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Abstract This paper studies the combined effect of
sampling and dry friction on the dynamics of mechani-
cal systems subjected to position control using discrete-
time state feedback. This paper aims to highlight that
even in case of a single degree-of-freedom mechanical
subsystem, the controlled system cannot be character-
ized by a model with a single dominant frequency and
some of the upper harmonics become relevant result-
ing multi-frequency vibrations. The presented stability
analysis of the frictionless system gives insight into

C. Budai (B)
Department of Mechatronics, Optics and Mechanical
Engineering Informatics, Faculty of Mechanical
Engineering, Budapest University of Technology and
Economics, Budapest 1521, Hungary
e-mail: budai@mogi.bme.hu

L. L. Kovács · J. Kövecses
Centre for Intelligent Machines and Department of
Mechanical Engineering, McGill University, 817
Sherbrooke Street West, Montreal, QC H3A 0C3, Canada
e-mail: laszlo.kovacs@mcgill.ca

J. Kövecses
e-mail: jozsef.kovecses@mcgill.ca

G. Stépán
Department of Applied Mechanics, Faculty of Mechanical
Engineering, Budapest University of Technology and
Economics, Budapest 1521, Hungary
e-mail: stepan@mm.bme.hu

G. Stépán
MTA-BME Research Group on Dynamics of Machines and
Vehicles, Hungarian Academy of Sciences, Budapest 1521,
Hungary

this intricate dynamics of sampled-data systems. The
numerical simulation results show that the presence of
dry friction can stabilize an otherwise unstable motion
due to the effect of sampling. The effect of dry friction
results that decreasing vibrations occur with concave
envelope, but it makes the dynamics dependent on the
initial conditions.

Keywords Motion control · Positioning · Digital
effects · Higher harmonics · Coulomb friction

1 Introduction

Position control is a fundamental task in mechatronic
systems. In such tasks, the aim of the control system is
to maintain a desired position of the mechanical sub-
system. The desired position can include a specified
position or tracking a trajectory defined as a series of
positions in time. Many applications of position con-
trol are typically related to robotic systems where state
feedback is used in the control algorithm. For example,
in case of industrial robots steady-state position con-
trol and trajectory tracking are very common. In those
applications, the main objectives are high accuracy and
high speed. The gains are usually tuned to values that
guarantee best performance in terms of the primary
objectives.

For such applications, comprehensive studies [1–3]
are available on digital control theory. In classic control
theory, phase and/or gain margins are used to design
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the controllers, while another basic design method is
the so-called pole placement. This method determines
the control gains of the feedback matrix in order to
modify the characteristic roots or poles of the uncon-
trolled system to achieve the desired motion. In case of
discrete-time control [4–6], the characteristic roots are
described in continuous time, and they are transformed
back to discrete-time domain with a given sampling
time in order to get the control gains for the discrete-
time case.

On the other hand, in force-feedback haptic sys-
tems [7], position control serves a different purpose.
In such systems, the difference between desired and
actual positions is seen as the deflection of a virtual
spring, and the proportional control gain is the stiff-
ness coefficient of the virtual spring. These generate
the force/torque values that are fed back to the human
user from the virtual environment through the haptic
device. Therefore, the value of proportional gain is very
important in such applications since it determines how
soft or hard the user feels the virtual environment. For
these systems, the sampling frequency often cannot be
increased to high enough values [8], and the time dis-
cretization effects become very visible leading to sta-
bility problems.

A discrete-time position control with a proportional
gain only is always unstable [9,10], and the level of
instability, the rate of divergence depends on the sam-
pling rate; the higher it is, the slower the system posi-
tion diverges away from the desired value. To stabi-
lize a discrete-time position controlled system, some
physical or virtual dissipation is needed. For high sam-
pling rates, often the inherent physical dissipation of the
mechanical system can be sufficient. But, such dissipa-
tion can also be added via derivative feedback that acts
as a virtual viscous damping element. The other source
of physical dissipation can come throughCoulomb fric-
tion.

