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Abstract In this study, the quaternion Mandelbrot
sets and Julia sets (abbreviated as M–J sets) with addi-
tive and multiplicative noise perturbations are con-
structed and the changes of their fractal characteris-
tics are explored. The experimental results show that
the quaternionM sets with additive noise perturbations
move in the direction of the noise, while the structures
remain unchanged. The quaternion J sets with addi-
tive noise perturbations change dramatically both in
the structures and in the periodicities. The quaternion
M sets with multiplicative noise perturbations present
scaling and rotation, while the stable regions maintain
the same distributions as the non-perturbedM sets. The
structures and the periodicities of the J sets change
under multiplicative noise perturbations, keeping dif-
ferent sensitivity to the noise parameters. The M sets
and J sets still share the same stable points under both
the additive and multiplicative noise perturbations.

Keywords Generalized M sets · Generalized J sets ·
Noise perturbations · Quaternion · Fractal

1 Introduction

Mandelbrot sets and Julia sets are the classic sets in
the fractal geometries. The researches on the M–J sets
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focus on the discussion of the structure stability of the
iterative dynamic systems. In recent years, the high-
dimensional fractals have drawn people’s much atten-
tion. The quaternionM–J sets are one of themajor areas
people interested in, researches which help explore the
3-space dynamics [1–5]. The subject of dynamics is
concerned with what happens to a physical or geomet-
ric system over time, when it is subjected to a force or
undergoes some kind of manipulation. The dynamics
of motion in 3-space is easily expressed in terms of
quaternion operation. This relationship implies com-
putational advantages in using quaternions to express
3-D spatial manipulation [1].

On the other hand, there is a variety of noise dis-
turbance in nature. They produce various effects on
the movements and the states of the dynamic systems.
The noise is a random variable essentially. People uti-
lized differentmodels, such asGaussian noise [6], sinu-
soidal noise [6] and time-delay model [7], to simulate
the interference characteristics of the dynamic system
evolution.

Argyris et al. [8–10] analyzed the classification and
influence of noise in a dynamical system and proposed
a new scheme of analytic and non-analytic perturba-
tions of the Mandelbrot map. Andreadis and Karaka-
sidis [11–13] also discussed the topological closeness
of perturbed M–J sets and proposed a definition for a
probabilistic Mandelbrot map. Negi et al. introduced
a new noise criterion and analyzed its effect on supe-
rior M–J maps, discussing the difference comparing
the usual M–J maps with perturbation [14–16]. Rani
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144 Y. Sun et al.

and Agarwal [17] presented an integrated approach
to study the additive and multiplicative noises with
respect to perturbations in superior Julia sets. Wang et
al. [18,19] researched on the structural characteristic
and the fission-evolution law of perturbed generalized
M–J sets on complex plane. Sun and Wang [20] ana-
lyzed the effect of noise perturbation on the quaternion
M sets. Eliazar [21] laid more focus on the noise in
relationship between noise and fractal, showing that
classic shot noise is intrinsically fractal. On the other
hand, the M–J sets of the other models are proposed
and some non-trivial results are obtained. Wang and
Song [22] studied the generalized M–J sets for bicom-
plex numbers. Liu [23] studied the M sets in coupled
map lattice for control and synchronization. Danca et
al. [24] obtained the connectivity domains of alternated
Julia sets, defined by switching the dynamics of two
quadratic Julia sets.

In this paper, the generalized quaternion M–J sets
perturbedwith dynamical noise are studied. Thequater-
nion M–J sets are constructed, and the additive and
multiplicative noise perturbations are interfered on the
sets. The topological structures, the stable regions and
the periodicities of the disturbedM–J sets are explored.
The rest of the paper is organized as follows. Section 1
introduces the definitions of the generalized quaternion
M–J sets under dynamical noise perturbations. Sec-
tion 2 describes the influence on the quaternion M–J
sets with additive dynamic noises. The displacement of
the stability regions of the M sets is theoretically ana-
lyzed, the characterization of the J sets is discussed,
and the stable periodic points of the quaternion M–
J sets are calculated. Section 3 discusses the influence
on the quaternionM–J setswithmultiplicative dynamic
noises. The symmetry of the M sets is proved, the 1-
cycle region boundary of one M set is calculated, and
the structure changes of the J sets are discussed. Sec-
tion 4 is the conclusion of the study.

2 Noise perturbations in dynamical systems

2.1 The form of the dynamical noise

The nature of the fluctuations introduced into a dynam-
ical model depends on the coupling between the phys-
ical process and the source of random perturbations
[25]. When a noise interferes with the evolution of a
dynamical system, it is called a dynamical noise. Such

dynamical noise may take the form of an additive or
multiplicative expression which illustrates the kind of
parameters by which noise may appear in the equations
of a dynamical system.

