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We investigate quantum phase transitions in XY spin models using Dzyaloshinsky-Moriya (DM) interactions. We identify the
quantum critical points via quantum Fisher information and quantum coherence, finding that higher DM couplings suppress
quantum phase transitions. However, quantum coherence (characterized by the l1-norm and relative entropy) decreases as the DM
coupling increases. Herein, we present both analytical and numerical results.
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1 Introduction

Quantum entanglement plays important roles in quantum
physics and quantum information processing [1-9], such as in
quantum key distribution [2, 3], quantum secure direct com-
munication [4-7], quantum machine learning [8]. Quantum
phase transition, a key element of condensed matter physics,
is a type of quantum fluctuation that occurs in spin-chain
systems at zero temperature. Understanding the connections
between quantum entanglement and critical behavior near a
quantum phase transition is especially important [10-12].

In recent decades, additional quantum measures beyond
entanglement have been proposed [13-17]. Quantum phase
transitions have been intensively studied using correla-
tion measures [18, 19]. In particular, spin-chain systems,
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including the XY , XXZ, and LMG models, have been used to
investigate quantum discord [20-24], one-norm quantum dis-
cord [25], and quantum deficit [26], among others [27-32].
Recently, quantum coherence has attracted considerable in-
terest as a resource. The l1 norm and relative entropy of co-
herence are very intuitive and coherence quantifiers are easy
to compute and fully monotone in all possible coherence re-
source theories [33].

Quantum Fisher information (QFI) [34] is a central quan-
tity in quantum metrology [35], where a linear interferome-
ter is used to estimate the unitary dynamics [29]. QFI also
plays a significant role in quantum detection and estimation
as it provides a bound on the quantum estimation accuracy.
In addition, QFI signaling of quantum phase transitions has
received much attention [36].

The XY model with Dzyaloshinsky-Moriya (DM) inter-
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actions has been extensively investigated. However, only a
few studies have considered this model from the perspective
of understanding the role played by quantum correlations in
phase transitions [20, 32, 37]. In ref. [20], quantum phase
transitions of the above mentioned model have also been in-
vestigated in terms of quantum concurrence, quantum dis-
cord, and classical correlations. Herein, we study the quan-
tum phase transition of the XY model with DM interaction
using QFI, in which QFI is an intrinsic and ubiquitous quan-
tity that plays significant roles in quantum metrology, such as
in parameter estimation. We also consider the l1 norm and
relative entropy of coherence.

2 Preliminaries

First, let us briefly review QFI and quantum coherence.
Quantum Fisher information. In general phase estimation

scenarios, the evolution of a quantum state, given by the den-
sity matrix ϱ, under a unitary transformation can be described
as ϱθ = e−iAθϱeiAθ, where θ is the phase shift and A is an oper-
ator. The estimation accuracy for θ is limited by the quantum
Cramér-Rao inequality [38, 39]:

∆θ̂ ≥ 1√
νF (ϱθ)

, (1)

where θ̂ denotes the unbiased estimator for θ, ν is the num-
ber of times the measurement is repeated, and F (ϱθ) is the
so-called QFI.

QFI is defined as:

F (ϱ, A) = 2
∑
m,n

(pm − pn)2

(pm + pn)
|⟨m|A|n⟩|2, (2)

where pm and |m⟩ are the eigenvalues and eigenvectors, re-
spectively, of the density matrix ϱ, which is used as a probe
state to estimate θ.

Quantum coherence. Quantum coherence is an important
resource in quantum information tasks [40]. A rigorous the-
ory has been proposed to determine a good indicator for mea-
suring quantum coherence [33]. Herein, we focus on the l1
norm and relative entropy of coherence.

(i) l1 norm. The l1 norm of coherence is defined as the
sum of the absolute values of all off-diagonal elements in the
density matrix ϱ:

Cl1 (ϱ) =
∑
i, j

|ϱi j|. (3)

(ii) Relative entropy. The relative entropy of coherence
(REC) is defined as:

CREC(ϱ) = S (ϱdiag) − S (ϱ). (4)

Here, ϱdiag is the diagonal part of ϱ, and the function S (σ) =
−Trσ log2 σ is the von Neumann entropy of the density ma-
trix σ. In the following discussion, we will use both coher-
ence measures as informational tools to study quantum phase
transitions in the XY model with DM interactions.

