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Abstract In this paper recent simulation results aimed
at studying nonlinear phenomena that accompany
motion of railway vehicle in transition curve at veloci-
ties around the vehicle critical velocity are presented by
the authors. Such results concern six different objects
representing railway vehicles. These are: three 2-axle
railway bogies, two 2-axle railway cars, and 4-axle rail-
way car. The paper attention is devoted to presenting
as many different nonlinear behaviours of the studied
objects as possible. This is done first of all to give an
idea to the readers of great number of the nonlinear
behaviour types that can appear for railway vehicles
in transition curves at velocities lower and bigger than
vehicle critical velocity. The differences arising from
specificity of particular objects are highlighted while
systematic variation of the system parameters in order
to study influence of such variation on differences in the
behaviour is less represented. The paper ends with the
comprehensive comments by the authors to the results
obtained.
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1 Introduction

This paper presents current results on nonlinear phe-
nomena appearing during railway vehicle transition
curve (TC) negotiation at velocities around nonlin-
ear critical velocity of the vehicle. Both, the velocities
higher and lower than the critical velocity are stud-
ied. On the other hand, results for the higher velocities
are of primary interest while those for the lower ones
make the reference to them most often. The authors
focus on motion of the vehicle, i.e. corresponding lat-
eral dynamics co-ordinates of railway vehicle model
are of primary interest. Despite motion in TC is of
major importance, the vehicle motion in straight track
(ST) and circular curve (CC) track sections are also pre-
sented. They make reference for the vehicle behaviour
in TCs. The observations of the phenomena of interest
are based on the results of numerical simulations of the
vehicle-track system dynamical models.

In this paper six different objects representing rail-
way vehicles are studied. These objects are: three 2-
axle bogies of railway cars, two 2-axle freight cars,
and 4-axle passenger car. Their names and features are
as follows: 25TN bogie of the freight car, the bogie of
average parameters, bogie of passenger MKIII car, 2-
axle freight car of average parameters in an unloaded
state, hsfv1 freight car in a laden state, and 4-axle pas-
senger car MKIII of two bogies.

The aim of this paper is first of all to enlighten the
readers on great number of the nonlinear behaviour
types that can appear for railway vehicles in TCs at
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velocities lower and bigger than vehicle critical veloc-
ity. The knowledge on that and number of the corre-
sponding publications are both very low. The differ-
ences arising from specificity of six studied objects are
highlighted. This is helpful for the second major aim of
this paper. It is visualisation to the readers that nonlinear
phenomena of interest do not refer to particular object
or particular vehicle class but are general and could hap-
pen in any class of rail vehicles. In this paper results
focused on systematic variation of the system param-
eters in order to study influence of such variation on
differences in the vehicle behaviour is less represented.
This is because direct studying the reason of particu-
lar nonlinear behaviour is not of primary importance at
this stage, although some remarks of such a nature are
included. Those are a matter of the author’s next paper
while here the most intriguing and even unexpected
results are gathered. Most of them have not been pub-
lished, yet. Both just mentioned aspects are equally
important and present in the authors publications so
far [1–8]. Division of the results into two parts serves
effective dissemination of the knowledge collected and
is caused by the great number of the results obtained.

Without any doubt the problem being studied in this
paper is connected with lateral stability studies of rail
vehicles. Such connection is first of all through the
critical velocity notion, the key parameter in stability
studies, and simulation software that is used often in
the stability analysis. The authors mean here bifurca-
tion approach to nonlinear stability analysis. The bifur-
cation plot for motion of railway vehicle of typical
subcritical properties in ST is shown in Fig. 1. Sim-
ilar figures can be found, e.g. in [9–12] while analo-
gous figures for vehicle motion in CC can be found
in [13,14]. In this approach linear vc and nonlinear vn
critical velocities are recognised as generally different
quantities. They are related to Hopf and saddle-node
bifurcations, respectively (Fig.1). Figure 1 reveals that
typical subcritical system has got three different ranges
of velocity v. First is the range from 0 to vn where only
stable periodic solutions can appear. The second one
is placed between vn and vc. Here two stable solutions
coexist, namely stationary and periodic ones. Which of
them is adopted by the system depends on perturbation
value (in simulation it can be initial conditions values).
In the theory and in real conditions the systems move
away from unstable solutions (here either stationary or
periodic) and are attracted to positions defined by the
stable solutions. Third is the rage for v > vc where

only stable periodic solutions can exist since as just
said the coexisting unstable stationary solutions can-
not be adopted by the system both in the theory and
practice. This range ends with velocity vs , represent-
ing stop of the calculations. This stop can be caused
by unbounded growth of the solution (called some-
times numerical derailment, but not physical one) or
arbitrarily by the software operator, e.g. due to unnat-
urally big velocity values [11,14,15]. As shown, e.g.
in [12], some railway vehicle systems has got super-
critical properties. Then, plot in Fig. 1 transforms so
that point of saddle-node bifurcation moves down to
the horizontal axis and overlaps point of Hopf bifur-
cation (so vn = vc) while unstable periodic solutions
line degenerates and vanishes. Note that for mechan-
ical systems of many degrees of freedom (DOFs) as
railway vehicle (or vehicle-track) systems are no ana-
lytical methods exist to find value of nonlinear critical
velocity vn . Therefore numerical calculation (simula-
tion) methods are in use. In case of linear critical veloc-
ity vc simulation methods can be used, too. Besides,
analytical methods exist for multidimensional systems
provided linear model of the system is applied (solu-
tion of the eigenvalue problem). On the other hand,
use of linear models in modern railway vehicle dynam-
ics is hardly acceptable. Note also that critical velocity
vn can be much lower than critical velocity vc. This
causes that information about moment (velocity) peri-
odic solution (hunting motion in real vehicle) appears
based on vc is misleading and can even be dangerous,
especially one usually does not know either the real
system is super- or subcritical. That is why nowadays
use of easier determinable linear critical velocity vc is
very often contested (e.g. [11,16,17]) while simulation
methods for vn determination are used commonly and
still developed.

One can see in Fig. 1 that velocity vc corresponds
with the moment stable stationary solution loses its sta-
bility and bifurcates into unstable periodic and unstable
stationary solutions in case of subcritical system. Non-
linear critical velocity vn corresponds in Fig. 1 to the
moment stable stationary solution loses its stability and
bifurcates into stable periodic solution provided pertur-
bation (initial conditions) are high enough. Otherwise,
stationary solution still lasts. In case of supercritical
systems vc = vn which corresponds to the moment sta-
ble stationary solution loses its stability and bifurcates
into stable periodic and unstable stationary solution.
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Nonlinear phenomena for railway vehicles in transition curves 1557

Fig. 1 Bifurcation plot for
typical railway vehicle of
subcritical properties in ST

Taking account of possible case vn < vc and its
conditional character for subcritical systems (pertur-
bation big enough), nonlinear critical velocity vn is the
smallest velocity at which stable periodic solutions can
appear in the mechanical system represented by the
railway vehicle dynamical model, no matter the sys-
tem is super- or subcritical. Besides, the authors dis-
tinguish between values of critical velocity in ST and
CCs of different radii. Authors of this paper always
mean nonlinear critical velocity when shortened term
critical velocity is used by them.

Note that stable periodic solutions can appear for
ST and CC as such sections of the route represent con-
stant conditions of motion. This is not the case in TC,
where curvature and superelevation of 3-dimensional
track change continuously. Consequently, in TC nei-
ther stable periodic nor stable stationary solutions can
be expected and searched for, what makes the essence
of the stability analysis. Going further, critical velocity
in TCcannot be determined, too.On the other hand, any
solution, even the nonstationary or nonperiodic, can be
checked for its stability. So also in TC, one could intro-
duce series of some small perturbations into the sys-
tem, and check if the newly obtained solutions are close
enough to the solution taken as the model solution. If
yes, the solution in TC would be stable. Authors of this
paper do not perform such formal checks for stability
of solutions in TC, however. They limit their activi-
ties to analysis of the solutions (simulation results) so
that earlier mentioned aims of this paper can be sat-
isfied. Example works connected with stability anal-

ysis as meant here are works by other researchers
[9,10,16,18–24] and the lead author [11,13,14].

The main motive of considering nonlinear phenom-
ena of railway vehicles in this paper is limited knowl-
edge on the vehicles behaviour in TC and its vicinity
at velocities around critical one and low cognisance of
highly nonlinear features of railway vehicles in such
conditions. It is especially motivating as knowledge
on the vehicle behaviour and features in ST and CC
at velocities around critical one, including problem
of stability, is incomparably bigger. Apart from the
purely cognitive aspects, the new knowledge gathered
in this area can finally bring practical benefits concern-
ing improvement in railway vehicle construction and
safety of motion, which issues are expanded at the end
of Sect. 3.

It is really hard task to find some serious number of
the literature items by other researchers that treat the
matter being studied in this paper directly [25–28]. One
should realise of unquestionably smaller number of the
results on dynamics of rail vehicles in TC even in publi-
cations generally referring to this problem as compared
to similar results for ST and CC sections of railway
track. Small number of works by other authors and thus
originality of the problem do not mean that considered
subject arouses no considerable interest in the railway
vehicle dynamics society. In case of present authors
the proof for it are: acceptance of the corresponding
papers for presentation at the IAVSD Symposia [1–3],
lively discussions at these conferences, other confer-
ence publications [4–6,8] and journal papers [7], as
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well asfinancial support for the authors’ studies, i.e. sci-
entific grant as mentioned in the “Acknowledgements”
section.

Apart from joint works by these authors, the pub-
lications close to the results in this paper mostly are
[25–29]. They include examples of courses for lateral
dynamics co-ordinates (lateral displacements alone
and/or yaw angles) of vehicle elements (wheelsets,
bogie frames, and car body) at velocities higher than
critical one. The routes include at least ST, entrance
TC, and CC or even more, i.e. the ST, entrance TC,
CC, exit TC, and ST sections. Generally, results for
TCs in publications [25–29] were obtained as a result
of the stability studies where either stationary or peri-
odic solutions in ST and CC were looked for. Some
of the first results by the lead author shown in [29]
were not a major subject for the studies but obtained
by incident or on the occasion of the studies of different
aims. In [25,26] 2-axle freight car was studied in TC.
In [27] heavy-haul 4-axle vehicle of 2 bogies is consid-
ered. In [28] four-axle passenger car of two bogies is
studied. In [29] two bogies and two 2-axle freight cars
were of interest. In [25,26] behaviour in TC is to some
extent logical passage of the behaviours in ST to those
in CC section where vibrations exist. The regular limit
cycle in ST is shown. Nevertheless, due to dry friction
and nonsmoothness in the suspension explicit pertur-
bation in the regular behaviour in TC and CC can be
observed. In [27] interesting is the absence of the vibra-
tions in ST and their appearance in the middle of TC
length and continuation in CC in a form of the limit
cycle. In [28] existence of the result for TC is forced
by capability of the used software. It does not permit to
start simulation in CC. In order to get result for CC the
simulation has to start in ST and then entrance into CC
through TC happens. Vibrations appear immediately at
the TC beginning and are continued in CC in a form
of the limit cycle. In [29] results for TC being logi-
cal passage from ST to CC, where limit cycles exist,
are shown. Besides, three intriguing results are shown.
So, complete disappearance of vibrations in TC with
simultaneous existence of limit cycles in ST and CC
is one of them. The second is disappearance of vibra-
tions existing in ST and TC after the entrance into CC
but for the leading wheelset only. The third is switch
of the vibrations from one type of limit cycle solution
to the other one (of different amplitude and frequency)
approximately in the middle of TC. The results in [29]
are the oldest ones and became the major motivation

for these authors studies in [1–8] and in the present
paper. The common feature of the results in [25–29]
is just single result for each of the objects. No inten-
tional variation of the system parameters or conditions
of motion are performed in these works. The exception
is [25,26] where results for two different velocities are
shown. The difference between both results is in fact
limited to vibration amplitudes, however.

The group of works of the certain importance for
this paper are those where the results of interest, i.e. co-
ordinates representing and arising fromvehicle dynam-
ics in TC above critical velocity, were in fact generated
but not published or could be potentially generated. The
main reasons for not showing these results are other
than lateral dynamics co-ordinates dynamical quanti-
ties particular authors are interested in or velocities
below the critical one. Example publications of such
type are [30–38]. The interesting subgroup within such
publications are those based on vehicle-track models
simulation, which use dynamical approach, but not the
traditional engineering one, to search for proper, best
or even optimum shape of TCs. Here, as a rule lateral
dynamics co-ordinates are of interest but velocities are
below vehicle critical velocity. Example works here are
[39–42].

Finally, the group of works concerning nonlinear
systems design and control can be mentioned with [43,
44] as the representative examples.

2 Modelling approach, objects’ models, and
software applied in the study

2.1 Approach to modelling in the authors’ studies

Authors of this paper use modelling approach as pro-
posed and used by the lead author for many years.
The most up-to-date information about this approach
is given in [41,45]. First of these publications [45] is
entirely focused on the modelling issues and gives very
detailed information while in the second one [41] mod-
elling is just one of the parts and is presented in more
concise form.

Discussed way of modelling rail vehicle system
dynamics is in several aspects the generalised one.
The most important aspect of the generalisation is sin-
gle model that serves any conditions of motion, i.e.
it is valid for any type of TC, CC, and ST sections of
track. Vehicle dynamics is dynamics of relativemotion,
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i.e. relative to track based moving (noninertial) co-
ordinate systems. Inertia terms arising from motion of
the co-ordinate system(s), called imaginary or correc-
tion forces, are explicitly recorded in the equations of
motion. These terms are the only ones in the equa-
tions which depend on the track shape, which is 3-
dimensional (3-D) in the method in general. Thus 3-D
curve representing any TC with superelevation ramp
can be considered, providing this curve is described
with parametric equations. CC and ST cases are treated
as 2-D and 1-D special cases of 3-D curve. In prac-
tice, information about track shape is introduced into
the equations through the linear and angular velocities
and accelerations of transportation that is of motion of
the co-ordinate system(s) relative to the absolute sys-
tem. Thisway generalisation of themodel in conditions
of motion (track shape) is achieved. Another element
of the generalisation of the modelling approach is its
validity for any formalism of the equations building
(any type of the dynamical equations of motion). What
is more this statement comprises both the equations
derived traditionally (on paper) and numerically with
use of the software for automatic generation of equa-
tions of motion (AGEM).