The analog of additive noise is of the following form,

xn+1 = f (λ, xn) + pn (2.1)

where pn represents a random deviation from the deter-
ministic orbit.

The multiplicative dynamical noise perturbs the
form of the nonlinear function or the parameters in the
map. If we write the deterministic equation as

xn+1 = λ f (xn) (2.2)

with λ as the bifurcation parameter, then parametric
fluctuations would be of the form

xn+1 = (λ + qn) f (xn) (2.3)

with qn representing the fluctuations in the parameter
λ [26].

2.2 Noise perturbations of the generalized quaternion
M–J sets

When the generalized M sets are perturbed by additive
noise, the iterate function is as follows:

Qn+1 = Qα
n + c + m (2.4)

where Q, c,m ∈ H, α ∈ N, Q = S + iσ · V , c =
a + iσ · K ,m = m1 + iσ · m′. m is the noise variable,
m′ = m2i+m3j+m4k√

m2
2+m2

3+m2
4

, and mi ∈ R(i = 1, 2, 3, 4) are the

parameters specifying the intensity of noise.
The generalized quaternion M set with the multi-

plicative dynamic noise is given by

Qn+1 = (1 + k)Qα
n + c (2.5)

where k = (k0, k1, k2, k3)(ki ∈ R, i = 0, 1, 2, 3) are
the parameters specifying the intensity of noise.

The quaternion J sets with noise perturbations have
the same iteration processes with M sets except that c
is a constant in the mapping.
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Generalized quaternion M sets and Julia sets 145

Fig. 1 Quaternion M sets with additive noise perturbations.
a α = 3,m = (0, 0, 0, 0), j = k = 0. b α = 3,m =
(−1.5, 0, 0, 0), j = k = 0. c α = 3,m = (0, 0, 0.3, 0.3), j =

k = 0. d α = 3,m = (0, 0, 0.3, 0.3), j = k = −0.3.
e α = 6,m = (0, 0, 0, 0), j = k = 0. f α = 6,m =
(0.3, 0.3, 0, 0), j = k = 0

3 Quaternion M–J sets with additive dynamic
noises

3.1 Quaternion M sets with additive noises

Weutilize the cycle detectingmethod [27] to display the
two-dimensional projection of the quaternion general-
ized M set. In this method, different cycle regions can
be distinguished by different colors. The 1-cycle region
is marked in pink, 2-cycle in green, 3-cycle in cyan,
4-cycle in yellow, 5-cycle in red, 6-cycle in orange, 7-
cycle in purple, and the escaped region in black.Almost
all the figures in this paper are the projections on the
real axis r and image axis i, with the values of other
two image axes j, k being zero, except the ones with
extra explanations. Figure 1 shows the quaternion M
sets perturbed by additive noise m with α = 3 and
α = 6. Comparing these figures, we can find the struc-

tural changes with the interference of the additive noise
m.

Figure 1a shows the original quaternion M set (α =
3) without noise perturbation, which displays consis-
tent fractal structure with the M set in the complex
plane. In Fig. 1b, we add the additive noisem along the
real axis r. The results show that the whole image takes
a translation along the reverse direction of the vectorm,
fractal structures remaining unchanged and themoving
distance being m. In Fig. 1c, we add the additive noise
m along the image axis j and image axis k. It shows
that these projections change. To verify whether M set
maintains translation only, we change our observation
viewpoint. Taking the projection at −m, as shown in
Fig. 1d, we can find the same topology structures with
the originalMset (Fig. 1a). Fig. 1e, f shows slice images
of the quaternion M set (α = 6) by the additive noise
disturbance, showing the same phenomenon.
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Fig. 2 3-D projections of
quaternion M sets with
additive noise perturbations.
a α = 6,m = (0, 0, 0, 0). b
α = 6,m = (0.4, 0, 0, 0). c
α = 6,m =
(0.4, 0, 0.6, 0.6)

Now we give the following theorem.

Theorem 1 The stability regions of the quaternion M
sets with the additive dynamic noise m move along the
direction of m.

Proof The quaternion M set without noise perturbed
is given by the mapping F : z ← zα + c. And for
the noise case, the mapping is f : z ← zα + c + m.
Now we explore the evolution of the iterations, and we
can get f (0)(c) = c + m. Let c′ = c + m, and then
f (0)(c) = F (0)(c′). Similarly,

f (1)(c) = (c + m)α + c + m = c′α + c′ = F (1)(c′).
Suppose f (n)(c) = F (n)(c′) after n iterations, and then
after n+1 iterations

f (n+1)(c) = ( f (n)(c))α + c + m

= (F (n)(c′))α + c′ = F (n+1)(c′).
The proof is completed. ��

3.2 Stability regions of the M sets

We calculate the 1-cycle region of theM sets with addi-
tive dynamic noises (see the detail in Appendix B). The
boundary of the 1-cycle stability region (α = 3) satis-
fies

a =
√
3

3
cos θ −

√
3

9
cos 3θ − m1, (3.1a)

K =
(√

3

3
sin θ −

√
3

9
sin 3θ

)
n − m′(0 ≤ θ < 2π).

