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Abstract This paper presents the results of experi-

mental research on the stability of a milling process for

producing a thin-walled part made of AL7075 alu-

minium alloy. The part was machined on a CNC

milling machine with a decreasing wall thickness. The

acceleration and cutting forces in the process were

measured and analyzed to determine stability limit

using classical stability diagrams as well as recurrence

plots and recurrence quantification analysis.

Keywords Milling stability � Thin-walled element

milling � Recurrence plot

1 Introduction

A relative motion between a cutting tool and a

workpiece in cutting processes very often occurs as

self-excited vibrations, also called chatter. Chatter is an

undesired phenomenon because it deteriorates the

finished surface and promotes the wear of tools and

components of cuttingmachines [19]. Moreover, chatter

vibrations can cause the amplitude increase to a higher

extent than in stable (vibration-free) cutting, which is

particularly dangerous in practice [9]. The description of

physical mechanisms that cause chatter phenomena can

be found in [39]. Usually, the regenerative chatter (also

called secondary chatter) is one of the most common

causes of instability in the cutting processes. However,

Grabec [14] and Wiercigroch et al. [40] showed that

frictional effect is also important, because it leads to the

so-called frictional or primary chatter. Generally, the

problem of regenerative and frictional chatter is also

discussed in [18, 31, 40]. From a practical point of view

the choice of proper cutting conditions is very important

because it can prevent chatter vibrations. In order to

define a set of parameters which ensure stable cutting

conditions the so called stability lobes diagrams (SLD)

should be employed. SLDs help determine the value of

acceptable cutting width (or depth) as a function of

spindle speed. This is particularly important in high

speed machining (HSM). HSM is often used in practice

in order to increase process efficiency and reduce

production costs. An in-depth overview of both self-

excited vibrations in cutting processes and methods for

chatter prediction is given in [29].

Aluminium alloys are widely used in the aviation

industry because of their low mass density. Although

more and more thin-walled structural components are

nowadays made of composite materials [35], some

applications still require that these components be
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made of aluminum alloys which are typically used for

relatively rigid thin-walled elements with complicated

design. On the other hand, the machining of thin-

walled components means removing even up to 90 %

of their volume. In order to do this effectively, high

cutting depths and feed rates should be applied, which

leads to an increase of cutting forces. If the forces are

too high they can cause stability loss of a thin-walled

workpiece. The literature provides a great deal of

analytical, numerical and experimental methods for

stability prediction. For instance, Altintas and Budak

describe an analytical method for predicting milling

stability lobes based on the mean of the Fourier series

of the dynamic milling coefficients [2]. This method is

fast but cannot predict additional stability regions and

period doubling bifurcation for a low radial depth of

cut [10]. To overcome this problem, a multi-frequency

solution of chatter stability was developed by Budak

and Altintas [6] and then extended by Merdol and

Altintas [28].

One of the most popular numerical methods for

chatter prediction is the Finite Element Method (FEM)