Little is knownabout the dynamic effects ofCoulomb
friction in haptic systems. It is typically neglected
in order to achieve a linearized, worst-case system
model for stability analysis [11]. Considering time dis-
cretization, delay, quantization, and Coulomb effects,
a passivity condition is given in [8]. But, other papers
mostly consider viscous damping that is necessary to
achieve/maintain passivity [11,12].

The analysis of the effect of sampling requires the
handling of infinite dimensional mathematical models.
The complexity of the mathematical treatment is fur-

ther increased by the non-smooth property of dry fric-
tion [13,14]. In order to simplify the analysis and/or
the control design, the effect of dry friction is often
neglected. This can be justified by considering friction
compensation [15], or aiming for designing a robust
controller with conservative stability conditions [16].

Although the above simplifications can be reason-
able from the engineering point of view, precise control
and the explanation of some intricate vibration phe-
nomena require the use of more accurate models. As
it was demonstrated in [17,18], when Coulomb fric-
tion compensates for the possible instability caused by
the sampling, decreasing vibrations occur with con-
cave envelope. In these two papers, the only consid-
ered source of physical dissipation was Coulomb fric-
tion. As was demonstrated in a sampled-data setting,
Coulomb friction can act as an important dissipative
phenomenon; however, it can cause intricate dynamic
effect.

In [19], the effect of the additional viscous damp-
ing was investigated while this current paper focuses
on how the effect of virtual damping can modify the
dynamic behavior of sampled-data systems. The main
objective of this paper is not related to traditional con-
troller design approaches, i.e., how to tune the gains to
achieve best performance.We rather intend to show the
complex dynamic effects that can arise due to virtual
damping andCoulomb friction. These can be important
in applications such as haptic systems where sampling
rates often cannot be increased to high values, and the
control gains themselves can carry physical meaning.

The paper is organized as follows. In Sect. 2, the
mathematical model of a sampled-data system is intro-
duced where the effect of dry friction is considered
as the main source of physical dissipation. As a refer-
ence, stability and dynamic analysis of the correspond-
ing sampled-data system with negligible dry friction is
presented in Sects. 3 and 4 . The nonlinear vibrations
induced by sampling and friction effects are presented
in Sect. 5. Section 6 concludes the paper.

2 Model of position control

To illustrate the combined effect of sampling and dry
friction on positioning, a single degree-of-freedom
mechanical model is considered [20]. The mechani-
cal system is positioned into the zero reference posi-
tion by a discrete-time state-feedback controller in the
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presence of friction. In this model, zero-order hold is
used to reconstruct the discrete-time control force into
a continuous-time signal that results in a piecewise-
constant function of time. The corresponding equation
of motion is

mq̈(t) = fu(t j ) − ffr(t) for t ∈ [
t j , t j + τ

)
, (1)

where q(t) represents the generalized coordinate as a
function of time t , which corresponds to the modeled
degree of freedom,m denotes the generalizedmass cor-
responding to the generalized coordinate q, and dot
refers to differentiation with respect to time. In addi-
tion, fu is the generalized control force, ffr is the gen-
eralized friction force, and t j = jτ denotes the j th
sampling instant, where τ is the sampling time.

The generalized friction force is considered by the
Coulomb friction law assuming that the magnitudes of
static and kinetic friction forces are equal. Thus,

ffr(t) =
{
fC sgn (q̇(t)) if q̇(t) �= 0

[− fC, fC] if q̇(t) = 0
, (2)

where fC = μ fN denotes the magnitude of dry fric-
tion force, μ is the kinetic friction coefficient and fN
denotes the magnitude of normal contact force.