(3.1b)

Equation (3.1) shows that 1-cycle region moves along
the direction of the noise m.

Corollary 1 The dynamics of the quaternion M sets
with additive dynamic noise on the mapping f : z ←
zα+c+m is consistent with that of the mapping Fz+m :
z ← zα + c.

Corollary 1 indicates that quaternion M sets with
additive dynamic noise share the same properties with
the original one, e.g., the former are symmetric around
the pointm while the latter is around the origin [27]. As
is shown in Fig. 2, we use escape time algorithm and
ray-tracing method to construct the three-dimensional
projections of the generalized M sets. In these figures,
it can be more intuitive to observe the symmetry of the
M sets with additive noise disturbance. Moreover, we
mayfind theMsets’ overall translationalmotions under
additive noise perturbations and the different rendering
with different viewpoints.

3.3 Quaternion J sets with additive noises

Figure 3 shows the quaternion J sets (α = 5) disturbed
by different additive noises. These slice images are the
projections on the real axis r and image axis i, with
the values of the other two image axes j, k being zero.
Similar to the M sets, different stable regions of the
J sets are marked in different colors and the escaped
region is marked in black.

It can be seen from Fig. 3 that the J sets are disturbed
by different intensity noises; their periodities and the
topology structures change dramatically. On the other
hand, comparing Fig. 3c, e, we find the same experi-
mental results of different J sets with different intensity
of noise disturbance. Now we give the theorems as fol-
lows.

Theorem 2 The quaternion J set on the mapping F :
z ← zα +c, if interfered by the additive noise m, keeps
the same topological structure with the quaternion J
set on the mapping f : z ← zα + c′ +m(c = c′ +m).

As we know, the M set is the parameter set of the
J set without noise disturbance. In the complex plane,
each point in the M set maps out a J set. That is, each
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Generalized quaternion M sets and Julia sets 147

Fig. 3 Quaternion J sets with additive noise perturbations.
a c = (−0.8,−0.7, 0, 0), m = (0, 0, 0, 0). b c = (−0.8,−0.7,
0, 0),m = (0.25, 0, 0, 0). c c = (−0.8,−0.7, 0, 0),m =

(0.3, 0, 0, 0). d c = (−0.4,−0.7, 0, 0),m = (0, 0, 0, 0).
e c = (−0.4,−0.7, 0, 0),m = (−0.1, 0, 0, 0). f c =
(−0.4,−0.7, 0, 0),m = (−0.1, 0.1, 0.1, 0.1)

J set only corresponds to a single point of the M set.
However, it is shown in Theorem 2 that a J set can be
mapped to all the points of the M sets if interfered by
certain intensity additive noise.

Theorem 3 The generalized quaternion J sets on the
mapping f : z ← zα + c + m can be described only
by two variables of c, the scalar part (a +m1) and the
module ‖c + m‖.

The quaternion J set on the mapping F : z ← zα +c
is completely defined by the scalar part a and ‖c‖ [27].
It is easy to check that it also applies to the generalized
quaternion J sets with additive noise perturbations.

Now we can observe the structure changes of
the quaternion J set with the additive noise distur-
bance from the three-dimensional perspective view (see
Fig. 4).

3.4 The stable periodic points of the quaternion
M–J sets

It is known that theM set and J set on the samemapping
reflect the same dynamic system. M set is the illus-
tration directory of J set. The experimental results in
Sects. 3.1 and 3.2 show that under the additive noise
disturbance the M sets present only simple displace-
ment, while the J sets have dramatic changes on the
periodicities and the topological structures. To ver-
ify whether M–J sets still retain the mapping rela-
tionship under the disturbances, we calculate several
groups of the stable periodic points in M–J sets under
the same intensity noise disturbances. It is shown in
Table 1 that quaternion M sets and J sets still share the
same stable points under the additive noise perturba-
tions.
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Fig. 4 3-D projections of
quaternion J sets with
additive noise perturbations.
a c =
(−0.9166, 0.5635, 0, 0)),
m = (0.2, 0, 0, 0). b c =
(−0.9166, 0.5635, 0, 0)),
m = (0.4, 0, 0, 0). c c =
(−0.9166, 0.5635, 0, 0)),
m = (0.2,−0.05, 0, 0)

