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Abstract
We obtain Caccioppoli-type estimates for nontrivial and nonnegative solutions to
anticoercive partial differential inequalities of elliptic type involving weighted p-
Laplacian: −�p,au := −div(a(x)|∇u|p−2∇u) ≥ b(x)�(u)χ{u>0}, where u is
defined in a domain �. Using Caccioppoli-type estimates, we obtain several variants
of Hardy-type inequalities in weighted Sobolev spaces.

Keywords p-Harmonic PDEs · p-Laplacian · Nonlinear eigenvalue problems ·
Degenerate PDEs · Quasilinear PDEs

Mathematics Subject Classification Primary 26D10; Secondary 35D30 · 35J60 ·
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1 Introduction

In this paper we investigate nonnegative solutions u : � → R to the partial differential
inequality (PDI):

− �p,au ≥ b(x)�(u)χ{u>0}, (1.1)

where � ⊆ Rn is an arbitrary open domain, p > 1, the operator �p,au =
div(a(x)|∇u|p−2∇u) is the weighted p-Laplacian involving a weight function a(·) :
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� → [0,∞) which belongs to Bp-class introduced by Kufner and Opic [45], b(·) is
a measurable function defined on �, and � : (0,∞) → (0,∞) is a given continuous
function.

One of our two main results, Theorem 4.1, says that if a nonnegative function u
is admissible in (1.1), then we can apply it to construct the family of Hardy-type
inequalities of the form:

∫
�

|ξ |pμ1(dx) ≤
∫

�

|∇ξ |pμ2(dx),

where the measures μ1 and μ2 involve u and other quantities from (1.1), whereas ξ is
an arbitrary Lipschitz compactly supported function defined on �. Those inequalities
are constructed as a direct consequence of the Caccioppoli-type estimate for solutions
to (1.1) derived in Theorem 3.1, our another main result.

Our purpose is to investigate the two following issues: the qualitative theory of
solutions to nonlinear problems and derivation of precise Hardy-type inequalities. We
contribute to the first of them by obtaining Caccioppoli-type estimate for a priori not
known solution, which in general is an important tool in the regularity theory. For the
second issue, in most cases we assume that the solution to (1.1) is known and we use it
in construction of Hardy-type inequalities. Substituting a ≡ 1 in our considerations,
we retrieve several results obtained by the third author in [55], where she dealt with
the partial differential inequality of the form −�pu ≥ �, admitting the function �

depending on u and x . Some of the inequalities derived in [55] and retrieved here are
precise, i.e. they hold with the best constants. These cases are recalled in Remark 4.1.
Furthermore, we provide here also new inequalities with the optimal constants, see
Theorems4.3 and4.2.More newHardy inequalites constructed using a solution to (1.1)
are provided in Theorem 4.5.

The approach presented here and in the papers [55,56] is a modification of tech-
niques originating in [43]. In all of these papers, the investigations start with derivation
of Caccioppoli-type estimates for the solutions to nonlinear problems. Themethodwas
inspired by the well-known nonexistence results by Pohozhaev and Mitidieri [51].

In contrast to the results from [43,55], in this paper we admit the weighted
p-Laplacian: �p,a instead of the classical one in (1.1). Our main results are the
Caccioppoli-type estimate (Theorem 3.1) and the Hardy-type inequality (Theo-
rem 4.1). Some of the results obtained here are new even in the nonweighted case
when a ≡ 1, see Sect. 4.4 for discussion.

The discussion linking eigenvalue problems with Hardy-type inequalities can be
found in the paper by Gurka [39], which generalized earlier results by Beesack [8],
Kufner and Triebel [46], Muckenhoupt [52], and Tomaselli [60]. See also related more
recent paper by Ghoussoub and Moradifam [37]. Derivation of the Hardy inequalities
on the basis of supersolutions to p-harmonic differential problems can be found in
papers by D’Ambrosio [22–24] and Barbatis et al. [5,6]. Other interesting results
linking the existence of solutions in elliptic and parabolic PDEs with Hardy type
inequalities are presented in [2,4,36,61,62], see also references therein.We refer also to
the contribution by the third author [56],where instead of the nonweighted p-Laplacian

in (1.1) one dealswith the A-Laplacian:�Au = div
(
A(|∇u|)
|∇u|2 ∇u

)
, involving a function
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Caccioppoli-type estimates and Hardy-type inequalities… 603

A from an Orlicz class. Similar estimates in the framework of nonlocal operators can
be found e.g. in [12].

Let us present several reasons to investigate the partial differential inequality of the
form −�p,au ≥ b(x)�(u)χ{u>0} rather than a simple one −�pu ≥ �(u).

The first inspiration comes from modelling. PDEs of the form

{
−div (�(x, u,∇u)) + λ0(x) f (u)χ{u>0}= 0,

u ≥ 0 in � ⊆ Rn,
(1.2)

with � : � × R+ × Rn → Rn having power-type growth are used to describe
for example reaction–diffusion and absorption proccesses observed in the theory of
chemical-biological processess, population dynamics or combustion phenomena. In
these type ofmodels one canmeat the so-called dead-core solutions, that is such that the
dead-core zone �0 := {x ∈ � : u(x) = 0} has positive Lebesgue’s n-dimensional
measure, see [20,21,47,58]. Dead-core solutions appear when f grows essentially
slower close to the origin than u p−1. In our Caccioppoli estimates (Theorem 3.1 and
in Lemma 3.1) we take into account the existence of dead-core solutions as well as
more generally—supersolutions. On the other hand, another example of an equation
related to (1.1) is the Matukuma equation

�u + 1

1 + |x |2 u
q = 0, q > 1,

which describes the dynamics of globular clusters of stars [49]. The existence of
solutions to the Dirichlet problem generalizing the above equation which reads as
follows:

{
−div (|x |αm(|∇u|)∇u) + |x |s−b

(1+|x |b)s/b g(u) = 0 in B(0, R),

u = 0 on ∂B(0, R),

has been studied in [32]. Similar PDEs arise often in astrophysics to model several
phenomena. For instance, classical models of globular clusters of stars are modeled
by Eddington’s equation [34]. Similar structure have models of dynamics of elliptic
galaxies [3]. Qualitative properties of solutions to the equations inspired bymodels and
their generalizations, are considered e.g. in [3,7,9,19,32,53]. For a collection of various
open problems related to investigation on nonlinear PDEs posed in inhomogeneous
settings we also refer to [18] and references therein.

The second motivation comes from functional analysis and it concerns the embed-
dings of weighted Sobolev spaces W 1,p

a(·) (�) into weighted Lebesgue spaces Ls
b(·)(�).

The functional setting is introduced in Sect. 2. In such situation the equation

− div(a(x)|∇u|p−2∇u) = γ b(x)|u|s−2u (1.3)
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is the Euler–Lagrange equation for the Rayleigh energy functional

E(u) =
(∫

�
|∇u(x)|pa(x)dx

) 1
p

(∫
�

|u(x)|sb(x)dx) 1
s

.

The particular case of the embedding W 1,p
a(·) (�) → Ls

b(·)(�), where the weights are

a = |x |α, b = |x |β , is the Caffarelli–Kohn–Nirenberg inequality [17]. Note that this
inequality receives recently special attention. The symmetry and the phenomenon of
symmetry breaking together with their consequences for optimal constants is studied
in [27–31]. The applications of these type of inequalities to investigations on sharp
asymptotics for related fast diffusion equations can be found in [14,15], whereas to
quantitative regularity results for the related evolution equation in [16].

The third reason to investigate solutions of degenerate PDEs is that, even if we deal
with equation of the form (1.3) in the case of a(x) ≡ 1 and we know that its solution
u(x) = w(|x |) is radial, we can transform Eq. (1.3) into the related degenerate ODE
involving two weights. For example, the equation

−div
(
tn−1|v′(t)|p−2v′(t)

)
= γ tn−1|v(t)|p∗

β−2
v(t),

where v(t) = w(r(t)), r(t) is inverse to t(r) = ∫ r
0 s−β/pds = p

p−β
r (p−β)/p, p∗

β =
p n−β
n−p is the Sobolev exponent in the embeddingW 1,p

|x |β (Rn) → L p∗
β (Rn) given by the

Caffarelli–Kohn–Nirenberg inequality [17], is related to the transformation of equation

− �pu = γ |x |−β |u|p∗
β−2u, (1.4)

see e.g. [53] and the discussion on page 525 in [54].
In many cases the solutions are known and therefore we can use them to construct

Hardy-type inequalities. For example, it has been shown in [54, Theorem 5.1], that
the function

u(x) = c

(
1 + |x | p−β

p−1

)− (n−p)
p−β

where c =
[
n − β

γ

(
n − p

p − 1

)p−1
] (n−p)

p−β

, (1.5)

is the solution of the Eq. (1.4) in the case of β < p < n. When β = 0, we deal with
Talenti extremal profile [59]. This fact was the motivation for the analysis presented
in the paper [44], reported in Sect. 4, where the authors, under certain assumptions,
obtained the inequality

C̄γ,n,p,r

∫
Rn

|ξ |p
(
1 + r |x | p

p−1

) (
1 + |x | p

p−1

)γ (p−1)−p
dx

≤
∫
Rn

|∇ξ |p
(
1 + |x | p

p−1

)(p−1)γ
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in some caseswith the best constants. Such inequalities in the case p = 2 are of interest
in the theory of nonlinear diffusions, where one investigates the asymptotic behavior
of solutions of equation ut = �um , see [10] and the related works [11,13,37].

