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Abstract
The analytical study of the reflection and transmission coefficient of the seafloor interface is essential for the character-

ization of the ocean bottom in marine seismic exploration. Based on the boundary conditions of the seafloor interface, the

analytical expression of the reflection and transmission coefficient at the submarine interface is derived in this study by

using the steady-state wave solution of the elastic wave in a homogeneous, isotropic medium. With this analytical

expression, the characteristics of the reflection and transmission coefficient at the submarine interface are analysed and

discussed using critical angles. The results show that the change in the reflection and transmission coefficient with the

incidence angle presents a ‘‘segmented’’ characteristic, in which the critical angle is the dividing point. The amplitude

value and phase angle of the coefficient at the submarine interface change dramatically at the critical angle, which is related

to the P- and S-wave velocities in the seabed layer. Compared with the stiff seabed, the soft seabed has a larger P-wave

critical angle and an absence of the converted S-wave critical angle, owing to the low P- and S-wave velocities in the solid

seabed layer. By analysing and discussing the special changes that occur in the coefficient values at the critical angle, the

reflection and transmission characteristics of the different incident angles are obtained. Synthetic models of both stiff and

soft seafloors are provided in this study to verify the analytical results. Finally, we compared our synthetic results with real

data from the Gulf of Mexico, which enabled the validation of our conclusions.

Keywords Submarine interface � Reflection and transmission coefficient � Stiff and soft seabed layer � Critical angle �
Analytical study

Introduction

The analytical study of the reflection and transmission

coefficient of the submarine interface is essential for

characterizing the ocean bottom. Zoeppritz (1919) first

expressed the reflection and transmission coefficient as a

function of the incidence angle and elastic medium

parameters. To address this nonlinear problem, linear

approximations of Zoeppritz equations were derived for

analytical study under different assumptions, such as a

weak property contrast and limited incident angles (e.g.

Bortfeld 1961; Aki and Richards 1980; Shuey 1985; Xu

and Bancroft 1997; Zhu and McMechan 2012; Zhao and

Shen 2013). Regarding the submarine interface, the seismic

wave propagates as an acoustic wave in the sea water and

changes into an elastic wave in the seabed layer. The

properties across the submarine interface change dramati-

cally in the wide-angle domain because the two high-

contrast media are in contact with each other, which makes

the linear approximations not valid for submarine inter-

faces (Bull et al. 1998; Zong et al. 2013; Yin et al. 2013;

Liu et al. 2015; Aleardi and Tognarelli 2016). Therefore,

the analytical study of the reflection and transmission

coefficient of the submarine interface must be based

directly on the nonlinear problem discussion.

Previously, to solve this nonlinear problem, a consid-

erable amount of research was conducted. Kennett (1979)

first recognized and discussed the specificity of the
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reflection and transmission coefficient in the seabed inter-

face. Crampin (1981) modified the propagation equation

form by associating the displacement–stress vectors at the

top interface with the bottom interface of the aquifer.

Mallick and Frazer (1991) derived formulae for the

reflection and transmission coefficients at the interfaces

between liquids and azimuthally anisotropic solids. Car-

cione (2001) obtained the matrix equations of the sub-

marine interface by modifying the Zoeppritz equation

boundary conditions. The equations obtained from these

studies allowed calculating reflection and transmission

coefficients for submarine interfaces. But, the exact ana-

lytical expressions for these coefficients for these coeffi-

cients were not provided in these works. And, we believe

that providing these expressions can improve our under-

standing of the seafloor reflection and transmission.

Liu and Liu (2015) derived a nonlinear analytical

expression for the P-wave reflection coefficient at the

seafloor interface for the amplitude variation with offset

(AVO) inversion, but the expression form provided is not

available at critical angles because there is a transmission

angle cosine on the denominator, and thus, only the cases

in which the incident angles were less than the critical

angle were discussed. However, critical angles at the sub-

marine interface dominate the variation in the reflection

and transmission coefficient of the seafloor interface

(Riedel and Theilen 2001), and the properties of the

P-wave at critical angles are also essential for both the

interpretation and inversion problems of reflection (Ruud

2006; Kanaun et al. 2012; Zhu and Mcmechan 2012). In

particular, with the gradual marine seismic exploration

transformation from shallow water to a deep marine envi-

ronment, there is a growing number of critical angles in the

real data for large offset situations (Downton and Ursen-

bach 2006; Skopintseva et al. 2011). Hence, an exact

expression, which can be used to discuss critical angles in

the submarine interface, is of urgent need for the analytical

study of the P-wave reflection and transmission coefficient.

The variation in the reflection and transmission coeffi-

cient with the offset could be a direct indicator of the

medium properties (Ostrander 1984). Therefore, the AVO,

or amplitude variation with incidence angle (AVA) was

conducted to predict the lithology and fluid properties

(Castagna and Backus 1993; Riedel et al. 2003; Sun et al.