Table 1 Stable periodic points in M–J sets with additive noise perturbations (c = (−0.4,−0.7, 0.01,−0.02))

m = (0, 0, 0, 0) m = (0.01, 0.02, 0, 0) m = (0.01, 0.02,−0.02, 0.03)

M sets

(−0.4000,−0.7000, 0.0100,−0.0200) (−0.3809,−0.6747, 0.0099,−0.0198) (−0.3806,−0.6744,−0.0099, 0.0099)

(−0.5775,−0.4087, 0.0058,−0.0117) (−0.5417,−0.4450, 0.0065,−0.0131) (−0.5412,−0.4459,−0.0066, 0.0066)

(−0.2230,−0.7109, 0.0102,−0.0203) (−0.2279,−0.6302, 0.0093,−0.0185) (−0.2282,−0.6291,−0.0093, 0.0093)

(−0.6297,−0.7119, 0.0102,−0.0203) (−0.5237,−0.6579, 0.0097,−0.0194) (−0.5224,−0.6574,−0.0097, 0.0097)

(−0.0425,−0.0107, 0.0002,−0.0003) (−0.2986,−0.2690, 0.0040,−0.0079) (−0.3007,−0.2719,−0.0040, 0.0040)

J sets

(−0.4000,−0.7000, 0.0100,−0.0200) (−0.3809,−0.6747, 0.0099,−0.0198) (−0.3806,−0.6744,−0.0099, 0.0099)

(−0.5775,−0.4087, 0.0058,−0.0117) (−0.5417,−0.4450, 0.0065,−0.0131) (−0.5412,−0.4459,−0.0066, 0.0066)

(−0.2230,−0.7109, 0.0102,−0.0203) (−0.2279,−0.6302, 0.0093,−0.0185) (−0.2282,−0.6291,−0.0093, 0.0093)

(−0.6297,−0.7119, 0.0102,−0.0203) (−0.5237,−0.6579, 0.0097,−0.0194) (−0.5224,−0.6574,−0.0097, 0.0097)

(−0.0425,−0.0107, 0.0002,−0.0003) (−0.2986,−0.2690, 0.0040,−0.0079) (−0.3007,−0.2719,−0.0040, 0.0040)

4 Quaternion M–J sets with multiplicative noises

4.1 Quaternion M sets with multiplicative noises

Figure 5 shows the quaternion M sets with α = 3
disturbed by multiplicative noises k = (k0, k1, k2, k3)
(ki ∈ R, i = 0, 1, 2, 3). The colors marking different
stable regions are the same with that of the M sets in
Sect. 3. Figure 5b, c shows the M sets with the multi-
plicative noise perturbations on the real axis r. When
the noise intensity is enhanced continuously, each cycle
region is longitudinally compressed, separated with
each other and the whole area of the M sets contract-
ing. Figure 5d, e shows the M sets under the multi-
plicative noise perturbations from the image axis i.
When the noise intensity is enhanced, the cycle regions
are transversely compressed and the nested structures
present at the boundary of the adjacent cycle regions.
Figure 5f shows the area of the M set contracts in a
certain proportion compared with the non-perturbation
M set.

It is found that the M sets are still symmetric
around the real axis under multiplicative noise per-
turbations, which is different from the displacement
changes caused by additive noise. Now we give the
following theorem and prove it theoretically.

Theorem 4 If the quaternion q(q0, q1, q2, q3)(qi ∈
R, i = 0, 1, 2, 3) is in the quaternion M set with
the multiplicative dynamic noise perturbed, suppos-
ing q21 + q22 + q23 = ρ2(ρ > 0), then any quaternion
q ′(q ′

0, q
′
1, q

′
2, q

′
3)(q

′
i ∈ R, i = 0, 1, 2, 3) that satisfies

q0 = q ′
0 and q

′2
1 + q ′2

2 + q ′2
3 = ρ2 is also in the M sets.

Proof We prove it bymathematical induction. Accord-
ing to Eq. (2.5), after the first iteration it becomes

z(1) = (1 + k1)h
α cosαθ + h cos θ

+[(1 + k2)h
α sin αθ + h sin θ ]n, (4.1)

where n is unit axis of rotation and n = (q1i + q2 j +
q3k)/ρ, h =

√
q20 + ρ2, θ = arctan ρ

q0
.
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Generalized quaternion M sets and Julia sets 149

Fig. 5 Quaternion M sets with multiplicative noise perturbations (α = 3). a k = (0, 0, 0, 0). b k = (0.3, 0, 0, 0). c k = (0.5, 0, 0, 0).
d k = (0, 0.3, 0, 0). e k = (0, 0.5, 0, 0). f k = (0.5, 0.5, 0, 0)

By analogy,

z′(1) = (1 + k1)h
′α cosαθ ′ + h′ cos θ ′

+ [(1 + k2)h
′α sin αθ ′ + h′ sin θ ′]n′, (4.2)

where n′ is unit axis of rotation and n′ = (q ′
1i + q ′

2 j +
q ′
3k)/ρ, h

′ =
√
q

′2
0 + ρ2, θ ′ = arctan ρ

q ′
0
.

