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Abstract This paper presents a spatial model of riser
dynamics formulated using the segment method and its
applications. Themodel has beenvalidated by compari-
son of the authors’ own resultswith those obtained from
experimentalmeasurements andAbaqus on the basis of
forced vibration with large amplitude for the riser sub-
merged in water. The influence of the sea environment
is considered. Correctness and numerical effectiveness
of the model enable us to formulate and solve the force
stabilisationproblem.Adynamicoptimisationproblem
is formulated and solved. As a result vertical courses
of movement of the upper end of the riser are obtained
which compensate the horizontalmovement of the base
and stabilise the force in the connection of the riserwith
a wellhead.

Keywords Dynamics of risers · Slender system ·
Finite segment method · Optimisation

1 Introduction

Deep sea drilling for hydrocarbons requires the use of
very sophisticated technical equipment. Thus complex
computational methods are used in the design phase of
offshore devices. Calculation of statics and dynamics
of risers is an important element of this process and is
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carried out before production. Risers are long elements
with bending and longitudinal flexibilities; these ris-
ers are loaded with significant forces acting at their
ends and large transverse forces caused by sea currents
and hydrodynamic forces. Deflections of risers can be
very large, and they may undergo elastoplastic defor-
mations [1].

Formodelling such structures as risers, the finite ele-
ment method is used most often [2], which is reflected
in many software packages like ANSYS, Abaqus or
Riflex. However, many other methods are also used:
finite difference method [3], lumped-mass method
[4–6], finite segmentmethod [7–10], or the similar rigid
finite element method [11–16]. Most of the methods
mentioned use Morison equations in order to describe
the influence of the sea.

In this paper, we present the authors’ own formu-
lation of the finite segment method for discretisation
of a link with bending flexibility. The finite segment
method has been used in modelling risers and cables
for more than 50 years [7,10,17]. Its main idea lies in
dividing a slender link into rigid elements connected
by spherical joints treated as massless spring-damping
elements in order to reflect torsional and bending flex-
ibilities, and sometimes also longitudinal flexibility of
the discretised links [18]. A similar approach derived
from the rigid finite element method [19,20] is used by
Drąg [15,16].

The finite segment method belongs to a group of
methods used for dynamic analysis of slender sys-
tems, in which a continuous system is replaced by a
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system of rigid bodies reflecting inertial features of
the system modelled. These rigid bodies are not point
masses as in the lumped-mass method, but elements
(segments) for which masses and moments of iner-
tia are accurately determined. Using this method, it
is not necessary to formulate partial differential equa-
tions for dynamics, but the equations of motion are
usually derived from the Lagrange equations by means
of multibody-system techniques. The choice of gener-
alised coordinates is an important issue. Drąg in his
papers [15,16] uses absolute coordinates, which are
three translational coordinates (describing the posi-
tion of the chosen point of each rigid element) and
up to three rotational coordinates describing the ori-
entation of the rigid element. The translational coor-
dinates are then eliminated by introducing reactions
and constraint equations. The advantage of using the
absolute coordinates is a pseudo-diagonal mass matrix,
while the large number of coordinates and the neces-
sity of stabilisation of constraint equations are disad-
vantages of the method. In the paper, we propose to
use joint coordinates. In this case, the vector of gen-
eralised coordinates has a minimum number of com-
ponents; these components are three coordinates of a
chosen point of the link discretised and up to a three
coordinates describing the orientation of each seg-
ment. This means that it is not necessary to introduce
reactions and formulate constraint equations. Conse-
quently, there is no need to stabilise the geometrical
constraint equations as in the case of absolute coordi-
nates. However, the disadvantage of the method is a
full mass matrix. When large deformations are anal-
ysed, the mass matrix obtained using both approaches
depends on generalised coordinates. In general, the
finite segment method with the use of joint coordinates
is more numerically effective for a moderate number of
segments (less than 100) than when the absolute coor-
dinates are used.

The finite segment method is admittedly not in all
respect more efficient than the finite element method
applied in commercial software packages, including
those for simulation of statics and dynamics of offshore
appliances. However, as far as analysis of slender links
(cables, risers) is concerned, the finite segment method
poses important advantages, such as simple physical
interpretation, the ease of describing large deforma-
tions of links, and the possibility of special applica-
tions, including those presented in the paper.

The authors’ formulation of the finite segment
method is implemented and validated by comparison
of their own results with those presented by other
researchers, especially those using experimental mea-
surements, as well as with results obtained using pro-
fessional software. Two experiments are considered—
one examines natural frequencies of a riser under dif-
ferent tensions [21,22], and the other is concerned
with measurements of vibrations caused by oscilla-
tory motion of the upper end of the riser [23–25].
Another method of validation is to compare the results
of authors’ own calculations for forced vibrations of
a riser with those obtained from Abaqus. In all cases
of validation, good compatibility of results has been
achieved. The validated model is then used to stabilise
the force in the connection between the riser and awell-
head. The problem is formulated as a dynamic optimi-
sation problem. The aim is to choose vertical displace-
ments of the upper end of the riser which, despite the
horizontal movement of the base (platform or vessel)
and sea current, ensure that the force in the connection
of the riser and the wellhead is kept as close as pos-
sible to the static position. It is assumed that the base
follows a path on a surface [26]. The considerations
are limited to compensation of horizontal movements
of the upper end of the riser, since compensation of
vertical movements is not difficult [16]. Optimisation
calculations are carried out for an almost straight riser.
The results obtained are interesting due to the possibil-
ity of the method presented being used for preparation
of learning sets for ANN (artificial neural network) and
its potential application to control of HCS (heave com-
pensation system).

