)

Strategic calculating
(5 items; 1 min)

Strategic thinking
(5 items; 1 min)

Mean pre
mark (%)

Mean post
mark (%)

Mean pre
mark (%)

Mean
post mark (%)

Mean
pre mark (%)

Mean
post mark (%)

Grade 3 (n = 65) 5.34 (26.7) 8.14 (40.7) 0.585 (11.7) 1.125 (22.5) 0.095 (1.9) 0.325 (6.5)

Grade 2 (n = 30) 6.24 (31.2) 11.28 (56.4) 0.515 (10.3) 1.065 (21.3) 0.055 (1.1) 0.375 (7.5)
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weak. That is, for the pre- and post-assessments, in the Eastern Cape, most
learners were unable to answer more than one strategic calculating item cor-
rectly in 1 min and most did not answer any strategic thinking items correctly
in 1 min. In Gauteng, most learners were unable to answer more than 2 of the
5 strategic calculating questions correctly in the minute and were unable to
answer more than 1 of the strategic thinking items correctly.

When comparing scores of the pre- and post-assessments, we see some
improvements across all categories of assessment items, except for the Gauteng
township school where for strategic calculating items, there was a drop from
getting 2.7 of the 5 correct to only getting 1.5 correct in the post-assessment.
Such a drop is not entirely unexpected if one considers that, in the pre-
assessment, a learner might have successfully answered the first two or three
strategic calculation items (56 + 8; 83 – 4; 93 – 7) correctly using counting up
or down within the minute provided. Learning a newer, more conceptual
method could, in the beginning, slow learners down or be more error prone
initially than this counting up/down method. Thus, we would expect that more
time would be required for fluency in the bridging through ten strategy to
emerge and thus improvement in this category of items might take somewhat
longer. We expect that this would not be the case when moving onto the “jump
strategy” assessment-lesson starter cycle as it would be unlikely for learners to
perform better in the limited time on strategic calculation items with addition or
subtraction of larger numbers (e.g. 27 ± 45) using counting strategies. In this
respect, the benefit of the bridging through ten strategy will really come into
effect when it is used in combination with the jump strategy as fluent use of
the jump and bridging through ten strategy will allow calculation in a few
seconds if each of the rapid recall facts are automatically known (i.e. 27 + 40 =
67; the next ten is 70; 67 + 3 = 70; 5 = 3 + 2; 70 + 2 = 72). Thus, being able to
choose from a range of strategies and then apply the strategies flexibly to a
range of calculations is the goal rather than simply accuracy and speed.

Overall, we consider that the post-assessment results point to adequate gains in both
provinces in all groups of learners to indicate that there is value in this approach.
Furthermore, the improvement in Grade 2 results indicate possible broader applicability
of the diagnostic assessment/lesson starter format beyond Grade 3.

Table 3 Gauteng township and suburban school Grade 3 outcomes of correct responses

Rapid recall
(20 items; 2 min)

Strategic calculating
(5 items; 1 min)

Strategic thinking
(5 items; 1 min)

Mean
pre mark
(%)

Mean
post mark
(%)

Mean
pre mark
(%)

Mean
post mark
(%)

Mean
pre mark
(%)

Mean
post mark
(%)

Township school
(n = 50)

9.5 (47.5) 12.26 (61.3) 1.36 (27.2) 0.76 (15.2) 0.04 (0.8) 1.16 (23.2)

Suburban school
(n = 84)

12.38 (61.9) 16.64 (83.2) 2.19 (43.8) 2.405 (48.1) 0.465 (9.3) 1.26 (25.2)

All (n = 134) 11.26 (56.3) 15.06 (75.3) 1.88 (37.6) 1.79 (35.8) 0.305 (6.1) 1.225 (24.5)
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Concluding discussion: where to from here?

In this paper, we have focused on the piloting of only one of our six identified strategies
whereas, as argued above, the likely benefit and power of these strategies are when the
learner can select from the range of strategies and flexibly draw on them and/or combine
them. In this respect, following the assessment and teaching of each of these six
strategies, we will need to develop a series of combined assessments and activities that
engage learners in making decisions about which and what combination of strategies to
use. Once all six strategies have been developed, it would be possible to design
assessments that enable learners to reflect on their strategy use. For example, they might
decide that bridging through ten is preferable to using a doubling and compensation
strategy for a problem such as 99 + 99, and their choice could depend on their personal
preference or fluency in a particular strategy. Such flexibility in and meta reflection on
the choice of strategy is indeed the longer term aim and coheres with the NCTM’s (2014,
1) more recent definition of procedural fluency as being able to “apply procedures
accurately, efficiently, and flexibly… and to recognize when one strategy or procedure is
more appropriate to apply than another” cited in Russo and Hopkins (2018, 661).
Creative assessment forms exist that enable students to engage in meta reflection on a
range of strategies (e.g. Russo and Hopkins 2018). In the South African context of
evidence showing that the majority of learners do not use any strategy other than
inefficient unit counting even for calculations with larger numbers, the first step is for
learners to become familiar and fluent in the use of each of the six calculation strategies.

While we would like, in time, to see much stronger post-assessment gains in the
strategic calculating and strategic thinking items, as these remain low even after the
eight lesson starter sessions, we do expect that these will strengthen as learners (i)
become more automated in the necessary rapid recall items, (ii) have more exposure to
these types of items across the six strategies and (iii) have more time to practice and
develop fluency in each of the strategies used. Particularly pleasing was that all the
teachers involved in the small-scale pilot were positive about the feasibility of the
assessment lesson-starter activity format and noted that the attention to flexible number
skills generated via the assessment/starter combination was both important and useful.

Our preliminary trial and pilot findings shared above suggest that the diagnostic
assessment-lesson starter model can support improvement in learner numeracy perfor-
mance and the development of number sense through a focus on key calculation
strategies with linked mental models emphasising a structural understanding of number.
The next stage is a broader and more nationally representative Department of
Education–led trial of the model with more than one strategy. In these trials, more
provinces and a much larger and more representative sample of schools and learners will
be selected which will enable statistical analysis of the results. Our suggestion for this
trialling is to work with Foundation Phase provincial and district mathematics specialists
to support the running of trials in a wide range of districts. These trials would use the
samemodel as shared in this paper and as was used in the initial pilot. This work and our
collaboration with the national Department of Basic Education continues in this vein.
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Appendix

Below, in Fig. 1, Fig. 2 and Fig. 3, we provide the assessment items relating to the three
assessment item categories.

Fig. 1 The bridging through ten rapid recall assessment items
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Fig. 2 The bridging through ten strategic calculation assessment items

Fig. 3 The bridging through ten strategic thinking assessment items
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