[1, 13, 24, 37]. Bayly et al. [5] propose the use of a

temporal finite element analysis for milling and

interrupted turning [4]. Moreover, Voronov [37] and

especially Adetoro et al. [1] propose an improved

model of the classical milling process. The author of

the work [1] takes into account the well-known

stability model and supplements it with considerations

about the nonlinearity of the cutting force coefficients

and axial immersion angle as a function of the axial

depth of cut. Besides, the authors indicate that thin-

walled workpiece dynamics is nonlinear. The pro-

posed model is validated and the theoretical findings

show very good agreement with the experimental

results [1]. Although, experimental results are very

often compared with FEM results [3, 17], the problem

of experimental signal analysis remains an open

question. Different methods of signal analysis are

applied in order to recognize chatter vibrations in

cutting operations, including multifractal and wavelet

approaches [38], multiscale entropy [23] Hilbert–

Huang transform [20], recurrence analysis [22],

flicker-noise spectroscopy [21] and audio signal

analysis [32]. As it was mentioned before, the HSM

method is also applied to thin-walled aluminium

components for the aircraft industry to increase

productivity [8]. Then, the flexibility of the tool and

the workpiece, high spindle speeds and the inherent

impact of nonlinearities in the milling process lead to

complicated tool-workpiece interactions. In the paper

[8] the method of delay space reconstruction is applied

to show, that the workpiece motion is characterized by

fractal geometry. The auto-bispectra suggests quad-

ratic phase coupling among the spectral peaks asso-

ciated with the cutter frequency. Finally, the authors

propose a mechanics-based model with an impact so

as to explain the obtained results. Their predictions

agree well with the experimental observations. Arnaud

et al. [3] presents the problem of modelling of

machining vibrations of thin-walled aluminium work-

pieces at high productivity rate. These authors employ

numerical simulations, FEM analysis and experimen-

tal tests in order to determine optimal cutting condi-

tions. As a results, chatter frequencies are obtained.

Moreover their study draws attention to the fact that

the prediction of amplitudes in case of unstable milling

is a very complex problem. Therefore, the simulations

of thin-walled components machining require the

applications of developed cutting force models includ-

ing contact modelling and ploughing due to the

variations in clearance angle during machining. In

the machining process of thin-walled structure, it can

be observed that the dynamic behaviour of the tool

workpiece system depends on the tool position in the

workpiece. This phenomenon and the problem of the

influence of several modes on stability lobes are

discussed in [36]. On the other hand, modal interaction

can affect surface roughness in milling thin-walled

structures [33].

The models of cutting processes are described by

delay differential equations which may pose some

problems in numerical calculations. To accelerate the

integration procedure the semi or full discretization

methods for prediction of milling stability are pro-

posed in several papers [10]. The semi-discretization

method, developed by Insperger and Stepan is an

efficient numerical technique for stability analysis of

linear delayed systems. However, Ding et al. [10]

present a full-discretization method for prediction of

milling stability which is even more effective.

Insperger [16] proposes the so called act-and-wait

concept for continuous-time control systems with

feedback delay. The problem of chatter control is also

discussed in [34] as well.

This paper focuses on the problem of milling

stability of thin-walled element made of aluminium

alloy 7075. A similar problem is discussed in [7],
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where the authors present a stability prediction method

for the workpiece dynamics based on a structural

modification technique. They consider a continuous

change in the in-process workpiece structure during a

machining cycle. With this method, the frequency

response function of the workpiece is obtained by FEA

only once, and it is continuously modified by depend-

ing on the workpiece volume removed during the

cycle. The simulation results show good agreement

with the experimental findings.

Here, in this paper an influence of wall thickness on

process stability is valuated with an experiment. Next,

the recurrence plot technique is applied to show

various kinds of dynamical properties depending on

wall thickness.

The primary objective of the paper is to determine

milling stability expressed by means of the new index

obtained from recurrence quantification analysis

(RQA). Recurrence quantifiers are chosen for stability

analysis because they enable finding a simple index for

chatter recognition. Such index could be implemented

later to a control system of chatter vibrations in any

cutting processes.

2 Experimental methodology

The experimental investigations were conducted on

the aluminium alloy Al7075 which was cut on the

FV580A CNC milling machine equipped with the

Fanuc control system. The experimental setup, shown

schematically in Fig. 1 is consisted of two units: a

modal analysis system and a dynamometer system.

The former, comprised the PCB 086C03 modal

hammer, the PCB 352B10 accelerometer and the data

acquisition card NI9234, was used to measure the tool-

holder and the workpiece modal parameters. The latter

was applied to measure three components of the total

cutting force (Fx, Fy, Fz) and acceleration in the

y direction. This part of the setup consisted of the

Kistler 9257B piezoelectric dynamometer, the 5017B

charge amplifier (Kistler) and the SCADAS Mobile

LMS analyser was connected to a computer provided

with the LMS TestXpress software. The cutting forces

generated on the workpiece during the machining

were measured by the dynamometer mounted on the

milling machine underneath the workpiece. The

corresponding force signals from the dynamometer

were first transmitted to the charge amplifier next to

the LMS analyser and finally to the computer system.

The sampling rate of data recorded during the test was

set to 10 kHz. Although, the natural frequency of the

tool is about 1.2 kHz, in some cases the workpiece

frequency can even be 4 kHz. Therefore, the sampling

rate was set to 10 kHz.