It might happen that solutions to a PDI or PDE (1.1) are known to exist by some
existence theory, but their precise form is not known. In such a situation, under certain
assumptions, we are still able to construct the Hardy inequality of the type

∫
�

|ξ |pb(x) dx ≤
∫

�

|∇ξ |pa(x) dx,

which can be applied to study further properties of solutions. For example, the Hardy–
Poincaré inequalities as above,wherea(·) = b(·), are often equivalent to the solvability
of degenerate PDEs of the type

div
(
a(x)|∇u(x)|p−2∇u(x)

)
= x∗,

where x∗ is an arbitrary functional on weighted Sobolev space W 1,p
�,0 (�) defined as

the completion of C∞
0 (�) in the norm of Sobolev space W 1,p

� (�) := {u ∈ L p
� (�) :

∂u
∂x1

, . . . , ∂u
∂xn

∈ L p
� (�)}, where the derivatives are considered in theweak sense and the

weight� belongs to theKufner–Opic class Bp(�) as in Sect. 2, see [26, Theorem7.12].
We hope that by the investigation of the qualitative properties of supersolutions to

degenerated PDEs, i.e. the Caccioppoli-type estimate, and by constructions of Hardy-
type inequalities, we can get deeper insight into the theory of degenerated elliptic
PDEs.

2 Preliminaries

Basic notation. In the sequel we assume that p > 1, � ⊆ Rn is an open subset
not necessarily bounded. By a(·)-p-harmonic problems we understand those which
involve the weighted p-Laplace operator:

�p,au = div(a(x)|∇u|p−2∇u), (2.1)

with some nonnegative function a(·). The derivatives which appear in (2.1) are under-
stood in a distributional sense. By D′(�) we denote the space of distributions defined
on �. If f is defined on �, then by f χ� we understand a function defined on Rn

which is equal to f on � and which is extended by 0 outside �. Negative part of f
is denoted by f − := min{ f , 0}, while positive one by f + := max{ f , 0}. Moreover,
every time when we deal with infimum, we set inf ∅ = +∞. Having an arbitrary
function u ∈ W 1,1

loc (�) (local Sobolev space), we define its value at every point x ∈ �

by the formula

u(x) := lim sup
r→0

∫
B(x,r)

u(y)dy. (2.2)
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606 I. Chlebicka et al.

We use the standard notation L p
� (�) to denote the weighted L p space with respect to

the measure � dx , where � is a weight. We also write L p(�,μ), when we want to
admit a measure μ which is not absolutely continuous with respect to the Lebesgue
measure.

Weighted Beppo Levi and Sobolev spaces. Bp weights: we deal a the special class
of measures belonging to the class Bp(�) from [45].

Definition 2.1 (ClassesW (�) and Bp(�)) Let� ⊆ Rn be an open set and letW (�) be
the set of all Borel measurable real functions � defined on�, such that 0 < �(x) < ∞,

for a.e. x ∈ �. We say that a weight � ∈ W (�) satisfies Bp(�)-condition (� ∈ Bp(�)

for short) if �−1/(p−1) ∈ L1
loc(�).

The Hölder inequality leads to the following simple observation based on [45, Theo-
rem 1.5]. For readers’ convenience we enclose the proof.

Proposition 2.1 Let� ⊂ Rn be an open set, p > 1 and � ∈ Bp(�). Then L p
�,loc(�) ⊆

L1
loc(�) and when uk → u locally in L p

� (�) then also uk → u in L1
loc(�).

Proof For any �′ ⊆ � such that �′ ⊆ � and any u ∈ L p
�,loc(�)

∫
�′

|u| dx =
∫

�′
|u|� 1

p �
− 1

p dx ≤
(∫

�′
|u|p� dx

) 1
p
(∫

�′
�

− 1
p−1 dx

)1− 1
p

< ∞.

The substitution of uk − ul instead of u implies second part of the statement. ��

Weighted Beppo Levi space. Assume that �(·) ∈ Bp(�). We deal with the weighted
Beppo Levi space

L1,p
� (�) :=

{
u ∈ D′(�) : ∂u

∂xi
∈ L p

� (�) for i = 1, . . . , n

}
.

According to the above proposition and [50, Theorem 1, Section 1.1.2], we have
L1,p

� (�) ⊆ W 1,1
loc (�). We will also consider local variants of Beppo Levi spaces:

L1,p
�,loc(�) := {u ∈ D′(�) : ∫

�′ |∇u(x)|p�(x) dx < ∞}, whenever �′ is a compact

subset of �. As it is also a subset in W 1,1
loc (�), integration by parts formula applies to

elements of L1,p
�,loc(�) in the usual way.

Two weighted Sobolev spaces Let �1(·) ∈ W (�), �2(·) ∈ Bp(�). We consider the

space W 1,p
(�1,�2)

(�) = L p
�1(�) ∩ L1,p

�2 (�), i.e.

W 1,p
(�1,�2)

(�) :=
{
f ∈ L p

�1
(�) ∩ D′(�) : ∂ f

∂x1
, . . . ,

∂ f

∂xn
∈ L p

�2
(�)

}
, (2.3)

with the norm ‖ f ‖
W 1,p

(�1,�2)
(�)

:= ‖ f ‖L p
�1 (�) + ‖∇ f ‖L p

�2 (�).
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Proposition 2.2 [45] p > 1, � ⊆ Rn be an open set and �1(·) ∈ W (�), �2(·) ∈
Bp(�). Then W 1,p

(�1,�2)
(�) defined by (2.3) equipped with the norm ‖ · ‖

W 1,p
(�1,�2)

(�)
is a

Banach space.

When �1 ≡ �2, we deal with the usual weighted Sobolev space W 1,p
�1 (�), i.e.

W 1,p
�1

(�) = W 1,p
(�1,�1)

(�).

By W 1,p
(�1,�2),0

(�) we denote the completion of C∞
0 (�) in the space W 1,p

(�1,�2)
(�) and

we use the standard notation W 1,p
(�1,�1),0

(�) = W 1,p
�1,0

(�) when �1 = �2.

Weighted p-Laplacian. Assume that p > 1, a ∈ Bp(�) ∩ L1
loc(�) (see Defini-

tion 2.1), and u ∈ L1,p
a,loc(�). Then a|∇u|p−1 ∈ L1

loc(�) as we have:

∫
�′

a|∇u|p−1 dx ≤
(∫

�′
a dx

) 1
p
(∫

�′
|∇u|pa dx

)1− 1
p

< ∞,

whenever �′ is a compact subset of �. In particular, a|∇u|p−2∇u ∈ L1
loc(�,Rn)

and so the weak divergence of a|∇u|p−2∇u ∈ L1
loc(�,Rn) denoted by �p,au is well

defined via the formula

〈�p,au, w〉 = 〈div
(
a|∇u|p−2∇u

)
, w〉 := −

∫
�

a|∇u|p−2∇u · ∇w dx (2.4)

where w ∈ C∞
0 (�). Obviously, in the case a ≡ 1 the operator �p,au reduces to

the usual p-Laplacian div
(|∇u|p−2∇u

)
. It particular, it coincides with the Laplace

operator in the case p = 2.

Remark 2.1 We have the following observations.

(i) As |∇u|p−2∇u ∈ L
p

p−1
a,loc(�,Rn), then the right-hand side in (2.4) is well defined

for every w ∈ L1,p
a (�) which is compactly supported in �.

(ii) When u ∈ L1,p
a (�), formula (2.4) extends for w ∈ W 1,p

(b,a),0(�), whenever b ∈
W (�). This follows from the estimates

|〈�p,au, w〉| ≤
∫

�

a|∇u|p−1|∇w| dx =
∫

�

(
a

1
p′ |∇u|p−1

) (
a

1
p |∇w|

)
dx

≤
(∫

�

|∇u|pa dx
)1− 1

p
(∫

�

|∇w|pa dx
) 1

p

< ∞.

Therefore in this case �p,au can be also treated as an element of the dual to the

Banach spaceW 1,p
(b,a),0(�) denoted (W 1,p

(b,a),0(�))∗.We preserve the same notation
�p,au for this functional extension of formula (2.4).
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Differential inequality.Our analysis is basedon the followingdifferential inequality.

Definition 2.2 Let a ∈ Bp(�) ∩ L1
loc(�) be a given weight, u ∈ L1,p

a,loc(�) be non-
negative, � : (0,∞) → (0,∞) be a continuous function, b(·) be measurable and
b(·)�(u)χ{u>0} ∈ L1

loc(�). Suppose further that for every nonnegative compactly

supported function w ∈ L1,p
a (�) one has

∫
�∩{u>0}

b(x)�(u)w dx > −∞.

We say that partial differential inequality (PDI for short)

− �p,au ≥ b(x)�(u)χ{u>0}, (2.5)

holds if for every nonnegative compactly supported function w ∈ L1,p
a (�) we have

〈−�p,au, w〉 ≥
∫

�∩{u>0}
b(x)�(u)w dx, (2.6)

where 〈−�p,au, w〉 is given by (2.4). In other words, u is a supersolution to the PDE:

− �p,au = b(x)�(u)χ{u>0}. (2.7)

Remark 2.2 We have the following observations.