As it can be seen in Eq. (2), the friction force is a
multivalued function at zero velocity. If the velocity is
zero and | ffr| ≥ | fu| at t �= 0, then the motion will
stop within finite time in a so-called sticking region
[−�,�] generated around the desired position. With
initial positions outside [−�,�] and with zero ini-
tial velocity, motion takes place in the opposite direc-
tion before the velocity becomes zero resulting local
extrema in the position signal. Therefore, during the
analysis of motion, the friction force can be taken into
account as

ffr(t) = fC sgn (q̇(t)) . (3)

Based on the discrete-time state feedback, the con-
trol force is determined by the linear combination of
the sampled position and velocity as

fu(t j ) = −kpq(t j ) − kdq̇(t j ), (4)

where the constant parameters kp and kd are the feed-
back gains.

In order to obtain a compact discrete-time model
with reduced number of free parameters, the dimen-
sionless time T = t/τ is introduced. Thus, the dimen-

sionless sampling instant is Tj = j . Based on these,
the equation of motion can be rewritten as

m
τ 2
q ′′(T ) + fC sgn

(
q ′(T )

)

= − kpq(Tj ) − kd
τ
q ′(Tj ) for T ∈ [ j, j + 1) ,

(5)

where prime denotes the differentiation with respect to
the dimensionless time.

By assuming that the direction of motion does not
change between two consecutive sampling instants, the
piecewise linear system presented in Eq. (5) can be
solved analytically for the discrete state variables col-
lected in x j = [q j v j ]T, where the discrete states are
q(Tj ) = q j and q ′(Tj ) = v j .

By integrating Eq. (5) over the given time interval
T ∈ [ j, j + 1), the following switched discrete map-
ping can be derived

x j+1 = Ax j − a sgn
(
q ′(T )

)
, (6)

where

A =
[
1 − p

2 1 − d
2−p 1 − d

]
and a =

[
σ
2
σ

]
(7)

with

p = kpτ 2

m , d = kdτ
m and σ = fCτ 2

m . (8)

This mapping is valid between velocity reversals,
and by detecting the zero crossings in the velocity, it can
be used to numerically calculate the solution without
directly integrating Eq. (5). For further details see [18].

3 Stability analysis with negligible friction

First, the case is investigatedwhen the effect of dry fric-
tion is neglected, i.e., σ = 0. The corresponding results
can serve as reference to examine the effect of friction
on system stability. Consequently, Eq. (6) simplifies to
the linear map x j+1 = Ax j .

Using this linear map, the time series of the discrete
states can be determined for any initial conditions x0
which forms a generalized, or multidimensional geo-
metric series, called Neumann series [16]. The conver-
gence of this series is equivalent to ρ(A) < 1 where ρ

denotes spectral radius. Thus, the eigenvalues ofmatrix
A determine the asymptotic stability of the system,
which is stable if, and only if, the eigenvalues are inside
the complex unit disk [4], i.e., |zn| < 1 with n = 1, 2.
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Fig. 1 Stability chart in the
frame of dimensionless
control parameters p–d
(left) and the location of
characteristic multipliers in
the complex plane z (right).
(Color figure online)
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Fig. 2 Numerical
simulation without the
effect of friction. The
control parameters are
selected to be p = 3.5 and
d = 1.935, and the initial
conditions are x0 = 6.25,
v0 = 0. (Color figure
online) P
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The characteristic equation of matrixA can be given
in the from

z2 − (
2 − d − p

2

)
z + 1 − d + p

2 = 0. (9)

If theMöbius transformation z = (w+1)/(w−1)with
w ∈ C is applied, the complex unit disk is transformed
into the left half of the complex plane and the stability
condition is also reformulated to

|zn| < 1, n = 1, 2 ⇔ Re{wn} < 0, n = 1, 2. (10)

Using the Routh–Hurwitz stability criterion for w, the
stability condition yields

p > 0, d >
p
2 and d < 2 (11)

for the control parameters. The corresponding stable
domain is illustrated in the plane of the dimensionless
control gains p and d as a shaded triangular area in the
left panel of Fig. 1.