2008; Alemie and Sacchi 2011; Lu et al. 2015). The ana-

lytical study of the reflection and transmission coefficient

of the submarine interface, which can provide a theoretical

basis for AVO or AVA, has a high demand for analytical

forms and analysability. In this paper, we deduced an

analytical expression for both the reflection and transmis-

sion coefficients at the submarine interface in the form of

the wave impedance, incidence angle and transmission

angle. Compared with conventional approximations of the

Zoeppritz equations, the analytical expression we derived

has an accurate value in the wide-angle domain of the

submarine interface. Considering the slowness of the hor-

izontal waves and steady-state wave solutions of the seis-

mic waves on both sides of the seafloor interface, the

expression form is applicable to the critical angle. With this

expression, we can discuss the reflection and transmission

properties at different critical angles. Therefore, we can

obtain the overall variation features of the reflection and

transmission coefficients with different submarine param-

eters through the analytical study of these critical angles to

resolve this nonlinear problem. Given that it is not possible

to trap the energy at the critical angle, energy normaliza-

tion is also necessary for the analytical expression of sea-

floor coefficients (Kennett 1979; Aki and Richards 1980).

Finally, two methods were used to validate our analytical

expression and results: one is the establishment of typical

stiff and soft seafloor models, and the other is the com-

parison of synthetic results with real data from the Gulf of

Mexico.

Methodology

Steady-state wave solution

As shown in Fig. 1, the submarine interface is approxi-

mately considered to be a liquid–solid interface on both

sides of the homogeneous semi-infinite space. The upper

space is the liquid medium, and the lower space denotes a

solid medium. Parameters q1 and a1 represent the density

and velocity of the seawater; and q2, a2 and b2 denote the

density, P-wave velocity and S-wave velocity in a solid

medium. Considering that there is no S-wave in the upper

layer, we assume that three possible incident waves are

Fig. 1 Incidence, reflection and transmission waves at the fluid–solid

interface. Pdown
1 , P

up
2 and S

up
2 denote the displacement amplitude of

different incident waves. P
up
1 , Pdown

2 and Sdown2 represent the

displacement amplitudes of the scattered waves. Subscripts 1 and 2

represent the liquid medium and solid medium, respectively. Short,

solid arrows show the direction of particle motion; long, solid arrows

express the direction of propagation; and dashed arrows indicate the

directions of the x- and z-axes
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present together and have the same horizontal slowness at

this interface. In Fig. 1, Pdown
1 , P

up
2 and S

up
2 represent the

displacement amplitudes of the incident waves; P
up
1 , Pdown

2

and Sdown2 represent the displacement amplitudes of the

scattered waves, where subscripts 1 and 2 represent the

seawater and solid layer, respectively. The direction of

horizontal slowness increase is defined as the positive

direction of the x-axis, and the vertical downward direction

is the positive z-axis.

The wave equation for an elastic wave in a homoge-

neous medium can be expressed as follows:

a2r2/ ¼ o2/

o2t
ð1Þ

In Eq. (1), t is time, a is the velocity and/ is the potential for

plane waves. The steady-state plane wave solution of Eq. (1)

assumes the form of Aeið k
!

x!�xtÞ, where A and x are the

amplitude and frequency, respectively, and k
!¼ ðkx; ky; kzÞ

is the wave number vector, which satisfies jkj ¼ x
a .

With the steady-state wave solutions, the vector dis-

placements of all wave types in Fig. 1 are expressed in

Table 1. In Table 1, p represents the ray parameter at the

submarine interface; i1 represents the incident angle of the

downward incidence P-wave in the sea water; i2 represents

the transmission angle of the transmitted P-wave; and j2
represents the transmission angle of the converted S-wave

in the solid seabed layer. With Snell’s law, the relationship

between these angles and the ray parameter is as follows:

sin i1

a1
¼ sin i2

a2
¼ sin j2

b2
¼ p ð2Þ

Boundary conditions

Although we have obtained the wave vector displacements

at the submarine interface, we need boundary conditions to

associate the displacements in the equations. The liquid–

solid interface has a displacement discontinuity in the

tangential component due to the low seawater viscosity

(Aki and Richards 1980; Sidler and Carcione 2007). In

addition, the shear stress vanished at the liquid–solid

interface, and thus, there is only the continuity of the

normal displacement and normal stress at the submarine

interface. Therefore, the boundary conditions of the sub-

marine interface can be expressed as follows:

o/1

oz
¼ o/2

oz

k1r2/1 þ 2l1
o2/1

oz2
¼ k2r2/2 þ 2l2

o2/2

oz2

2l1
o2/1

ozox
¼ 2l2

o2/2

ozox

8
>>>>>>><

>>>>>>>:

ð3Þ

In Eq. (3), /1 and /2 represent the potential wave func-

tions of the two media, respectively; k1, l1, k2 and l2
represent the Lame constants on both sides of the seafloor

interface; and subscripts 1 and 2 represent the liquid

medium and solid medium, respectively. In the case of

stress calculations, we replace the Lame constants k and l
as follows:

l ¼ qb2; k ¼ qa2 � 2qb2 ð4Þ

With these three boundary conditions, three equations can

be obtained by substituting the wave vector displacements

in Table 1 into the boundary condition in Eq. (3). The three

equations are as follows:

cosi1ðPdown
1 �P

up
1 Þ¼cosi2ðPdown

2 �P
up
2 Þ�sinj2ðSdown2 �S

up
2 Þ;

q1a1ðPdown
2 þP

up
2 Þ¼q2a2ð1�2b22p

2ÞðPdown
2 þP

up
2 Þ�2q2b

2
2pcosj2ðSdown2 þS

up
2 Þ;

0¼2q2b
2
2pcosi2ðPdown

2 �P
up
2 Þþq2b2ð1�2b22p

2ÞðSdown2 �S
up
2 Þ:

8
><

>:

ð5Þ

Solution of the coefficient matrix

Rearranging Eq. (5), the incident waves are all on the right

side and the scattered waves are all on the left, and thus, we

obtain the following:

M
P
up
1

Pdown
2

Sdown2

0

@

1

A¼N
Pdown
1

P
up
2

S
up
2

0

@

1

A ð6Þ

where M and N are the coefficient matrices of the sub-

marine interface, respectively. The concrete expressions of

the matrices are as follows:

M ¼
cos i1 cos i2 �b2p
0 2q2b

2
2p cos i2 q2b2 1�2b22p

2
� �

�q1a1 q2a2ð1� 2b22p
2Þ �2q2b

2
2p cos j2

0

@

1

A

ð7Þ

N ¼
cos i1 cos i2 �b2p
0 2q2b

2
2p cos i2 q2b2 1�2b22p

2
� �

q1a1 �q2a2ð1� 2b22p
2Þ 2q2b

2
2p cos j2

0

@

1

A

ð8Þ

With Eq. (7), we can obtain the inverse matrix M�1 of M,

and the expression of M�1 is as follows:

M�1¼ 1

E

b Fþdcosj2 q2b2cosi2

c�a �q1a1b2p�dcosj2 �q2b2cosi1þ
ccosi1

q1a1

q1a1d
ca2
q1b2

�q1b1cosi2�q2b2cosi1 dcosi1

0

B
B
B
B
@

1

C
C
C
C
A

ð9Þ

where a, b, c, d, E and F are intermediate variables defined

as follows:
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a¼a1b2q1q2;

b¼�a2b2q
2
2þ4p2a2b

3
2q

2
2�4p2cosi2cosj2b

4
2q

2
2�4p4a2b

5
2q

2
2;

c¼2p2a1b
3
2q1q2;

d¼2pcosi2b
2
2q2;

E¼bcosi1�acosi2

F¼pa2
c

q1a1
�q2b2

� �

ð10Þ

According to Eqs. (6), (8) and (9), the scattering matrix of

the reflection and transmission coefficient of the submarine

interface can be obtained as follows:

A ¼ M�1N ¼
PdPu PuPu SuPu

PdPd PuPd SuPd

PdSd PuSd SuSd

0

@

1

A ð11Þ

In Eq. (11), each column of the matrix A represents the

three waves scattered away from the interface by a type of

incident wave at the submarine interface. Among the

waves, PdPu, PdPd and PdSd represent the reflected and

transmitted waves generated by the downward incident P-

wave in the sea water; PuPd, PuPu and PuSd represent the

reflected and transmitted waves generated by the upward

incident P-wave in the solid layer; and SuPd, SuPu and SuSd

represent the reflected and transmitted waves generated by

the upward incident S-wave in the solid layer.

Analytical expression of coefficients

According to Eq. (11), we obtain five reflection coefficients

and four transmission coefficients at the submarine inter-

face. Considering the demand for seafloor seismic explo-

ration, PdPu, PdPd and PdSd in Eq. (11) were studied

separately to obtain the analytical understanding of the

reflection and transmission coefficient of the downward

incident P-wave. Thus, PdPu, PdPd and PdSd are renamed

as RPP,TPP and TPS to facilitate the presentation. With the

intermediate variables in Eq. (10), the reflection and

transmission coefficients of the downward incident P-wave

at the submarine interface can be expressed in fractional

forms:

Table 1 P–SV wave vector

displacement at the seafloor

interface

Incident waves Reflection and transmission waves

Type Displacement Type Displacement

Downward P

Pdown
1

sin i1
0

cos i1

0

@

1

Ae
ix pxþcos i1

a1
z�t

� �
Upward P

P
up
1

sin i1
0

� cos i1

0

@

1

Ae
ix pxþcos i1

a1
z�t

� �

Downward P

Pdown
2

sin i2
0

cos i2

0

@

1

Ae
ix pxþcos i2

a2
z�t

� �

Downward SV

Sdown2

cos j2
0

� sin j2

0

@

1

Ae
ix pxþcos j2

b2
z�t

� �

Upward P

P
up
2

sin i2
0

� cos i2

0

@

1

Ae
ix pxþcos i2

a2
z�t

� �
Upward P

P
up
1

sin i1
0

� cos i1

0

@

1

Ae
ix pxþcos i1

a1
z�t

� �

Downward P

Pdown
2

sin i2
0

cos i2

0

@

1

Ae
ix pxþcos i2

a2
z�t

� �

Downward SV

Sdown2

cos j2
0

� sin j2

0

@

1

Ae
ix pxþcos j2

b2
z�t

� �

Upward SV

S
up
2

cos j2
0

� sin j2

0

@

1

Ae
ix pxþcos j2

b2
z�t

� �
Upward P

P
up
1

sin i1
0

� cos i1

0

@

1

Ae
ix pxþcos i1

a1
z�t

� �

Downward P

Pdown
2

sin i2
0

cos i2

0

@

1

Ae
ix pxþcos i2

a2
z�t

� �

Downward SV

Sdown2

cos j2
0

� sin j2

0

@

1

Ae
ix pxþcos j2

b2
z�t

� �
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RPP ¼ b cos i1 þ a cos i2

b cos i1 � a cos i2

TPP ¼ 2 cos i1ðc� aÞ
b cos i1 � a cos i2

TPS ¼
2q1a1d cos i1

b cos i1 � a cos i2

8
>>>>><

>>>>>:

ð12Þ

In Eq. (12), RPP, TPP and TPS must be normalized to ensure

that the flux of energy leaving the boundary equal that in

the incident wave (Kennett 1979; Aki and Richards 1980).

Therefore, with a normalization factor, the complete form

of Eq. (12) can be obtained as follows:

RPP ¼ b cos i1 þ a cos i2

b cos i1 � a cos i2

TPP ¼ 2 cos i1ðc� aÞ
b cos i1 � a cos i2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2a2 cos i2
q1a1 cos i1

s

TPS ¼
2q1a1d cos i1

b cos i1 � a cos i2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2b2 cos j2
q1a1 cos i1

s

8
>>>>>>>><

>>>>>>>>:

ð13Þ

In Eq. (13), the RPP, TPP and TPS have the same denomi-

nator in fractional form. We assume that the wave impe-

dance of the incidence P-wave in the upper layer is I1, the

wave impedance of the transmission P-wave in the seabed

layer is I2, and the wave impedance of the transmission S-

wave in the seabed layer is I3; thus, Eq. (13) can be

expressed in the form of wave impedance on both sides of

the interface as follows:

RPP ¼ 1þ 2I1 cos i2

G

TPP ¼ �2I1 cos i1 cos 2j2

G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2 cos i2

I1 cos i1

r

TPS ¼
4I1 sin j2 cos i1 cos i2

G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I3 cos j2

I1 cos i1

r

8
>>>>>><

>>>>>>:

ð14Þ

where I1 ¼ q1a1, I2 ¼ q2a2 and I3 ¼ q2b2. The common

variable G denotes the relation between the reflection

coefficient and transmission coefficient of the submarine

interface as a common denominator, and the form of G is

as follows:

G ¼ 2 sin j2 sin 2j2 cos i1ðI2 cos j2 � I3 cos i2Þ � I1 cos i2
� I2 cos i1

ð15Þ

In Eq. (15), G plays an important role in the analytical

analysis and study of the seabed reflection and transmission

coefficient. From the common variable G, we observe that

the size of the reflection and transmission coefficient is

simply affected by the difference in the wave impedance on

both sides of the interface and is closely related to the

incident angle i1 and the two transmission angles i2 and j2.

The common variable G associates the reflection and

transmission coefficients at the submarine interface, which

makes it possible to analyse the reflection and transmission

coefficients. According to Snell’s law in Eq. (2), the rela-

tionship between these three angles is as follows:

sin i1 ¼
a1
a2

sin i2 ¼
a1
b2

sin j2 ð16Þ

Therefore, when the incident angle i1 changes, whether

the ratios a1
a2

and a1
b2

are larger than 1 or not will have dif-

ferent effects on the transmission angles i2 and j2. In a stiff

seabed, the a2 and b2 are generally greater than the sea-

water velocity, thus, a1a2 \1 and a1
b2
\1. If the incident angle

i1 increases to a critical extent, sin i2 and sin j2 will appear

to be greater than 1, in which case cos i2 and cos j2 become

purely imaginary. Since cos i2 and cos j2 denote the kz of

the P- and S-waves in the seabed layer, respectively, the

transmitted waves become an inhomogeneous wave whose

amplitude exponentially decays with distance z away from

the submarine interface. At this time, it seems meaningless

to discuss the transmission coefficient of the P- and S-

waves in the stiff seabed. Separately, while in a soft seabed

layer, b2 of the seabed is usually lower than the velocity of

the sea water, and there is no case of a1
b2
\1. Thus, the

establishment of Eq. (12) requires a certain range of con-

ditions, which ensures that the transmitted P- and S-waves

do not become inhomogeneous waves and propagate along

the seafloor interface in the wide-angle reflection range.