(i) Inequality (2.5) can be interpreted as a variant of p-superharmonicity condition
for the weighted p-Laplacian defined by (2.1).

(ii) In the case of equation in (2.5): −�p,au = b(x)�(u)χ{u>0}, we deal with the
solution of the nonlinear eigenvalue problem. It corresponds to the eigenvalue
problem −�pu = λ|u|p−2u, but in our case the role of an eigenvalue λ plays
the function b(·) and instead of the |u|p−2u we have now the possibly another
expression �(u)χ{u>0}.

Assumption A
ByAssumption Awemean the set of conditions: (a, b), (, g), (u), and (a)–(c) below.

(a, b) a ∈ L1
loc(�) ∩ Bp(�), b(·) is measurable;

(, g) The couple of continuous functions (, g) : (0,∞)× (0,∞) → (0,∞)×
(0,∞), where  is Lipschitz on every closed interval in (0,∞), satisfy the fol-
lowing compatibility conditions:

(i) the inequality

g(t) ′(t) ≤ −C(t) a.e. in (0,∞) (2.8)

holds with some constant C ∈ R independent of t and  is monotone (not
necessarily strictly);
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(ii) each of the functions

(0,∞) � t �→ �(t) := (t)gp−1(t), and t �→ (t)/g(t) (2.9)

is nonincreasing or bounded in some neighbourhood of 0.

(u) We assume that u ∈ L1,p
a,loc(�) is nonnegative, (a, b) holds, � : (0,∞) →

(0,∞) is a continuous function, such that for every nonnegative compactly sup-
ported function w ∈ L1,p

a (�) one has
∫
�∩{u>0} b(x)�(u)w dx > −∞ and

b�(u)χ{u>0} ∈ L1
loc(�).

Moreover, let us consider the set A of those σ ∈ R for which

b(x)�(u) + σ
a(x)

g(u)
|∇u|p ≥ 0 a.e. in � ∩ {u > 0}. (2.10)

We suppose that

σ0 := inf A = inf {σ ∈ R : σ satisfies (2.10)} ∈ R. (2.11)

Since inf ∅ = +∞, A can be neither an empty set nor unbounded from below.

(a) We suppose that (, g) and (u) hold. Parameter σ satisfies σ0 ≤ σ < C , where
C is given by (2.8) and σ0 by (2.11).

(b) We suppose that (u) and (, g) hold and we assume that for every R > 0 we
have b+(x)(�)(u)χ0<u≤R ∈ L1

loc(�).
(c) We suppose that (u) and (, g) hold. We assume that for any compact subset

K ⊆ � we have

(R)

∫
K∩{u≥R/2}

|∇u(x)|p−1a(x) dx
R→∞→ 0,

(R)

∫
K∩{u≥R/2}

�(u)b(x) dx
R→∞→ 0.

Comments on assumptions

Remark 2.3 We have the following observations on Condition (, g).

(i) Assume that Condition (, g), i) holds and, moreover, g′(t) ≥ −C . Then
(/g)′ ≤ 0 and (t)/g(t) is nonincreasing.

(ii) This condition is satisfied by examples of pairs from Table 1.

The statement below shows that under Assumption A,(u) the function u cannot be
constant almost everywhere in �. Moreover, in many cases A is not empty and infA
is a real number.

Lemma 2.1 Suppose u ∈ L1,p
a,loc(�) is a nonnegative solution to the PDI

−�p,au ≥ b(x)�(u)χ{u>0} in the sense of Definition 2.2, under all assumptions
therein. Moreover, let b ≥ 0 a.e. in �. Then σ0 given by (2.11) exists and is finite if
and only if u is not a constant function a.e. in �.
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610 I. Chlebicka et al.

Table 1 Example couples (, g) which satisfy condition (, g) from Assumption A

(t) g(t) C Remarks

t−α t α α ∈ R

(t log(a + t))−1 t log(a + t) log a a > 1

e−t Bounded by C , g′ ≥ −C C C > 0

e−t/t t/(1 + t) 1 –

Proof (⇐�) Assume that u �≡ Const . Then the set A is not empty as it contains
zero, in particular σ0 ≤ 0. If a(·) > 0, b(·) ≥ 0 a.e. in �, then the set A cannot be
unbounded from below. Indeed, if A was unbounded from below, the inequality:

b(x)�(u(x)) − n̄
a(x)

g(u(x))
|∇u(x)|p ≥ 0 a.e. in � ∩ {u > 0}

would hold for every n̄ ∈ N. Consequently we could find K1, K2 > 0, such that

1

n̄
b(x)�(u(x)) ≥ a(x)

g(u(x))
|∇u(x)|p ≥ K1

K2
> 0

a.e. in {u : |∇u|pa(x) ≥ K1, g(u(x)) ≤ K2}, which is the set of positive measure and
independent on n̄. Taking the limit for n̄ → ∞, we arrive at the contradiction.

(�⇒) Ifσ0 is a finite number, then u cannot be constant. Indeed, for u ≡ Const ≥ 0,
condition (2.10) implies A = (−∞,∞), which violates (2.11). ��
Remark 2.4 Assumption A, (c) is satisfied in each of the following cases:

(i) When u is locally bounded.
(ii) When b ≥ 0, u ∈ Lp

a,loc(�) and (R)/R is bounded at infinity. Indeed, we have
from Hölder’s inequality

Z1(R) :=(R)

∫
K∩{u≥R/2}

|∇u(x)|p−1a(x) dx

≤(R)

(∫
K∩{u≥R/2}

|∇u(x)|pa(x) dx

)1− 1
p
(∫

K∩{u≥R/2}
a(x) dx

) 1
p

and Z2(R) :=
(∫

K∩{u≥R/2} |∇u(x)|pa(x) dx
)1− 1

p → 0 as R → ∞. On the

other hand, by Czebyshev’s inequality applied to μ(x) = a(x)dx on K , we get

∫
K∩{u≥R/2}

a(x) dx = μ({x ∈ K : u(x) ≥ R/2})

≤ 2p

R p

∫
K

|u|pa(x)dx =: 1

Rp
Z3(R).

Therefore, Z1(R) ≤ (R)
R Z2(R)Z3(R)

1
p → 0 as R → ∞.
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3 Caccioppoli-type estimates

This section provides estimates which we call Caccioppoli-type inequalities, see
Lemma 3.1 and Theorem 3.1. In the classical setting the Caccioppoli inequality should
involve u on the right-hand side only and ∇u exclusively on the left-hand side, see
[38]. In our case on the right-hand sides of inequalities (3.2) and (3.3) there is indeed
no dependence on ∇u, when we estimate χ{∇u �=0} by 1, while the left-hand side does
involve ∇u. Nonetheless, this estimate is sufficient to play the role of Caccioppoli
inequality for some purposes, e.g. in the studies on nonexistence [33,43]

3.1 Formulation of results

Our first goal is to obtain the following estimate, which is the key tool in our consider-
ations. We call it a ‘local estimate’, because it is stated on a part of the domain where
u is not bigger than a given R.

Lemma 3.1 (Local estimate) Suppose that Assumption A holds except property (d).
Assume further that 1 < p < ∞ and u is a nonnegative solution to PDI

− �p,au ≥ b(x)�(u)χ{u>0} (3.1)

in the sense of Definition 2.2.
Then for any nonnegative Lipschitz function φ with compact support in � such

that the integral
∫
suppφ∩{∇u �=0} |∇φ|pφ1−pa(x) dx is finite and for any R > 0 the

inequality

∫
{0<u<R}

(
b(x)�(u(x)) + σ

a(x)

g(u(x))
|∇u(x)|p

)
(u(x))φ(x) dx

≤ c
∫
SR

a(x)(u(x))gp−1(u(x))|∇φ(x)|pφ1−p(x) dx + C̃(R), (3.2)

holds, where SR = {∇u(x) �= 0, 0 < u < R} ∩ suppφ, c := 1
pp

(
p−1
C−σ

)p−1
,

C̃(R) = (R)

[∫
�∩

{
u≥ R

2

} a(x)|∇u|p−1|∇φ| dx −
∫

�∩
{
u≥ R

2

} b(x)�(u)φ dx

]
.

Moreover, all quantities appearing in (3.2) are finite.

The above local estimate implies the following global estimate of Caccioppoli-type
for solutions to (3.1). It may be used to analyze various qualitative properties of them
and is the main result of this section.

Theorem 3.1 (Caccioppoli-type estimate)Suppose thatAssumptionAholds,1 < p <

∞ and u ∈ L1,p
a,loc(�) is a nonnegative solution to the PDI

−�p,au ≥ b(x)�(u)χ{u>0}
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612 I. Chlebicka et al.

in the sense of Definition 2.2. Then for every nonnegative Lipschitz function φ with
compact support in � such that the integral

∫
suppφ

|∇φ|pφ1−pa(x) dx is finite, we
have

∫
�∩{u>0}

(
b(x)�(u(x)) + σ |∇u(x)|p a(x)

g(u(x))

)
(u(x))φ(x)dx

≤ c
∫

�∩{u(x)>0,∇u(x) �=0}∩ suppφ

a(x)(u(x))gp−1(u(x))|∇φ(x)|pφ(x)1−pdx,

(3.3)

with c = (p−1)p−1

pp(C−σ)p−1 .