Analysis of literature concerned with modelling of
risers shows that most attention is devoted to analysis
of static deflections and bending vibrations both in 2D
and 3D analysis. Some research, however, shows that
it is necessary to consider torsion. For example, [5,
27] demonstrate how to take into account the bending–
torsion coupling effect, especially in the case of seabed
interaction. The finite segment formulation presented
in this paper, similar to [25,28–30], omits the torsional
flexibility of the riser model.

Most papers dealing with modelling of risers con-
sider longitudinal flexibility. Consideration of elonga-
tion of slender systems is especially necessary when
the analysis is concerned with top-tensioned risers or
catenary lines. The elongation of the riser (500m long)
considered in this paper does not exceed 3 cm. This
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Fig. 1 Flexible link a before and after deformation, b its discretisation

means that the influence of longitudinal deformations
on displacements of the riser is negligible,which iswhy
considerations in this paper are limited to analysis of
spatial bending vibrations. Consequently, forces acting
at the ends of the riser can be calculated in a different
way (to be explained in Sect. 2).

2 Model of a slender link using the finite segment
method

The basic idea of the finite segment method lies in
the discretisation of a flexible link into rigid elements
(segments) reflecting inertial features of the link. The
segments are connected by means of joints consist-
ing of massless and nondimensional spring-damping
elements reflecting stiffness characteristics of the link
(Fig. 1).

When the longitudinal flexibility is omitted, the fol-
lowing relation is true:

L = ̂P0Pn =
n∑

i=0

li (1)

Thismeans that the length of the deformed link along its
curvature is constant and it enables quantity � shown
in Fig. 1a, caused by large deformations of the flexible
link, to be taken into account. In order to define the
position of any point lying on a neutral axis of the link
in segment i , notation presented in Fig. 2 is introduced.

The position of point P of segment i lying at dis-
tance ξ from point Pi depends on orientation of axes
of reference coordinate system {i} with respect to axes
of inertial frame of reference {}.

In this paper, Euler angles ZY X presented in Fig. 3
are used. These angles define absolute rotations, in con-
trast to other papers [7,18], in which Euler angles ZY X
define orientation of system {i} with respect to the pre-
ceding segment {i − 1} .

The order of rotations which leads the end of seg-
ment i from position P0

i+1 (when segment Pi P0
i+1 is

parallel to axis x of the inertial frame) to position Pi+1

is as follows:

– first rotation about axis z′ parallel to z of angle ψi ,
– then rotation about axis y′′ of angle θi ,
– finally rotation of angle ϕi about axis x ′

i if torsion
is considered.

It should be noted that the rotations are performed about
axes assigned to the segment. Such angles of rotations
are often used in airplane mechanics and are called
heading, attitude and bank angles [31].

Coordinates of point P of segment i can be defined
by the formula:

ri = rPi + Rir′
i (2)

where rPi are coordinates of point Pi ,Ri = Rψi Rθi Rϕi ,

Rψi =
⎡

⎣
cψi −sψi 0
sψi cψi 0
0 0 1

⎤

⎦, Rθi =
⎡

⎣
cθi 0 sθi
0 1 0

−sθi 0 cθi

⎤

⎦ ,

Rϕi =
⎡

⎣
1 0 0
0 cϕi −sϕi
0 sϕi cϕi

⎤

⎦ , cαi = cosαi , sαi =

sinαi , αi ∈ {ψi , θi , ϕi } , r′
i = [

ξ 0 0
]T
.

In further consideration, torsion is omitted (angles
ϕi ≡ 0) and thus rotation matrices Ri take the follow-
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Fig. 2 Segment i—notation used

Fig. 3 Euler angles ZY X

ing form:

Ri = Rψi Rθi (3)

If we assume that points P0, . . . , Pn lie on the neutral
axis of the link, then coordinates of point Pi can be
defined as follows:

rPi = r0 +
i−1∑

j=0

l jφ j (4)

where φ j =
⎡

⎣
cψ j cθ j

sψ j cθ j

−sθ j

⎤

⎦ is the first column of matrix

R j , and coordinates of point P are defined by the rela-
tion:

ri = r0 +
i−1∑

j=0

l jφ j + ξφi (5)
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The system of segments 0, . . . , n is defined by compo-
nents of the vector with N = 3 + 2 (n + 1) elements:

q =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

r0
q0
...

qi
...

qn

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6)

where r0 =
⎡

⎣
x0
y
z0

⎤

⎦ is the vector of coordinates of point

P0, qi =
[

ψi

θi

]
is the vector of coordinates describing

relative motion of the i th segment.
The equations of motion are derived from the

Lagrange equations:

d

dt

∂T

∂q̇ j
− ∂T

∂q j
+ ∂V

∂q j
+ ∂D

∂q̇ j
= Q j , for j = 1, . . . , N

(7)

where T is kinetic energy of the link, V is the potential
energy of the link, D is the function describing dissipa-
tion of energy (damping), q j , q̇ j are generalised coor-
dinates and velocities, respectively, Q j are generalised
forces and N is the number of generalised coordinates.

The kinetic energy of the i-th segment is defined by
the following expression:

Ti = ρAi

∫ li

0
ṙTi ṙi dξ (8)

whereρ is thematerial density, Ai is the cross-sectional
area of segment i .

When the riser is filled with fluid, and the added
mass of water for a segment submerged is considered,
the following takes place:

ρAi = 
r Ai,r + 
F Ai,inn + 
w (cM − 1) Ai,out (9)

where Ai,r is the cross-sectional area of the riser, Ai,inn

is the internal cross-sectional area of the riser, Ai,out is
the external cross-sectional area of the riser, 
r is the
material density of the riser, 
F is the density of the
fluid filling the riser, 
w is the density of water, cM is
the inertial coefficient.