Authors of this paper make use of both these major
elements of the approach generalisation. Indeed, each
model of the studied objects serves description of its
motion in ST, TC, and CC. Besides, two different
formalisms of equations building adapted to relative
motion description were used, namely Lagrange equa-
tions of type II and Kane’s equations. Both the equa-
tions derived traditionally and numerically, with the
AGEM software, were utilised. This is analogous to
use of the same approach in [41], where it is discussed
in detail. General equations of relative motion for the
Lagrange type II and Kane’s formalisms are shown
there, for example. These explainwhymodelling issues
in this paper are limited to the general informationgiven
in current subsection.

General form of the dynamical equations of rela-
tive motion for discrete mechanical systems, no matter
which formalism is used, can be recorded as follows:

f dB′= f dZ+ f pP(v, w) ⇒ {x ′ = x ′(t), ẋ ′ = ẋ ′(t)}
(1)

where fdoperator that represents any formalismadapted
to description of relative motion (here, motion relative

to track based moving (noninertial) co-ordinate sys-
tems); fp operator of imaginary forces, matching the
selected formalism; B′ forces of inertia in motion rela-
tive to moving co-ordinate systems; Z external forces;
P imaginary forces (inertia forces dependent on the
transportation); u(t), v(t), w(t) functions of time
defining displacements, velocities, and accelerations of
the transportation, and x ′, ẋ ′ system co-ordinates and
velocities in relative motion, respectively.

The terms in (1) including B′ and Z forces are gen-
erated in typical way, i.e. identically with inertia and
external forces determination in absolute systems. For
example, operator fd in case of the formalisms that
utilise kinetic energy to derive equations of motion
means that first such energy has to be determined and
then differentiated properly, with respect to generalised
co-ordinates, velocities and time most often. If equa-
tions of motion concern railway vehicle, equations are
expressed in generalised co-ordinates and generalised
or quasi-velocities, and co-ordinates are adopted typi-
cally then the general universal form of the imaginary
forces can be recorded [41]. It is as follows:

Pρ =
n∑

j=1

[
−m jao1 j − m jε j × r′j − m jω j

×
(
ω j × r′j

)
−2m jω j × v′

j

]
· ∂r′j
∂q j ρ

+
n∑

j=1

[
−J j · ε j − ω j × J j · ω j − 2ω′

j

× (
J j − 0, 5ϑ j sE

) · ω j
] · ∂ω′

j

∂ q̇ ṗ
(2)

where j indicator of rigid body; n number of rigid bod-
ies;ρ generalised co-ordinate indicator; r′ radius vector
of body in moving co-ordinate system; v′ linear veloc-
ity of body in moving co-ordinate system; ω′ angular
velocity of body relative tomoving co-ordinate system;
m body mass; J inertia tensor; E unit tensor; ϑ trace of
tensor J, i.e. ϑ = J11+ J22+ J33; q, q̇ generalised co-
ordinate and velocity, respectively; ao1, ω, ε vectors
of linear acceleration and angular velocity and accel-
eration of transportation, i.e. of track based moving
co-ordinate system relative to absolute system. Note
that components of vectors ω, ε depend on track cen-
tre line shape. Their components in the moving system
ω = ω(ωx , ωy, ωz) and ε = ε(εx , εy, εz) introduce
track shape into equations of motion.
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Fig. 2 Nominal models of 2-axle objects: a bogies [8], b freight cars [29,42]

Terms of the generalised imaginary forces can be
named according to [46]. So, after scalar multiplication
of all the addends in square brackets in (2) these terms
are called as follows: the first term-inertia forces of
translation, the second and fifth terms-inertia forces of
rotation, the third and sixth terms-centrifugal forces of
inertia, and the fourth and seventh terms-gyroscopic
forces.

Formally Eq. (2) is valid for the equations of motion
expressed in generalised co-ordinates q and gener-
alised velocities q̇ . It can be extended to the equa-
tions expressed in generalised co-ordinatesq andquasi-
velocities u adopting some assumptions. First, let us
assume that generalised co-ordinates are adopted in the
most typical in railway vehicle dynamics way. So, they
are: linear longitudinal x , lateral y and vertical z co-
ordinates and angular roll φ, pitch χ and yaw ψ rota-
tion co-ordinates. Taking account of nonoccurrence of
nonholonomic constraints in railway vehicle dynamics
let us assume that quasi-velocities are adopted specifi-
cally as equal directly to generalised co-ordinates time
derivatives, i.e. q̇ ≡ u. In such circumstances one can
write down:

∂r′j
∂q jρ

≡ ∂v′
j

∂q̇ jρ
≡ ∂v′

j

∂u jρ
; ∂ω′

j

∂q̇ jρ
≡ ∂ω′

j

∂u jρ
(3)

One can see now that after introduction of (3) into
Eq. (2) this last can also be used for the systems
expressed ingeneralised co-ordinates andquasi-velocit-
ies providing they are adopted as assumed before.

These assumptions do not lead to loss of generality in
terms of practice. And so it was utilised in the authors
models. Equation (2) was used directly in case of mod-
els based on the Lagrange equations of type II while
form of (2) extended with (3) was used in case of the
Kane’s equations.

2.2 Nominal models of the studied objects

To begin with it is worth saying that objects studied in
this paper are treated by the authors as generic ones.
They are intentionally relatively simple examples rep-
resenting railway vehicles. Their more or less direct
connection with the real vehicles is needed to avoid
objections of their unreality. The authors’ studies are
not intended to learn more or improve any particular
real railway vehicle but to learn more on whole diver-
sity of railway vehicles and eventually formulate rec-
ommendations for all of them in future.

In fact the authors study vehicle-track discrete sys-
tems. Each of the six models of studied objects, repre-
sented by rigid bodies, is supplemented with the same
discretemodels of track flexible laterally and vertically.

Structures of the 2-axle objects studied by the
authors are shown in Fig. 2a for the bogies and Fig. 2b
for the cars. In fact structures of bogie of MKIII car,
bogie of average parameters and both 2-axle cars are
the same. This means the same number of degrees of
freedom (DOFs), which including track is equal to 18.
The exception is 25TN bogie-track model that pos-
sesses 16 DOFs. Two constraints that reduce 18 to 16
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Table 1 Parameters of models for the adopted 2-axle objects

Notation Description Unit Parameter value

25TN bogie Bogie
aver.
param.

Bogie
MKIII car

Freight car av.
param.

Hsfv1
freight car

mb Vehicle body/bogie
frame mass

kg 1600 1600 2707 10,000 30,000

m Wheelset mass kg 1400 1400 1375 2400 2392

Iζb Vehicle body/bogie
frame moment of
inertia; longitudinal
axis

kg m2 790 790 1800 5830 51,000

Iηb Vehicle body/bogie
frame moment of
inertia; lateral axis

kg m2 1000 1000 3500 61,700 240,000

Iζb Vehicle body/bogie
frame moment of
inertia; vertical axis

kg m2 1090 1090 3500 61,700 222,000

Iξ Wheelset moment of
inertia; longitudinal
axis

kg m2 747 747 790 1700 1662

Iη Wheelset moment of
inertia; lateral axis

kg m2 131 131 100 200 50

Iζ Wheelset moment of
inertia; vertical axis

kg m2 747 747 790 1700 1662

kzx Longitudinal stiffness of
primary suspension

kN/m – 2615 880 800 2067

kzy Lateral stiffness of
primary suspension

kN/m 3890 890 3925 800 431

kzz Vertical stiffness of
primary suspension

kN/m 1017 1017 2667 1000 4100

czx Longitudinal damping
of primary suspension

kN s/m – 52.2 0 42 0

czy Lateral damping of
primary suspension

kN s/m 42 42 0 47 56

czz Vertical damping of
primary suspension

kN s/m 7 7 170 60 28

a Semi-wheel base m 0.9 0.9 1.3 3.16 3.15

hb Vertical distance
between wheelset and
vehicle body/bogie
frame mass centres

m 0.25 0.25 0.303 1.04 1.175

rt Wheelset rolling radius m 0.46 0.46 0.457 0.46 0.375

DOFs are those making relative yaw rotations between
both wheelsets and bogie frame impossible. That is
why parameters kzx and czx for this bogie in Table 1
are undefined. Structure of the 4-axle passenger car is
shown in Fig. 3a. Together with the track it has got 38
DOFs. Structure of model of laterally flexible track is

shown in Fig. 3b. Structure of model of vertically flex-
ible track is shown in Fig. 3c. Laterally flexible track
model extends number of systemDOFs by 1 on each of
thewheelsetswhen compared to rigid trackmodel. Ver-
tically flexible track extends number of system DOFs
by 2 on each of the wheelsets and reduces it by 2 due
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Fig. 3 Nominal models [15] of: a 4-axle passenger car, b laterally flexible track, c vertically flexible track

to constraints [15]. Finally, both track models extend
system DOFs number by 1 on each of the wheelsets
when compared to rigid track models.

Parameters for 2-axle objects are collected in Table 1
while for 4-axle object and track in Table 2. Primary
source for parameters of 25TN bogie of freight car,
bogie of MKIII passenger car, freight car of average
parameters and hsfv1 freight car is [29]. Such source
for bogie of average parameters is [42] while forMKIII
passenger car is [15]. Parameters of the track were pub-
lished first in [29,42]. The bogies 25TN and of average
parameters are loaded vertically by half of the 4-axle
vehicle bodymass equal 12,300 kg. The corresponding
value for bogie of MKIII car is given in Table 2.

2.3 The simulation software

Basedon themodellingprinciples discussed inSect. 2.1
the simulation software was built for the objects
described in Sect. 2.2. In fact three different simula-

tion programs built and co-built by the lead author were
used for all six objects studied in the present paper.

The first simulation software to be mentioned is that
for 25TNbogie of the freight car. It is the software build
individually for that particular object. The second sim-
ulation software is of the same nature, i.e. it was also
build individually for the particular object being the
bogie of average parameters. It was not possible to use
the same software as for 25TN bogie due to the differ-
ent structure (DOFs number) for the bogie of average
parameters.On the other hand, thanks to identical struc-
ture of bogie of average parameters, bogie of MKIII
passenger car, 2-axle freight car of average parame-
ters, and 2-axle hsfv1 freight car the same software for
all four objectswas used. The differences for them arise
from their parameters shown inTable 1, only. In the first
and second simulation, software Lagrange formalism
of type II was applied. The equations of motion were
derived traditionally at first. References to the literature
for the parameters of particular objects in Sect. 2.2.
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Table 2 Parameters of the model of 4-axle passenger car except its bogie and models of track

Notation Description Unit Param. value

mp Vehicle body mass kg 28,658

Iξp Body moment of inertia; longitudinal axis kg m2 35,986

Iηp Body moment of inertia; lateral axis kg m2 1,089,000

Iζ p Body moment of inertia; vertical axis kg m2 1,089,000

kpx Longitudinal stiffness of secondary suspension kN/m 20

kpy Lateral stiffness of secondary suspension kN/m 476

kpz Vertical stiffness of secondary suspension kN/m 828

kpφ Bogie frame-car body secondary roll stiffness kN m/rad 1 822

cpx Longitudinal damping of secondary suspension kN s/m 0.5

cpy Lateral damping of secondary suspension kN s/m 80

cpz Vertical damping of secondary suspension kN s/m 53

ap Half of bogies pivot distance m 8

hp Vertical distance between bogie frame and car body mass centres m 1.343

mt Vertical mass of the rail kg 200

kt Vertical stiffness of the rail kN/m 70,000

ct Vertical damping of the rail kN s/m 200

mty Lateral mass of the track kg 500

kty Lateral stiffness of the track kN/m 25,000

cty Lateral damping of the track kN s/m 500

match the corresponding software and represent first
use of the software, too.

The third simulation software is the AGEM soft-
ware where Kane’s formalism was applied. This soft-
ware was co-built [47] by the lead author and is called
ULYSSES. Detailed information on the software build-
ing can be found in [15,45,47,48]. Publications [47,48]
can be treated as the first use of this software for rela-
tively simple cases. Results of this software use for the
MKIII passenger car were published in [15] firstly.

The wheel-rail contact was modelled in the identi-
cal way in all three software items. Tangential contact
forces are nonlinear there. They are generated with use
of the FASTSIM program [49], based on the so-called
simplified theory of rolling contact. Coefficient of fric-
tion between wheel and rail in the contact forces cal-
culation was equal to 0.3. Wheel-rail contact geometry
is nonlinear in the sense real wheel and rail profiles are
taken into account. They are introduced into the soft-
ware through the contact parameters in form of table
generatedwith use of theRSGEO software [50]. Values
of these parameters between discrete points included
in the table are interpolated. If not stated otherwise the

nominal (i.e. unworn) profiles S1002 and UIC60 were
used for wheel and rail, respectively. Track gauge in
the studies was equal 1435 mm while track inclination
1:40.

The integration is done with the Gear’s method
capable of solving stiff ordinary differential equations
[51,52]. The used integration procedure is capable of
automatic correction of its relative error E during cal-
culations.

It isworth noting that describedmodelling approach,
models of considered objects, and corresponding sim-
ulation programs are really well verified. They were
tested, corrected and applied with success many times
and for many years. Limited selection of scientific
problems solved with their use might be represented
with publications [1–7,11,13–15,29,41,42,47]. Total
number of the software applications runs into tens.
Except the numerous applications of the models some
actions focused directly on models verification were
undertaken. Thus, apart from buildingmodels of 2-axle
freight cars individually, models of the same objects
were also built with use of the ULYSSES program.
Then results from both types of software were com-
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pared and the software corrected till the same results
from them were obtained. Another verification was
qualitative comparison of the results for MKIII pas-
senger car obtained with the ULYSSES software with
the results for similar passenger object from the com-
mercial VI-Rail (ADAMS Rail formerly) code. Those
comparisons are discussed in [14].

3 Principles of the results calculation and
presentation: method of the analysis

Results of dynamical simulations were obtained most
often for the objects’ models moving along the com-
pound route built from three consecutive sections: ST,
TC, and CC. These sections are indicated on the fig-
ures by the vertical lines that split them up. Detailed
data about the routes are given in the subsections where
particular results are discussed. TC used in the studies
was always the parabolic curve of 3rd degree. Superele-
vation values h in CCwere as a rule selected in the way
ensuring exact balance between components of gravity
and centrifugal forces in the track plane. Nevertheless,
if h value defined in such a way exceeded maximum
value permitted in Poland, i.e. h = 150 mm then this
maximum value was adopted.