Proof We let R → ∞ in Lemma 3.1 and observe that due to our assumptions we
have C̃(R) → 0. The appropriate convergence follows from Lebegue’s Monotone
Convergence Theorem, because both integrands in (3.2) are nonnegative. ��

3.2 Proof of Lemma 3.1

We use the following simple observations (see [55]).

Lemma 3.2 Let p > 1, τ > 0 and s1, s2 ≥ 0, then

s1s
p−1
2 ≤ 1

pτ p−1 · s p1 + p − 1

p
τ · s p2 .

We shall start with proving an initial version of (3.2) for truncated and separated
from zero functions. For 0 < δ < R let us denote

uδ,R(x) := min {u(x) + δ, R} , G(x) := (uδ,R(x))φ(x). (3.4)

Lemma 3.3 Let u, φ be as in the assumptions of Proposition 3.1 and let 0 < δ < R be
arbitrary. Then uδ,R ∈ L1,p

a,loc(�), G ∈ L1,p
a (�) and G is compactly supported in �.

Remark 3.1

(i) We know that L1,p
a,loc(�) ⊆ W 1,1

loc (�). This inclusion, together with Nikodym
ACL Characterization Theorem [50, Section 1.1.3], implies that we can verify if
the function belongs to Sobolev space L1,p

a,loc(�) by checking that it belongs

to W 1,1
loc (�) and that its derivatives computed almost everywhere belong to

L p
a,loc(�). The fact that  is locally Lipschitz is used to apply Lemma 3.3 in

order to ensure that (uδ,R(x)) belongs to W 1,1
loc (�).

(ii) The nonnegativity of function u allows to deduce that G ∈ L1,p
a (�). This fact

plays the crucial role in the proof of Lemma 3.1.
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We will test the PDI against uδ,R and pass to the limit with δ ↘ 0. To justify the
convergence of some terms we need the following fact.

Lemma 3.4 (e.g. [43], Lemma 3.1) Let u ∈ W 1,1
loc (�) be defined everywhere by (2.2)

and let t ∈ R be given. Then {x ∈ � : u(x) = t} ⊆ {x ∈ � : ∇u(x) = 0} ∪ N , where
N is a set of Lebesgue’s measure zero.

Proof of Lemma 3.1

At first we explain the strategy of the proof.
Let the quantities �,, g, a, b, u be as in (3.1) and Assumption A, while φ be as

in the statement of the lemma.
The proof is performed in four steps:

Step 1. We prove that for every 0 < δ < R, the inequality

∫
�∩{0<u≤R−δ}

(
b(x)�(u) + σ

a(x)

g (u + δ)
|∇u|p

)
 (u + δ)φ dx

≤ c
∫

�∩suppφ∩{∇u �=0, 0<u≤R−δ}
a(x)(u + δ)gp−1(u + δ)

( |∇φ|
φ

)p

φ dx

+ C̃(δ, R) (3.5)

holds with σ from Assumption A, (u) and

C̃(δ, R) = (R)

[∫
�∩{u>R−δ}

a(x)|∇u|p−2∇u · ∇φ dx

−
∫

�∩{u>R−δ}
b(x)�(u)φ dx

]
.

Step 2. We pass to the limit as δ ↘ 0 and obtain

lim sup
δ↘0

c
∫
suppφ∩{∇u �=0, 0<u≤R−δ}

a(x)(u + δ)gp−1(u + δ)

( |∇φ|
φ

)p

φ dx

+ C̃(δ, R)

≤ c
∫
suppφ∩{∇u(x) �=0, 0<u<R}

a(x)(u(x))gp−1(u(x)) |∇φ(x)|pφ1−p(x) dx

+ C̃(R).

Step 3. When δ ≥ 0, we denote

Aδ(x) :=
(
b(x)�(u(x)) + σ

a(x)

g(u(x) + δ)
|∇u(x)|p

)
(u(x) + δ)χ{u(x)>0}.

(3.6)
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We show that

lim inf
δ↘0

∫
{0<u≤R−δ}

Aδ(x)φ(x)dx ≥
∫

{0<u<R}
A0(x)φ(x)dx .

Step 4. We complete the proof of the statement.

Proof of Step 1

Let us introduce the following notation for Ji = Ji (δ, R), i = 1, . . . , 6:

J1 =
∫

�∩{0<u≤R−δ}
a(x)|∇u|p ′(u + δ)φ dx,

J2 =
∫

�∩{0<u≤R−δ}
a(x)|∇u|p  (u + δ)

g (u + δ)
φ dx,

J3 =
∫

�∩{0<u≤R−δ}
a(x)|∇u|p−2 (u + δ)∇u · ∇φ dx,

J4 = (R)

∫
�∩{u>R−δ}

b(x)�(u)φ dx,

J5 = (R)

∫
�∩{u>R−δ}

a(x)|∇u|p−2∇u · ∇φ dx,

J6 =
∫
suppφ∩{∇u �=0, 0<u≤R−δ}

a(x)

( |∇φ|
φ

)p

(u + δ)gp−1(u + δ)φ dx .

By our assumptions all the above quantities are finite (for 0 ≤ u ≤ R − δ we have
δ ≤ u + δ ≤ R). Let uδ,R,G be given by (3.4). Choose w := G to be a test function
in (2.6). Then the right hand side of (2.6) becomes

−∞ (u)
< I :=

∫
�∩{u>0}

b(x)�(u)G(x) dx =
∫

�∩{u>0}
b(x)�(u)(uδ,R)φ dx

=
∫

�∩{0<u≤R−δ}
b(x)�(u)(u + δ)φ dx

+(R)

∫
�∩{u>R−δ}

b(x)�(u)φ dx

=
∫

�∩{0<u≤R−δ}
b(x)�(u)(u + δ)φ dx + J4, (3.7)

thus I is finite. Using (2.6) we get the following estimate

I =
∫

�∩{u>0}
b(x)�(u(x))G(x) dx ≤

〈
−div

(
a(x)|∇u|p−2∇u

)
,G

〉

=
∫

�∩{∇u �=0}
a(x)|∇u|p−2 ∇u · ∇G dx
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=
∫

�∩{∇u �=0, 0<u≤R−δ}
a(x)|∇u|p ′(u + δ)φ dx

+
∫

�∩{∇u �=0, 0<u≤R−δ}
a(x)|∇u|p−2(u + δ)∇u · ∇φ dx

+ (R)

∫
�∩{∇u �=0, u>R−δ}

a(x)|∇u|p−2∇u · ∇φ dx = J1 + J3 + J5

≤ −C J2 + J3 + J5.

The last inequality follows from J1 ≤ −C J2 which holds due to (2.8). Moreover,

J3 ≤
∫

�∩{∇u �=0, 0<u≤R−δ}
a(x)|∇u|p−1|∇φ|(u + δ) dx

=
∫
suppφ∩{∇u �=0, 0<u≤R−δ}

( |∇φ|
φ

g(u + δ)

)
|∇u|p−1a(x)

(u + δ)

g(u + δ)
φdx .

We apply Lemma 3.2 with s1 = |∇φ|
φ

g(u + δ), s2 = |∇u| and arbitrary τ > 0, to get

J3 ≤ p − 1

p
τ

∫
suppφ∩{∇u �=0, 0<u≤R−δ}

a(x)|∇u|p (u + δ)

g(u + δ)
φ dx

+ 1

pτ p−1

∫
suppφ∩{∇u �=0, 0<u≤R−δ}

a(x)

( |∇φ|
φ

)p

(u + δ)gp−1(u + δ)φ dx .

≤ p − 1

p
τ J2 + 1

pτ p−1 J6.

Combining these estimates we deduce that for τ > 0 such that C − p−1
p τ = σ we

have

I ≤ −C J2 + J3 + J5

≤
(

−C + p − 1

p
τ

)
J2 + 1

pτ p−1 J6 + J5 = −σ J2 + 1

pτ p−1 J6 + J5.

The last inequality and (3.7) imply

∫
�∩{0<u≤R−δ}

b(x)�(u)(u + δ)φ dx + σ J2 ≤ 1

pτ p−1 J6 + J5 − J4,

which implies (3.5), because C̃(δ, R) ≥ J5 − J4 and τ = (C − σ)
p

p−1 .
Introduction of parameters δ and R is necessary as we need to move the quantities

J2, J4 in the estimates to the opposite sides of inequalities. For doing this we have to
know that they are finite.
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Proof of Step 2

We show that under our assumptions

∫
suppφ∩{∇u �=0, u+δ≤R}

a(x)(u + δ)gp−1(u + δ)|∇φ|pφ1−p dx

δ↘0−→
∫
suppφ∩{∇u �=0, 0<u≤R}

a(x)(u)gp−1(u)|∇φ|pφ1−p dx . (3.8)

To verify this we note that for a.e. x ∈ � we have

(u(x) + δ)gp−1(u(x) + δ)χ{∇u(x) �=0,u(x)+δ≤R}
δ→0→ (u(x))gp−1(u(x))χ{∇u(x) �=0,0<u(x)≤R}.