Having taken into account (5) after some transfor-
mations, energy Ti can be expressed in the form:

Ti = 1

2
mi ṙT0 ṙ0 + mi ṙT0

i∑

j=0

bi j φ̇i

+1

2
mi

i∑

j=0

φ̇
T
j

i∑

k=0

di jkφ̇k (10)

where bi j =
{
l j if j < i
li
2 if j = i

, di jk

=
{
bi j bik if j < i or k < i
1
3 l

2
i if j = i = k

, mi = ρAili ,m =
∑n

j=0 m j .
The kinetic energy of the whole link can be written

in the following form:

T =
n∑

i=0

Ti = 1

2
mṙT0 ṙ0 + ṙT0

n∑

i=0

mi

i∑

j=0

bi j φ̇i

+ 1

2

n∑

i=0

mi

i∑

j=0

φ̇
T
j

i∑

k=0

di jkφ̇k (11)

where m = ∑n
i=0 mi is the mass of the link.

The following identities can be proved by induction:

n∑

i=0

mi

i∑

j=0

bi j φ̇i =
n∑

i=0

b̄i φ̇i (12a)

n∑

i=0

mi

i∑

j=0

φ̇
T
j

i∑

k=0

di jkφ̇k =
n∑

i=0

φ̇
T
i

n∑

j=0

d̄i j φ̇ j (12b)

where b̄i = ∑n
j=i m jb ji , d̄i j = ∑n

l=max{i, j} mldli j .
In view of (12), the kinetic energy can be expressed

as follows:

T = 1

2
mṙT0 ṙ0 + ṙT0

n∑

i=0

mi b̄i φ̇i

+ 1

2

n∑

i=0

φ̇
T
i

n∑

j=0

d̄i j φ̇ j (13)

It should be noted that coefficients b̄i and d̄i j are con-
stant.

After differentiating φi defined by (4) with respect
to time t , the following is obtained:

φ̇i = ψ̇iφi,ψ + θ̇iφi,θ (14a)

φ̈i = ψ̈iφi,ψ + θ̈iφi,θ + ν̇i (14b)
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where ν̇i = ψ̇2
i φi,ψψ + 2ψ̇i θ̇iφi,ψθ + θ̇2i φi,θθ ,

φi,ψ =
⎡

⎣
−sψi cθi
cψi cθi

0

⎤

⎦, φi,θ =
⎡

⎣
−cψi sθi
−sψi sθi

−cθi

⎤

⎦ ,

φi,ψψ =
⎡

⎣
−cψi cθi
−sψi cθi

0

⎤

⎦, φi,ψθ =
⎡

⎣
sψi sθi

−cψi sθi
0

⎤

⎦ ,

φi,θθ =
⎡

⎣
−cψi cθi
−sψi cθi

sθi

⎤

⎦ = −φi .

The above relations enable us to define the follow-
ing:

εr0 =
⎡

⎢⎣

d
dt

∂T
∂ ẋ0

− ∂T
∂x0

d
dt

∂T
∂ ẏ0

− ∂T
∂ y0

d
dt

∂T
∂ ż0

− ∂T
∂z0

⎤

⎥⎦ = Mrr r̈0 +
n∑

j=0

ar j q̈ j + hr

(15a)

εqi =
[

d
dt

∂T
∂ψ̇i

− ∂T
∂ψi

d
dt

∂T
∂θ̇i

− ∂T
∂θi

]
= aTri r̈0 +

n∑

j=0

ai j q̈ j + hi

(15b)

where Mrr =
⎡

⎣
m 0 0
0 m 0
0 0 m

⎤

⎦, ar j = b̄ jB j ,

B j = [
φ j,ψ φ j,θ

]
, hr = ∑n

i=0 b̄i ν̇i , ai j

= d̄i j

⎡

⎣
φT
i,ψφ j,ψ | φT

i,ψφ j,θ

− − −− | − − −−
φT
i,θφ j,ψ | φT

i,θφ j,θ

⎤

⎦, hi =
⎡

⎣
φT
i,ψ

∑n
j=0 d̄i j ν̇ j

− − − − − − − − −−
φT
i,θ

∑n
j=0 d̄i j ν̇ j

⎤

⎦ .

The potential energy of gravity forces of the link is
defined by the following expression:

Vg = g
n∑

i=0

mi yCi (16)

where g is the gravity acceleration, yCi = y0 +∑i
j=0 bi j sψi cθi are coordinates of the centre of mass

of segment i .
Having used (12a), we obtain:

∂Vg
∂r0

=
⎡

⎣
0
mg
0

⎤

⎦ (17a)

∂Vg
∂qi

=
[

cψi cθi
−sψi sθi

]
m̄i (17b)

where m̄i = g
∑n

j=i mib ji is a constant value.

Fig. 4 Angle�αi ,
{
x ′, y′, z′

}
—reference systemwith axes par-

allel to the local system of segment i − 1

The energy of spring deformation and its derivatives
can be calculated in a similar way to that presented by
Wittbrodt et al. [20] and Drąg [16].

It follows fromFig. 4 that the energy of spring defor-
mation of a link with circular cross section can be
expressed as:

Vs,i = 1

2
ci (�αi )

2 (18)

where ci is the stiffness coefficient of bending, �αi is
the angle between axes x ′

i−1 and x ′
i dependent on qi−1

and qi .
Angles �ψi and �θi can be calculated in the form

presented in [16].
Let

Ri,� = R�ψi R�θi (19)

where �ψi = ψi − ψi−1, �θi = θi − θi−1, and since
due to orthonormality of matrix Ri , the following takes
place:

Ri,� = RT
i−1Ri (20)

then elements of this matrix can be calculated when
qi−1 andqi are known. From (19), the following results
are obtained:
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Ri,� =
⎡

⎣
c�ψi c�θi · · · · · ·
s�ψi c�θi · · · · · ·

−s�θi · · · · · ·

⎤

⎦ (21)

Angles �ψi and �θi can be calculated from the rela-
tions:

�ψi = arctg

(
Ri,�

)
2,1(

Ri,�
)
1,1

(22a)