Therefore, Eq. (14) can be further expressed as follows:

RPP ¼ 1þ 2I1 cos i2

G
; sin i1 � 1

TPP ¼ �2I1 cos i1 cos 2j2

G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2 cos i2

I1 cos i1

r

; sin i1 �
a1
a2

TPS ¼
4I1 sin j2 cos i1 cos i2

G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I3 cos j2

I1 cos i1

r

; sin i1 �
a1
b2

8
>>>>>><

>>>>>>:

ð17Þ

Discussions of critical angles

Equation (17) is the reflection and transmission coefficient

of the downward incident P-wave at the submarine inter-

face. As seen in Eq. (17), both the reflection and trans-

mission coefficients are mainly affected by wave

impedance I, incident angle i1 and transmission angles i2
and j2 at the submarine interface. The change in the

reflection and transmission coefficient with the incident

angle, which is a nonlinear problem, appears to be quite

complex. However, when the incident angle reaches a

critical size, the transmission angles i2 and j2 in Eq. (16)

reach 90�, and the amplitude value and phase angle of the

reflection and transmission coefficient will show a special

change in these incident angles. The incident angle of the

P-wave at this time is called the critical angle.
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With different media properties of the seafloor interface,

critical angles in the submarine interface can be divided

into two categories: the P-wave critical angle and the

converted S-wave critical angle. Parameters cP and cS are

used to represent the P-wave critical angle and the con-

verted S-wave critical angle, respectively. The reflection

coefficients of the submarine interface vary with the inci-

dent angle in a ‘‘segmented’’ form with two types of critical

angles as the dividing point. Different submarine inter-

faces, such as stiff and soft seabed, will generate different

types of critical angles. From Eq. (16), we know that there

will be cP and cS in the stiff seabed, whereas in the soft

seabed, only cP exists. Therefore, the reflection coefficient

of the stiff submarine interface shows a ‘‘three-stage’’

characteristic with A change in the incident angle, whereas

the soft seabed presents ‘‘two stages.’’

According to Eq. (17), these submarine critical angles

can be discussed as follows:

1. At cP, i2 ¼ 90�, sin i2 ¼ 1, the incident angle satisfies

sin i1 ¼ a1
a2
; and thus, cos i2 ¼ 0 and

G¼� I2 cos i1 cos
2ð2j2Þ . Placing these parameters into

Eq. (17), we obtain RPP ¼ 1,TPP ¼ 0 and TPS ¼ 0.

When the incidence angle i1 is greater than cP, the

transmitted P-wave becomes an inhomogeneous wave.

2. At cS, j2 ¼ 90�, sin j2 ¼ 1, the incident angle satisfies

sin i1 ¼ a1
b2
; and thus, cos j2 ¼ 0 and

G¼� ðI1 cos i2 þ I2 cos i1Þ. With Eq. (17), we obtain

RPPj j ¼ 1 and TPS ¼ 0 because cos i2 becomes purely

imaginary at this critical angle. When the incidence

angle is greater than cS, the converted S-wave becomes

an inhomogeneous wave.

Therefore, we see that the three stages of the reflection

coefficient changing with the incident angle of the stiff

submarine interface are 0� to cP, cP to cS and cS to 90�. In
the first stage of 0� to cP, the amplitude value of the

reflection coefficient is a positive real number with G\0

and gradually increases to 1 when the incident angle

reaches the P-wave critical angle. In the second stage

between cP and cS, the amplitude of the reflection coeffi-

cient becomes an imaginary number because the wave

number of the P-wave and converted S-wave in the z

direction becomes purely imaginary. In the third stage of cS
to 90�, the amplitude of reflection coefficient satisfies the

following:

RPP ¼ I2 cos i1 � I1 cos i2

I2 cos i1 þ I1 cos i2
ð18Þ

where the numerator and denominator of RPP in Eq. (18)

are a pair of conjugate complex numbers, and thus, in this

stage, the absolute value of RPP is always 1 when the

incident angle varies. At the soft submarine interface, the

third stage does not exist because the shear wave velocity is

small and there is no cS angle. Riedel and Theilen (2001)

have found that the size of the critical angle in the shallow

marine sediments was mainly affected by the P-wave

velocity compared with the S-wave velocity and density,

which can be further explained by our conclusion that there

is only a P-wave critical angle in the soft seabed. Thus, the

study of the submarine critical angles is the key to obtain

the characteristics of the submarine reflection and trans-

mission coefficient, which can aid us in recognizing the

seabed layer in a different medium.

Therefore, the amplitude of the reflection and trans-

mission coefficient at the critical angles shows a clear

characteristic, which can be easily recognized in the curve

of the reflection and transmission coefficient with the

incidence angle. The size and type of the critical angles are

affected by the P- and S-wave velocities of the solid seabed

layer. It is the critical angle that associates the properties of

the submarine medium with the seafloor coefficient char-

acteristics. On the one hand, if we know the submarine

medium properties, we can infer the characteristics of the

seabed reflection and transmission coefficient. On the other

hand, if we obtain the seabed reflection and transmission

coefficient from the ocean seismic data, we can invert the

velocity of the seafloor interface.