Since q0 = q ′
0, h = h′,θ = θ ′. From Eqs. (4.1) and

(4.2), we have

ρ(1) = ∣∣(1 + k2)h
α sin αθ + h sin θ

∣∣ = ρ′(1). (4.3)

Then we can get the properties as follows,

(1) q(1)
0 = q ′(1)

0
(2) ρ(1) = ρ′(1)
(3) The directions of the vectors of z(1) and z′(1)1 do

not change after iterations, which are the same
with n and n′, respectively.

Suppose z(m) and z′(m) retain the above proper-
ties after m iterations, and then after m +1 iterations

we have

z(m+1) = (1 + k1)h
(m)α cosαθ(m) + h cos θ

+[(1 + k2)h
(m)α sin αθ(m) + h sin θ ]n

(4.4)

z′(m+1) = (1 + k1)h
′(m)α cosαθ ′(m) + h cos θ

+[(1 + k2)h
′(m)α sin αθ ′(m) + h sin θ ]n′

(4.5)

From Eqs. (4.4) and (4.5), we conclude that z(m+1) and
z′(m+1) satisfy the above three conditions by induction.
Therefore, if q ∈ M, q ′ ∈ M.

The proof is completed. ��

4.2 Stability regions of the M sets

The 1-cycle stability region of the M sets with mul-
tiple dynamic noise is calculated in Appendix C.
The boundary of the 1-cycle stability region satisfies
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Fig. 6 Quaternion M sets with multiplicative noise perturbations. a α = 3, k = (−2.3,−2, 0, 0). b α = 3, k = (−2.5,−2, 0, 0).
c α = 3, k = (−2.5,−2.5, 0, 0). d α = 3, k = (−0.5,−1.5, 0, 0). e α = 3, k = (−1.5,−0.5, 0, 0). f α = 3, k = (0, 0, 3, 3)

a =
(

1

9pq

) 1
4

cos θ − α

(
1

9pq

) 3
4

cos 3θ, (4.6a)

K =
[(

1

9pq

) 1
4

sin θ − β

(
1

9pq

) 3
4

sin 3θ

]

n(0 ≤ θ < 2π). (4.6b)

Equation (4.6) explains why the M sets in Fig. 5 shrink
while keeping with some proportion.

To further analyze the impact of the changes ofm on
theMsets, the value range ofm is extended to thewhole
four-dimensional space. The experimental results are
shown in Fig. 6. When k0 and k1 are greater than −1,
the M sets appear the longitudinal and the transverse
compressional deformation, which is the same with the
results in Fig. 5. When k0 is equal to k1, the M sets
render scaling morphology. And the areas of theM sets
get larger with the value of k0 closer to −1. When k0
and k1 are less than−1, theM sets flip with 90 degrees,

comparing Fig. 6a–c with Fig. 5d–f.When k0 is greater
than −1 and k1 is less than −1, “the Heart” (the pink
area) inside the M set disappears and the projections
on the axis r and j (or k) present rhombus shape (see
Fig. 6d, e). When k2 and k3 are not zero, there is no
influence on the projection image on the axis r and j
(see Fig. 6f).

The three-dimensional projections of the quaternion
M sets under the multiplicative noise disturbance are
shown in Fig. 7.

4.3 Quaternion J sets with multiplicative noises

Figure 8 shows the multiplicative noise-perturbed
quaternion J sets with α = 5. These slice images are
the projections on the real axis r and image axis i, the
values of the other two image axes j, k being zero.
Different stable regions of the J sets are marked with
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Fig. 7 3-D projections of
quaternion M sets with
multiplicative noise
perturbations. a α = 3,
k = (0, 0, 0, 0). b
α = 3, k = (1, 0, 0, 0). c
α = 3, k = (0, 0, 0.5, 0.5)

Fig. 8 Quaternion J sets with multiplicative noise perturbations.
a c = (−0.8,−0.7, 0, 0),m = (0.01, 0, 0, 0). b c = (−0.8,
−0.7, 0, 0),m = (−0.1, 0, 0, 0). c c = (−0.8,−0.7, 0, 0),m =

(−0.5, 0, 0, 0). d c = (−0.4,−0.7, 0, 0),m=(0,0,0,0). e
c = (−0.4,−0.7, 0, 0),m = (0,−0.12, 0, 0). f c =
(−0.4,−0.7, 0, 0),m = (−0.12,−0.12, 0, 0)

different colors, and the escaped regions are marked
with black.