Indeed, when 0 < u(x) < R or u(x) > R this follows from the continuity of the
involved functions, while according to Lemma 3.4 the set {x : u(x) = 0, |∇u(x)| �=
0} ∪ {x : u(x) = R, |∇u(x)| �= 0} is of measure zero.

For the proof of (3.8) we recall the nonnegative function �(t) := (t)gp−1(t)
given by (2.9), which is nonincreasing or bounded in the neighbourhood of zero.

Let us start with the first case, i.e. there exists ε > 0 such that for t < ε the function
�(t) is nonincreasing. Without loss of generality we may assume 2δ ≤ ε ≤ R and

Eε =
{
∇u �= 0, 0 <u <

ε

2

}
∩ suppφ, Fε =

{
∇u �= 0,

ε

2
≤ u

}
∩ suppφ.

Then we have

∫
suppφ∩{∇u �=0, 0<u,u+δ≤R}

�(u + δ)a(x)|∇φ|pφ1−p dx

=
∫
Eε

�(u + δ)a(x)|∇φ|pφ1−p dx

+
∫
Fε

�(u + δ)χ{u+δ≤R}a(x)|∇φ|pφ1−p dx .

Let us concentrate on the integral on Eε. We consider δ < ε/2, so on Eε we have
u + δ < ε. Note that mapping t �→ �(t) is nonincreasing for t ∈ (0, ε). For δ ↘ 0
functions �δ(x) := �(u(x) + δ) converge to �(u(x)) for almost every x for which
u(x) > 0. Therefore, due to Lebesgue’s Monotone Convergence Theorem we obtain

lim
δ↘0

∫
Eε

�(u + δ)a(x)|∇φ|pφ1−p dx =
∫
Eε

�(u)a(x)|∇φ|pφ1−p dx .
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To deal with integrals over Fε we note that

�(u + δ)χ{u+δ≤R}a(·)|∇φ|pφ1−pχFε

≤ χ{ε/2≤u+δ≤R}∩suppφ�(u + δ)a(·)|∇φ|pφ1−p

≤ sup
t∈[ε/2,R]

�(t)χsuppφa(·)|∇φ|pφ1−p ∈ L1(�).

Application of Lebesgue’s Dominated Convergence Theorem yields

lim
δ↘0

∫
Fε∩{u+δ≤R}

�(u + δ)a(x)|∇φ|pφ1−p dx

=
∫
Fε∩{u<R}

�(u)a(x)|∇φ|pφ1−p dx .

This completes the case of � decreasing in the neighbourhood of 0. The case of
bounded � follows from Lebesgue’s Dominated Convergence Theorem (cf. as above
for integral over Fε with ε = 0).

To complete the proof of Step 2 it suffices to observe that for δ ≤ R
2 we have

C̃(δ, R) ≤ C̃(R).

Proof of Step 3

We note that, when Aδ(x) is given by (3.6), we have Aδ(x) → A0(x) a.e. in � as
δ ↘ 0, but we do not have information about the sign of Aδ . Therefore we cannot
apply for example Lebesgue’s Monotone Convergence Theorem directly to justify the
convergence of the integrals. Thus we distinguish between two cases: when σ ≥ 0
and when σ < 0. In both cases we prove the statement under each of the restrictions
below on  and /g. They cover all the cases in Condition (, g).

(3a)  is nonincreasing and /g is nonincreasing;
(3b)  is increasing and /g is nonincreasing;
(3c)  is nonincreasing and /g is bounded in some neighbourhood of 0;
(3d)  is increasing and /g is bounded in some neighbourhood of 0.

Case σ ≥ 0. In this case  is decreasing because 0 ≤ σ < C by Assumption A, (a).
Therefore, we consider restrictions (3a) and (3c) only.

Let us start with restriction (3a). Then (u+ δ) ≤ (u), σ (u+δ)
g(u+δ)

≤ σ
(u)
g(u)

when
u > 0. For δ ≥ 0 we set

Bδ(x) :=
(
b+(x)�(u(x)) + σ

a(x)

g(u(x) + δ)
|∇u|p

)
 (u(x) + δ) χ{u(x)>0}.

(3.9)

For the ease of the proof in what follows we skip repeating the argument of u. Note
that Bδ ≥ 0 a.e. in � and we have for x such that u(x) > 0
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Aδ(x) =
(
b+(x)�(u) + σ

a(x)

g(u + δ)
|∇u|p

)
 (u + δ) + b−(x)�(u)(u + δ)φ

= Bδ(x) + b−(x)�(u)(u + δ) ≥ Bδ(x) + b−(x)�(u)(u).

Lebesgue’s Monotone Convergence Theorem yields

lim
δ↘0

∫
{0<u≤R−δ}

Bδ(x)φ(x)dx

=
∫

{0<u<R}

(
b+(x)�(u) + σ

a(x)

g(u)
|∇u|p

)
 (u)φ(x)dx .

For restriction (3c) we verify the convergence of integrals involving Bδ , given
by (3.9), by noticing that

lim
δ↘0

∫
{0<u≤R−δ}

b+(x)�(u)(u + δ)φ(x)dx =
∫

{0<u<R}
b+(x)�(u)(u)φ(x)dx

by Lebesgue’s Monotone Convergence Theorem, while the convergence

lim
δ↘0

∫
{0<u≤R−δ}

a(x)|∇u|p  (u + δ)

g(u + δ)
φ(x)dx =

∫
{0<u<R}

a(x)|∇u|p  (u)

g(u)
φ(x)dx

follows fromLebesgue’sDominatedConvergenceTheorem, as/g is bounded near 0.
From there we deduce the conclusion for the nonnegative σ .
Case σ < 0. Let us consider first restriction (3a). Then we have

σ
(u + δ)

g(u + δ)
≥ σ

(u(x))

g(u(x))
, b−(x)(u(x) + δ) ≥ b−(x)(u(x))

when δ > 0 and u(x) > 0. Moreover, in that case

Aδ(x) ≥ �(u)b+(x)(u + δ) + σ
a(x)

g(u)
|∇u|p(u) + �(u)b−(x)(u)

= �(u)b(x)(u) + σ
a(x)

g(u)
|∇u|p(u) + �(u)b+(x) ((u + δ) − (u))

= A0(u) − �(u)b+(x) ((u) − (u + δ)) .

Let us consider the integral over �∩{u > 0} from the last expression above and let δ
converge to 0.Note that b+(x)�(u) ((u) − (u + δ)) is nonnegative and decreasing
to 0 a.e. in �∩{u > 0} as δ ↘ 0. Moreover, according to Assumption A, (b), we have

0 ≤ b+(x)�(u) ((u) − (u + δ)) χ0<u≤Rφ(x) ≤ b+(x)�(u)(u)χ0<u≤Rφ(x),
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which belongs to L1(�). Therefore, Lebesgue’s Dominated Convergence Theorem
gives

lim
δ↘0

∫
{0<u≤R−δ}

b+(x)�(u) ((u) − (u + δ)) φ(x)dx = 0.

If restriction (3b) applieswe haveσ
(u+δ)
g(u+δ)

≥ σ
(u)
g(u)

, b+(x)(u+δ) ≥ b+(x)(u)

when u > 0, and then

Aδ(x) ≥ b+(x)�(u)(u) + σ
a(x)

g(u)
|∇u|p(u) + b−(x)�(u)(u + δ).

We note that

lim
δ↘0

∫
{0<u≤R−δ}

(−b−(x))�(u)(u + δ)φ(x) dx

=
∫

{0<u<R}
(−b−(x))�(u)(u)φ(x) dx .

Indeed, this is a consequence of Lebesgue’s Dominated Convergence Theorem and
the fact that (u + δ) ≤ (R) on the domain of integration {0 < u ≤ R − δ}, which
can be used due to Assumption A, (u).

In case of restriction (3c) we have b−(x)(u + δ) ≥ b−(x)(u), therefore

Aδ(x) ≥ b+(x)�(u)(u + δ) + σa(x)|∇u|p (u + δ)

g(u + δ)
+ b−(x)�(u)(u).

The convergence of integrals involving b+(x)�(u)(u + δ)χ{u>0} follows from
Lebesgue’sMonotoneConvergence Theorem, and the convergence of integrals involv-
ing a(x)|∇u|p (u+δ)

g(u+δ)
follows from Lebesgue’s Dominated Convergence Theorem,

because we can estimate (/g)(u + δ) ≤ sup{(/g)(λ) : λ ∈ (0, R)} on domains of
integration.

For restriction (3d) we use the following estimate for u > 0:

Aδ(x) ≥ b+(x)�(u)(u) + σa(x)|∇u|p (u + δ)

g(u + δ)
+ b−(x)�(u)(u + δ).

We justify the convergence of integrals from the expression on the right-hand side by
Lebesgue’s Dominated Convergence Theorem using the fact that (u + δ) ≤ (R),
(/g)(u+ δ) ≤ sup{(/g)(λ) : λ ∈ (0, R)} on the domain of integration, and taking
into account Assumption A, (b).
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Proof of Step 4 and thus of Lemma 3.1

Let x ∈ suppφ ∩ {∇u �= 0, 0 <u ≤ R − δ}, δ ≥ 0 and

Cδ(x) := ca(x)(u + δ)gp−1(u + δ)

( |∇φ|
φ

)p

.