Since the possible maximum steady-state error is
� = σ/p, the proportional gain needs to be selected as
high as possible [16] to improve the precision of posi-
tioning. As an example, consider the case of p = 3.5

and d = 1.935, which selection results in somewhat
unexpectedmulti-frequency oscillations in the friction-
less case. Such oscillations are plotted in black in both
panels of Fig. 2.

This behavior can be explained by considering the
higher harmonics associated with the time domain
transformation of the eigenvalues of the transition
matrix A, which is presented in detail in Sect. 4. The
effect of higher harmonics can also be seen in Fig. 3. In
this figure, the power spectrum is calculated by using
the same time history of vibration which is presented
using the black line in Fig. 2.

4 Dynamic analysis with negligible friction

The coefficients of the monomials of the characteristic
polynomial in Eq. (9) and the discriminant of Eq. (9)
determine the location of the characteristic roots, or the
so-called characteristic multipliers z1,2 in the complex
plane z. It follows that these conditions result in three
separation curves in the stable domain by
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Fig. 3 Power spectrum of the result of the numerical simulation
without the effect of friction. The control parameters are selected
to be p = 3.5 and d = 1.935, and the initial conditions are
x0 = 6.25, v0 = 0
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Fig. 4 Transformations between the domains of s and z. The
parameters ρ and ϑ are defined in Eq. (17). Furthermore β =
ln(ρ)/τ , ω0 = ϑ/τ and ωs = 2π/τ

T := tr(A) = 0 ⇔ d = 2 − p
2 , (12)

D := det(A) = 0 ⇔ d = 1 + p
2 , (13)

δ := T 2 − 4D = 0 ⇔ d = − p
2 ± 2

√
p . (14)

In the left panel of Fig. 1, the red, green and blue dashed
lines obtained from the expressions in Eqs. (12)–(14)
correspond to the sub-domain boundaries. These lines
divide the stable domain into six regions where the
different locations of the characteristic multipliers are
demonstrated by blue dots in the right panel of Fig. 1
where the small black crosses represent T /2.

The location of the characteristic multipliers deter-
mines the different types of possible motions. Thus,
these roots have to be transformed by using inverse Z
transformation that is given, in general, as s = ln(z)/τ .
This transformation rule is presented in Fig. 4, and it
further simplifies to s = ln(z) due to the introduction
of dimensionless time.

Based on the characteristic equation in Eq. (9), the
characteristic multipliers can be expressed as

z1,2 = T
2 ±

√
δ
2 = 4−2d−p

4 ±
√

(2d+p)2−16p
4 . (15)

In order to apply the inverse Z transformation in the
easiest way, these characteristic multipliers in Eq. (15)
are reformulated into the complex exponential form
as z = ρeiϑ , where ρ and ϑ denote the magnitude
and the argument of z. It is important to note that z is
also a rotating vector which means ϑ is periodic and
ϑ + 2kπ , k ∈ Z. If the transformation is applied, then
the resulting infinite number of characteristic roots in
the domain of s are called characteristic exponents.

As an example, Fig. 4 also presents the location of
the characteristic multipliers associated with the sub-
domain #5 and also the corresponding characteristic
exponents. In this sub-domain, T < 0, D > 0 and
δ < 0 results in z1,2 ∈ C with negative real part and
nonzero imaginary part. Based on these properties

z1 = ρei(ϑ+2kπ) and z2 = ρe−i(ϑ−2kπ) (16)

where

ρ = √
1 − d + p/2 and tan ϑ =

√
16p−(2d+p)2

4−2d−p .

(17)

After the application of the inverse Z transforma-
tion, the characteristic exponents are

s1 = ln(ρ)
τ

+ i ϑ+2kπ
τ

and s2 = ln(ρ)
τ

− i ϑ−2kπ
τ

.