In order to measure vibrations during cutting, the

PCB 352B10 accelerometer was mounted on the

workpiece (Fig. 1). In the experiment, the solid

carbide end mill FENES 6527 with a diameter of

12 mm and 2 cutting teeth was used to cut the

workpiece made of aluminium alloy Al7075. Other

technological parameters included: the radial depth of

cut ae = 1 mm, the axial depth of cut ap = 22 mm,

the feed rate per tooth fz = 0.1 mm and the spindle

speed n = 20000 rpm. A scheme of the milling

process is shown in Fig. 2. The experiment was

Fig. 1 Experimental setup

Fig. 2 Scheme of milling process
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conducted with a decreasing wall thickness (g) of the

machined element, ranging from g = 14 mm to

g = 2 mm. In each tool pass the wall thickness was

reduced by 1 mm, which is the radial depth of cut (ae).

As it was mentioned above, the measurements were

conducted in two steps. First, the impact test was

performed to determine a stiffness coefficient, a

natural frequency and a damping ratio of the spindle-

tool system. The modal hammer (PCB 086C03) was

used to excite the tool and then the resulting vibrations

were measured by the low mass accelerometer (PCB

352B10) mounted at the tool’s tip. Next, the same

impact test was performed for the workpiece in order

to measure its modal parameters. After each tool pass

the impact test was repeated for the workpiece with a

smaller wall thickness to obtain modal parameters as a

function of wall thickness (g). The modal parameters

of the tool in the x and y directions and for the

workpiece in the y direction were exported in the form

of a frequency response function (FRF, Figs. 3, 4).

The function was then processed using the CutPro9

software to produce classical stability lobes diagrams

for different wall thickness. The FRFs show a

significant difference in the natural frequencies of

the tool and the workpiece on decreasing the wall

thickness. The modal parameters will be described in

detail in the next section. In the experiment the three

components of the cutting force and the acceleration in

the y direction were measured to analyse stability of

the process by means of a new method based on a

recurrence technique described in the next section.

3 Classical stability analysis

A classical stability analysis of the milling process for

a thin-walled element made of Al7075 aluminium

alloy was performed using the CutPro9 software, the

results were then verified by investigating cutting

forces and workpiece acceleration. Prior to the milling

tests a stability lobes diagram (SLD) was generated

with the CutPro9 using the FRF shown in Figs. 3 and

4, in order to get the proper technological parameters

and determine the critical depth of cut (apc). The

critical depth of cut is the highest value of cutting

depth when the process remains stable regardless of

the spindle speed. The modal parameters which were

necessary to calculate the SLD were taken

Fig. 3 FRF for spindle-end mill system, real part G(x) (a), imaginary part H(x) (b)

Fig. 4 FRF for the thin-

walled workpiece, real part

G(x) (a), imaginary part

H(x) (b)
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automatically from the FRF = G(x) ? jH(x)
(Figs. 3, 4). The real part G(x) contained information

about the damping ratio, while the imaginary part

H(x) provided data about the natural frequency of the
system. The resulting SLD is shown in Fig. 5. First,

the workpiece was treated as a rigid body (the black

curve), next as a flexible (thin-walled) element (the

blue curve) with the initial wall thickness g = 14 mm.

The difference in the critical depth of cut (apc) between

the blue and black curves is negligible. In both cases

apc = 160 mm. This relatively high value of the axial

critical depth of cut (apc) resulted from a low radial

depth of cut (ae), which was set to 1 mm. Moreover,

the tool was short and very stiff, therefore the stability

limit (apc) was high. After several tool passes

(remembering that with each tool pass the wall

thickness g was decreased by 1 mm) when the wall

thickness g = 7 mm, the critical depth of cut apc7 in

the SLD (Fig. 5) was 140 mm, at g = 4 mm

apc4 = 110 mm, finally at g = 2 mm apc2 decreased

to 1 mm. In the milling experiment the three compo-

nents of the total cutting force were measured together

with the acceleration in the y direction. This direction

was chosen because of low workpiece stiffness.

Examining the acceleration of vibrations measured

on the workpiece during milling (Fig. 6a), it can be

observed that the chatter vibrations significantly

increase when the wall thickness g\ 5 mm, while

the cutting forces (Fig. 6b–d) increase when

g\ 3 mm. The differences between the wall thick-

ness (g) resulting from the analysis of the forces and

the acceleration is caused by the fact that, thin-walled

workpiece is so flexible that it escapes from the tool.