Then we have

∫
�∩{0<u<R}

A0(x)φ(x) dx
Step 3≤ lim inf

δ↘0

∫
�∩{0<u<R}

Aδ(x)φ(x) dx

Step 1≤ lim inf
δ↘0

∫
�∩{0<u<R}

Cδ(x)φ(x) dx + C̃(δ, R)

≤ lim sup
δ↘0

∫
�∩{0<u<R}

Cδ(x)φ(x) dx + C̃(δ, R)

Step 2≤
∫

�∩{0<u<R}
C0(x)φ(x) dx + C̃(R).

This ends the proof of the statement. ��

4 Hardy-type inequality

As a direct consequence of Caccioppoli-type estimates for solutions to PDI, we obtain
Hardy-type inequality for a rather general class of test functions, i.e. Lipschitz and
compactly supported functions. In this section we present our second main result, as
well as we give comments on special instances holding with the optimal constants.

4.1 Main result

The following theorem is our main result on Hardy-type inequalities.

Theorem 4.1 (Hardy-type inequality) Suppose a ∈ L1
loc(�) ∩ Bp(�), b ∈ L1

loc(�).

Assume that 1 < p < ∞ and u ∈ L1,p
a,loc(�) is a nonnegative solution to the PDI

−�p,au ≥ b(x)�(u)χ{u>0} in the sense ofDefinition 2.2.Moreover, letAssumptionA
hold.

Then for every Lipschitz function ξ ∈ L1,p
a (�) with compact support in � we have

∫
�

|ξ |pμ1(dx) ≤
∫

�

|∇ξ |pμ2(dx), (4.1)
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where

μ1(dx) =
(

�(u)b(x) + σ |∇u|p a(x)

g(u)
χ{u �=0}

)
(u)χ{u>0} dx,

μ2(dx) =
(

p − 1

C − σ

)p−1

a(x)(u)gp−1(u)χ{u>0,∇u �=0} dx .

Proof We apply of Theorem 3.1 with φ = ξ p, where ξ is nonnegative Lipschitz
function with compact support. Then φ is Lipschitz and

|∇ξ |p =
(
1

p
φ

1
p −1|∇φ|

)p

= 1

pp

( |∇φ|
φ

)p

φ.

Therefore (3.3) becomes (4.1). Note that for every Lipschitz function ξ with compact
support in � we have

∫
�

|∇ξ |pa(x) dx < ∞, equivalently
∫
suppφ

|∇φ|pφ1−pa(x)
dx < ∞. As the absolute value of a Lipschitz function is a Lipschitz function as well,
we write |ξ | instead of ξ on the left-hand side and do not require its nonnegativeness.

��

4.2 Special cases

The aboveTheorem4.1 generalizes [55, Theorem4.1],which implies several examples
of inequalities with the best constants. Indeed, in the nonweighted case, i.e. when
a(·) = b(·) ≡ 1, Theorem 4.1, as well as Theorem 3.1, retrieves the results of [55]. In
constrast with [55] our function need not be increasing here. Hence, broader class of
measures μ1 and μ2 may appear in (4.1). Therefore our result generalizes that of [55]
even in the nonweighted case. Below we mention special cases of [55, Theorem 4.1]
that in particular results from Theorem 4.1.

Remark 4.1 The instance of Theorem 4.1 is the classical Hardy inequality on the half-
line with power-type weights and optimal constant, see [55, Section 5.1]. Moreover,
for a range of parameters the Hardy–Poincaré inequality with weights of a form (1+
|x | p

p−1 )α obtained in [57] (by application of [55]) is also sharp, while for another range
it confirms some constants from [37] and [10]. This is commented below in detail.
In addition, the classical (unweighted) Poincaré’s inequality on an arbitrary bounded
domain can be concluded from [55] and it is confirmed to hold with best constant
in [26, Remark 7.6]. The inequality with weights of the form xα exp

(
βxγ

)
provided

in [55, Theorem 5.5] can also be retrieved by the methods from [40] with the same
constant, while the inequality with weights of the form xα logp+α(e + x) from [42,
Proposition 5.2] are comparable with [55, Theorem 5.8].

The optimal constants in inequalities of Hardy type are an object of a certain dis-
cussion already, which we briefly summarize in Table 2.

Hardy inequalities may be used to construct other inequalities.
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Table 2 Results dealing with Hardy–Poincaré-type inequalities and their sharpness

Inequality Optimality Comment

Classical Hardy [45] Proven in [55]

Hardy–Poincaré [13,25] Proven with explicitly computed spectrum of the
associated linear operator

[14,15] In the case of Caffarelli–Kohn–Nirenberg weights |x |α
[57] [57, Theorem 3.1]; improved constants from [10,37]

[44] Theorem 4.3 and Remark 4.1

Poincaré [26] Concluded from [55]

Exponential-weighted
Hardy

Expected [55, Theorem 5.5] versus [40]

Expected [55, Theorem 5.8] versus [42, Proposition 5.2]

Remark 4.2 In [41] it is proven that if the measures μ = exp(−φ)dx, ν = |∇φ|pμ,

where φ ∈ W 1,∞(�), are admitted to Hardy inequalities:

‖u‖L p(�,ν) ≤ C‖∇u‖L p(�,μ), (4.2)

then the following Gagliardo–Nirenberg interpolation inequalities for intermediate
derivatives holds for μ:

‖∇u‖2Lq (�,μ) ≤ C‖u‖Lr (�,μ)‖∇(2)u‖L p(�,μ), where 2
q = 1

r + 1
p .

The examples of measures on � = (0,∞) which admit (4.2), are μ(dx) =
xαexp

(−xβ
)
dx where α ≥ 0, β ≥ 0. Their instances are weights of power growth

(β = 0), exponential one (α = 0, β = 1), as well as the Gaussian distribution (α = 0,
β = 2). Another example of the admissible measures on domains � ⊆ Rn are powers
of distances from the boundary. See the discussion in [41].

4.3 Hardy inequalities resulted from existence theorems

We are going to derive sharp Hardy type inequality, not knowing u explicitly but only
its existence. We assume now that b is nonnegative and that there exists a nonnegative
nontrivial locally bounded solution of PDI −�p,au ≥ b(x)u p−1 i.e.,

〈−�p,au, w〉 ≥
∫

�

b(x)u p−1w dx,

holds for every nonnegative compactly supported function w ∈ L1,p
a (�).

This is the special case of inequality (2.5) for �(u) = u p−1. Our result reads as
follows.

Theorem 4.2 (Sharp Hardy inequality) Suppose 1 < p < ∞, a, b ∈ W (�), a ∈
L1
loc(�)∩Bp(�), and u ∈ L1,p

a,loc(�), bu p−1 ∈ L1
loc(�), u is a nonnegative nontrivial
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solution to (4.3). Then for every Lipschitz function ξ ∈ L1,p
a (�) with compact support

in � we have ∫
�

|ξ |pb(x) dx ≤
∫

�

|∇ξ |pa(x) dx . (4.3)

Moreover, if there exists nontrivial, nonnegative, u0 ∈ W 1,p
(b,a),0(�)which is the solution

to
− �p,au0 = b(x)u p−1

0 ∈ L1
loc(�) (4.4)

then inequality (4.3) is sharp, i.e. for compactly supported ξ ∈ L1,p
a (�), the constant

C = 1 is optimal in the inequality C
∫
�

|ξ |pb(x) dx ≤ ∫
�

|∇ξ |pa(x) dx.

Proof We apply Theorem 4.1 with (t) = 1
t p−1 , g(t) = t , �(t) = t p−1, σ = 0 and

verify that under our conditions Assumption A is satisfied. This gives (4.3).
Suppose now that there exists u0 being a solution to (4.4) and satisfying all the

requirements of the theorem. Let us consider the sequence (wk)k∈N of smooth com-
pactly supported functions, such that wk → u0 in W 1,p

(b,a)(�). Since each wk has a

compact support and belongs to L1,p
a (�), according to (4.4), we have the equality

〈−�p,au0, wk〉 =
∫

�

|∇u0|p−2∇u0 · ∇wk a(x)dx =
∫

�

b(x)u p−1
0 wk dx .

When we let k → ∞, we get
∫
�

|∇u0|p a(x)dx = ∫
�
b(x)u p

0 dx which proves
sharpness. ��
Remark 4.3 Theorem 4.2 is known in the case a ≡ 1, b ≡ 1, see [1] or Remark 1 on
page 163 in [48].

Remark 4.4 We substitute the special value of σ = 0, in the proof of the above state-
ment. Therefore, we do not expect that the inequality (4.3) holds with the best constant
in general.

4.4 Sharp Hardy–Poincaré inequalities

Using the Talenti extremal profile given by (1.5) where β = 0 in our approach, one
obtains the following theorem. Adopting the same nomenclature as in e.g. [10,13], we
call the following inequalities of Hardy–Poincaré type.