�θi = arcsin
(−Ri,�

)
3,1 (22b)

where
(
Ri,�

)
k,1 are elements of the first column of

matrix Ri,� (k = 1, 2, 3).
Quantities �αi ,�ψi and �θi are related in the fol-

lowing way:

cos�αi = cos�ψicos�θi (23)

and thus [20]:

∂Vs,i
∂qi

= ci
�αi

sin�αi

[
cos�ψi sin�θi
sin�ψicos�θi

]
(24)

Having taken into account (15), (17) and (24), the equa-
tions of motion of the link without consideration of the
influence of the sea can be presented in the form:

Mrr r̈0 +
n∑

j=0

ar j q̈ j + hr + ∂Vg
∂r0

= Qr (25a)

aTri r̈0 +
n∑

j=0

ai j q̈ j + hi

+∂Vg
∂qi

+ ∂Vs
∂qi

= Qi for i = 0, 1, . . . , n (25b)

where Qr , Qi are generalised forces defined in the fol-
lowing subsection, ∂Vs

∂qi
= ∂Vs,i

∂qi
+ ∂Vs,i+1

∂qi
.

2.1 Influence of the water environment

The influence of the sea on the riser consists of the
following forces:

– buoyancy forces,
– hydrodynamic forces,
– added mass forces.

Buoyancy forces acting only in the vertical direction
can be calculated as:

Fr,i = [
0 Fr,i,y 0

]T
(26)

where Fr,i,y = 
wVi g,Vi = Ai,out li .
Having assumed that this force acts at the centre of

mass of the segment, its coordinates are expressed as
follows:

rCi = r0 +
i∑

j=0

bi jφ j (27)

From:

Qr,r =
(

∂rCi
∂r0

)T

Fr,i (28a)

Qr,i j =
[

∂rCi
∂ψ j
∂rCi
∂θ j

]T

Fr,i (28b)

we can obtain generalised forces resulting from buoy-
ancy forces acting on segment i in the form:

Qr,r =
n∑

j=0

Fr, j (29a)

Qr,i =
n∑

j=i

Qr,i j = BT
j

n∑

j=i

Fr, j b ji i = 0, 1, . . . , n

(29b)

In order to calculate hydrodynamic damping forces, it
is assumed that they can be expressed as in [26]:

dF′
d,i = S′

i dξ (30)

where S′
i = eH

⎡

⎢⎢⎣

D′
x

∣∣v′
x

∣∣ v′
x

D′
yz

∣∣∣v′
yz

∣∣∣ v′
y

D′
yz

∣∣∣v′
yz

∣∣∣ v′
z

⎤

⎥⎥⎦

T

, eH = − 1
2
wDi,out,

Di,out is the external diameter of segment i of the
riser, v′ = [v′

x v′
y v′

z]T is the relative velocity of
water at point P of the riser (Fig. 2), and v′

yz =√(
v′
y

)2 + (
v′
z

)2, where D′
x , D

′
yz are coefficients of

hydrodynamic damping.
Velocity v′ can be calculated from the formula:

v′ = RT
i (v − vw) (31)

where v = ṙ0 + ∑i−1
j=0 l j φ̇ j + ξi φ̇i is the absolute

velocity of point P , vw is water velocity (sea current).
Force dF′

d,i in the inertial frame of reference is
expressed as:

dFd,i = RiS′
i (ξ) dξ (32)
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and its resulting generalised forces are:

dQd,ir =
(

∂r
∂r0

)T

dFd,i = I3x3dFd,i = dFd,i

(33a)

dQd,i j =
[

∂r
∂ψ j
∂r
∂θ j

]T

dFd,i = αi jB j dFd,i (33b)

where r = ri defined by (2), j = 0, . . . , i−1, and I3x3

is the identity matrix, αi j =
{
l j if j < i
ξ if j = i

.

Forces Qd,ir and Qd,i j are the sum of forces dQd,ir

and dQd,i j :

Qd,ir =
li∫

0

dQd,ir (34a)

Qd,i j =
li∫

0

dQd,i j (34b)

If we introduce the following notation:

Si,0 = Ri

li∫

0

S′
i (ξ) dξ (35a)

Si,1 = Ri

li∫

0

ξS′
i (ξ) dξ (35b)

then after some transformations the following is obtained:

Qd,ir = Si,0 (36a)

Qd,i j = BT
j δi, j (36b)

where δi, j =
{
l jSi,0 if j < i
Si,1 if j = i

.

Integrals from (35) are calculated bymeans ofGauss
formulae.

Having taken into account that:

Qd,r =
n∑

j=i

Qd, jr (37a)

Qd,i =
n∑

j=i

Qd, j i (37b)

the following formula for hydrodynamic damping
forces is obtained:

Qd,r =
n∑

j=0

S j,0 (38a)

Fig. 5 Constraints and their reactions at the bottom end of the
riser

Table 1 Parameters of the riser used in the experiment [21]

Parameter Notation Value Measure unit

Length L 13.12 m

External diameter Dout 0.028 m

Internal diameter Dinn 0.027 m

Bending rigidity E I 29.9 Nm2

Riser linear density in water ρL
r 1.47 kg/m

Water density ρw 1000 kg/m3

Resistance coefficient D′
x 0.03 –

Resistance coefficient D′
yz 0.7 –

Inertial coefficient cM 1.8 –

Qd,i =
n∑

j=i

BT
j δ j,i (38b)

Having taken into account (25), (29) and (38), the
dynamic equilibrium equations of the riser can be writ-
ten in the form:

Mrr r̈0 +
n∑

j=0

ar j q̈ j = fr + Fext
0 (39a)
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Table 2 Influence of the number of segments n on natural frequencies for TU = 389N exerted at the upper end of the riser