Results presented in the figures are time history plots
representing vehicle lateral dynamics co-ordinates
most often. These are lateral displacements y and yaw
angles ψ . The other co-ordinates being shown rarely
are vertical displacements z and roll angle φ. The gen-
eral indices accompany mentioned co-ordinates as fol-
lows. In case of 2-axle objects these are: b, l, and t that
indicate vehicle body or bogie frame, leading wheelset,
and trailing wheelset, respectively. In case of 4-axle
vehicle these are: p, b1, b2, 1, 2, 3, and 4. They indicate
vehicle body, leading bogie frame, trailing bogie frame,
leading wheelset in the b1 frame, trailing wheelset in
the b1 frame, leading wheelset in the b2 frame, and
trailing wheelset in the b2 frame, respectively. In some
studied cases intensive variations over system parame-
ters were performed. Then supplementary information
is necessary which is given with the indices extensions.
They are introduced further on at the beginning of the
corresponding subsections.

In case nonzero initial conditions were applied at the
simulation beginning the nonzero values always con-
cern lateral displacements of all rigid bodies that make
the object model. This values are always the same for
all the bodies. The corresponding value adopted most

often for 2-axle objects is yi (0) = 0.0045 m, while in
case of 4-axle car y j (0) = 0.004 m. Here and further
on, the subscripts i and j are joint representations of
subscripts b, l, and t and p, b1, b2, 1, 2, 3, and 4,
respectively.

Method of the analysis in the present paper matches
its aims. It is relatively straightforward. It consists in
searching for and finding interesting results of vehicle
(object) nonlinear behaviour with simulation, present-
ing these results on the plots, commenting or alterna-
tively explaining shown results, and concluding whole
of the results at the end. Despite such straightfor-
ward methodology, it is expected by the authors that
some people, especially practitioners, will say pre-
sented study is too theoretical because application of
the results obtained can hardly be seen. It does not
greatly upset the authors, because such opinions have
been typical for many research problems being just
started. As realities show the cognitive findings and
knowledge gathered thanks to research become com-
mon property and start to be applied very soon.

Despite issue of solutions stability and values of crit-
ical velocity are not point of interest themselves in this
paper, they are, however, important indirectly. They are
useful at the results concluding stage, namely they con-
tribute to the deeper going conclusions. The issues in
view are treated with simulation technique, this time,
however, it is more complicated and less straight for-
ward than it was described in the paragraph above. In
case of the stability issue the solutions, either stationary
or periodic, were checked for their stability every time
initial conditions were varied. Every time simulations
brought the same fixed solution in spite of different
values of the initial condition the solution was proved
to be stable. Such a feature is the fundamental one for
stable limit cycles (periodic solutions). Corresponding
results do not make mathematical proof of the stability
but the proof in practical sense, accepted and utilised
by very many other authors studying railway vehicle
stability with simulation. The authors performed vari-
ations of initial conditions they studied influence of
the initial conditions on the results directly. Such vari-
ations accompanied also each process of the critical
velocity value determination (described below). Very
many results from such actions, especially connected
with critical velocity determination, have to be omit-
ted as not making main message in this paper. In other
cases the authors just anticipated that properties shown
in Fig. 1 hold and no formal check for stability of solu-
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Fig. 4 Co-ordinates of
wheelsets and bogie frame
of 25TN bogie of freight
car; R = 300 m;
h = 0.15 m; v = 29.5 m/s;
yi (0) = 0.0045 m

Fig. 5 Co-ordinates of
wheelsets and bogie frame
of 25TN bogie of freight
car; R = 400 m;
h = 0.15 m; v = 29.5 m/s;
yi (0) = 0.0045 m

tions was performed. In case of need one can find more
details of these authors approach to stability of solu-
tions in [11,13,14] where lateral stability of railway
vehicles is the main matter.

There are four methods known in the literature [15]
for determination of critical velocity vn value with sim-
ulation approach. The first one is based on direct use of
the simulation software used in railway vehicle dynam-
ics. So it is also for the second method. Both methods
are based on the same principle; however, their use dif-
fers in the procedure accuracy. Generally, the method
consists in systematic, simulations for consecutively

increasing or decreasing velocities, however, with ini-
tial conditions consecutively varied for each of the
adopted velocities. The aim is to find the smallest veloc-
ity value at which stable stationary solution bifurcates
and stable periodic solution appears. The firstmethod is
called approximate one, the second extended one [13].
In thefirstmethodvelocity interval is higher and sweep-
ing over initial conditions is with higher intervals and
can even be limited to higher values of initial conditions
only. In extreme case one set of the initial conditions
of high values is used. In the extended method velocity
interval is small, while dense sweeping over whole ini-
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Fig. 6 Co-ordinates of
wheelsets and bogie frame
of 25TN bogie of freight
car; R = 900 m;
h = 0.142 m; v = 29.5 m/s;
yi (0) = 0.0045 m

Fig. 7 Co-ordinates of
wheelsets and bogie frame
of 25TN bogie of freight
car; R = 6000 m;
h = 0.021 m; v = 29.5 m/s;
yi (0) = 0.0045 m

tial conditions rage is a must. The approximate method
brings the results fast but value of velocity vn is approx-
imate. Besides, the danger of omitting multiple solu-
tions exists, what can sometimes mean that real critical
velocity vn is even lower than earlier found. That is why
some experience in use of this method is desirable. The
extended method brings precise critical velocity values
and no danger of multiple solutions omission exists.
Nevertheless, this method is very laborious when used
rigorously, so it is time-consuming. Example use of the
approximate method by the lead author can be seen in
[11], where 2-axle objects were studied. Results of the
extended method use for the same objects can be found

in [13]. Comparison of the results from the approxi-
mate and extended methods can be found in [13]. No
inacceptable differences were found there. Combined
use of the approximate and extended methods for two
4-axle passenger cars can be found in [14]. The third
method of velocity vn determination is called the ramp-
ingmethod.Examples of its use canbe found [9,16,25].
The simulation software, usually capable of constant
speed simulations, has to be modified to enable sim-
ulation with variable velocity. The method consists in
single simulation with decreasing velocity and look-
ing for the moment (velocity) vibrations start to decay
unambiguously. Themethod seems to be very attractive
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Fig. 8 Co-ordinates of
wheelset and bogie frame of
25TN bogie of freight car;
R = 300 m; h = 0.15 m;
v = 29.5 m/s;
yi (0) = 0.0045 m;
kty = 2500(0.1×),
25,000 (1×),
250,000 (10×), 2,500,000
(100×) kN/m; density of
discrete points in contact
parameter table—15 points

Fig. 9 Co-ordinates of
wheelset and bogie frame of
25TN bogie of freight car;
R = 300 m; h = 0.15 m;
v = 29.5 m/s;
yi (0) = 0.0045 m;
kty = 2500 (0.1×),
25,000 (1×),
250,000 (10×),
2,500,000 (100×) kN/m;
density of discrete points in
contact parameter table—39
points

and is used by others but its use by the lead author dis-
closed several practical problems [15,53]. First, indi-
cating the moment vibrations start to decay is trouble-
some and too much subjective. Second, quite different
results are obtained for different decelerations (speeds
of velocity decrease). Third, the problem exists to per-
form simulation in CC for decreasing velocity when
velocity of unbounded solutions growth (of numerical
derailmentvs) is close tovn , due to some initial distance
necessary for the transient phenomena to vanish. The
fourth approach are continuation methods where final

results of simulationmake initial conditions for the next
simulation. Example use of such method can be found
in [16,22]. This method needs consecutive simulations
for decreasing velocities. The method consists in look-
ing for the smallest velocity for which stable periodic
solutions exist. Accuracy of the method depends on the
velocity interval. Its accuracy is the same as the second
(extended) method. The consecutive simulations can
be done individually by the software operator or, after
the software modification, the process can potentially
be automated. The method can be time-consuming but
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Fig. 10 Co-ordinates of
bogie frame of 25TN bogie
of freight car; R = 300 m;
h = 0.15 m; v = 29.5 m/s;
yi (0) = 0.0045 m;
kzy = 3890 (1×),
7780 (2×), 15,560 (4×),
23,340 (6×), 31,120 (8×),
38,900 (10×),
77,800 (20×),
155,600 (40×),
233,400 (60×),
311,200 (80×),
389,000 (100×) kN/m

Fig. 11 Co-ordinates of
wheelset and bogie frame of
bogie of average
parameters; R = 600 m;
h = 0.15 m; v = 54 m/s;
yi (0) = 0.0045 m;
E = 0.01; 0.1; 0.4

still less than it is for the secondmethod. Despite poten-
tial attractiveness of this method it seems that its prac-
tical usefulness in case of looking for vn in CCs was
nowhere checked. Taking account of this paper needs,
experience of the lead author in use of the first, sec-
ond, and third methods as well as of the combined use
of first and second methods, and possibility to shorten
the calculations in the first method while ensuring high
accuracy in the second method the combined use of
the approximate (first) and extended (second) methods
was applied in this paper.

In the authors opinion studies on rail vehicle dynam-
ics in TC above critical velocity, both for individual

vehicles and generally, can bring benefits in search-
ing for construction of vehicles of properties equally
good in ST and in tight CC. It is known for years that
these two properties are opposite and hard to combine.
This issue is still an open problem in the rail vehi-
cle dynamics. Thanks to close connection between rail
vehicle lateral stability studies and issue studied in this
paper, as explained in the Introduction, it is possible
to transfer some benefits from the stability studies on
the current and future results. For example these are
the findings expressing connection between stability
and safety. In particular the authors mean higher crit-
ical velocities and better connection between veloc-
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Fig. 12 Co-ordinates of
wheelsets and bogie frame
of bogie of average
parameters; R = 600 m;
h = 0.15 m; v = 54 m/s;
yi (0) = 0.0045 m

Fig. 13 Co-ordinates of
wheelsets and bogie frame
of bogie of average
parameters; R = 2000 m;
h = 0.045 m; v = 54 m/s;
yi (0) = 0.0045 m

ity of vehicle physical derailment and velocity of so-
called numerical derailment, corresponding to stop of
the numerical calculations. Besides, the valuable infor-
mation would be explanation in which circumstances
vibration amplitudes in TC are higher than in ST and
CCs as well as when vibrations in TC disappear com-
pletely despite motion above critical velocity. Under-
standing of such different behaviour types can result in
undertaking measures (including constructional ones)
that tend to eliminate first of the features (undesired
state) and bring on the second one (the most desired
state).

4 Results of simulations for 2-axle bogies

4.1 Results for 25TN bogie of freight cars

Results obtained for 25TN bogie of freight car are
presented in Figs. 4, 5, 6, 7, 8, 9 and 10. The com-
mon parameters for routes in Figs. 4, 5, 6 and 7 are
lengths of ST (l = 76.6 m), TC (l = 95 m), and CC
(l = 98 m). Common are also nonzero initial con-
ditions yi (0) = 0.0045 m. The main difference is in
CC radius R variation, i.e. R = 300 m in Fig. 4,
R = 400 m in Fig. 5, R = 900 m in Fig. 6, and
R = 6000 m in Fig. 7. The superelevations h are
equal to 0.15, 0.15, 0.142, and 0.021 m, respectively.
Different are lengths of ST (l = 85.0 m) in Figs. 8
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Fig. 14 Co-ordinate of
wheelset of bogie of
average parameters;
R = 2000 m; h = 0.045 m;
v = 30, 35, 40 and 42 m/s;
yi (0) = 0.0045 m; kzx =
1,046,000 N/m (0.4×)

and 9 as well as ST (l = 86.5 m) in Fig. 10. In these
three figures R = 300 m and h = 0.15 m. In Figs. 8
and 9, results of variation of discrete points number in
contact parameter table are represented. The variants
adopted in the study are: 15 (Fig. 8), 23 (result not
shown), 31 (result not shown) and 39 (Fig. 9) points.
Besides, the lateral track stiffness kty is varied in Figs. 8
and 9. The variants adopted in the study are values ten
times smaller than nominal one (2500 kN/m − 0.1×),
nominal one (25,000 kN/m − 1×), ten times (250,000
kN/m− 10×) and one hundred times (2,500,000 kN/m
−100×) bigger than nominal one. The supplemen-
tary indices in the figures used to indicate above vari-
ants of kty are: /0.1×, /1×, /10× and /100×, respec-
tively. Besides, in Fig. 10, the lateral stiffness kzy
in bogie suspension is varied. The variants adopted
are the following values: nominal one (3890 kN/m
− 1×), twice (7780 kN/m − 2×), four times (15560
kN/m − 4×), six times (23,340 kN/m − 6×), eight
times (31,120 kN/m − 8×), ten times (38,900 kN/m
− 10×), twenty times (77,800 kN/m − 20×), forty
times (155,600 kN/m − 40×), sixty times (233,400
kN/m − 60×), eighty times (311,200 kN/m − 80×)
and one hundred times (389,000 kN/m − 100×) big-
ger than nominal one. The supplementary indices in the
figures used to indicate above variants of kzy are: /1×,
/2×, /4×, /6×, /8×, /10×, /20×, /40×, /60×, /80×
and /100×, respectively. Furthermore, the calculations
were done also for the other cases of stiffness kzy ,
namely (3×, 5×, 7×, 9×, 12×, 14×, 16×, 17×, 18×

and 1000×). The tries to vary kzy values below the
nominal value failed, i.e. they finished with numerical
derailments.

It should be also stated that Figs. 4, 5, 6 and 7 are
obtained for formally different contact parameters table
than Figs. 8, 9 and 10. First of the tables is original
one, while the second one was obtained with the newer
software as a verification of the first table. The authors
have not got the software that generated quite old orig-
inal table. Therefore, they decided to verify their older
simulation results using new table obtained with the
RSGEO programme [50] being much newer software
version and at the authors disposal at the same time.
More reasons and results of this verification are dis-
cussed broadly in [2]. Generally, results of 25TN bogie
for both tables are quite close to each other both qual-
itatively and quantitatively.