Theorem 4.3 (cf. Theorem 2 in [44]) Assume that 1 < p < ∞, γ > 1 − n
p , 0 <

r < 1 − p
n + γ

p
n and v1(x) :=

(
1 + r |x | p

p−1

) (
1 + |x | p

p−1

)γ (p−1)−p
, v2(x) :=(

1 + |x | p
p−1

)(p−1)γ
. Then for every ξ ∈ W 1,p

v1,v2(R
n) we have

C̄γ,n,p,r

∫
Rn

|ξ |p
(
1 + r |x | p

p−1

) (
1 + |x | p

p−1

)γ (p−1)−p
dx

≤
∫
Rn

|∇ξ |p
(
1 + |x | p

p−1

)(p−1)γ
dx,
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where C̄γ,n,p,r = n
(

p
p−1

)p−1 (
γ − 1 + n

p (1 − r)
)p−1

. Moreover, the constant

C̄γ,n,p,r is optimal when γ > nr + 1 − n
p and when γ = 1 + n(1 − 1

p ), r = 1.

Information about the proof In the construction of the inequality we apply Theo-
rem 4.1 involving the PDE:

−�p,uβuα = C1(1 + C2|x |p′
)�(uα), (4.5)

where uη(x) := (1+ |x |p′
)−η, �(s) = sδ where δ > 0, η ∈ R, p′ = p/(p− 1), with

the suitable chosen parameters. All the details are provided in [44]. ��
Remark 4.5 Wewould like to point out a typo in the formulation of the above theorem
in the original paper, i.e. [44, Theorem 2]. The correct range of parameters is 0 < r <

1 − p
n + γ

p
n , but it is wrongly stated therein as 0 < r <

p
n + γ

p
n . In fact, in the first

line on page 171 in [44], it should be written

Rα,β (A(α, β, γ )) = [−β p
′

n
, 1+ p

n
(γ −1)) ⊇ [0, 1+ p

n
(γ −1) =: y(n)) for β ≥ 0,

(4.6)
instead of Rα,β (A(α, β, γ )) = [0, p

n + γ
p
n =: y(n)).

Remark 4.6 Such inequalities in the case p = 2 are very much of interest in the theory
of nonlinear diffusions, where one investigates the asymptotic behavior of solutions
of the equation ut = �um , see [10]. The best constants in the case p = 2 have been
obtained in [13], where also the whole spectrum of the associated operator has been
explicitly calculated, by means of linear spectral methods, different from the one we
use here. In the case of Caffarelli–Kohn–Nirenberg weights we refer to [14,15,29] for
analogous results.

Remark 4.7

(i) To our best knowledge our inequalities are new if r �= 1 in general. However, as
an example dealing with r �= 1 and p = 2 we refer to the fourth line on page 434
in [10, Proposition 2], which is precisely our inequality from Theorem 4.3 with
r = γ /n, p = 2 (with the same constant)

n(n − 2 + γ )

∫
Rn

|ξ |2
(
1 + γ

n
|x |2

)
(1 + |x |2)γ−2 dx

≤
∫
Rn

|∇ξ |2(1 + |x |2)γ dx .

The proof of this inequality in [10] requires knowledge about the best constants
in Sobolev inequality, which we do not need.

(ii) We note that Theorem 4.3 provides a version of [10, Proposition 3] dealing with
p = 2, for an arbitrary p. Thus, we can interpret it as therein that our method
allows to find a sharp, in some cases, first spectral gap (or Poincaré inequality)
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with methods different from the already known ones, and that are suitable for
generalization to more sophisticated operators.

(iii) We retrieve [57, Theorem 3.1] as a special case of Theorem 4.2 when one sub-
stitutes r = 1 and deals with γ > 1. In Theorem 4.3 we admit some range
of negative γ s as well. The need to consider the negative γ s in case of p = 2
and to look for the best constants in such inequalities is visible in the studies on
asymptotics of fast diffusion equations, see [13, Theorem 1] and its application
in the proof of [13, Theorem 2].

We also present the following consequence of Theorem 4.1, which is in a sense
complementary to Theorem 4.3, as it holds for with negative r . It essentially requres
to deal with the weighted p-Laplacian in the inequality (1.1).

Theorem 4.4 Assume that 1 < p < ∞, r < 0, γ > 1 + (r − 1) np and

v1(x) :=
(
1 + r |x | p

p−1

) (
1 + |x | p

p−1

)γ (p−1)−p
, v2(x) :=

(
1 + |x | p

p−1

)(p−1)γ
.

Then for every ξ ∈ W 1,p
{v1,v2},0(B) where B = B(0, |r |−1/p′

), we have

C̄γ,n,p,r

∫
B

|ξ |p
(
1 + r |x | p

p−1

) (
1 + |x | p

p−1

)γ (p−1)−p
dx

≤
∫
B

|∇ξ |p
(
1 + |x | p

p−1

)(p−1)γ
,

where the constant is C̄γ,n,p,r = n
(

p
p−1

)p−1 (
γ − 1 + n

p (1 − r)
)p−1

.

Proof Let us consider the notation from (4.5). Direct computation or application of
[44, Lemma 4] gives for any α, β ∈ R:

− �p,uβuα = n�p(α p′)u(α+1)(p−1)+β+1
(
1 + cα,β,p,n |x |p′)

in Rn, (4.7)

where

cα,β,p,n = 1 − ((α + 1)(p − 1) + β)p
′

n
and �p(s) = |s|p−2s.

Let

a(x) := u−γ (p−1)(x), b(x) := C̄γ,n,p,r

(
1+r |x |p′ ) (

1+|x |p′)γ (p−1)−p
,

α := γ − 1 + (1 − r) np > 0, β := −γ (p − 1).

Substituting such α and β to (4.7), we obtain:

−�p,a(x)uα = b(x)u p−1
α in B

123



626 I. Chlebicka et al.

and b is nonnegative in B, because α is positive. Now the result follows directly from
Theorem 4.2. ��

4.5 Other possible variants of Hardy inequality

It is possible to consider another PDI

− �p,au ≥ b(x)�(u), (4.8)

that is (2.5) with �(u)χ{u>0} substituted by �(u), where we assume that � is contin-
uous up to zero, with obvious modifications of its definition. Clearly, when �(0) = 0
then inequalities (3.1) and (4.8) are equivalent, while if b(x)χu(x)=0 ≥ 0 a.e. then the
formulation (3.1) is weaker, while if b(x)χu(x)=0 ≤ 0 then the formulation (4.8) is
weaker. In general the formulations might not compire when we deal with dead core
solutions and b(·) changes its sign on the dead regim.

To deal with (4.8) we will consider the following asumption.

(u2) We assume that u ∈ L1,p
a,loc(�) is nonnegative, (a, b) holds, � : [0,∞) →

[0,∞) is a continuous function, such that for every nonnegative compactly sup-
ported function w ∈ L1,p

a (�) one has
∫
�
b(x)�(u)w dx > −∞ and b(·)�(u) ∈

L1
loc(�).

Moreover, let us consider the set A of those σ ∈ R for which

b(x)�(u) + σ
a(x)

g(u)
|∇u|p ≥ 0 a.e. in � ∩ {u > 0}.

We suppose that

σ0 := inf A = inf {σ ∈ R : σ satisfies (2.10)} ∈ R.

We obtain the following statement.

Theorem 4.5 Suppose a ∈ L1
loc(�) ∩ Bp(�), b ∈ L1

loc(�). Assume that 1 < p < ∞
and u ∈ L1,p

a,loc(�) is a nonnegative solution to the PDI (4.8). Moreover, let Assump-
tion A holds where (u) substituted by (u2) and where additionally limδ→0 (δ) = 0.

Then for every Lipschitz function ξ ∈ L1,p
a (�) with compact support in � we have

∫
�

|ξ |pμ1(dx) ≤
∫

�

|∇ξ |pμ2(dx), (4.9)

where

μ1(dx) =
(

�(u)b(x) + σ |∇u|p a(x)

g(u)
χ{u �=0}

)
(u)χ{u>0} dx,

μ2(dx) =
(

p − 1

C − σ

)p−1

a(x)(u)gp−1(u)χ{u>0,∇u �=0} dx .
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Sketch of the proof At first byminormodifications of the proof of Lemma 3.1we prove
its variant holding under current our assumptions and the same conclusion. Repeating
almost the same arguments as in Step 1 we prove that for every 0 < δ < R:

∫
{�∩{0=u}}

b(x)�(u) (u + δ)φ dx

+
∫

{�∩{0<u≤R−δ}}

(
b(x)�(u) + σ

a(x)

g (u + δ)
|∇u|p

)
 (u + δ)φ dx

≤ c
∫

�∩suppφ∩{∇u �=0, 0<u≤R−δ}
a(x)(u + δ)gp−1(u + δ)

( |∇φ|
φ

)p

φ dx

+ C̃(δ, R). (4.10)

Now arguments of Steps 2 remain the same, because we deal there with integrals over
the sets where u is strictly positive. In Step 3 we additionally observe that first term
in (4.10) converges to zero. The final conclusion to obtain the local estimates follows
follows from the same arguments as in Step 4.
From there we obtain the Caccioppoli estimates and Hardy inequalities, by precisely
the same arguments as in the proofs in Theorems 3.1 and 4.1. ��

Remark 4.8 We can weaken the assumptions of Lemma 3.1, and thus in Theorem 3.1,
if we have more information about u. For example, if u ∈ (0, b) a.e. for some 0 <

b < ∞, it suffices to consider continuous �, : (0, b) → (0,∞), with suitable
obvious modifications of the other parts of Assumption A, according to the restriction
of the domain of u, that is (0, b). Such a situation appears for example in the study
on a simple model of electrostatic micromechanical systems (MEMS) [35], which is
reduced to the following problem

⎧⎨
⎩

−�u = b(x)
(1−u)2

in �,

u = 0 on ∂�,

0 < u < 1 in �,

(4.11)

where b(·)≥0, u ∈ C1(�) ∩ W 2,2(�), � is open and bounded, sufficiently regular.
Clearly, in that case �(u) = 1

(1−u)2
and � is not cotinuous on the whole (0,∞).