Number of segments n ω1 ω2 ω3 ω4 ω5 ω6 ω7

25 0.4029 0.8161 1.2471 1.7042 2.1942 2.7232 3.2964

50 0.4027 0.8144 1.2418 1.6919 2.1709 2.6841 3.2362

75 0.4027 0.8141 1.2408 1.6897 2.1666 2.6769 3.2251

100 0.4027 0.8140 1.2405 1.6889 2.1651 2.6744 3.2212

125 0.4027 0.8140 1.2403 1.6885 2.1644 2.6732 3.2195

150 0.4027 0.8140 1.2402 1.6883 2.1640 2.6726 3.2185

175 0.4027 0.8140 1.2402 1.6882 2.1638 2.6722 3.2179

200 0.4027 0.8140 1.2402 1.6881 2.1636 2.6720 3.2175

Table 3 Influence of the number of segments n on natural frequencies for TU = 1925N exerted at the upper end of the riser

Number of segments n ω1 ω2 ω3 ω4 ω5 ω6 ω7

25 1.0162 2.0393 3.0761 4.1333 5.2175 6.3353 7.4928

50 1.0157 2.0353 3.0625 4.1013 5.1553 6.2281 7.3233

75 1.0156 2.0345 3.0600 4.0954 5.1438 6.2083 7.2921

100 1.0156 2.0343 3.0592 4.0933 5.1398 6.2014 7.2812

125 1.0155 2.0342 3.0588 4.0924 5.1379 6.1982 7.2761

150 1.0155 2.0341 3.0585 4.0919 5.1369 6.1965 7.2734

175 1.0155 2.0341 3.0584 4.0915 5.1363 6.1954 7.2717

200 1.0155 2.0340 3.0583 4.0913 5.1359 6.1947 7.2706

Table 4 Comparison of natural frequencies

Tension Method Natural frequency ω
[ rad

s

]

ω1 ω2 ω3 ω4 ω5 ω6 ω7

Case 1 TU = 389N Experiment [21] 0.405 0.873 1.326 1.804 2.278 2.797 3.389

VIM [22] 0.402 0.813 1.239 1.687 2.164 2.675 3.224

calculated SM 0.403 0.814 1.240 1.688 2.164 2.672 3.218

Case 2 TU = 813N Experiment [21] 0.633 1.329 1.954 2.625 3.312 4.028 4.735

VIM [22] 0.643 1.290 1.948 2.619 3.308 4.020 4.758

calculated SM 0.635 1.276 1.925 2.588 3.269 3.973 4.702

Case 3 TU = 1185N Experiment [21] 0.782 1.423 2.394 3.203 4.024 4.875 5.704

VIM [22] 0.795 1.594 2.401 3.219 4.052 4.903 5.777

calculated SM 0.784 1.571 2.366 3.172 3.993 4.832 5.692

Case 4 TU = 1546N Experiment [21] 0.899 1.815 2.741 3.614 4.561 5.525 6.439

VIM [22] 0.919 1.842 2.771 3.710 4.662 5.630 6.617

calculated SM 0.904 1.812 2.726 3.650 4.586 5.539 6.510

Case 5 TU = 1925N Experiment [21] 1.037 2.046 3.084 4.099 5.127 6.222 7.298

VIM [22] 1.033 2.070 3.112 4.163 5.225 6.302 7.396

calculated SM 1.016 2.034 3.058 4.091 5.136 6.195 7.271
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Fig. 6 Error in the natural
frequencies: calculation
versus experiment

Fig. 7 Model of the riser for experimental measurements

aTri r̈0 +
n∑

j=0

ai j q̈ j = fi i = 0, 1, . . . , n (39b)

where fr = −hr − ∂Vg
∂r0

+ Qr,r + Qd,r , fi = −hi −
∂Vg
∂qi

+ ∂Vs
∂qi

+ Qr,i + Qd,i, i = 0, 1, . . . , n, Fext
0 is the

Table 5 Characteristics of the riser model

Parameter Notation Value Measure unit

Length L 6.5 m

External diameter Dout 0.0225 m

Internal diameter Dinn 0.0127 m

Young modulus E 8.847 MPa

Mass per unit mL 0.4 kg/m

Bottom weight in water W 3.489 N

Bottom weight length l 0.06 m

Bottom weight diameter DW 0.032 m

Water density ρw 1025 kg/m3

Resistance coefficient D′
x 0.016 –

Resistance coefficient D′
yz 1.5 –

Inertial coefficient cM 2 –

vector of external forces acting at point P0 (upper end
of the riser).

When the motion of the upper end of the riser is
known as a function of time:

r0 = r0 (t) (40)

which means that vectors ṙ0 (t) , r̈0 (t) are also known,
and Eq. (39b) can be written as follows:

n∑

j=0

ai j q̈ j = fi − aTri r̈0 i = 0, 1, . . . , n (41)

and forces causing this motion Fext
0 can be calculated

from (39a):

Fext
0 = Mrr r̈0 +

n∑

j=0

ar j q̈ j − fr (42)
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Fig. 8 Displacements of chosen points: SM segment method, Experiment* and Simulation*—results presented in [23]

Equations (39) or (41) form a system of m = 3 +
2 (n + 1) orm = 2 (n + 1) nonlinear differential equa-
tions of the second order with respect to t . The equa-
tions of motion are solved using the Runge–Kutta
method with a constant integration step.