(18)

If only the dominant characteristic exponents are
taken into account, the position x(T ) can be given as

x(T ) = eβT (c1 cos(ω0T ) + c2 sin(ω0T )) , (19)

where β = ln(ρ)/τ and ω0 = ϑ/τ . The constants
c1 and c2 come from the initial conditions x(0) = x0
and x ′(0) = v0. Based on this, the given oscillation is
presented in blue in the left panel of Fig. 2. On the other
hand, if the higher harmonics corresponding to k = −1
are also taken into account, x(T ) can be characterized
as

x(T ) = eβT (c1 cos(ω0T ) + c2 sin(ω0T )

+ c3 cos(ω1T ) + c4 sin(ω1T )) , (20)

where ω1 = ωs − ω0 with ωs = 2π/τ . The con-
stants c1, c2, c3 and c4 come also from initial con-
ditions, but, based on the original system, only two
conditions x(0) = x0 and x ′(0) = v0 are known. The
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Fig. 5 Numerical
simulations without and
with the effect of friction.
The control parameters are
selected to be p = 0.95 and
d = 0.36, and the initial
conditions are x0 = 9.4,
v0 = 0 with σ = 0.8.
(Color figure online) P
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Fig. 6 Numerical
simulation with and without
the effect of friction. The
control parameters are
selected to be p = 3.74 and
d = 1.77, and the initial
conditions are x0 = 5,
v0 = 0 with σ = 1.1
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other necessary equations can be given from the prop-
erties of the original system: due to the applied zero-
order holder, the initial acceleration is constant, i.e.,
x ′′(0) = −px0 − dv0 and therefore the initial jerk is
x ′′′(0) = 0. Based on this, the given oscillation is pre-
sented as the dashed red curve in the right panel of
Fig. 2. As it can also be seen, this red curve shows
good agreement with the simulated black one of the
full system.

Accordingly,without considering the effect of higher
harmonics corresponding to k = −1, the dominant
motions cannot be characterized correctly. This con-
sequence is also valid for the characterization of the
typical motions in sub-domains #2, #3 and #4 where
the common property is that one of the characteristic
multipliers lies in the left half of the complex plane z.

5 Nonlinear vibrations induced by sampling and
friction effects

When Coulomb friction can stabilize an otherwise
unstable motion, the resulting motions may have con-
cave envelope [17,18]. If the control gains are selected
from the lower region of the stability map, the motion
is exponentially unstable with one dominant frequency.
It is presented as black curve in the left panel of Fig. 5.

When the friction stabilizes the motion, the predicted
concave envelope is presented as red curve in the right
panel of Fig. 5.

This concave envelope is also observed when the
effect of friction stabilizes such kind of unstable
motions that can be characterized by two dominant
vibration frequencies. This is presented in the left panel
of Fig. 6. In these cases, due to the effects of two dom-
inant frequencies, it results in the vibrations exhibit
double concave envelope as shown in the right panel of
Fig. 6.

As it was mentioned above, the stabilization effect
of Coulomb friction is sensitive to the initial conditions
resulting unstable limit cycle around the zero desired
position. In case of the presented examples, when the
motions are initiated with zero velocity at x0 = 5.8
instead of x0 = 5, or at x0 = 9.8 instead of x0 = 9.4
the motions become unstable due to the presence of an
unstable oscillation.

6 Conclusions

In this paper, the main characteristics of position con-
trolled mechanical systems were investigated by con-
sidering dry friction as the primary source of physical
dissipation. For the analysis of the effect of sampling
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with dry friction, a detailed analysis was presented for
the frictionless system. It was demonstrated that even a
single degrees-of-freedommechanical system can have
multi-frequency vibrations when it is positioned by a
discrete-time state-feedback controller. The observed
vibrations can be explained by the higher harmonics in
the solution which correspond to the periodicity of the
eigenvalues of the transition matrix. When the effect of
dry friction is also taken into account, it was also shown
that the position controlled systems with discrete-time
state feedback can become sensitive to the initial con-
ditions, and unstable oscillations may appear around
the desired position.
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