Experimental results show that quaternion J sets
with multiplicative noise disturbance have various
changes in the topology structures and periodicities

(see Fig. 8). Compared with the J sets, under addi-
tive noise disturbances they have a higher sensitivity
to the multiplicative noises, which indicates the points
escape faster. On the other hand, the number and the
distribution of the buds on the J set boundary are not
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Fig. 9 3-D projections of
quaternion J sets with
multiplicative noise
perturbations. a
c = (−0.8,−0.7, 0, 0),
m = (0, 0, 0, 0). b c =
(−0.8,−0.7, 0, 0),m =
(−0.1, 0, 0, 0). c
c = (−0.8,−0.7, 0, 0),
m = (−0.5, 0, 0, 0)

Table 2 Stable periodic points in M–J sets with additive noise perturbations (c = (−0.4,−0.7, 0, 0))

m = (0, 0, 0, 0) m = (0,−0.12, 0, 0) m = (−0.12,−0.12, 0, 0)

M sets

(−0.57684,−0.40887, 0, 0) (−0.58115,−0.44337, 0, 0) (−0.56646,−0.47350, 0, 0)

(−0.22360,−0.71034, 0, 0) (−0.19274,−0.67856, 0, 0) (−0.21800,−0.63569, 0, 0)

(−0.62879,−0.71053, 0, 0) (−0.57161,−0.72858, 0, 0) (−0.52023,−0.69024, 0, 0)

(−0.04451,−0.01817, 0, 0) (−0.27495,−0.11087, 0, 0) (−0.36281,−0.27713, 0, 0)

(−0.40000,−0.70000, 0, 0) (−0.39922,−0.70190, 0, 0) (−0.38267,−0.69791, 0, 0)

J sets

(−0.57684,−0.40887, 0, 0) (−0.58115,−0.44337, 0, 0) (−0.56646,−0.47350, 0, 0)

(−0.22360,−0.71034, 0, 0) (−0.19274,−0.67856, 0, 0) (−0.21800,−0.63569, 0, 0)

(−0.62879,−0.71053, 0, 0) (−0.57161,−0.72858, 0, 0) (−0.52023,−0.69024, 0, 0)

(−0.04451,−0.01817, 0, 0) (−0.27495,−0.11087, 0, 0) (−0.36281,−0.27713, 0, 0)

(−0.40000,−0.70000, 0, 0) (−0.39922,−0.70190, 0, 0) (−0.38267,−0.69791, 0, 0)

so sensitive to the multiplicative noises, which indicate
the periodicities of the J sets remain relatively stable.
Different from the additive noise perturbations as dis-
cussed in Sect. 3.1, the multiplicative noises affect the
escaping speed of the points. As a result, the images
of the M sets shrink and rotate, the periodicity and
the topology structures of the J sets changing corre-
spondingly. Figure 9 shows the 3-D projections of the
quaternion J sets with multiplicative noise perturba-
tions.

4.4 The stable periodic points of the quaternion
M–J sets

As the additive noise disturbance we discussed, we
also calculate the stable periodic points of multi-
plicative noise-perturbed M sets and J sets. Table 2
shows that the M sets and J sets under multiplica-
tive noise disturbances have the same stable periodic
points.

5 Conclusions

In this paper, the additive and dynamical noise-
perturbed M–J sets are discussed, the generalized M–J
sets in the quaternion space are constructed, and the
two-dimensional slices of the sets are presented uti-
lizing the cycle detecting method. The experimental
results show that in the evolution process of the M sets
dynamical system additive noise disturbs the directions
and positions of the periodic regions and multiplica-
tive noise disturbs the speed for escaping and iteration,
which corresponds to the changes of the M sets in spa-
tial region and time space, respectively. As the illus-
trated catalog of the M sets, the J sets also change with
the spatial variations of the M sets.

We arrive at following conclusions:

(1) When the M sets are perturbed by the additive
dynamic noisem, their topology structures remain
stable, but the whole sets move |m| distance along
with the direction of -m.
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(2) The two arbitrary J sets can be converted to
each other when they are perturbed by additive
dynamic noise.

(3) When the M sets are perturbed by the multiplica-
tive dynamic noise k(k0, k1, k2, k3), taking the
slice projections on the real axis r and image axis
i for example, if both k0 and k1 are greater than
−1 or less than−1, the 1-cycle region retains car-
dioid shape; if k1 = k2, the whole sets shrink with
certain proportion; the areas of theM sets become
larger with the value of k0 closer to −1; if both k0
and k1 are less than −1, the M sets flip with 90
degrees.