In the applications presented further in the paper,
constraints are imposed on the riser, which involve

placing its bottom end in a strictly defined position
(Fig. 5) by means of the formula:

rE = r0 +
n∑

j=0

l jφ j = const (43)

In such a case, the system considered includes addi-
tional reactions as components of vector FE and con-
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Table 6 Parameters of the riser

Parameter Notation Value Measure unit

Length L 300 m

External diameter Dout 0.3 m

Internal diameter Dinn 0.26 m

Young modulus E 2.07 × 1011 N/m2

Riser density ρ 7850 kg/m3

Water density ρw 1025 kg/m3

Resistance coefficient D′
w 0.03 –

Resistance coefficient D′
yz 1.0 –

Inertial coefficient cM 2.0 –

straint equations (43). Then, Eq. (39) takes the follow-
ing form:

Mrr r̈0 +
n∑

j=0

ar j q̈ j − I3x3 FE = fr + Fext
0 (44a)

aTri r̈0 +
n∑

j=0

ai j q̈ j − Di FE = fi i = 0, 1, . . . , n

(44b)

where Di = − liBT
i , and Eq. (43) can be written in the

acceleration form as:

r̈0 +
n∑

j=0

l jB j q̈ j = −
n∑

j=0

l j v̇ j (45)

The Baumgart method is used for stabilisation of con-
straint equations. Initial conditions for the dynamics
problem are calculated from Eqs. (39) or (41) and (43)
as a solution of the static problem (ṙ0 = r̈0 = 0; q̇i =
q̈i = 0, i = 0, 1, . . . , n). The system of nonlinear
equations has been solved by means of Newton’s iter-
ative method. Natural frequencies with and without
tension at the upper end of the riser are calculated in
Sect. 3.1.Aprocedure similar to that presented in [4,12]
is applied in order to calculate frequencies and avoid
linearisation of Eqs. (39) or (41).

3 Validation of the model

3.1 Analysis of frequencies of free vibrations

Analysis of vortex-induced vibrations of risers is essen-
tial due to the possible fatigue damage caused by the
vibrations. Thus, prediction of natural frequencies of
risers is one of the crucial points in the design process
of risers. The method presented enables us to calculate
frequencies of free vibrations of the riser. In order to
validate the model, the natural frequencies obtained
using our model are compared with those from the
experiment explained in [21], where Chaplin and co-
authors describe experimental measurements taken on
a model of a riser placed in a water tank and exposed

Fig. 9 Load on the riser a
scheme of the forces acting
on the riser end b course of
forces Fx and Fz
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Fig. 10 Courses of the end of the riser in x direction a in the air, b in water

to a stepped current. The data of the riser are presented
in Table 1.

The installation of the riser consisted of universal
joints at each end of the riser and a tensioning system at
the upper end. Measurements of the first seven natural
frequencies were taken for five different values of the
top tensions.

The results of any discretisation method depend on
the number of elements into which the system under
consideration is divided. Thus, first the influence of the
number of finite segments on the results obtained is
examined for two different sets of tension applied at
both ends of the riser. The results presented in Tables 2
and 3 show convergence of the results obtained for the
segment method and its efficiency.

The comparative analysis is carried out not onlywith
the experimental measurements given in [21] but also
with results obtained by means of the variational iter-
ation method (VIM) presented in [22], whose authors
use the same experiment. It is assumed that the number
of segments used for numerical simulations is n = 200.

Table 4 presents comparison of the first seven natural
frequencies calculated for five cases of different val-
ues of tension. The results calculated using the finite
segment method are in very good agreement with both
those measured in the experiment and calculated using
the variational iteration method.

Figure 6 shows the relative percentage error of the
simulation results compared to the measurements cal-
culated according to the formula:

ε =
∣∣ωi,exp − ωi,calc

∣∣
ωi,exp

100% i = 1, . . . , 7 (46)

where ωi,exp, ωi,calc are values of the i-th natural fre-
quency measured and calculated, respectively.

Analysis of the diagram shows that the error does
not exceed 2% for most calculated values. The largest
differences are obtained for thefirst casewith the lowest
tension, yet still the error is less than 6.5%, and in one
case the second natural frequency is calculated with
an error of about 10.5%. The distribution of errors is
similar to that presented in [22], but it can be seen that
inmost cases the results from the finite segmentmethod
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Fig. 11 Courses of the end of the riser in y direction a in the air, b in water

are closer to the experimental measurements than those
obtained using the variational iteration method. The
analysis presented generally confirms the applicability
of the finite segment method for prediction of natural
frequencies of rises.

3.2 Regular oscillatory vibrations

In this section, validation of the method is carried out
on the basis of experiment used as a reference by many
researchers [23–25]. A laboratory test stand consists
of a long thin tube filled with water simulating a riser
submerged in water with its upper end attached to a
mechanism generating oscillatory motion along the x
axis (Fig. 7). Additional weight W is attached at the
bottom of the riser in order to keep the model straight
in still water.

Cameras installed along the y axis measured x dis-
placements at chosen points. Parameters of the riser are
presented in Table 5.

Oscillatory motion exerted on the riser at point
P0 = P with amplitude 0.1 m is shown in Fig. 8 as
xP . Numerical simulations were carried out for a riser
divided into n = 20 elements. Comparison of displace-
ments in x direction at points A,C and E (Fig. 7) is pre-
sented in Fig. 8. The results of calculations are carried
out using the finite segment method are compared with
experimentalmeasurements and simulation results pre-
sented in [23].

The comparison presented in Fig. 8 demonstrates
good compatibility of the results obtained using the
method presented in the paper with those from exper-
iment and numerical simulation based on Hamilton’s
principle [23].

3.2.1 Irregular forced vibrations

Validation of the model presented has also been carried
out by comparing the results obtained from the authors’
own software with those from Abaqus. The compari-

123



Application of the finite segment method to stabilisation of the force 1867

Fig. 12 Courses of the end of the riser in z direction a in the air, b in water

son is concernedwith forced vibrations of the riser both
with and without consideration of the sea. The parame-
ters of the riser analysed are presented in Table 6. Dis-
placements of the free end of the riser loaded (Fig. 9a)
with two forces changing in time and acting along x and
z axes and with constant force Fy = − 30 kN are anal-
ysed. Courses of forces changing in time are presented
in Fig. 9b.