Synthetic model study

To validate our conclusion, synthetic models of both the

stiff and soft seabed are established in this section as

examples for simulating the reflection and transmission

coefficients at the submarine interface. The model param-

eters of the stiff seafloor interface are shown in Table 2. At

the stiff seafloor interface, the P-wave velocity a1 and

density q1 in the seawater layer are set to 1490 m/s and

1025 kg/m3, respectively; the P-wave velocity a2, S-wave
velocity b2 and density q2 in the solid seabed layer are set

to 4000 m/s, 1920 m/s and 2460 kg/m3, respectively.

Therefore, the P-wave velocity and S-wave velocity of the

seabed layer are greater than the velocity of the sea water,

and thus, cP and cS must be in the reflection coefficient

curves with the incident angle. With Eq. (17), we can

calculate the reflection and transmission coefficient of the

stiff seabed with the parameters given in Table 2. The

calculation results are shown in Fig. 2.

Table 2 Model parameters at the stiff seafloor interface

Layer q (kg/m3) a (m/s) b (m/s)

Seawater layer 1025 1490 –

Seabed layer 2460 4000 1920
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Figure 2a–c shows the amplitude change of the reflec-

tion and transmission coefficient with the incident angle.

From Fig. 2a, the amplitude value of the reflection coeffi-

cient RPP reaches 1 at the two incident angles of 22� and

51� and remain unchanged since the incidence angle is

greater than 51�. According to the previous discussion, 22�

and 51� are cP and cS, respectively. When the incidence

angle reaches the critical angle, the transmission angle of

the P-wave and converted S-wave in the seabed layer

reaches 90�; when the incidence angle is greater than the

critical angle, the inhomogeneous surface waves propa-

gating along the interface will be generated, and thus, the

amplitude of the transmission coefficient TPP and TPS in

Fig. 2b, c turns into zero at cP and cS, respectively. Given

the energy normalization in the submarine interface, the

amplitude value of RPP, TPP and TPS at the same incident

angle satisfies the following:

jRPPj2 þ jTPPj2 þ jTPSj2 ¼ 1 ð19Þ

Figure 2d–f shows the phase variation with the incident

angle. In Fig. 2d, the phase angle of RPP shows a signifi-

cant change at the two critical angles: at cP, the phase angle

varies from 0� to a negative angle; at cS, the phase angle of

the reflection coefficient is reversed from �180� to 180�.
Similar to amplitude variation, the phase variation with the

incident angle of RPP also presents a ‘‘segmented’’ form

with two critical angles as the dividing point. In Fig. 2e,

the phase angle of TPP remains at 0� in the stage 0� to cP,

and the amplitude value of TPP is always real. In Fig. 2f,

there is a significant phase change in TPS at angle cS, where

the amplitude value of TPS turns from real to imaginary at

cS. With the phase variation with the angle (PVA) of the

reflection and transmission coefficient, the elastic inversion

at near and post-critical angles can be used to obtain the

Fig. 2 Reflection and transmission coefficient in the stiff interface

model. a–c shows the change in the amplitude of the reflection and

transmission coefficient with the incidence angle, and d–f shows the
change in the corresponding phase angle with the incident angle. In

the seawater layer, q1 ¼ 1025 kg/m3, a1 ¼ 1490m/s; in the seabed

layer, q2 ¼ 2460 kg/m3, a2 ¼ 4000m/s and b2 ¼ 1920m/s. The

angles in the abscissa marked with ‘‘4’’ represent the critical angles

in this stiff seafloor interface model. �, ` and ´ represent the three

stages of the coefficient in the variation with the incident angle
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parameters at the submarine interface (Rafipour and Herrin

1986; Zhu and McMechan 2012). Therefore, the analytical

study of both amplitude and phase variation with the

incident angle is the basis of the velocity and density

inversion at the seafloor interface.

In the case of the stiff seabed, we can see two critical

angles as the dividing points in the curve of the reflection

coefficient with the incidence angle. The amplitude value

and phase angle of the reflection coefficient RPP change

obviously at the two critical angles, and the curve shows

the special ‘‘three-stage’’ change in the stiff seafloor

interface. The transmission coefficient TPP decreases to

zero at cP in the first stage, and then, the transmission P-

wave becomes an inhomogeneous surface wave in the

second stage. As the incident angle increases further in the

third stage, TPS is zero at cS, and the converted S-wave also

becomes an inhomogeneous surface wave propagating

along the seafloor interface. The determination of the two

critical angles of the stiff seabed interface during marine

seismic exploration can determine the reflection and

transmission coefficient characteristics of the incident

P-wave, which is very important for the calculation and

interpretation of the reflection and transmission at the

submarine interface.