(4) The points in the J sets escape faster under the per-
turbation of multiplicative dynamic noise, while
the periodicity of the J sets retains relatively sta-
ble.

(5) The M sets and J sets still share the same stable
points under both the additive and multiplicative
noise perturbations.

Although the study is focused on basic additive
and multiplicative dynamic noise models, the research
methods we present can also be applied to other
noise models. The future work can be extended to the
research of the dynamic systems with sinusoidal noise
and time-delay perturbations.
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6 Appendix 1: Quaternions in terms of Pauli
matrices and the associated quadratic map [28]

The 2 × 2 Pauli matrices are defined by σ =
(σ1, σ2, σ3), where

σ1 =
(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

(6.1)

and the set is completed by the 2 × 2 unit matrices

I =
(
1 0
0 1

)

The following properties of σ are easily verified:

σ 2
l = I l = 1, 2, 3, (6.2)

σk σl − σl σk = 2i ∈ klm σm l 
= k

(Einstein’s summation convention) (6.3)

where ∈klm is the totally antisymmetric Kronecker
symbol.

Further

σl σk + σk σl = 0, (6.4)

Given two vectors A and B, Eqs. (6.1)–(6.4) imply
that

(σ.A) (σ.B) = A.B + iσ . A × B. (6.5)

In particular

(σ.P)2 = P2 (6.6)

We define a quaternion {S, X,Y, Z} = {S, V }
by

Q = SI + iσ.V

=
[

S + iZ i(X − iY )

i(X + iY ) S − iZ

]
(6.7)

The following Q properties of are easily established

‖Q‖ = S2 +V 2 (6.8)

The eigenvalues λ1 and λ2 of Q are given by

λ1
2

= X ± i ‖V ‖ . (6.9)

Given the equation

R
2 = Q, (6.10)

we can define

R = ±Q1/2, (6.11)

where

Q1/2 =
[
S + (S2 + V 2)1/2

2

]1/2

+ iσ.V[
S + (S2 + V 2)1/2

]1/2 ,
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=
[
S + (S2 + V 2)1/2

2

]1/2

+ iσ.V

|V |
[
(S2 + V 2)1/2 − S

2

]1/2
(6.12)

Following the analogy of the complex quadratic
map[13],we introduce the quaternionic quadratic map

Q → Q2 + C (6.13)

or

Qn+1 = Q2
n + C. (6.14)

Using the algebra of the Pauli matrices, we obtain

Sn+1 = S2n − V 2
n + a, (6.15a)

and

Vn+1 = 2SnVn + K ; (6.15b)

or the equivalent set

Sn+1 = S2n − (X2
n + Y 2

n + Z2
n) + a, (6.16a)

Yn+1 = 2Sn Xn + b, (6.16b)

Zn+1 = 2SnYn + c, (6.16c)

Wn+1 = 2Sn Zn + d. (6.16d)

7 Appendix 2: Stability region of the 1-cycle of
quaternion map f : z ← z3 + c with additive
dynamic noise

Let Q define the fixed point of the quaternion M set on
the mapping z ← z3 + c, and then under the additive
noise perturbation, it satisfies

Qn+1 = Q3
n + c + m. (7.1)

Then Qn+1 can be given by

Sn+1 = Sn(S
2
n − 3V 2

n ) + a + m1,

Vn+1 = (3S2n − V 2
n )Vn + K + m′. (7.2)

Since Q is the fixed point, the components S and V
satisfy

S = S(S2 − 3V 2) + a + m1,

V = (3S2 − V 2)V + K + m′. (7.3)

Introducing the perturbation of Q:

S = Sn + δSn,

V = Vn + δVn . (7.4)

Then using Eqs. (7.2) and (7.3), it can be calculated
that

δSn+1 = S − Sn+1

= S(S2 − 3V 2) − Sn(S
2
n − 3V 2

n ), (7.5)

which can be simplified to

δSn+1 = 3(S2 − V 2)δSn − 6SV · δVn

+ O(δS2n , δV
2
n ), (7.6)

where O denotes “of the order of”[using Eq. (7.4)].
Similarly, we can get

δVn+1 = V − Vn+1

= (3S2 − V 2)V − (3S2n − V 2
n )Vn, (7.7)

which can be simplified to

δVn+1 = 6SV · δSn + 3(S2 − V 2)δVn

+ O(δS2n , δV
2
n ). (7.8)

Now we expand δVn in terms of the orthogonal
triplet (K ′, I, J ), where K ′ = K + m′, so that δVn =
δαnK ′ + δβn I + δγn J , which reduce a 4× 4 system to
a 2 × 2 one. Ignoring terms of second order, Eq. (7.6)
becomes

δSn+1 = 3(S2 − V 2)δSn

− 6SV · (δαnK
′), (7.9)

where V = K ′
1−3S2+V 2 [from Eq. (7.3)].