The most intriguing results for the 25TN bogie are
presented in Figs. 4, 5, 6 and 7, where wheelsets’ lat-
eral displacements yl and yt as well as bogie frame
co-ordinates yb, zb, φb and ψb are represented. The
motivation to study these results deeper is Fig. 4 that
was presented in [29] at first. Result shown in this figure
represents intriguing case where limit cycles in ST and
CC exist, while vibrations disappear completely and
quite quickly in TC. The next intriguing result is Fig. 5.
Results in ST and TC are qualitatively the same and
quantitatively similar to those in Fig. 4. In CC results
in Fig. 5 are stationary ones, opposite to Fig. 4 where
results in form of limit cycle in CC exist. One could
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Fig. 15 Co-ordinates of
wheelsets and bogie frame
of bogie of MKIII passenger
car; R = 300 m; h = 0.15
m; v = 38 m/s;
yi (0) = 0.0045 m

Fig. 16 Co-ordinates of
wheelsets and bogie frame
of bogie of MKIII passenger
car; R = 300 m; h = 0.15
m; v = 52 m/s;
yi (0) = 0.0045 m

be surprised, especially because curve radius for Fig. 5
is bigger (R = 400 m) than it is in Fig. 4 (R = 300
m). It is in contradiction with often expressed opin-
ion that limit cycles in CC, if appear at all, can hap-
pen for larger radii only while for smaller ones defi-
nitely only stationary (quasi-static) solutions exist. The
exceptionality of the results intensifies with results in
Fig. 6 obtained for R = 900 m where periodic solu-
tions (limit cycles) revive, however, of amplitude big-
ger and frequency smaller than for R = 300 m. The
revive of the oscillations in CC can be observed even
earlier, i.e. for R = 600 m (result not shown here)
but amplitudes are much smaller than for R = 900

m. Figure 7 for R = 6000 m and not shown results
for R = 1200, 2000, 3000, 4000, 9000 and 10,000 m
make fluent passage from the case of R = 900 m to ST
case, where R = ∞. This passage means that section
with vibrations in TC elongates, while section with no
vibrations shortenswith increase in radius R value until
second section disappears completely. The amplitudes
of vibrations increase with the increase in Rvalue at the
same time.

The results shown in Figs. 8 and 9 represent lead-
ing wheelset lateral displacement yl and bogie frame
yaw angle ψb for 15 and 39 discrete points in the con-
tact parameter table, respectively. They and results not
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Fig. 17 Co-ordinates of
wheelsets and bogie frame
of bogie of MKIII passenger
car; R = 600 m; h = 0.15
m; v = 38 m/s;
yi (0) = 0.0045 m

Fig. 18 Co-ordinates of
wheelsets and bogie frame
of bogie of MKIII passenger
car; R = 600 m; h = 0.15
m; v = 52 m/s;
yi (0) = 0.0045 m

shown here for 23 and 31 points indicate negligible
influence of the points number on the results. Results
in Figs. 8 and 9 are almost identical. It could be sur-
prising from the one hand, but on the other hand it is a
positive information because preferred by the authors
smaller number of points results in shortened times of
simulation calculations. It is one of the authors activi-
ties aimed at the software verification.

Conclusions in the above paragraph concern also
variation of the track lateral stiffness kty represented in
Figs. 8 and 9. This means that influence of kty varia-
tion in both figures is the same. Generally, variation of
kty stiffness has got significant influence on the results

in TC and CC, while in ST this influence is negligi-
ble. Solutions in TC and CC for nominal (1×) value of
kty as well as ten times (10×) and one hundred times
(100×) bigger than nominal value, are almost the same,
especially in CC. The result for stiffness kty ten times
smaller (0.1×) than nominal value differs from them
mostly. In TC one can observe significant quantitative
differences, while in CC periodic solution is replaced
with the stationary solution. Subjectively, one could
expect that the system of stiffer track could have big-
ger tendency to stationary solutions. Here it is oppo-
site, the most flexible track generates stationary solu-
tions and the stiffer ones periodic solutions. Results
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Fig. 19 Co-ordinates of
wheelsets and bogie frame
of bogie of MKIII passenger
car; R = 600 m; h = 0.15
m; v = 54 m/s;
yi (0) = 0.0045 m

Fig. 20 Co-ordinates of
wheelsets and bogie frame
of bogie of MKIII passenger
car; R = 900 m; h = 0.10
m; v = 30 m/s;
yi (0) = 0.0045 m

just discussed indicate that underestimated values of
the model physical parameter kty could lead to solu-
tions misaligned with real system behaviour. They also
reflect further authors activities in the range of their
models and software verification.

Some contradiction to kty variation described in the
previous paragraph are results shown in Fig. 10, which
represent lateral displacements yb and yaw angleψb of
bogie frame. These results concern variation of lateral
stiffness kzy in 25TN bogie suspension. The variation
of this parameter has got significant influence on the
results in ST, TC and CC. The solutions within the
stiffness range from twice (2×) to one hundred times

(100×) bigger than nominal value (1×) are quantita-
tively similar and just slightly different qualitatively,
especially in CC. The solutions for stiffness raised
above the nominal value are stationary in ST and CC.
No vibrations occur in TC. The solution for the nominal
value of kzy stiffness differs from them mostly. Here,
the solutions have got a character of limit cycle in ST
andCC,while one can observe vibrations inTC’s initial
part. Contrary to kty variation it is inversely here, the
most laterally flexible suspension generates periodic
solutions while the stiffer ones stationary solutions.
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Fig. 21 Co-ordinates of
wheelsets and bogie frame
of bogie of MKIII passenger
car; R = 900 m; h = 0.10
m; v = 46 m/s;
yi (0) = 0.0045 m

Fig. 22 Co-ordinates of
wheelsets and bogie frame
of bogie of MKIII passenger
car; R = 900 m; h = 0.10
m; v = 52 m/s;
yi (0) = 0.0045 m

4.2 Results for bogie of average parameters

Selected results obtained for boogie of average param-
eters are presented in Figs. 11, 12, 13 and 14. The routes
concerning these figures have got the following com-
mon parameters, namely length of ST (l = 100 m), TC
(l = 140 m) and CC (l = 100 m), and nonzero initial
conditions yi (0) = 0.0045 m. Figures 11, 12 and 13
are obtained at velocity v = 54 m/s, while Fig. 14 at
varying velocity. It is value of the integration procedure
relative error E that is subject to variation in Fig. 11,
where R = 600 m. The following values were adopted
in the studies: E = 0.01, 0.1 and 0.4. Figures 12 and

13 represent two different variants of curve radius R
in CC, where R = 600 m in Fig. 12 and R = 2000 m
in Fig. 13. Values of superelevations h corresponding
to these R are 0.15 and 0.045 m. Figure 14 is obtained
for R = 2000 m and h = 0.045 m as well as reduced
value of longitudinal stiffness making 40% of the nom-
inal value kzx = 1046 kN/m (0.4×). Velocity variants
taken are v = 30, 35, 40 and 42 m/s.

Similar co-ordinates are shown in Figs. 11, 12 and
13; however, their set is limited in Fig. 11 to make
this figure legible. Selected sets of the co-ordinates are
yt , yb, ψt , and ψb and yl , yt ,yb, ψl , ψt ,and ψb for
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Fig. 23 Co-ordinates of
wheelsets and bogie frame
of bogie of MKIII passenger
car; R = 900 m; h = 0.10
m; v = 54 m/s;
yi (0) = 0.0045 m

Fig. 24 Co-ordinates of
wheelsets and bogie frame
of bogie of MKIII passenger
car; R = 900 m; h = 0.10
m; v = 70 m/s;
yi (0) = 0.0045 m

Figs. 11, 12 and 13, respectively. Representation of the
co-ordinates in Fig. 14 is limited to yl only.

What makes Fig. 11 particularly interesting is
change of the solution type from stationary to peri-
odic (limit cycle) with drop of the admissible relative
error E of integration procedure. And so, for values
E = 0.1 and 0.4 there are no vibrations in the end part
of TC, while in CC the solutions are stationary. On the
other hand for E = 0.01 vibrations are present within
whole TC length, while in CC they take the form of
limit cycle. This result reveals that unskilful adoption
of E value can lead not only to quantitative differences

but also to serious qualitative errors in assessment of
vehicle behaviour.

Quite intriguing result is that shown in Fig. 12 for
R = 600 m. Change of the solution character should
be noted, which takes place in TC and then passes on to
CC. One can observe that approximately in the middle
of TC length the vibrations start to change not only
the amplitude but also the frequency. It is untypical
phenomenon because very often solutions in TC and
CC are straight continuation of solution in ST forwhole
range of radii R values. Here such continuation is result
shown in Fig. 13 for R = 2000 m. It can be explicitly
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Fig. 25 Co-ordinates of
wheelsets and bogie frame
of bogie of MKIII passenger
car; R = 900 m; h = 0.10
m; v = 83 m/s;
yi (0) = 0.0045 m

Fig. 26 Co-ordinates of
wheelset of bogie of MKIII
passenger car; R = 600 m;
h = 0.15 m; v = 54 m/s;
yi (0) = 0.0045 m; kzy =
1308 (1×), 5232 (4×),

7848 (6×) kN/m

seen in this figure that change of the frequency in curve
(TC and CC), if any, is difficult to notice.

In case of Fig. 14 two velocities, namely v = 30
and 35 m/s are smaller than critical velocity vn = 39
m/s, both in ST andCCof R = 1200m. Two remaining
v = 40 and 42m/s are bigger than vn . The solutions for
v = 30, 35 and 40 m/s are typical. Thus the vibrations
in case of solutions below critical velocity disappear
or have tendency to disappear in ST and are absent
(stationary solution) or of very small amplitude with
tendency to disappear in CC. The solution for v = 40
m/s represents typical case of smooth passage through

TC from limit cycle in ST to limit cycle in CC. The
vibration amplitudes for all three track sections ST, TC
and CC are of similar magnitude. The case of v = 42
m/s focuses attention as it can be recognised as untyp-
ical. Untypical is fact that values of amplitudes in TC
exceed amplitudes in ST and CC. Less untypical, how-
ever, still rare, is the fact that amplitudes in CC are
significantly bigger than amplitudes in ST. One could
suppose that the reason for both these untypical facts is
reduced longitudinal stiffness kzx of bogie suspension.
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Fig. 27 Co-ordinates of
wheelset of bogie of MKIII
passenger car; R = 600 m;
h = 0.15 m; v = 54 m/s;
yi (0) = 0.0045 m;
kzy = 784.8 (0.6×);
1046.4 (0.8×) kN/m

Fig. 28 Co-ordinates of
wheelset of bogie of MKIII
passenger car; R = 600 m;
h = 0.15 m; v = 54 m/s;
yi (0) = 0.0045 m;
kzy = 261.6 (0.2×);
523.2 (0.4×) kN/m

4.3 Results for bogie of MKIII passenger car

Results obtained for bogie of passenger car MKIII are
presented in Figs. 15, 16, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, and 28. The routes in these figures have got
the following common parameters, namely lengths of
ST (l = 100 m), TC (l = 140 m) and CC (l = 100 m),
nonzero initial conditions yi (0) = 0.0045m, increased
lateral stiffness kty = 2,500,000 kN/m (100×) and
lateral damping cty = 5000 kN s/m (10×) of track.
Besides, lateral damping of suspension was introduced
czy = 56 kN·s/m and three times smaller value of sus-

pension lateral stiffness kzy = 1308kN/mwas adopted.
This value was consequently used in the studies of
bogie of MKIII car, that is why it was denoted as the
nominal (1×) one. Just described changes in track and
suspension parameters were adopted from [29], results
of which made the motivation to undertake the studies.
It should be also stated that Figs. 15, 16, 17, 18, 19,
20, 21, 22, 23, 24 and 25 were obtained for formally
different contact parameters table than Figs. 26, 27 and
28. First of the tables is original one, while the second
one was obtained with the newer software [50]. It was
done in the same way and for the same reasons as in
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Fig. 29 Co-ordinates of
wheelsets and car body of
freight car of average
parameters; R = 600 m;
h = 0.15 m; v = 41 m/s;
yi (0) = 0.0045 m; E = 0.4

Fig. 30 Co-ordinate of wheelset of freight car of average parameters; v = 41 m/s; yi (0) = 0.0045 m; R = 600 m and h = 0.15 m;
R = 900 m and h = 0.10 m; R = 2000 m and h = 0.045 m; R = 1000 m and h = 0.009 m; E = 0.4

Sect. 5.1 for 25TN bogie. Generally, results of bogie
of MKIII car for both tables are very similar qualita-
tively; however, in CC some quantitative differences
can be seen [2].

Figures 15 and 16 are obtained for radius R=300
m and h = 0.15 m and velocities v = 38 and 52
m/s, respectively. On the other hand, Figs. 17 and 18
are obtained for R = 600 m and h = 0.15 m and,
respectively, the same velocities. Figure 19 concerns
the route where R = 600 m, h = 0.15 m and v =
54 m/s and is of individual character. Figures 20, 21,

22, 23, 24 and 25 for R = 900 m and h = 0.10 m
concern velocity v variation, where v = 30 m/s in
Fig. 20, v = 46 m/s in Fig. 21, v = 52 m/s in Fig. 22,
v = 54 m/s in Fig. 23, v = 70 m/s in Fig. 24 and
v = 83 m/s in Fig. 25. Figures 26, 27 and 28 concern
the route again, where R = 600 m, h = 0.15 m and
v = 54 m/s. This time suspension lateral stiffness kzy
is subject to variation. Variants adopted in the studies
are as follows: nominal (1308 kN/m − 1×) value, four
times (5232 kN/m − 4×) and six times (7848 kN/m −
6×) bigger than nominal value, represented in Fig. 26;
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Fig. 31 Co-ordinates of
wheelsets of freight car of
average parameters;
R = 600 m; h = 0.15 m;
v = 44 m/s; yi (0) = 0.0045
m; czx = 63 kN
s/m (1.5×); czy = 79.9 kN
s/m (1.7×);
kzx = 800 kN/m (1×);
kzy = 800 kN/m (1×);
E = 0.1

Fig. 32 Co-ordinates of
wheelsets of freight car of
average parameters;
R = 600 m; h = 0.15 m;
v = 44 m/s;
yi (0) = 0.002 m; czx = 63
kN s/m (1.5×); czy = 79.9
kN s/m (1.7×); kzx = 800
kN/m (1×); kzy = 800
kN/m (1×); E = 0.1

valuesmaking up 80% (1046.4 kN/m− 0.8×) and 60%
(784.8 kN/m− 0.6×) of the nominal value, represented
in Fig. 27; and making up 40% (523.2 kN/m − 0.4×)
and 20% (261.6 kN/m − 0.2×) of the nominal value,
represented in Fig. 28.