3 The XY model with DM interactions

The Hamiltonian of the Heisenberg XY chain with DM inter-
actions under periodic boundary conditions in the presence of
an external field is described as follows:

H =
∑N

i=1
{J[(1 + γ)σx

iσ
x
i+1 + (1 − γ)σy

iσ
y
i+1

+ D(σx
iσ

y
i+1 − σ

y
iσ

x
i+1)] − σz

i }, (5)

where σαi (α = x, y, z) are the Pauli operators at the ith lattice
site, N is the total number of spins, and J is the inverse of the
external transverse magnetic field strength. The system is an-
tiferromagnetic when J > 0 and ferromagnetic when J < 0.
The anisotropy γ lies in the interval [−1, 1], with the values
γ = 0 and ±1 corresponding to the XX and Ising models, re-
spectively. Finally the factor D represents the strength of the
antisymmetric DM interaction along the z direction. In the
following, we consider the case N → ∞ at zero temperature.

The XY model has been solved exactly, and the correla-
tion functions were obtained from [41, 42]. The XY model
with DM interactions can be solved exactly using the Jordan-
Wigner transformation [43], as well [20]. The nonclassical
correlation between two spins at sites i and j can be derived
from their collective state, and the model can be reduced
to the two-spin density matrix ϱ(i, j) = Tr\i jϱ, by tracing
over all spins except those at sites i and j. The Hamilto-
nian’s translational invariance ensures that the density matrix
ϱ(i, j) = ϱ(i, i + r), where r is the distance between the spins.
This two-spin reduced density matrix exclusively depends on
r and is independent of the spins’ actual locations. Thus, ow-
ing to the U(1) invariance and symmetries of the Hamiltonian
eq. (5), the model’s two-spin density matrix can be written as:

ϱ(i, i + r) =


a+ 0 0 c−
0 b c+ 0

0 c+ b 0

c− 0 0 a−


. (6)

The entries in this density matrix are given by two-point
correlation functions,

a± =
1
4
±
⟨σz

i ⟩
2
+
⟨σz

iσ
z
i+r⟩

4
,

b =
1 − ⟨σz

iσ
z
i+r⟩

4
, (7)

c± =
⟨σx

iσ
x
i+r⟩ ± ⟨σ

y
iσ

y
i+r⟩

4
.
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The model’s magnetization in the presence of an external
field is given by

⟨σz
i ⟩ = −

1
π

∫ π

0
dϕ

J(cos ϕ − 2D sin ϕ) − 1
∆

, (8)

where

∆ =

√
[J(cos ϕ − 2D sin ϕ) − 1]2 + J2γ2 sin2 ϕ. (9)

The two-point spin-spin correlation functions correspond-
ing to the x and y directions can be computed from the deter-
minants of the Toeplitz matrices, and the one corresponding
to the z direction can be computed from the magnetization,
yielding

⟨σx
i σ

x
i+r⟩ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Q−1 Q−2 . . . Q−r

Q0 Q−1 . . . Q−r+1
...

...
. . .

...

Qr−2 Qr−3 . . . Q−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (10)

⟨σy
iσ

y
i+r⟩ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Q1 Q0 . . . Q−r+2

Q2 Q1 . . . Q−r+3
...
...
. . .

...

Qr Qr−1 . . . Q1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (11)

and

⟨σz
iσ

z
i+r⟩ =

⟨σz⟩2 − QrQ−r

4
, (12)

where

Qr = −
1
π

∫ π

0
dϕ

2 cos(ϕ · r)
∆

[J(cos ϕ − 2D sin ϕ) − 1]

+
γ

π

∫ π

0
dϕ

2J sin(ϕ · r)
∆

sin ϕ. (13)

Therefore, the model’s QFI and quantum coherence can be
computed from the two-spin reduced density matrix eq. (6).

4 Quantum Fisher information and quantum
coherence for the XY model with DM interac-
tions

4.1 Quantum Fisher information and quantum coher-
ence

Now, we study QFI for the XY model with DM interactions.
Suppose ϱ is an arbitrary bipartite state, whereas {Aµ} and
{Bµ} are arbitrary complete sets of local orthonormal observ-
ables of the two subsystems with respect to ϱ. The QFI can
then be written as [44]:

F =
∑
µ

F (ϱ, Aµ ⊗ I + I ⊗ Bµ), (14)

which is also the global information for ϱ. It has been proved
that the value of QFI F given by eq. (14) is independent of
the choice of local orthonormal bases [44], meaning that it is
an intrinsic quantity of the composite system. For a general
two-spin system, the local orthonormal observables {Aµ} and
{Bµ} can be defined as:

{Aµ} = {Bµ} =
1
√

2
{I, σx, σy, σz}. (15)

Consequently, until ϱ is given, QFI F can be calculated from
eq. (2).