Similarly, we have also established a soft submarine

model, and the parameters are shown in Table 3. At the

soft seafloor interface, the P-wave velocity a1 and density

q1 of the seawater layer are set to 1490 m/s and 1025 kg/

m3, respectively, which are same as the stiff model. The P-

wave velocity a2, S-wave velocity b2 and density q2 of the
seabed layer are 1800 m/s, 522 m/s and 1600 kg/m3,

respectively, which are all lower than those of the stiff

interface. The P-wave velocity of the seabed layer in this

model is greater than the seawater velocity, while the S-

wave velocity of the seabed layer is smaller than the sea-

water layer, and thus, there is only cP in the reflection

coefficient curves with the incident angle at the soft sub-

marine interface. With Eq. (17), we can calculate the

reflection and transmission coefficient of the soft seabed

with the parameters provided in Table 3. The calculation

results are shown in Fig. 3.

Figure 3a–c shows the amplitude change of the reflec-

tion and transmission coefficient with the incident angle,

and (d–f) shows the change in the corresponding phase

angle with the incident angle, respectively. From Fig. 3a,

the amplitude value of the reflection coefficient RPP

reaches 1 at the incident angle 56�, which is the P-wave

critical angle cP. As the incidence angle reaches cP, the

transmission angle of the P-wave in the seabed layer

reaches 90�; when the incidence angle is greater than the

critical angle, the P-waves turn into inhomogeneous waves

propagating along the interface, and thus, the amplitude of

the transmission coefficient TPP in Fig. 2b turns into zero at

cP. Since the S-wave critical angle does not exist at the soft

submarine interface, the transmission coefficient TPS exists

in the full incidence angle range. In Fig. 2d, the phase

angle of RPP shows a significant change at cP from 0� to a

negative angle. In Fig. 2e, the phase angle of TPP remains

at 0� in the stage of 0� to 56�, and the amplitude value of

TPP is always real. In Fig. 2f, there is a significant phase

change in TPS at angle cS. Therefore, in the case of the soft

seabed, we can only see a larger P-wave critical angle as a

dividing point in the curve of the reflection and transmis-

sion coefficient with the incidence angle. The amplitude

and phase angle of RPP and transmission coefficient TPS
change obviously at the two critical angles, and the curve

shows the special ‘‘two-stage’’ change at the soft seafloor

interface.

Real seismic data comparison: Gulf
of Mexico

To further verify the accuracy of our analytical results, we

compared our synthetic results with the real seismic data

chosen from the Gulf of Mexico dataset. Therefore, in this

section, we first present a simplified isotropic horizontal

layered model for the Gulf of Mexico seabed, which has a

high-velocity, thin layer beneath the consolidated sediment

and water layers. The parameters of the seafloor model are

shown in Table 4. As shown in Table 4, the model is

divided into six horizontal layers, each of which has a

different speed, density and thickness. Among the layers,

the first is the water layer, the second is the sedimentary

layer, the third is a high-speed thin layer, and the other

layers under these layers are solid layers. The thickness of

the water layer is 500 m, whereas the depth and thickness

of the high-speed thin layer are 650 and 150 m. The water

gun and receivers are both placed 10 m below the water

surface in the synthetic simulation, and the sine wave at

25 Hz is set as the source function. The minimum offset is

200 m, the interval between each receiver is 100 m, and

there are 45 receivers in total (the maximum one-sided

offset is 4700 m), which is the same as the real data

observation system. Using the analytical expression of

reflection and transmission coefficient in Eq. (17), we can

calculate the travel time and amplitude of the different

wave types in this model.

Since the reflection and transmission of the seafloor

interface are submerged in multiple records of different

Table 3 Model parameters at the soft seafloor interface

Layer q (kg/m3) a (m/s) b (m/s)

Seawater layer 1025 1490 –

Seabed layer 1600 1800 522
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interfaces, it is very difficult to directly study the reflection

and transmission of the seafloor interface in the real data.

The amplitude characteristics of inhomogeneous waves

propagating in a high-speed, thin layer are the most direct

evidence we have to verify the accuracy of our results.

Based on the previous analytical discussion, we can further

obtain the propagation mechanism of the inhomogeneous

waves in the high-speed, thin layer. As shown in Fig. 4, the

P-wave in the water layer transforms into a downward

homogeneous S-wave at the liquid–solid boundary. The

homogeneous S-wave enters the high-velocity thin layer at

the critical angle and propagates horizontally in the layer as

the inhomogeneous wave does when the incident angle is

larger than the critical angle, which is similar to our pre-

vious analysis of the reflection and transmission coeffi-

cients at larger incidence angles. Then, the inhomogeneous

wave is converted into the upward homogeneous S-wave at

the same critical angle and finally changes into a P-wave in

the water layer at the solid–liquid interface.