Figures 15 and 16 include the case so intriguing that
to some people it could seem unlikely. The most inter-
esting elements occur in TC, where one deals with sin-
gle (Fig. 15) and double (Fig. 16) changes of the solu-
tion character. Besides, in Fig. 15 second change of
the solution character happens just after the entrance
into CC. First of the changes consists in change of fre-
quencies and amplitudes for higher and smaller than
in ST and at TC beginning, respectively. Second of
the changes consists in vibrations disappearance and
switch to stationary solutions in CC. Despite the untyp-
ical nature of solutions in Figs. 15 and 16 their expla-
nation turned out to be rather easy. It can be seen that

scope of the vibrations of higher frequency is located
more or less in surroundings of TC half length. So one
can conclude, that vibrations appear for curve curva-
ture k and radius R corresponding to half of TC length.
Their values in that point for 3rd degree parabolic TC
are k = 0.5 · (1/R) = 0.5/300 = 0.0016(6) 1/m
and R = 1/k = 1/0.0016(6) = 600 m, respectively.
Based on that, one can suppose that higher frequency
vibrations in TC could be related to solutions in CC for
R = 600 m and its vicinity. Indeed, Figs. 17 and 18 for
R = 600 m reveal existence of vibrations in CC of fre-
quency higher and amplitudes smaller than it is in ST.
Additional feature of them is fact that they exist in both
TC and CC at velocities below (Figs. 15, 17) and above
(Figs. 16, 18) critical velocity in ST vn = 45.9m/s. The
confirmation is tendency of vibrations to decay in ST in
Figs. 15 and 17 and slight increase in vibration ampli-
tudes in ST in Figs. 16 and 18. Concluding result in
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Fig. 33 Co-ordinates of wheelsets of freight car of average parameters; R = 600 m; h = 0.15 m; v = 44 m/s; yi (0) = 0.0045 m;
czx = 71.4 kNs/m (1.7×); czy = 70.5 kN s/m (1.5×); kzx = 960 kN/m (1.2×); kzy = 800 kN/m (1×); E = 0.1

Fig. 34 Co-ordinates of
wheelsets of hsfv1 freight
car; R = 600 m; h = 0.15
m; v = 45.3 m/s;
yi (0)=0.0045 m;
kzx = 20.67 kN/m (0.01×);
E = 0.01

Fig. 17, it shows that critical velocity in CC of R = 600
m (vn = 35.6 m/s) is lower than critical velocity in ST.

Figure 19 that stems from [29] and is presented
because of its important motivating character. It still
makes one of themost spectacular examples of solution
change within TC, from solution being direct contin-
uation of periodic solution in ST to vibrations making
beginning of periodic solution (limit cycle) in CC. This
change is accompanied with increase in frequency and
decrease in vibration amplitudes. It is worth noticing
that significant qualitative similarity of Figs. 18 and 19
takes place. The difference between them lies in bigger
amplitudes in Fig. 19, what comes out from velocity

bigger by 2m/s. Remaining parameters of the route are
identical for both figures.

Figures 20, 21, 22, 23, 24 and 25 representing vari-
ation of velocity v in the range from 30 to 83 m/s for
R = 900 m reveal next untypical behaviour cases of
MKIII car bogie in curved track. Behaviours in ST can
be counted to typical, i.e. vibrations decay below crit-
ical velocity in ST vn = 45.3 m/s (Fig. 20), whereas
above vn the amplitudes grow with increase in velocity
v (Figs. 21, 22, 23, 24 and 25). In TC and v below vn in
ST (Fig. 20), there are no vibrations and solutionsmake
smooth passage between solutions for ST and CC. For
v above vn solutions in TC have got twofold character.
First type of solutions (Figs. 21, 22 and 23) consists
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Fig. 35 Co-ordinates of
wheelsets of hsfv1 freight
car; R = 600 m; h = 0.15
m; v = 45.3 m/s;
yi (0) = 0.0045 m;
kzx = 206.7 kN/m (0.1×);
E=0.01

Fig. 36 Co-ordinates of wheelsets of hsfv1 freight car; R = 600 m; h = 0.15 m; v = 45.3 m/s; yi (0) = 0.0045 m; kzx =
413.4 kN/m (0.2×); E = 0.01

in fluent continuation of vibrations in ST within whole
length of TC. Second type of solutions (Figs. 24, 25)
consists in change of solution character in the middle
part of TC. The initial vibrations being continuation of
solutions in SThave got tendency to decayfirst and then
to revive, however, with higher frequency and smaller
amplitudes. Solutions forCCcan be recognised as quite
untypical. The influence of velocity v increase on the
solutions remains entirely ambiguous and impossible
to predict. Solutions in Fig. 20 for v = 30 m/s are
stationary in CC. In Fig. 21 for v = 46 m/s vibra-
tions of moderate amplitudes appear in CC. Solutions
in Fig. 22 for v = 52 m/s are again stationary in CC. In
Fig. 23 for v = 54 m/s solutions in CC are stationary

for trailing wheelset and bogie frame, whereas for the
leading wheelset they exhibit tendency to vibrations;
however, amplitude values are negligibly small. The
evident vibrations appear in Fig. 24 for v = 70 m/s
in CC, with amplitude values for the trailing wheelset
being significant. In Fig. 25 for v = 83 m/s, vibra-
tions in CC still exist; however, amplitudes are very
small and this time bigger for the leading wheelset but
not the trailing one. Lack of any systematic influence
of velocity v increase on the behaviour in CC is here
evident.

Figures 26, 27 and 28 concern variation of bogie
suspension lateral stiffness kzy . In Fig. 26, results are
presented for nominal value (1×) as well as values
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Fig. 37 Co-ordinates of
wheelsets of hsfv1 freight
car; R = 600 m; h = 0.15
m; v = 45.3 m/s;
yi (0) = 0.0045 m;
kzx = 2067 kN/m (1×);
E = 0.01

Fig. 38 Co-ordinates of
wheelsets of hsfv1 freight
car; R = 600 m; h = 0.15
m; v = 45.3 m/s;
yi (0) = 0.0045 m;
kzx = 41,340 kN/m (20×);
E = 0.01

four times (4×) and six times (6×) bigger than nom-
inal value. In Fig. 27, results are presented for stiff-
ness values kzy making 80% (0.8×) and 60% (0.6×)
of the nominal value, while in Fig. 28 making 40%
(0.4×) and 20% (0.2×) of the nominal value. Compar-
ing results for ST in all three figures, where results for
the leading wheelset are represented, one can observe
that the smaller value of stiffness kzy the bigger ampli-
tudes of lateral displacements yl in ST. This means that
the amplitudes of yl are smallest for the case of stiff-
ness making 20% (0.2×) (Fig. 28) of nominal value
and the highest for the case of stiffness six times (6×)
(Fig. 26) bigger than the nominal value. This feature is
not observed for the yaw angle ψl of leading wheelset.
Similar properties can be observed for the correspond-

ing co-ordinates yt andψt (not shown here) of the trail-
ing wheelset. As concerns behaviours in TC, all the
courses in discussed Figs. 26, 27 and 28 can be char-
acterised jointly as those representing fluent passage
between solutions in ST and CC. The solutions in CC
are not so uniform as those in TC. It is necessary to dif-
ferentiate lower values of stiffness, i.e. (0.2×); (0.4×)
and (0.6×) from higher ones, i.e. (0.8×); (1×); (4×)
and (6×). For the lower stiffness values solutions in CC
look like direct continuation of solutions in ST and TC.
So, vibration frequencies are close to each other and are
not subject to sudden changes. The amplitudes in CC
are small comparing to those in ST and TC; however,
the smaller kzy the bigger amplitude. For the higher
stiffness values solutions in CC represent frequencies
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Fig. 39 Co-ordinates of
wheelsets of hsfv1 freight
car; R = 600 m; h = 0.15
m; v = 45.3 m/s;
yi (0) = 0.0045 m; kzx =
2,067,000 kN/m (1000×);
E = 0.01

Fig. 40 Co-ordinate of car
body of hsfv1 freight car;
R = 600 m; h = 0.15 m;
v = 20; 24; 25; 28; 45.3
and 49 m/s; yi (0) = 0.0045
m; kzx = 206.7 kN/m
(0.1×); kzy = 3448 kN/m
(8×); E = 0.01
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distinctly higher than in ST and TC. Vibration ampli-
tudes growwith growth of the stiffness, fromvery small
for kzy making 80% of the nominal value (0.8×) to
comparable with those in ST and TC for kzy four- (4×)
and six (6×) times bigger than nominal value. This last
case requires individual comment. Namely, at the end
of the course of co-ordinate ψp, and less clearly of co-
ordinate yp , vibrations revive can be seen (Fig. 26). The
results for longer CC section, not shown here, reveal
that these vibrations expand to limit cycles of the ampli-
tude even bigger than in case denoted 4×. Concluding,
one can see that both decrease and increase in suspen-
sion lateral stiffness kzy relative to values making 60%
(0.6×) and 80% (0.8×), respectively, lead to bigger
vibration amplitudes in CC, what could be counted as
surprising to some extent.

5 Results of simulations for 2-axle freight cars

5.1 Results for unloaded freight car of average
parameters

Results obtained for the freight car of average param-
eters are shown in Figs. 29, 30, 31, 32 and 33. The
routes in Figs. 29 and 30 have got the following com-
mon parameters ST (l = 76.6 m), TC (l = 102.4
m), velocity v = 41 m/s, nonzero initial conditions
yi (0) = 0.0045 m, and maximum admissible relative
error of integration procedure E = 0.4. The differ-
ence between both figures (routes) concerns CC length
(l = 140 and 250 m, respectively). In addition, major-
ity of the car co-ordinates is presented in Fig. 29 that
concerns R = 600 m and h = 0.15 m, while in
Fig. 30 radii R were subject to variation and just the
leading wheelset lateral displacements were presented.
The radii variants adopted in Fig. 30 were as follows:
R = 600, 900, 2000 and 10,000 m, while correspond-
ing superelevations were: h = 0.15, 0.10, 0.045 and
0.009 m. The routes in Figs. 31, 32 and 33 have got the
following common parameters, namely TC (l = 102.4
m), CC (l = 140 m), R = 600 m, h = 0.15 m, v = 44
m/s and E = 0.1. In addition, the same quantities
are presented in Figs. 31, 32 and 33, namely the lead-
ingwheelset lateral displacements. Difference between
these figures concerns ST length (l = 150, 500 and 300
m, respectively). Besides, nonzero initial conditions in
Figs. 31 and 33 are yi (0) = 0.0045 m, while in Fig. 32
are yi (0) = 0.002 m. Parameters of the suspension

are changed in Figs. 31, 32 and 33, comparing to the
nominal values. The changed values are longitudinal
damping czx = 63 kN s/m (1.5×) and lateral damp-
ing czy = 79.9 kN·s/m (1.7×) in Figs. 31 and 32. The
changed values are longitudinal stiffness kzx = 960
kN/m (1.2×) as well as longitudinal czx = 71.4 kN s/m
(1.7×) and lateral czy = 70.5 kN s/m (1.5×) damping
in Fig. 33.

Motivation to study these results dipper is Fig. 29,
where lateral displacements yl and yt , yaw rotations of
wheelsetsψp andψk , and car body yaw rotationψb are
represented. This result was published in [29] for the
first time. It shows interesting case where limit cycle
for the trailing wheelset exists only, while solution for
the leading wheelset is quasi-stationary one. The term
quasi is used due to existence of regular perturbation of
the leading wheelset stationary solution of very small
amplitude.This perturbation almost for sure arises from
the coupling between both wheelsets through the car
body but not from self-exciting vibrations of the lead-
ing wheelset. This phenomenon is particularly interest-
ing as the leading wheelset is subject to vibrations of
self-exciting nature in ST and TC, i.e. limit cycle and
decreasing vibrations exist in those sections, similarly
to the trailing wheelset.

Leadingwheelset lateral displacements yp are shown
inFig. 30,where curve radii Rwere subject to variation.
This figure shows that phenomenon of disappearance
of leading wheelset vibrations in CC, shown in Fig. 29,
has got wider range and is not limited to R = 600 m
only. Result shown in Fig. 30 for R = 900 m and not
shown result for R = 1200 m reveal that also for these
radii self-exciting vibrations of the leading wheelset
disappear. Solutions of the leading wheelset in CC start
to have limit cycle character from R = 2000 m. It is
confirmed with the shown results for R = 2000 and
10,000 as well as not shown results for R = 3000,
4000 and 6000 m.

Lateral displacements yl and yt of both wheelsets
shown in Fig. 31 (as well as not shown linear yb as
well as angularψp,ψk andψb co-ordinates) reveal that
above somevelocity (v = 42m/s, here) car studied here
possesses behaviour in ST that seemingly remains beat
like course. It concerns both wheelsets and to a lesser
extent not shown car body result. Similar behaviours
were also obtained for many configurations of suspen-
sion stiffness and dumping values other than in Fig. 31,
including nominal values of kzx , kzy , czx and czy , i.e.
the same as in Figs. 29 and 30.
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Fig. 41 Co-ordinate of
wheelset of hsfv1 freight car
on ST section;
v = 20; 24; 25; 28 and
45.3 m/s; yi (0) = 0.0045;
kzx = 206.7 kN/m (0.1×);
kzy = 3448 kN/m (8×);
E = 0.01

Fig. 42 Co-ordinates of
wheelset of hsfv1 freight
car; R=300, 600, 750, 2000
and 6000 m;
h = 0.15; 0.15; 0.12; 0.045
and 0.015 m; v = 45.3 m/s;
yi (0) = 0.0045;
kzx = 206.7 kN/m (0.1×);
kzy = 3448 kN/m (8×);
E = 0.01

Fig. 43 Co-ordinates of
wheelsets and bogie frames
of passenger car MKIII;
R = 4000 m; h = 0.03 m;
v = 20 m/s; y j (0) = 0 m
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Fig. 44 Co-ordinates of wheelsets and bogie frames of passenger car MKIII; R = 4000 m; h = 0.03 m; v = 20 m/s; y j (0) = 0.004 m

Fig. 45 Co-ordinates of
wheelsets and bogie frame
of passenger car MKIII;
R = 6000 m; h = 0.015 m;
v = 20 m/s;
y j (0) = 0.006 m

Fig. 46 Co-ordinate of
wheelset of passenger car
MKIII; R = 6000 m;
h = 0.015 m; v = 20 m/s;
y j (0) = 0.006 m
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Fig. 47 Co-ordinates of wheelsets of passenger car MKIII; R = 6000 m; h = 0.015 m; v = 20 m/s; y j (0) = 0.002 m

Figure 32 representing lateral displacements yl and
yt of both wheelsets shows that described above phe-
nomenon of worse dumping properties at higher veloc-
ities v has got transient character and after enough long
time it transforms into limit cycle. Such conclusion also
concerns not shown here results for linear yb as well as
angular ψp, ψk and ψb co-ordinates. Results similar to
Fig. 32, where initial conditions are yi (0) = 0.002 m,
were also obtained for other initial conditions, namely
yi (0) = 0.001, 0.003, 0.004 and 0.0045 m.