For an XY chain with DM interactions, after tedious com-
putation we can obtain the QFI for the two-spin state eq. (6):

F =

(
⟨σx

iσ
x
i+r⟩ − ⟨σ

y
iσ

y
i+r⟩
)2

1 + ⟨σz
iσ

z
i+r⟩

+
[(

3⟨σz
i ⟩

2 + ⟨σz
iσ

z
i+r⟩

2 − 2⟨σz
iσ

z
i+r⟩
) (
⟨σx

i σ
x
i+r⟩ + ⟨σ

y
iσ

y
i+r⟩
)

+
(
1 − 2⟨σz

iσ
z
i+r⟩
) (
⟨σx

i σ
x
i+r⟩2 + ⟨σ

y
iσ

y
i+r⟩

2
)
+ 2
(
⟨σz

i ⟩
2 + ⟨σz

iσ
z
i+r⟩

2 − 2⟨σz
i ⟩

2⟨σz
iσ

z
i+r⟩
)

+
(
⟨σx

i σ
x
i+r⟩3 + ⟨σ

y
iσ

y
i+r⟩

3
)
]/[
(
1 + ⟨σx

iσ
x
i+r⟩
) (

1 + ⟨σy
iσ

y
i+r⟩
)
− ⟨σz

i ⟩
2
]
. (16)

Next, we compute the model’s coherence. As the two-spin
reduced density matrix eq. (6) was computed in the σz basis,
we study the coherence in the same basis. Calculating the l1
norm is straightforward:

Cl1 = |⟨σx
iσ

x
i+r⟩|. (17)

Using the relative entropy formula eq. (4), we have

CREC =

1∑
k=0

(ξk log ξk + ηk log ηk − ζk log ζk) − 2ε log ε, (18)

where

ξk =
[
1 − ⟨σz

iσ
z
i+r⟩ + (−1)k

(
⟨σx

i σ
x
i+r⟩ + ⟨σ

y
iσ

y
i+r⟩
)]
/4, (19)
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ηk =

[
(−1)k

√
4⟨σz

i ⟩2 + (⟨σx
iσ

x
i+r⟩ − ⟨σ

y
iσ

y
i+r⟩)2

+1 + ⟨σz
iσ

z
i+r⟩
]
/4, (20)

ζk =
[
1 + ⟨σz

iσ
z
i+r⟩ + (−1)k2⟨σz

i ⟩
]
/4, (21)

and

ε =
[
1 − ⟨σz

iσ
z
i+r⟩
]
/4. (22)

4.2 Quantum phase transitions

Next, we show how quantum phase transitions can be de-
tected in the XY model with DM interactions. Figure 1 plots
the QFI, l1 norm of coherence, and REC for XY chains with
different DM interaction values D, namely 0, 0.5, and 1.
These show that the QFI in the J < 1 region differs from
that in the J > 1 region, and it changes substantially at D = 0
for J > 1 (first column). However, the QFI becomes stable
as D increases (see D = 0.5, 1). We can also observe that
the coherences increase with γ and reach maximal values at
γ = 1 for J > 1, with the critical point occurring at J = 1.
The two coherence measures, namely the l1 norm and REC,
behave similarly and form clear layers for different values of
D. For example, in Figure 1(ii), we can see that as D becomes
larger, the coherence becomes smaller, indicating that higher
D values suppress quantum coherence. All plots show clear

differences between the two regions J ∈ [0, 1] and J ∈ [1, 2].
The model’s quantum phase transition occurs at the critical
point J = 1. We can also see the same behavior for the next-
nearest (r = 2) and fifth-nearest (r = 5) neighbor cases.

We now investigate the XX (γ = 0) and Ising (γ = 1) mod-
els with DM interactions, as shown in Figure 2 for the rela-
tionships between the QFI, l1 norm of coherence, and REC
vs. the parameters J and D. In each subfigure, the upper and
lower surfaces represent the nearest (r = 1) and fifth-nearest
(r = 5) neighbor spins, respectively. For the XX model, we
observe critical behavior at J = 1. The QFI decreases as J
increases in the J > 1 region, but the coherence increases.
The behaviors for the fifth-nearest and nearest neighbor spin
cases are identical. For the Ising model, the QFI decreases as
J increases in the nearest neighbor case. However, it exhibits
different behavior in the fifth-nearest neighbor case, where
the QFI either decreases to a minimal value or increases to a
finite value. The coherences increase with J.