In this model, the sedimentary layer is under the stiff

seafloor, as the S-wave velocity is larger than the P-wave

velocity in the water layer. This is because the velocity and

density of the stiff seafloor are greater than those of the soft

seafloor, which ensures that the inhomogeneous wave has

enough energy when propagating as an S-wave beneath the

water layer. Therefore, the stiff seafloor becomes a strong

source of transverse waves in the multiple conversion

between the P- and S-waves. In contrast, the P- and S-wave

velocities and densities of the sediments beneath the soft

seafloor aquifers are relatively smaller, and the conversion

between the P- and S-waves decreases at the solid–liquid

interface. An S-wave with enough energy is difficult to

generate at the solid–liquid interface, and thus, the energy

conversion into a high-speed, thin layer is weak, which

attenuates the inhomogeneous wave or even disappears.

Fig. 3 Reflection and transmission coefficient at the soft interface

model. a–c shows the change in the amplitude of the reflection and

transmission coefficient with the incidence angle, respectively, and d–
f shows the change in the corresponding phase angle with the incident

angle, respectively. In the seawater layer,q1 ¼ 1025 kg/m3 and

a1 ¼ 1490m/s; in the seabed layer, q2 ¼ 1600 kg/m3, a2 ¼
1800m/s and b2 ¼ 522m/s. The angles in the abscissa marked with

‘‘4’’ represent the critical angles in this stiff seafloor interface model.

� and ` represent the two stages of the coefficient in the variation

with the incident angle, respectively
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With the reflection and transmission coefficient

expression of the liquid–solid interface, solid–solid inter-

face and solid–liquid interface, we can calculate the theo-

retical seismograms of different types of waves in this

model. The results are shown in Fig. 5a, and the real data

that were used are shown in Fig. 5b for the sake of com-

parison. Despite ignoring details of the horizontal velocity

structure, the characteristics of the travel time and ampli-

tude variations obtained using our model are highly similar

to the real data from the Gulf of Mexico. On the one hand,

the travel time and amplitude of the different order mul-

tiples are similar to the actual data. Multiples reflected with

an incidence angle close to the P-wave critical angle or

greater than the S-wave critical angle are seen as large

amplitude waves, which is consistent with the variation in

the reflection coefficient at the stiff seafloor interface,

which we previously obtained. On the other hand, we

successfully simulated a linear time–distance curve for the

Gulf of Mexico data (seen in Fig. 5), which is similar to the

refraction wave but has a higher velocity. This curve pro-

vides a more reasonable explanation from the perspective

of inhomogeneous waves by establishing a more reason-

able model and reveals the existence of high-speed, thin

layers under the stiff seafloor in the Gulf of Mexico.

Simultaneously, this curve also verifies the accuracy of our

reflection and transmission coefficient calculation.

Conclusions

In this paper, we mainly focused on the analytical study of

the reflection and transmission coefficient at the submarine

interface. According to the boundary conditions at the

submarine interface, we have obtained the analytical

expression, which is applicable to the analytical study. The

analytical expressions of the seafloor coefficient generated

by the downward incidence P-wave are obtained using the

energy normalization at the seafloor interface. With the

final form of the analytic expression, the reflection and

transmission coefficients of the seafloor using different

parameters are discussed. The change in the reflection and

transmission coefficients with the incidence angle presents

a ‘‘segmented’’ characteristic with the critical angles as the

dividing points. The size and type of critical angles are

affected by the velocities of the P- and S-waves in the

seabed layer. At critical angles, the amplitude value and

phase angle of the reflection and transmission coefficients

can vary significantly. Different P- and S-wave velocities at

Table 4 The seafloor model of

isotropic horizontal layered

media

Layer P-velocity a (km/s) S-velocity b (km/s) Density q (g/cm3) Thickness h (km)

1 1.5 0.0 1.0 0.5

2 3.5 2.0 2.0 0.2

3 5.8 3.4 2.6 0.15

4 3.6 2.1 2.0 0.2

5 4.0 2.3 2.45 0.3

6 5.8 3.4 2.6 !

Fig. 4 Mechanism of

inhomogeneous waves in the

seafloor with a thin, high-

velocity layer
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different seabed layer interfaces can lead to different sub-

marine critical angle types and sizes. With the analytical

solution, we know that there are two critical angles in the

stiff seabed, whereas in the soft seabed, there is only one

larger P-wave critical angle due to the low velocity of the

S-wave. Therefore, the reflection coefficient of the stiff

submarine interface shows a ‘‘three-stage’’ characteristic

with the change in incident angle, whereas the soft seabed

presents a ‘‘two-stage’’ characteristic. In each stage, the

reflection and transmission coefficients show different

variation characteristics with the incident angle. Therefore,

it seems reasonable to determine the critical angle type by

its characteristics in the reflection and transmission curve,

and then, the properties of the submarine interface can be

determined.

To validate our conclusions from the analytical study,

we first established two typical seafloor models to find the

similarities in the synthetic results. The reflection and

transmission coefficients in both the stiff and soft seafloor

models show the same characteristic, which we have pre-

viously discussed. Then, we extended our models and

calculated the theoretical seismograms of different waves

in this model, and the travel time and amplitude variations

obtained with our model are highly similar to the real data

from the Gulf of Mexico. In the future, we will further

expand the complexity of our model, with the aim to gain

better understanding and correspondence in the actual data.
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