Calculations have been carried out using the model
derived by means of the segment method (SM) divid-
ing the riser into n = 50 segments. First order, three-
dimensional beam elements B31H have been used for
discretisation in Abaqus; these elements enable longi-
tudinal and transversal deformations to be taken into
account. The same number of elements for both meth-
ods has been assumed. Displacements of the end of the
riser in directions x , y, and z both without and with
consideration of the sea are presented in Figs. 10, 11
and 12, respectively.

Analysis of displacement courses of the free end of
the riser in interval <0, 100 s> in all directions shows

that results obtained by the finite segment method are
compatible with those obtained using the finite element
method (Abaqus). Enlargements presented in each fig-
ure show maximal and minimal displacements, and
their values are presented in Table 7.

Differences between maximal and minimal dis-
placements obtained by both methods for all directions
when the riser is divided into 50 segments are listed in
Table 8.

The largest difference (20 cm) is related to displace-
ments along the z axis when vibrations in air are con-
sidered; however, it has to be noted that displacements
in this direction amount to 100 m, which means that
the relative error is 0.2%. Projections of the trajectory
of the end of the riser onto plane xz are also compared,
and it can be seen from Fig. 13 that the shape is similar
for vibrations both without and with consideration of
the sea.

It can be seen that the amplitudes when hydrody-
namic damping is considered are almost an eighth of
those obtained for vibrations in the air.
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Table 7 Maximal and minimal displacements of the end of the riser along x , y, and z axes

Model Measure n

10 20 30 40 50

Abaqus max0≤t≤100 x [m]

Air 18.73 18.76 18.79 18.8 18.8

Water 7.97 8.00 8.01 8.01 8.01

max0≤t≤100 y [m]

Air − 278.17 −279.12 −279.38 −279.44 −279.48

Water − 295.62 −295.62 −295.49 −295.48 −295.48

max0≤t≤100 z [m]

Air 101.09 103.71 103.14 103.01 102.95

Water 27.57 27.57 27.84 27.85 27.86

SM max0≤t≤100 x [m]

Air 19.08 18.93 18.90 18.89 18.88

Water 8.05 8.08 8.08 8.09 8.09

max0≤t≤100 y [m]

Air −279.74 −279.64 −279.59 −279.56 −279.55

Water −295.41 −295.38 −295.37 −295.36 −295.36

max0≤t≤100 z [m]

Air 102.16 102.55 102.67 102.72 102.75

Water 27.87 28 28.03 28.04 28.04

Abaqus min0≤t≤100 x [m]

Air −19.92 −19.70 −19.65 −19.63 −19.62

Water −0.58 −0.58 −0.56 −0.56 −0.56

min0≤t≤100 y [m]

Air −300.02 −300.02 −300.02 −300.02 −300.02

Water −300.01 −300.01 −300.01 −300.01 −300.01

min0≤t≤100 z [m]

Air −105.1 −100.97 −100.72 −100.62 −100.57

Water −0.88 −0.88 −0.86 −0.86 −0.86

SM min0≤t≤100 x [m]

Air −19.59 −19.62 −19.62 −19.62 −19.62

Water −0.48 −0.48 −0.48 −0.48 −0.48

min0≤t≤100 y [m]

Air −300 −300 −300 −300 −300

Water −300 −300 −300 −300 −300

min0≤t≤100 z [m]

Air −100.18 −100.43 −100.46 −100.47 −100.48

Water −0.73 −0.74 −0.74 −0.74 −0.74

4 Stabilisation of the force in the connection with
the wellhead

Forces occurring in the connectionof a riserwith awell-
head can considerably change in heavy seas and strong

sea currents. Offshore equipment must be durable and
reliable; therefore, it is desirable to ensure that values of
these forces are as stable as possible within an accepted
range despite the vertical and horizontal motion of the
base (platform or vessel) .
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Table 8 Absolute differences εb for maximal and minimal values of riser displacements calculated using Abaqus and segment method
for division of the riser into n = 50 elements

max0≤t≤100 x max0≤t≤100 y max0≤t≤100 z min0≤t≤100 x min0≤t≤100 y min0≤t≤100 z

εb [m] Air −0.08 0.07 0.20 0.00 −0.02 −0.09

Water −0.08 −0.12 −0.18 −0.08 −0.01 −0.12

Fig. 13 Projection of the trajectory of the end of the riser onto xz plane a in air, b in water

The model proposed is numerically very effective
and allows dynamic analysis for large displacements
to be carried out. For example n = 25, t ∈ 〈0, 50s〉,
for with integration step h = 0.01s, calculation time
does not exceed 4 s. In order to illustrate the possi-
bilities of the model, a dynamic optimisation task is
formulated and solved. The problem involves select-
ing vertical movements of the upper end of the riser
(Fig. 14) so that for a given horizontal motion of the
base the forces in the connection with the wellhead are
stable.

The upper end of the riser (point P0) moves in the xz
plane, reaching ± 7 m and ± 3 m alternately and fol-
lowing the trajectory presented in Fig. 15, while dis-
placements and velocities in x and z directions change
as in Fig. 16.

Two cases are considered. When simulations start,
the upper endof the riser is placed at point P0(7 m, 0 m,

0 m), while coordinates of its bottom end are E(− 10
m,− 499.39 m, 0 m) in case A, which means that

at the beginning the riser is initially slightly bent
(Fig. 17a) or E(− 100 m,− 477.16 m, 0 m) in case B
when the riser is initially bent (Fig. 17b).

In case B, a rotary spring with stiffness coefficient
equal to 1 × 106 Nm is placed at point P0 in order to
keep the deflection angle of the upper end of the riser
within the limits recommended in the literature [32].