And Eq. (7.8) becomes

δVn+1 = 6SK ′

1 − 3S2 + V 2 · δSn

+3(S2 − V 2)(δαnK
′). (7.10)

From Eqs. (7.9) and (7.10), we can get(
δSn+1

δαn+1

)
= J

(
δSn
δαn

)
, (7.11)

where J =
[
3(S2 − V 2) −6SV · K ′

6S
1−3S2+V 2 3(S2 − V 2)

]
. The eigenval-

ues of J are given by

λ = 3(S2 − V 2) ± 6iσ · SV . (7.12)

Noting that|λ| < 1, the boundary of the region of the
stability can be determined by the condition as follows,

S2 + V 2 = 1

3
. (7.13)

And S and V may be parameterized by

S =
√
3

3
cos θ,V =

√
3

3
sin θ · n(0 ≤ θ< 2π) (7.14)

where n is an arbitrary unit vector.
Thus the boundary of the region of the fixed points

is given by
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a =
√
3

3
cos θ −

√
3

9
cos 3θ − m1,

(7.15a)

K =
(√

3

3
sin θ −

√
3

9
sin 3θ

)
n − m′(0 ≤ θ< 2π).

(7.15b)

8 Appendix 3: Stability region of 1-cycle of
quaternion M set with multiplicative dynamic
noise on the map z ← z3 + c

Let Q define thefixedpoint of the quaternionMsetwith
multiplicative dynamic noise on the map z ← z3 + c,
and then according to the definition in Eq. (2.2), the
components of Qn+1 can be given by

Sn+1 = (1 + k1)h
3 cos 3θ + a

= Sn(1 + k1)(S
2
n − 3V 2

n ) + a, (8.1a)

Vn+1 = (1 + k2)h
3 sin 3θ + K

= Vn(1 + k2)(3S
2
n − V 2

n ) + K , (8.1b)

And the components S and V of Q satisfy

S = S(1 + k1)(S
2 − 3V 2) + a, (8.2a)

V = V (1 + k2)(3S
2 − V 2) + K . (8.2b)

Then it can be calculated that

δSn+1 = S − Sn+1

= 3(1 + k1)(S
2 − V 2)δSn − 6(1 + k1)SV · δVn,

(8.3)

δVn+1 = V − Vn+1

= 6(1 + k2)SV · δSn + 3(1 + k2)(S
2 − V 2)δVn,

(8.4)

where terms of second order and higher have been
ignored.

Now we expand δVn in terms of the orthogonal
triplet (K , I, J ), and Eq. (8.3) becomes

δSn+1 = 3(1 + k1)(S
2 − V 2)δSn

− 6(1 + k1)SV · (δαnK ), (8.5)

where V = K
1−(1+k2)(3S2−V 2)

[from Eq. (8.2b)].
Equation (8.4) becomes

δVn+2 = 6(1 + k2)S

1 − (1 + k2)(3S2 − V 2)
K · δSn

+ 3(1 + k2)(S
2 − V 2)(δαnK ), (8.6)

From Eqs. (8.5) and (8.6), we can get
(

δSn+2

δan+2

)
= J

(
δSn
δan

)
, (8.7)

where J =
⎡
⎣
3(1 + k1)(S

2 − V 2) −6(1 + k1)SV

6(1+k2)S
1−(1+k2)(3S2−V 2)

K3(1 + k2)(S
2 − V 2)

⎤
⎦.The

eigenvalues of J are given by

λ = 3

2
(p + q)(S2 − V 2) ± 3

2
iσ · [4pq(S2 + V 2)2

−(p + q)2(S2 − V 2)2]1/2 (8.8)

where p = 1 + k1, q= 1 + k2. Noting that |λ| < 1,
the boundary of the region of the stability can be deter-
mined by the condition as follows,

S2 + V 2 = 1

3
√
pq

. (8.9)

And S and V may be parameterized by

S =
(

1

9pq

) 1
4

cos θ,

V =
(

1

9pq

) 1
4

sin θ · n(0 ≤ θ< 2π) (8.10)

where n is an arbitrary unit vector.
Thus the boundary of the region of the fixed points

is given by

a =
(

1

9pq

) 1
4

cos θ − α

(
1

9pq

) 3
4

cos 3θ, (8.11a)

K =
[(

1

9pq

) 1
4

sin θ − β

(
1

9pq

) 3
4

sin 3θ

]

n(0 ≤ θ< 2π). (8.11b)
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