Figure 3 shows the QFI, l1 norm of coherence, and REC
as functions of J for the nearest neighbor (r = 1) spins in
the transverse Ising model (γ = 1) with different DM interac-
tion parameters D. The first row shows the QFI, l1 norm, and
REC vs. J, whereas the second row shows the corresponding
derivative coincidences. The blue, red, and green lines corre-
spond to DM parameters D = 0, 0.5, 1, respectively. Here,

r = 1

r = 2

r = 5

(i) (ii) (iii)

(iv) (v) (vi)

(vii) (viii) (ix)

Figure 1 (Color online) QFI, l1 norm of coherence and REC for the XY model with DM interactions vs. γ and J, for the DM parameter D = 0, 0.5, 1. The
first (i,ii,iii), second (iv,v,vi), and third (vii,viii,ix) rows correspond to the nearest (r = 1), next-nearest (r = 2), and fifth-nearest (r = 5) neighbors, respectively.
The first (i,iv,vii), second (ii,v,viii) and third (iii,vi,ix) columns correspond to the quantum Fisher information (QFI), l1 norm of coherence, and relative entropy
of coherence (REC), respectively. The DM interaction parameter D is D = 0, 0.5, 1 for the top, middle and bottom surfaces, respectively, in Figure (ii), (iii),
(v), (vi), (viii), and (ix).
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we notice that, similar to the QFI behavior, the coherences
have cusps at J = 1. In addition, they are clearly suppressed
as D increases, and their derivatives clearly show nonanalytic
behavior at the critical points, implying that a quantum phase
transition occurs at J = 1.

Providing a contrast to Figures 3 and 4 shows the fifth-
nearest neighbor (r = 5) spin in the γ = 1/2 model. Here,
when D = 0 the QFI decreases for J ≤ 1 and increases for
J > 1. However, the QFI exhibits different behavior when
D = 0.5 and 1, for which it decreases and has a cusp at J = 1.
In addition, its derivative is negative when D = 0.5, 1, and
positive when D = 0. A quantum phase transition can be
seen clearly at J = 1. The coherence is initially zero, then in-
creases quickly near J = 1 before saturating at a finite value.
The derivative of the QFI and coherence exhibit nonanalytic
behavior at the critical point J = 1, and the DM parameter
suppresses quantum phase transition.

Figure 5 shows the derivatives of the QFI, l1 norm of co-
herence, and REC with respect to the DM interaction param-
eter D. The dashed, solid, and dot-dashed lines correspond to
the QFI, l1 norm, and REC respectively, whereas the blue, or-
ange, green, and red lines correspond to J = 0.9, 1.0, 1.2, 2.0,
respectively. Here, the derivatives show distinct behaviors
for different J regions. The QFI and l1 norm derivatives are
always negative, but the coherence derivatives (dot-dashed
lines) are positive, except for the low D region when J = 2.
No nonanalytic behavior is observed, as was found for quan-
tum discord [20].

5 Conclusions

In this paper, we have studied quantum phase transitions in
anisotropic XY chains with DM interactions using QFI and

 = 1γ

 = 0γ
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0.0

Figure 2 (Color online) QFI, l1 norm of coherence, and REC vs. J and D for the XX (γ = 0) (first row) and Ising (γ = 1) (second row) models. In all
subfigures, the upper and lower surfaces correspond to the nearest (r = 1) and fifth-nearest (r = 5) neighbor cases, respectively.
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Figure 3 (Color online) QFI, l1 norm of coherence, REC, and their derivatives vs. J for the nearest neighbor (r = 1) spins in the γ = 1 XY model with DM
interactions. The blue, red, and green lines correspond to D = 0, 0.5, 1, respectively.
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Figure 4 (Color online) QFI, l1 norm of coherence, REC, and their derivatives vs. J for the fifth-nearest neighbor (r = 5) spins in the γ = 1/2 XY model with
DM interactions, for D = 0, 0.5, 1.
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Figure 5 (Color online) First derivatives of QFI, l1 norm of coherence, and
REC with respect to D for nearest neighbor spins (r = 1) in the γ = 1/2 XY
model with DM interactions. The dashed, solid, and dot-dashed lines corre-
spond to the QFI, l1 norm, and REC respectively, with blue, orange, green,
and red lines denoting J = 0.9, 1.0, 1.2, 2.0, respectively.

quantum coherence. In particular, we have identified quan-
tum critical points using QFI and quantum coherence. We
have also shown that the coherence (characterized by the l1
norm and relative entropy) decreases as the DM interaction
increases, and that the DM coupling suppresses the quantum
phase transition. These results improve our understanding of
the relationships between the QFI, quantum coherence, and
quantum phase transitions in spin systems. These quantities
are important when investigating quantum phase transitions
in realistic experimental scenarios. This approach could also
be used to explore quantum phase transitions in other spin-
chain systems.
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