Acknowledgements I.C. was supported by NCNGrant 2011/03/N/ST1/00111. The work of A.K. was sup-
ported by NCN Grant 2014/14/M/ST1/00600. P.D. was supported by the Grant Agency of Czech Republic,
Project No. 18–03253S. This work originated when I.C. visited University of West Bohemia in Pilsen in
February 2013. She want to thank Pilsen University for hospitality. This research was provided when A.K.
was employed at Institute of Mathematics, Polish Academy of Sciences at Warsaw. She wants to thank
IM PAN at Warsaw for hospitality. We also would like to thank the anonymous referee for many valuable
comments which significantly improved the presentation of this paper.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.

123

http://creativecommons.org/licenses/by/4.0/


628 I. Chlebicka et al.

References

1. Anane, A.: Simplicité et isolation de la première valeur propre du p-laplacien avec poids. C. R. Acad.
Sci. Paris Sér. I Math. 305(16), 725–728 (1987)

2. Anh, C.T., Ke, T.D.: On quasilinear parabolic equations involving weighted p-Laplacian operators.
NoDEA Nonlinear Differ. Equ. Appl. 17(2), 195–212 (2010)

3. Badiale, M., Tarantello, G.: A Sobolev–Hardy inequality with applications to a nonlinear elliptic
equation arising in astrophysics. Arch. Ration. Mech. Anal. 163(4), 259–293 (2002)

4. Baras, P., Goldstein, J.A.: The heat equation with a singular potential. Trans. Am. Math. Soc. 284(1),
121–139 (1984)

5. Barbatis, G., Filippas, S., Tertikas, A.: Series expansion for L p Hardy inequalities. Indiana Univ.Math.
J. 52(1), 171–190 (2003)

6. Barbatis, G., Filippas, S., Tertikas, A.: A unified approach to improved L p Hardy inequalities with
best constants. Trans. Am. Math. Soc. 356(6), 2169–2196 (2004)

7. Batt, J., Faltenbacher, W., Horst, E.: Stationary spherically symmetric models in stellar dynamics.
Arch. Ration. Mech. Anal. 93(2), 159–183 (1986)

8. Beesack, P.R.: Hardy’s inequality and its extensions. Pac. J. Math. 11, 39–61 (1961)
9. Bertin, G.: Dynamics of Galaxies. Cambridge University Press, Cambridge (2000)

10. Blanchet, A., Bonforte, M., Dolbeault, J., Grillo, G., Vázquez, J.-L.: Hardy–Poincaré inequalities and
applications to nonlinear diffusions. C. R. Math. Acad. Sci. Paris 344(7), 431–436 (2007)

11. Blanchet, A., Bonforte, M., Dolbeault, J., Grillo, G., Vázquez, J.L.: Asymptotics of the fast diffusion
equation via entropy estimates. Arch. Ration. Mech. Anal. 191(2), 347–385 (2009)

12. Bogdan, K., Dyda, B., Kim, P.: Hardy inequalities and non-explosion results for semigroups. Potential
Anal. 44(2), 229–247 (2016)

13. Bonforte, M., Dolbeault, J., Grillo, G., Vázquez, J.L.: Sharp rates of decay of solutions to the nonlinear
fast diffusion equation via functional inequalities. Proc. Natl. Acad. Sci. USA 107(38), 16459–16464
(2010)

14. Bonforte,M., Dolbeault, J., Muratori, M., Nazaret, B.:Weighted fast diffusion equations (Part I): Sharp
asymptotic rateswithout symmetry and symmetry breaking inCaffarelli–Kohn–Nirenberg inequalities.
Kinet. Relat. Models 10(1), 33–59 (2017)

15. Bonforte, M., Dolbeault, J., Muratori, M., Nazaret, B.: Weighted fast diffusion equations (Part II):
sharp asymptotic rates of convergence in relative error by entropy methods. Kinet. Relat. Models
10(1), 61–91 (2017)

16. Bonforte, M., Simonov, N.: Quantitative a priori estimates for fast diffusion equations with Caffarelli-
Kohn-Nirenberg weights. Harnack inequalities and Hölder continuity. Adv. Math. 345, 1075–1161
(2019)

17. Caffarelli, L., Kohn, R., Nirenberg, L.: First order interpolation inequalities with weights. Compos.
Math. 53(3), 259–275 (1984)

18. Chlebicka, I.: A pocket guide to nonlinear differential equations in Musielak–Orlicz spaces. Nonlinear
Anal. 175, 1–27 (2018)

19. Ciotti, L.: Dynamical Models in Astrophysics. Lecture Notes. Scuola Normale Superiore, Pisa (2001)
20. da Silva, J.V., Rossi, J., Salort, A.M.: Regularity properties for p-dead core problems and their asymp-

totic limit as p → ∞. J. Lond. Math. Soc. 99(2), 69–96 (2019)
21. da Silva, J.V., Salort, A.M.: Sharp regularity estimates for quasi-linear elliptic dead core problems and

applications. Calc. Var. Partial Differ. Equ. 57(3), 83 (2018)
22. D’Ambrosio, L.: Hardy inequalities related to Grushin type operators. Proc. Am. Math. Soc. 132(3),

725–734 (2004)
23. D’Ambrosio, L.: Hardy type inequalities related to degenerate elliptic differential operators. Ann.

Scuola Norm. Sup. Pisa Cl. Sci. Ser. 5 4, 451–486 (2005)
24. D’Ambrozio, L.: Some Hardy inequalities on the Heisenberg group. Differ. Uravn. 40(4), 509–521

(2004)
25. Denzler, J., McCann, R.J.: Fast diffusion to self-similarity: complete spectrum, long-time asymptotics,

and numerology. Arch. Ration. Mech. Anal. 175(3), 301–342 (2005)
26. Dhara, R.N., Kałamajska, A.: On equivalent conditions for the validity of Poincaré inequality on

weighted Sobolev space with applications to the solvability of degenerated PDEs involving p-
Laplacian. J. Math. Anal. Appl. 432(1), 463–483 (2015)

123



Caccioppoli-type estimates and Hardy-type inequalities… 629

27. Dolbeault, J., Esteban,M.J., Filippas, S., Tertikas,A.:Rigidity resultswith applications to best constants
and symmetry of Caffarelli–Kohn–Nirenberg and logarithmic Hardy inequalities. Calc. Var. Partial
Differ. Equ. 54(3), 2465–2481 (2015)

28. Dolbeault, J., Esteban, M.J., Loss, M.: Rigidity versus symmetry breaking via nonlinear flows on
cylinders and Euclidean spaces. Invent. Math. 206(2), 397–440 (2016)

29. Dolbeault, J., Esteban, M.J., Loss, M., Muratori, M.: Symmetry for extremal functions in subcritical
Caffarelli–Kohn–Nirenberg inequalities. C. R. Math. Acad. Sci. Paris 355(2), 133–154 (2017)

30. Dolbeault, J., Esteban, M.J., Tarantello, G., Tertikas, A.: Radial symmetry and symmetry breaking for
some interpolation inequalities. Calc. Var. Partial Differ. Equ. 42(3–4), 461–485 (2011)

31. Dolbeault, J., Muratori, M., Nazaret, B.: Weighted interpolation inequalities: a perturbation approach.
Math. Ann. 369(3–4), 1237–1270 (2017)

32. Drábek, P., García-Huidobro, M., Manásevich, R.: Positive solutions for a class of equations with a
p-Laplace like operator and weights. Nonlinear Anal. 71(3–4), 1281–1300 (2009)

33. Dudek, S., Skrzypczak, I.: Liouville theorems for elliptic problems in variable exponent spaces. Com-
mun. Pure Appl. Anal. 16(2), 513–532 (2017)

34. Eddington, A.: The dynamics of a globular stellar system. Mon. Not. R. Astron. Soc. 75, 366–376
(1915)

35. Esposito, P., Ghoussoub, N., Guo, Y.: Mathematical Analysis of Partial Differential Equations Mod-
eling Electrostatic MEMS. volume 20 of Courant Lecture Notes in Mathematics. Courant Institute of
Mathematical Sciences, New York (2010)

36. García Azorero, J.P., Peral Alonso, I.: Hardy inequalities and some critical elliptic and parabolic
problems. J. Differ. Equ. 144(2), 441–476 (1998)

37. Ghoussoub, N., Moradifam, A.: Bessel pairs and optimal Hardy and Hardy–Rellich inequalities. Math.
Ann. 349(1), 1–57 (2011)

38. Giusti, E.: Direct Methods in the Calculus of Variations. World Scientific Publishing Co., Inc., River
Edge, NJ (2003)

39. Gurka, P.: Generalized Hardy’s inequality. Časopis Pěst. Mat. 109(2), 194–203 (1984)
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