The dynamic optimisation task is formulated asmin-
imisation of the functional:

�(p1, . . . , pm−1) =

√√√√√ 1

T

T∫

0

(
FE (t) − F0

E

)2
(47)

where pi = y0(ti ), i = 0, . . . ,m are values of the
function which defines the vertical motion of the upper
end of the riser at equally spaced points within time
period <0, T>, FE is the value of the resultant force
occurring at the bottom end of the riser (E), F0

E is the
initial value of the force, and T is the calculation time.
Moreover, it is assumed that theminimumof functional
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Fig. 14 Scheme of the system considered

Fig. 15 Trajectory of the upper end of the riser

(47) fulfils the following conditions:

pmin
i ≤ pi ≤ pmax

i , for i = 1, . . . ,m − 1 (48a)

p0 = y (0) = pm = y (T ) = 0 (48b)

where pmin
i , pmax

i are permissible minimal and maxi-
mal values of parameter pi , respectively. The numer-

ical effectiveness of the model is especially impor-
tant because the solution of the dynamic optimisation
problem formulated in such a way requires calcula-
tion of the functional for each combination of param-
eters p1, . . . , pm−1, and thus integration of the equa-
tions of motion. Numerical calculations are carried out
assuming T = 48 s, and interval is <0, T> divided
into subintervals m = 12, the first three of 1s, the
next seven of 3 s and last two 6 and 12 s. This means
that the displacements of upper end of the riser are
analysed not only during the motion of the base when
t ∈ <0, 36s> , but also when the base is stationary
for t ∈ <36s, 48 s>. It is assumed that m = 11 and
minimal and maximal values, respectively, are equal to
the following:

pmin
i = −2.5m, pmax

i = 0m, for i = 1, . . . ,m − 1(49)

It is assumed that at the initial approximation (before
optimisation) there are no vertical displacements at P0
i.e. pi = 0 for i = 0, 1, . . . ,m. The comparison of the
force courses at point (E) in the connection of the riser
with thewellhead, obtained before and after solving the
optimisation task, is presented in Fig. 18a. Due to the
vertical motion of the upper end of the riser, the force
in connection E decreases from 1150 kN to 500 kN;
thus it is less than half of the initial value. Figure 18b
shows force Fext

0 acting at the upper end of the riser
and corresponding to initial approximation y0 ≡ 0 also
before and after optimisation.

This considerable decrease in the force in connec-
tion E has been obtained as a result of applying ver-
tical motion at the upper end of the riser in the form
presented in Fig. 19.

The results presented are illustrative. Shapes of the
riser at different moments of time before and after opti-
misation are presented in Fig. 20.

Results of calculations for case B are presented in
Figs. 21 and 22.

In this case, reduction of the force acting at the bot-
tom end of the riser (point E) is not as great as in case
A. The reason is that when the riser is almost verti-
cal (case A) forces acting at point E , when the upper
end of the riser move about 14 m in x, z directions in
a relatively short time, lead to a large increase in lon-
gitudinal forces. In case B, however, when the riser is
significantly bent, the longitudinal forces are consider-
ably smaller. It is important to note that as a result of
the optimisation procedure for case A (slight bending
of the riser) force FE is about a half of its initial value,
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Fig. 16 a displacements in x and z directions, b velocities in x and z directions

Fig. 17 Initial position of
the riser a case A, b case B

Fig. 18 Case A: course of the force before and after optimisation a at the bottom end of the riser (E), b at the upper end of the riser
(P0)
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Fig. 19 Case A: vertical motion of the upper end of the riser a displacement, b velocity

Fig. 20 Case A: snapshots
of the riser configuration at
chosen moments a before, b
after optimisation

Fig. 21 Case B: course of the force before and after optimisation a at the bottom end of the riser (E), b at the upper end of the riser
(P0)
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Fig. 22 Case B: vertical motion of the upper end of the riser a displacement, b velocity

yet still its optimal value is larger than the initial value
of force FE for case B (large initial bending of the riser)
.

5 Conclusions

The paper presents a different formulation of the finite
segment method which uses absolute angles in contrast
to the classical finite segment method, in which relative
angles are used in order to describe the geometry of a
slender system.Ourmethod enables us to take into con-
sideration the shortening of the distance between the
joints, which means that the length of the slender link
measured after deformation along the curvature is con-
stant. The influence of the sea is taken into account. The
method is validated by comparing the results obtained
with those obtained from experimental measurements
and Abaqus. The validation process shows the good
correspondence of the results obtained by SM, both
in natural frequencies and oscillatory vibrations, with
results of measurements and calculations when differ-
ent methods are applied. In addition, the comparison of
results obtained with the method presented and those
obtained using professional finite element method soft-
ware confirms the correctness of the model and its
numerical effectiveness. Even when the equations of
motion are nonlinear, the integration time for less than
50 segments does not exceed 20 seconds over a time
interval of 50 s with an integration step of 0.01s. Good
numerical effectiveness of the method allows it to be
used in solving the dynamic optimisation problem. In
order to solve the optimisation problem, the equations
of motion are integrated at each optimisation step (for

each combination of parameters describing the objec-
tive function). In the application presented, the distur-
bances caused by horizontal motion of the base are
neutralised by vertical motion of the upper end of the
riser; this solves the problem of stabilising the force
in the connection between the riser and the wellhead.
The results of calculations demonstrate that even for
unfavourable initial approximation of the optimisation
problem (such as assuming that the upper end moves
horizontally and slight initial bending) the force in the
connection of the riser and wellhead is reduced con-
siderably as a result of optimisation. Such a solution
is likely to be feasible by using HCS (heave compen-
sation system). Due to the very short calculation time,
the method can be applied when teaching a neural net-
work, which then can be used in control of the system
in real time.

Open Access This article is distributed under the terms of the
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use, distribution, and reproduction in any medium, provided you
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provide a link to the Creative Commons license, and indicate if
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S.: Compensation of top horizontal displacements of a riser.
Meccanica 51, 2753–2762 (2016)
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