The authors counted phenomenon as shown in
Fig. 31 to unfavourable and undertook the effort
to answer if its elimination is possible. At first,
the objective was pointed out to check if it is not
result of improper value of the admissible maxi-
mum relative error E of integration procedure. Con-
sequently, the following variants were adopted E =
0.4, 0.3, 0.2, 0.1, 0.01, 0.001 and 0.0001 for stiffness
and dumping parameters as in Figs. 29 and 30.
Besides, the variants E = 0.8, 0.5, 0.4, 0.3, 0.2,
0.15, 0.1, 0.08, 0.05 and 0.01 for the parameters as in
Fig. 31were tested. The tries to vary value of the admis-
sible relative error E did not bring about consequent
betterment of the results with drop of the E value.
Finally, the decision was taken to use E = 0.1 in the
studies of 2-axle freight car of average parameters.

The second try to eliminate phenomenon from
Fig. 31 was through proper choice of car suspension
parameters of stiffness kzx and kzy and dumping czx
and czy . Figure 33 that exhibits lateral displacements

yl and yt of both wheelsets represents example of such
results. As a result of the numerical experiments per-
formed the authors managed to find single set of the
parameters for which discussed phenomenon disap-
peared almost entirely (for all co-ordinates, also not
shown linear yb as well as angular ψp, ψk and ψb co-
ordinates) during velocity v variation, until numerical
derailment, i.e. v ∼= 48 m/s. Precisely speaking, the
solutions had got character of those shown in Fig. 33 or
32. It is also worth saying that finding proper set of the
suspension parameters was very difficult and required
to perform many time-consuming simulations. It were
largely the actions made through trails and errors. One
should also realise that in real railway conditions non-
favourable values of stiffness and dumping parameters
can result from both the design mistakes and the fail-
ures of suspension elements.

5.2 Results for laden hsfv1 freight car

Results obtained for the 2-axle laden freight car hsfv1
are shown in Figs. 34, 35, 36, 37, 38, 39, 40, 41 and
42. The routes in Figs. 34, 35, 37, 38 and 39 have got
the following common parameters, namely lengths of
ST (l = 300 m), TC (l = 142 m) and CC (l = 150
m), curve radius R = 600 m, superelevation h = 0.15
m, velocity v = 45.3 m/s, nonzero initial conditions
yi (0) = 0.0045 m, and maximum admissible relative
error of integration procedure E = 0.01. The route
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Fig. 48 Co-ordinates of
wheelsets and bogie frames
of passenger car MKIII;
R = 10,000 m; h = 0.009
m; v = 20 m/s;
y j (0) = 0 m

Fig. 49 Co-ordinates of
wheelsets and bogie frames
of passenger car MKIII;
R = 10,000 m; h = 0.009
m; v = 20 m/s;
y j (0) = 0.004 m

in Fig. 36 differs from the just described in length of
CC (l = 500 m). Suspension lateral stiffness kzx is
subject to variation in Figs. 34, 35, 36, 37, 38 and 39.
The variants adopted in Figs. 34, 35, 36, 37, 38 and
39 are values: one hundred times smaller than nominal
(20.67 kN/m − 0.01×), ten times smaller than nom-
inal (206.7 kN/m − 0.1×), making 20% of the nom-
inal (413.4 kN/m − 0.2×), nominal (2067 kN/m −
1×), twenty times bigger than nominal (41,340 kN/m
− 20×), and one thousand times bigger than nominal
(2,067,000 kN/m − 1000×). The variants calculated
but not shown due to limited paper space and to some
extent obvious courses because of their intermediate
character are values: one thousand times smaller than
nominal (2.067 kN/m − 0.001×), making 40% of the
nominal (826.8 kN/m − 0.4×), four times bigger than
nominal (8268kN/m−4×), ten times bigger than nom-
inal (20,670 kN/m − 10×), fourteen times bigger than
nominal (28,938 kN/m − 14×), eighteen times bigger

than nominal (37,206 kN/m− 18×), one hundred times
bigger than nominal (206,700 kN/m− 100×), and five
thousand times bigger than nominal (10,335,000 kN/m
− 5000×).

The route in Fig. 40 has got the following parame-
ters: lengths of ST (l = 300m), TC (l = 142m) andCC
(l = 500 m), curve radius R = 600 m, superelevation
h = 0.15 m, nonzero initial conditions yi (0) = 0.0045
m. The maximum admissible relative error of integra-
tion procedure E = 0.01. Results in Fig. 40 were
obtained for decreased value of the longitudinal stiff-
ness kzx (206.7 kN/m − 0.1×) and increased value of
the lateral stiffness kzy (3448 kN/m − 8×). The quan-
tity being varied in Fig. 40 is velocity v. The variants
adopted are: v = 20, 24, 25, 28, 45.3 and 49 m/s. The
route in Fig. 41 comparing to Fig. 40 is limited to ST.
Rest of the parameters and varied quantity are the same
as in Fig. 40.
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Fig. 50 Co-ordinates of
wheelsets and bogie frames
of passenger car MKIII on
ST section; v = 20 m/s;
y j (0) = 0.001 m

Fig. 51 Co-ordinates of
wheelsets and bogie frames
of passenger car MKIII on
ST section; v = 20 m/s;
y j (0) = 0.002 m

Fig. 52 Co-ordinates of
wheelsets and bogie frames
of passenger car MKIII on
ST section; v = 20 m/s;
y j (0) = 0.004 m

Except the curve radius R, the route in Fig. 42 has
got the same basic parameters as in Fig. 40. Namely,
these are: lengths ST (l = 300 m), TC (l = 142
m) and CC (l = 500 m), and nonzero initial condi-

tions yi (0) = 0, 0045 m. The maximum admissible
relative error of integration procedure E=0.01. Also
the stiffness values kzx (206.7 kN/m − 0.1×) and kzy
(3448 kN/m − 8×) are the same as for Fig. 40. The
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main difference is constant velocity v = 45, 3 m/s
and curve radii R being varied. The variants adopted
in Fig. 42 are R = 300, 600, 750, 2000 and 6000 m,
while superelevations are 0.15, 0.15; 0.12, 0.0045 and
0.015 m, respectively. The variants calculated but not
shown here are R = 450, 650, 700, 900, 1200 m.

Longitudinal stiffness kzx is smaller than nominal
one in Figs. 34, 35 and 36. Comparing these figures
with Fig. 37 for the nominal value of stiffness kzx ,
it can be generally seen that decrease in this stiffness
value leads to vibrations of limit cycle character in ST
and CC. The lower stiffness kzx the bigger amplitudes
at the same time. And indeed, in Figs. 36, 35 and 34
obtained for decreasing stiffness 0.2×, 0.1× and0.01×
vibrations in ST possess the bigger and bigger ampli-
tudes. Vibrations in ST in Fig. 37 decay quickly. The
behaviours in TC in Figs. 34, 35 and 37 make fluent
passage from solutions in ST to solutions in CC. On
the other hand vibrations in TC exist in Figs. 34, 35
and 36 only. As concerns solutions in CC, in Figs. 36,
35 and 34 obtained for decreasing stiffness 0.2×, 0.1×
and 0.01× vibrations inCChave got limit cycle charac-
ter and their amplitudes increase, correspondingly (i.e.
with kzx decrease). One can see in Fig. 36 that limit
cycle amplitudes for the leading wheelset yl andψl are
significantly smaller that for the trailing one yt and ψt .
In Fig. 35, amplitudes for the leading wheelset are still
smaller but this time comparable to those for the trailing
wheelset. In Fig. 34, the corresponding amplitudes of
both wheelsets coincide in terms of practice (yl ≈ yt
and ψl ≈ ψt ). The same feature concerns not shown
result for the stiffness 0.001×.

Longitudinal stiffness kzx is bigger than nominal one
in Figs. 38 and 39.Comparing these figureswith Fig. 37
for the nominal value of stiffness kzx (1×), it can be
generally seen that increase in this stiffness value leads
to vibrations of limit cycle character in ST. The higher
stiffness kzx the bigger amplitudes at the same time.
The behaviour in ST in Fig. 37 is a case of decay-
ing vibrations (motion below critical velocity in ST
vn = 64.5 m/s). The character of behaviours similar
to shown in Fig. 37 was also obtained for the stiffness
4× and 10×, not show in the paper. Some difference
in ST are frequencies lower for the stiffness 10× than
it is for stiffness 1×. In Figs. 38 and 39 obtained for
increasing stiffness 20× and 1000× vibrations in ST
are first increasing and then achieve form of the limit
cycle what means that motion above critical velocity
vn exists (vn = 57 and 52 m/s, respectively). The limit

cycle is achieved faster and amplitudes are bigger for
the higher values of longitudinal stiffness kzx . Frequen-
cies of vibrations in ST are close to those mentioned
for not shown case of stiffness 10×. Both just men-
tioned facts concern also not shown results for stiffness
14×, 18×, 100×, and 5000×. Comparing results for
stiffness kzx lower and equal to nominal one (Figs. 34,
35, 36 and 37) with stiffness higher than nominal one
(Figs. 38 and39 aswell as the results not shown) change
of the solution character, in terms of frequency, in ST
can be stated. The frequencies in ST are clearly lower
for higher stiffness. As concerns behaviour in TC, no
vibrations exist in Fig. 37. In case of Figs. 38 and 39,
vibrations disappear in TC. As concern behaviours in
CC for stiffness 20× and 1000× in Figs. 38 and 39 and
for not shown results of stiffness 14×, 18×, 100×, and
5000× they are quite uniform, i.e. take form of station-
ary (quasi-static) solutions. It is worth mentioning that
solutions in ST for stiffness 100×, 1000× (Fig. 39)
and 5000× are almost identical. In case of TC and CC
similar identity is even wider, i.e. spreads out over stiff-
ness range 20× (Fig. 38), 100×, 1000× (Fig. 39) and
5000×.

Concluding jointly the cases of longitudinal stiff-
ness kzx increase and decrease it is proper to note
that both these changes with respect to nominal value
lead in ST to vibration appearance and finally to limit
cycles. The noticeable difference for both cases are
lower frequencies for higher stiffness, at the same time.
Appearance of periodic vibrations in ST for contin-
uously decreasing longitudinal stiffness kzx and cor-
respondingly increasing amplitudes mean continuous
drop of critical velocity vn in ST. Indeed, in ST vn =
37, 42.8, 55 and 64.5 m/s in Figs. 34, 35, 36 and 37,
respectively. Appearance of vibrations in ST for con-
tinuously increasing stiffness kzx and correspondingly
increasing amplitudes mean also continuous drop of
vn in ST. In ST vn = 64.5, 57 and 52 m/s in Figs. 37,
38 and 39, respectively. In CC decrease in longitudinal
stiffness kzx leads to vibration appearance and finally
to limit cycles. Appearance of periodic vibrations in
CC for continuously decreasing longitudinal stiffness
kzx and correspondingly increasing amplitudes mean
continuous drop of critical velocity vn in CC. Increase
in the stiffness kzx in CC leads to preserving station-
ary solutions appearing already for nominal value of
stiffness kzx . The conclusions for ST can be counted
as not necessarily expected. On the other hand they
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Fig. 53 Co-ordinates of
wheelsets and bogie frames
of passenger car MKIII;
R = 600 m; h = 0.15 m;
v = 35 m/s; y j (0) = 0 m;
kzx = 266,700 kN/m
(100×)

Fig. 54 Co-ordinates of
wheelsets and bogie frames
of passenger car MKIII;
R = 600 m; h = 0.15 m;
v = 40 m/s; y j (0) = 0 m;
kzx = 266,700 kN/m
(100×)

Fig. 55 Co-ordinates of
wheelsets and bogie frames
of passenger car MKIII;
R = 600 m; h = 0.15 m;
v = 45 m/s; y j (0) = 0 m;
kzx = 266,700 kN/m
(100×)

and the conclusions for CC have important practical
dimension.

Figure 40 represents co-ordinate yb of lateral dis-
placement of car body for velocitiesv = 20, 24; 25, 28,
45.3 and 49 m/s. It can be seen that increase in veloc-
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Fig. 56 Co-ordinates of
wheelsets and bogie frames
of passenger car MKIII;
R = 600 m; h = 0.15 m;
v = 47 m/s; y j (0) = 0 m;
kzx = 266,700 kN/m
(100×)

Fig. 57 Co-ordinates of
wheelsets and bogie frames
of passenger car MKIII;
R = 600 m; h = 0.15 m;
v = 55 m/s; y j (0) = 0 m;
kpzx = 200 kN/m (10×)

ity v results in appearance of limit cycles in CC despite
vibrations decaying in ST (motion below critical veloc-
ity in ST vn = 67 m/s). And so, solutions in CC for
velocities v = 20 and 24 m/s are stationary ones. For
velocity v = 25 m/s vibrations of increasing ampli-
tudes appear in CC, which can expand to limit cycles.
In case of velocities v = 28, 45.3 and 49 m/s solutions
in CC have got expanded limit cycle form. Location of
the courses in CC on both sides of horizontal zero line
indicates superelevation excess for v from 20 to 28 m/s
and superelevation deficiency for v = 45.3 and 49 m/s.
Behaviours in ST shown in Fig. 40 (for co-ordinate yb)
and more legibly in Fig. 41 (for co-ordinate yl) should
be counted to untypical ones. As mentioned above the
motion is below critical velocity for all velocities v rep-
resented in both figures. The way vibrations decay is,

however, unexpected. Usually, the higher velocity the
time of complete vibrations disappearance longer and
therefore higher values of amplitude last longer, too.
It is different in Fig. 41, however. It can be seen that
vibrations disappear fastest for the terminal values of
velocity, i.e. v = 45.3 and 20 m/s. As compared to
v = 20 m/s, the time of vibrations disappearance for
v = 24 and 25 m/s is typical, i.e. it elongates with
velocity increase and amplitudes of higher values last
longer. The behaviour for velocity v = 28m/s is untyp-
ical, i.e. the disappearance time does not elongate but
shortens. Such opposite behaviour lasts longer and the
time of disappearance for v = 45.3 m/s is even shorter.

Figure 42 represents curve radius R variation in the
rage from 300 to 6000 m for velocity v = 45.3 m/s.
Co-ordinates of leading wheelset lateral displacement
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Fig. 58 Co-ordinates of
wheelsets and bogie frames
of passenger car MKIII;
R = 600 m; h = 0.15 m;
v = 55 m/s;
y j (0) = 0.004 m;
kpzx = 200 kN/m (10×)

Fig. 59 Co-ordinate of
bogie frame of passenger
car MKIII; R = 600 m;
h = 0.15 m; v = 35 m/s;
y j (0) = 0.004 m;
kpzy = 476 kN/m (1×) and
4760 kN/m (10×)

yl and yaw angle ψl are represented in Fig. 42. The
figure reveals next untypical behaviours of the laden 2-
axle freight car hsfv1. In case of ST some reference to
these results is result shown in Fig. 35. Current results
differ from those in Fig. 35 in eight times bigger lateral
stiffness kzy (3448 kN/m − 8×). Rise of this stiffness
results in increase in the critical velocity vn in ST, there-
foremotion in ST is now realised belowcritical velocity
in ST vn = 67m/s. Behaviours in ST can be recognised
as typical, i.e. vibrations are decaying, while big ampli-
tude limit cycle existed in Fig. 35. The behaviours in
TC can be counted as typical and qualitatively similar

for different radii R. The behaviours in CC should be
recognised as untypical ones. Solutions for R = 300
m are stationary. In case of R = 600 m vibrations take
limit cycle form. The amplitudes are significant. Result
for R = 600 m can be referred to Fig. 35, for which
lateral stiffness kzy has got nominal value. Despite seri-
ous difference in stiffness kzy value and obvious differ-
ences in ST, the solutions in CC in Figs. 42 and 35
should be agreed as close qualitatively and close quan-
titatively. It is worth mentioning that car body lateral
displacement yb for v = 45.3 m/s shown in Fig. 40 is
supplement to the result in Fig. 42 for R = 600 m. It
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could also be stated that in case of not shown results
for R = 450 and 650 m limit cycle type solutions in
CC also exist. Solutions in CC for R = 750, 2000 and
6000 m are stationary, again. It is so also in case of not
shown results for radii R = 700, 900 and 1200 m. As
a typical configuration of the solutions in CC during
increase in curve radius R the stationary solutions for
small R, appearance of periodic vibrations for higher
R values, and consequent existence of vibrations till
the biggest R = ∞ (TP) is acknowledged. It is also
worth confronting results described in this paragraph
(Fig. 42) with results for 25TN bogie in Figs. 4, 5, 6
and 7 in Sect. 5.1. The limit cycle type solutions in CC
for small radii exist there, next they disappear, and then
they revive and exist till R = ∞.

6 Simulation results for 4-axle MKIII passenger
car

Results obtained for 4-axle passenger car MKIII are
shown in Figs. 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53,
54, 55, 56, 57, 58, 59 and 60. The routes in Figs. 43,
45 and 46 have got the following common parameters,
namely lengths of ST (l = 300 m), TC (l = 180.46
m) and CC (l = 300 m), while velocity v = 20 m/s.
The routes in Figs. 44, 47, 48 and 49 differ from just
discussed in length of CC (l = 500 m). Besides, curve
radius R = 4000 m and superelevation h = 0.03 m in
Figs. 43 and 44, radius R = 6000 m and h = 0.015 m
in Figs. 45, 46 and 47, and radius R = 10,000 m and
h = 0.009 m in Figs. 48 and 49. Figures 43, 44, 45,
46, 47, 48 and 49 represent results of initial conditions
y j (0) variation. The variants adopted are: y j (0) = 0 m
and y j (0) = 0.004 m in Figs. 43 and 44, respectively;
y j (0) = 0.006m, y j (0) = 0.006m and y j (0) = 0.002
m in Figs. 45, 46 and 47, respectively; and y j (0) = 0m
and y j (0) = 0.004 m in Figs. 48 and 49, respectively.

The routes in Figs. 50, 51 and 52 represent results for
ST. The commonparameter of the routes in Figs. 50 and
51 is length of ST (l = 1000 m), and besides velocity
v = 20 m/s. The route in Fig. 52 differs from just
discussed in length of ST (l = 2000 m). Value of the
initial conditions y j (0) is varied in Figs. 50, 51 and 52.
The values adopted are:y j (0) = 0 m, y j (0) = 0.002
m and y j (0) = 0.004 m, respectively.

The routes in Figs. 53, 54, 55 and 56 have got the
following common parameters, namely lengths of ST
(l = 150 m), TC (l = 180.46 m) and CC (l = 100 m),

curve radius R = 600 m and superelevation h = 0.15
m. Besides, zero initial conditions yi (0) = 0 m are the
same. All results were obtained for primary suspension
longitudinal stiffness kzx (266,700 kN/m − 100×) one
hundred times bigger than nominal. Vehicle velocity v

is varied in Figs. 53, 54, 55 and 56. The variants adopted
are: v = 35, 40, 45 i 47 m/s, respectively.

The routes in Figs. 57 and 58 have got the following
common parameters, namely lengths of ST (l = 150
m), TC (l = 180.46 m) and CC (l = 100 m), curve
radius R = 600 m and superelevation h = 0.15 m.
Velocity amounts v = 55m/s.All resultswere obtained
for ten times bigger than nominal longitudinal stiff-
ness of secondary suspension kpzx (200 kN/m− 10×).
Value of the initial conditions y j (0) is varied in Figs. 57
and 58. The values adopted are: y j (0) = 0 m and
y j (0) = 0.004 m.

The route in Fig. 59 has got the following parame-
ters: lengths of ST (l = 150 m), TC (l = 180.46 m)
and CC (l = 100 m), curve radius R = 600 m and
superelevation h = 0.15 m. Velocity and nonzero ini-
tial conditions amount v = 35 m/s and y j (0) = 0.004
m, respectively. Results were obtained for two different
values of lateral stiffness in secondary suspension kpzy .
These were nominal value kpzy = 476 kN/m (1×) and
value ten times bigger than nominal one kpzy = 4760
kN/m (10×).

The route in Fig. 60 have got the following parame-
ters, namely lengths of ST (l = 150m), TC (l = 180.46
m) and CC (l = 100 m), curve radius R = 600 m and
superelevation h = 0.15 m. Additionally, zero initial
conditions yi (0) = 0 m are the same. All results were
obtained for primary suspension longitudinal stiffness
kzx (266.7 kN/m − 0.1×) ten times smaller than nom-
inal. Vehicle velocity adopted was v = 59 m/s.

Passing to analysis of results in Figs. 43, 44, 45,
46, 47, 48 and 49 it is worth saying that they make a
fragment of the wider studies connected with variation
of the initial conditions y j (0) for the routes of differ-
ent curve radii R. In case of radii R within the range
between 600 and 2000 m no unexpected behaviours of
the studied 4-axle car were found and thus results for
this range were omitted here.

Figures 43 and 44 for R = 4000 m show intrigu-
ing result of influence of two different values of initial
conditions imposed in ST on the results obtained in
TC and CC. Stationary solutions (no vibrations) occur
in ST in Fig. 43 for zero initial conditions y j (0) = 0
m, what is obvious due to excitation lack. Less obvi-
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Fig. 60 Co-ordinates of
wheelsets and bogie frames
of passenger car MKIII;
R = 600 m; h = 0.15 m;
v = 59 m/s; y j (0) = 0 m;
kzx = 266.7 kN/m (0.1×)

ous are solutions with no vibrations in TC, especially
because of periodic solutions existing in CC. In this
context the result discussed is worthy of confrontation
with the result of current section shown in Fig. 55,
where despite zero initial conditions in ST intensive
vibrations are excited in TC. Solution in CC is untyp-
ical to some extent in Fig. 43. Vibrations in type of
limit cycle appear not before CC is entered despite
values of radius R at the end part of TC are practi-
cally the same as in CC. It should be noticed that limit
cycle concerns rear bogie only, i.e. its wheelsets and
the frame represented with co-ordinates y3, y4 and yb2.
Such type of behaviour should be recognised as rare
and thus untypical. Negligibly small vibrations of the
leading bogie seem not to result from its self-exciting
vibrations but from the coupling between both bogies
through the car body. In Fig. 44 for nonzero initial con-
ditions y j (0) = 0.004 m self-exciting vibrations exist
in ST, what is obvious because motion above critical
velocity vn takes place (vn = 19.1m/s). Vibrations still
last in TC. Vibrations for wheelsets and boogie frame
of leading bogie (displacements y1, y2 and yb1) have
got decaying character at the end part of TC at the same
time. On the other hand, vibrations for wheelsets and
boogie frame of trailing bogie (displacements y3, y4
and yb2) have got almost the same amplitudes along
whole TC. The solutions in CC are untypical for sev-
eral reasons. Firstly, similarly to Fig. 43, only trailing
bogie represented with co-ordinates y3, y4 and yb2 is
subject to periodic vibrations (limit cycle). Secondly,

periodic vibrations in CC possess amplitudes signifi-
cantly smaller in Fig. 44 than in Fig. 43. Thirdly, aver-
aged balance position for trailing bogie co-ordinates y3,
y4 and yb2 does not match analogical balance position
in Fig. 43. Fourthly, the balance positions for leading
co-ordinates y1, y2 and yb1 in Figs. 43 and 44 are not
the same, too. Concluding results in CC in Figs. 43
and 44 existence of multiple periodic solutions for the
trailing bogie and multiple quasi-stationary solutions
for the leading bogie is evident. It is worthy of notice
that bigger values of amplitudes and balance positions
in Fig. 43 were obtained for smaller initial conditions
y j (0) = 0 m, while the smaller values of amplitudes
and balance positions in Fig. 44 were obtained for big-
ger initial conditions y j (0) = 0.004 m. Such oppo-
sition can be recognised as untypical. In case of TC
different solutions are possible for different initial con-
ditions. Because of the transient character of TC calling
such solutionsmultiple ones can be contested, however.

Results equally interesting as discussed above are
these obtained for R = 6000 m and shown in Figs. 45,
46 and 47. It is another one example of influence of
different values of initial conditions imposed in ST
on the results obtained for TC and CC. In case of
Figs. 45 and 46 obtained for nonzero initial conditions
y j (0) = 0.006 m self-exciting vibrations exist in ST.
Vibrations still last in TC. The amplitudes of vibrations
for wheelsets and boogie frame of leading bogie (dis-
placements y1, y2 and yb1) are smaller at the end part
of TC than at the beginning part at the same time. On
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the other hand, for trailing wheelset displacement y4 of
trailing bogie (and not shown displacements y3 and yb2
of this bogie) the amplitudes have got almost the same
values along whole TC. In case of CC solutions for the
leading bogie (Fig. 45) represent vibrations of small
amplitude. One can recognise bigger amplitudes and
self-exciting nature of vibrations for the trailing bogie
(e.g. y4 in Fig. 46) to be untypical, whereas leading
bogie co-ordinates (y1, y2 and yb1) possess very small
amplitudes and origin of vibrations comes out from the
coupling between both bogies though car body proba-
bly. In case of Fig. 47 self-exciting vibrations of similar
amplitudes for leading and trailing boogie occur in ST
for nonzero initial conditions y j (0) = 0.002 m. Vibra-
tions for wheelsets and frame of the leading bogie (e.g.
displacementy2 shown in Fig. 47) have got decaying
character at the end part of TC at the same time. On
the other hand, vibration amplitudes for wheelsets and
frame of the trailing bogie (e.g. displacement y4 shown
in Fig. 47) remain almost the same within whole TC.
Solutions in CC are of limit cycle type. The amplitudes
of co-ordinate y4 of trailing wheelset in trailing bogie
are significant in CC and close to those in ST and TC.
On the other hand, the amplitude of co-ordinate y2 of
trailing wheelset in leading bogie is very small. Com-
paring it with amplitudes in Fig. 44, however, where
origin of vibrations is self-exciting, one can suppose
that also here vibrations of the leading wheelset pos-
sess self-exciting nature. Similarly to Figs. 45 and 46
also for Fig. 47 one can recognise amplitudes for the
trailing bogie significantly bigger than for the leading
one to be untypical. Concluding results in CC for the
pair of Figs. 45 and 46 as well as for Fig. 47, existence
of periodicmultiple solutions of self-exciting origin for
the trailing bogie is evident.

However, in case ofmultiple solutions of the leading
bogie one of the solutions is quasi-stationary (results
from coupling between the bogies through car body—
Fig. 45) and the second one is periodic of self-exciting
nature (Fig. 47). It is worthy of note that bigger values
of vibration amplitudes in CC in Fig. 47 were obtained
for smaller initial conditions y j (0) = 0.002m,whereas
the smaller values of the amplitudes in Fig. 45 were
obtained for the bigger initial conditions y j (0) = 0.006
m. Similarly as earlier, such opposition can be recog-
nised as untypical.

Very interesting results are shown also in Figs. 48
and 49 for R = 10,000 m. They make next exam-
ple of influence of different initial conditions values

imposed in ST on the results in TC and CC. There are
no vibrations along the whole length of route, i.e. in
ST, TC and CC, for zero initial conditions yi (0) = 0 m
in Fig. 48. Co-ordinates of lateral displacements of the
leading and trailing bogie (y1, y2, yb1 and y3, y4, yb2,
respectively) are small in TC and CC, i.e. their values
are of 0.001 m order. Solutions in CC are stationary
ones. In case of Fig. 49 obtained for nonzero initial
conditions y j (0) = 0.004 m, vibrations of significant
amplitudes last along the whole route length. Values of
their amplitudes are of the similar order in ST, TC and
CC. In spite of large value of curve radius R (close to the
conditions in ST) small deflection of lateral displace-
ments y1, yb1 and y3, y4, yb2 towards inner curve side
takes place, caused by the superelevation excess. Con-
cluding results in Figs. 48 and 49, existence of multiple
solutions of the same type for both bogies is evident
in CC. One of the multiple solutions is of stationary
character (Fig. 48), while second of the solutions is of
periodic character (Fig. 49). It is worthy of note that
periodic solutions and accompanying them bigger lat-
eral displacements (Fig. 49) were obtained for bigger
initial conditions y j (0) = 0.004 m, while smaller val-
ues of the displacements (Fig. 48) were obtained for
the smaller initial conditions y j (0) = 0 m. Such type
of the assignment can be counted as typical. Different
solutions in TC are possible for different initial condi-
tions.

Results shown in Figs. 50, 51 and 52 concernmotion
in ST. Three different values of the initial conditions
were adopted here, namely y j (0) = 0.001, 0.002 and
0.004m.Results inFigs. 50 and51 andnot shownfigure
for y j (0) = 0.003 m show that despite different initial
conditions the same limit cycle solution is obtained
after initial transient phenomena finished. It is worth
mentioning that such a feature is fundamental for the
limit cycles. Figure 52 reveals that one can deal with
multiple solutions also in ST. The limit cycle shown in
Fig. 52 has got much bigger amplitude value than those
in Figs. 50 and 51.

Results in Figs. 53, 54, 55 and 56 were obtained for
radius R = 600 m, suspension longitudinal stiffness
kzx one hundred times increased relative to nominal
value (266,700 kN/m − 100×), and zero initial condi-
tions y j (0) = 0 m. Velocity v was varied within the
range from 35 to 47 m/s at the same time. Vibrations in
ST do not occur in such conditions as there is no any
factor that excites them. Solutions are quantitatively
similar in TC no matter which velocity is considered.
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Intensive vibrations are excited from theverybeginning
of TC for all co-ordinates shown, i.e. lateral displace-
ments y1, y2, yb1,y3, y4 and yb2. In case of the lead-
ing bogie (y1, y2 and yb1) vibrations reach maximum
amplitudes in the initial part of TC, while in case of the
trailing bogie (y3, y4 and yb2) slightly further, closer
to the TC middle part. Vibrations of the leading bogie
decay quite fast so that they do not occur for 2/3 of TC
length from its end side. In case of the trailing bogie
the process of vibrations decay isweaker and except the
smallest velocity v = 35m/s (Fig. 53) it stops at the end
of TC. Much bigger qualitative variety of solutions can
be observed in CC. In Fig. 53 for v = 35m/s, all lateral
displacements are represented by stationary solutions.
In Fig. 54 for v = 40 m/s, stationary solutions concern
the leading boogie. In case of the trailing bogie peri-
odic solutions of small amplitudes occur. In Fig. 55 for
v = 45m/s, one can observe periodic solutions for both
bogies in CC. Vibration amplitudes are bigger than for
v = 40 m/s (Fig. 54) at the same time. Besides, ampli-
tudes of solutions for the trailing bogie are distinctly
bigger than those for the leading one. Finally, solutions
in Fig. 56 for v = 47 m/s are qualitatively similar to
those in Fig. 54, i.e. for velocity v = 40 m/s. Solutions
of the leading bogie are stationary, while of the trailing
one are periodic. Amplitudes of the periodic solutions
are considerably larger than those in Fig. 54 and also in
Fig. 55. Concluding, results represented in Figs. 53, 54,
55, and56 are characterised by lack of systematic nature
in terms of prediction possibility of solution type for
subsequently increased velocity. Qualitatively different
results, but still similar with respect to the impossibility
of solution type prediction, are shown in Figs. 4, 5 and
6 for 25TN bogie and in Figs. 20, 21, 22, 23, 24 and 25
for individually tested bogie of MKIII car.

The interesting result concerning initial conditions
variation makes comparison of Figs. 57 and 58. These
figures were obtained for radius R = 600 m, veloc-
ity v = 55 m/s (bigger than critical velocity in ST
vn = 23.2m/s), and longitudinal stiffness of secondary
suspension kpzx ten times bigger (200 kN/m − 10×)
than nominal value. Zero initial condition y j (0) = 0 m
is applied in Fig. 57 and nonzero y j (0) = 0.004 m in
Fig. 58. Solutions in ST are typical, namely there are
stationary solutions (no vibrations) in Fig. 57 and peri-
odic vibrations (limit cycles) of big amplitudes appear
inFig. 58.The solutions infirst part ofTCare inFigs. 57
and 58 to some extent similar qualitatively but at the
very beginning the influence of solution type in ST (no

vibrations in Fig. 57 and periodic vibrations in Fig. 58)
is clearly visible. In the second part of TC solutions in
both figures are in practice identical qualitatively and
quantitatively. They have got character of some pertur-
bations more than regular oscillations. Identity of solu-
tions in the second part of TC passes of course onto
solutions in CC, where after some time for becoming
set solutions for the leading bogie are stationary and for
the trailing one are periodic of quite significant ampli-
tudes. Just discussed results are example of solutions
that reveal the possibility of no influence of initial con-
ditions imposed in ST on results in TC and CC.

Figure 59 exhibits interesting case when vibration
amplitudes in TC are bigger than in ST andCC. The fig-
ure shows just one co-ordinate, namely lateral displace-
ment yb2 of trailing bogie frame. This result obtained
for lateral stiffness of secondary suspension kpzy ten
times bigger (4760 kN/m − 10×) than nominal value
is distinctively intriguing as second result in Fig. 59
for the nominal value of the stiffness kpzy (476 kN/m
− 1×) can be counted as typical and thus not being par-
ticularly interesting. For the nominal value of kpzy limit
cycle occurs in ST (velocity higher than critical veloc-
ity in ST vn = 19.1 m/s), vibrations gradually decay in
TC, and solutions are stationary in CC (velocity lower
than critical velocity vn in CC of R = 600 m, vn not
determined due to numerical derailments for high v val-
ues).Another intriguing circumstance is that intensified
vibrations inTCappear at raised lateral stiffness kpzy . It
could seem that any increase in stiffness in suspension
should result in reduction of vibration amplitudes but
not in their increase. The next surprising fact is that val-
ues of the amplitudes in ST for both stiffness values are
quite similar and vibrations univocally intensify in TC
section. It is also worth noticing that maximum values
of the amplitude appear at half length of TC approx-
imately, what here means curve radius R = 1200 m
(R = 1/k = 1/0.0008(3) = 1200 m, where curvature
k = 0.5 · (1/R) = 0.5/600 = 0.0008(3) 1/m). The
amplitudes drop down for radii smaller than 1200 m,
so that solution in CC (R = 600 m) finally becomes
stationary. When looking at lateral displacements of
wheelsets and bogie frame jointly one can see they are
in the same phase and they have visibly smaller vibra-
tion amplitudes of wheelsets comparing to the frame.
These two facts concern both stiffness values but only
for the raised stiffness the amplitudes of lateral vibra-
tions of wheelsets are bigger in TC than in ST and
CC. Above mentioned facts can indicate that discussed
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intensified vibrations of bogie frame in TC result from
conformity of wheelsets vibration frequency in track
(excitation) with natural frequency of bogie frame (at
the raised stiffness kpzy). Finally, it should be alsomen-
tioned that analogical behaviours are also observed for
the leading bogie.

Figure 60 for velocity v = 59m/s is included for the
primary suspicion on appearance of chaotic solutions
in the end part of TC and inCC.Analogical resultswere
also obtained for velocities v = 50 and 57 m/s, which
results are not shownhere. The suspicion cameout from
considerable similarity of the courses inCC to the result
in [13]. Extended study of the case in Fig. 60 and those
not shown here consisted in elongation of CC section
demonstrated that observed phenomenon of the irregu-
lar vibrations is of transient nature and vibrations grad-
ually pass into stationary solutions. Differently than it
was in case of the result in [13].

7 Conclusion

Results of research discussed in this paper collect quite
considerable number of railway vehicle behaviours
being not necessarily expected and thus untypical.
Diversity of obtained behaviours and studied generic
models of railway vehicles demonstrate high complex-
ity of railway vehicle-track systems and that nonlinear
behaviours concern whole class of such systems rather
than limited number of their individual examples.

The results counted as most untypical in studies of
25 TN bogie of freight cars were:

• disappearance of vibrations in TC despite their
occurrence in ST and CC;

• existence of vibrations inCC for small curve radius,
their disappearance for the bigger radius, and their
revival for even greater radii;

• and periodic solutions in CC generated by the most
flexible track laterally and stationary solutions gen-
erated by the stiffer tracks.

Results of analogous nature for bogie of average
parameters were:

• change of periodic solution type in ST for differ-
ent in CC, consisting in significantly different fre-
quency and amplitudes and taking place in TC;

• vibration amplitudes in TC that exceed amplitudes
in ST and CC;

• and periodic vibrations amplitudes in CC that sig-
nificantly exceed those in ST.

The most intriguing results for individually tested
bogie of MKIII passenger car were:

• double change of solution type within TC, firstly,
of frequencies and amplitudes for higher and lower
than in ST and secondly, of vibrations for their
decay and switch to stationary solutions in CC;

• double change of solution type in TC and at CC
very beginning, firstly of frequencies and ampli-
tudes for higher and lower than in ST and secondly,
of vibrations for their decay and switch to station-
ary solutions in CC;

• change of solutionwithinTC frombeing direct con-
tinuation of periodic vibrations in ST into making
beginning of periodic vibrations in CC, accompa-
nied, however, with significant change of frequency
and amplitudes for higher and lower, respectively;

• multiple, entirely random and impossible to pre-
dict solutions in CC with increase in velocity, what
includes alternate stationary and periodic solutions,
alternate periodic solutions of different frequen-
cies and amplitudes, and different solution types
for leading and trailing wheelsets;

• and increase in periodic vibration amplitudes in CC
for both the increase and decrease in suspension
lateral stiffness.

The most untypical behaviours of 2-axle unloaded
freight car of average parameters were as follows:

• disappearance of vibrations (stationary solutions)
in CC for the leading wheelset with simultaneous
periodic solutions of considerable amplitudes for
the trailing wheelset, existing for some range of
small and moderate curve radii;

• and generally long duration of transient phenomena
in ST due to nonzero initial conditions.

The 2-axle hsfv1 freight car in loaded state gathered
the following untypical nonlinear results:

• the same effect of critical velocity decrease in ST
for decrease and increase in suspension longitudi-
nal stiffness;

• the illogical way vibrations decay in ST for increas-
ing velocity (being still below critical velocity in
ST), because of decay irregularity in terms of decay
time and amplitudes;

• and existence of stationary solution in CC for small
curve radius, appearance of periodic solutions for
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some range of the bigger radii, and return to the sta-
tionary solutions for even greater radii, up to infinite
one (ST).

In case of 4-axle passenger car MKIII the following
untypical features were disclosed:

• mutually larger periodic vibration amplitudes and
averaged balance positions in CC for smaller initial
conditions imposed in ST and the smaller ampli-
tudes and balance positions for the bigger initial
conditions for some range of large curve radii;

• existence of periodic solutions for the trailing bogie
only, with stationary solutions for the leading bogie
at the same time;

• smaller amplitudes of periodic solutions for the
leading bogie than it is for the trailing bogie;

• multiple periodic solutions in CC for some range
of curve radii;

• multiple stationary and periodic solutions in CC for
the largest curve radii;

• multiple periodic solutions in ST;
• multiple, random and impossible to predict solu-
tions in CCwith increase in velocity, what includes
alternate stationary and periodic solutions and dif-
ferent solution types for leading and trailing bogie;

• possibility of no influence of the initial conditions
imposed in ST on the behaviour in final part of TC
and in CC, where periodic solution occurred;

• and maximum vibration amplitudes in TC much
higher than in ST and CC at some configuration of
the suspension parameters.

Considering differences between studied objects
and objects groups it seems that studied individually
bogies undergo the biggest variety of untypical fea-
tures. The reason for this might be their smallest mass,
shortest length and simplified secondary suspension.
Namely, the bogies are only loaded with the vehicle
body mass. On the other hand, studied model of 4-axle
passenger carMKIII is equippedwith the same bogie as
tested individually and not simplified suspension based
on the real vehicle. In case of this vehicle and its bogies
variety of different unexpected behaviours is approxi-
mately the same in number as for the bogies in total.
Despite similar number, complexity of such behaviours
and their scope seem to be higher than in case of the
bogies in total. The lowest number and variety of unex-
pected results was obtained for 2-axle freight cars.
Here, results for unloaded car seem to be more diversi-
fied and difficult to study due to long-lasting transient

phenomena in ST caused by nonzero initial conditions.
It seems that smaller mass of this vehicle as compared
to the loaded car might be responsible for these fea-
tures.

The authors gathered more simulation results than
those shown in this paper. They concern systematic
variation of the models’ parameters and provide con-
clusions that givemore orderly viewof the studied vehi-
cles. Thanks to it some generalisations and recommen-
dations for these parameters can be formulated. These
results are a matter of next paper by the authors. Cur-
rent paper supplemented with the next one will give
even more complete insight into nonlinear dynamical
properties of mechanical systems of railway vehicle
type.
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53. Dusza, M., Zboiński, K.: Comparison of two different meth-
ods for identification of railway vehicle critical velocity. In:
Proceedings of the 12th Mini Conference on Vehicle Sys-
temDynnamics, Identification andAnomaliesVSDIA2010,
pp. 161–170. Budapest University of Technology and Eco-
nomics, Hungary (2010)

Publisher’s Note Springer Nature remains neutral with regard
to jurisdictional claims in published maps and institutional affil-
iations.

123

https://doi.org/10.21307/tp-2015-061
https://doi.org/10.4203/ccp.110.126
https://doi.org/10.1080/00423114.2012.666356
https://doi.org/10.1080/00423114.2012.666356
https://doi.org/10.1080/00423110801939170
https://doi.org/10.1080/00423110801939170
https://doi.org/10.1080/00423114.2017.1421315
https://doi.org/10.1080/00423114.2017.1421315
https://doi.org/10.1109/TFUZZ.2018.2883374
https://doi.org/10.1109/TFUZZ.2018.2883374
https://doi.org/10.1109/TFUZZ.2019.2895560
https://doi.org/10.1109/TFUZZ.2019.2895560
https://doi.org/10.1007/s11012-011-9530-1

	Investigation into nonlinear phenomena for various railway vehicles in transition curves at velocities close to critical one
	Abstract
	1 Introduction
	2 Modelling approach, objects' models, and software applied in the study
	2.1 Approach to modelling in the authors' studies
	2.2 Nominal models of the studied objects
	2.3 The simulation software

	3 Principles of the results calculation and presentation: method of the analysis
	4 Results of simulations for 2-axle bogies
	4.1 Results for 25TN bogie of freight cars
	4.2 Results for bogie of average parameters
	4.3 Results for bogie of MKIII passenger car

	5 Results of simulations for 2-axle freight cars
	5.1 Results for unloaded freight car of average parameters
	5.2 Results for laden hsfv1 freight car

	6 Simulation results for 4-axle MKIII passenger car
	7 Conclusion
	Acknowledgements
	References