Then, the forces decrease but the vibrations are higher.

Given the above, it can be claimed that the acceler-

ation signal is better than cutting forces for predicting

instability. According to the SLD (Fig. 5), when the

wall thickness g = 4 mm the critical depth of cut

should be apc = 100 mm, but the vibrations measured

by the accelerometer at ap = 22 mm are also high that

the milling process cannot be treated as stable at all.

Definitely, when g\ 4 mm the process is unstable.

Moreover, when g = 2 mm the measured acceleration

is even 500 g. Therefore, the correctness of the

procedure for SLD prediction of the SLD imple-

mented in CutPro9 poses serious doubts. The problem

of SLD correctness is connected with a change in

modal parameters of the workpiece which is particu-

larly true with thin-walled elements. In the final test of

the experiment, the workpiece mass decreased by

33 %, while the wall thickness decreased from 3 to

2 mm. Therefore, the change in all modal parameters

of the workpiece is a key aspect here. Figure 7

presents the changes in the natural frequency (xn),

damping ratio (f), mass (mw) and stiffness (k) as a

function of wall thickness (g). It is worth notifying that

the natural frequency (xn) decreases when the wall

thickness is small (2 mm). This is in accordance with

the classical theory of beam and plates vibrations. At

g = 2 mm, the workpiece has lower natural frequency

(xn, Fig. 7a). The stability limit (critical depth of cut)

is very low because the damping ratio decreased

Fig. 5 Stability lobes

diagram calculated for

Al7075 using CutPro ver. 9

software for
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Fig. 6 Acceleration (a) and
cutting forces Fx (b), Fy (c),
Fz (d) during the milling of

7075 alloy

Fig. 7 Change in modal

parameters of the workpiece

versus wall thickness (g),

natural frequency (a),
damping ratio (b), mass (c),
stiffness (d)
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(Fig. 7b). Note, the damping ratio (f) is given in

percentage as dimensionless coefficient, related to the

natural frequency (xn). It means that the lower natural

frequency, the lower damping in the system.

4 Theory of recurrence analysis

An extended analysis of stability and the experimental

verification of process stability was performed using

the recurrence plot (RP) technique. The RP approach

provides a qualitative interpretation of hidden patterns

of dynamical systems, based on phase space recon-

struction. Phase space analysis methods are widely

used for analysis of structural components applied in

aircraft [25, 26]. The recurrence plot technique was

originally introduced by Eckmann [11]. The main idea

of the phase space reconstruction assumes, that any

time series xi can be presented as a delayed vector si in

an m-dimensional space called ‘the reconstructed

phase space’, as follows

si ¼ ðxi; xi þ d; xiþ2d; . . .; xiþðm�1ÞdÞ ð1Þ

here m is the embedding dimension and d means the

time delay. Usually the embedding parameters, that is

the time delay (d) and embedding dimension (m) can be

estimated by means of the average mutual information

function (AMI) and the false nearest neighbours

method (FNN). The average mutual information

(AMI) is plotted versus the time delay, and the adequate

value of d corresponds to the first local minimum. This

procedure is an equivalent of an autocorrelation

function for a linear case. If the delay is too long, then

the coordinates are essentially independent and no

information can be gained from the plot. If the delay is

too short, then the reconstructed states differ not much

and the points are scattered around the straight line. The

false nearest neighbours function (FNN) is based on

searching for an m-dimensional state space in which

there are no false crossings of the trajectories. More

information about the AMI and the FNN functions can

be found in [12, 30]. In the present work, the Tisean

software [15] is used to obtain the embedding param-

eters. The recurrence plot technique is a graphical

method designed for locating recurring patterns, a

nonstationarity and structural changes. A recurrence

plot is a graph which shows all the time instants at

which the state of dynamical system recurs. The

recurrence plot can be expressed as

Mij ¼ h e� si � sj
�
�

�
�

� �

ð2Þ

where h is the Heaviside step function, e is a tolerance
parameter (the threshold or neighbourhood size), si
and sj are delay vectors. If the trajectory in the

reconstructed phase space returns at a time i into the

neighbourhood of e, where it was before at the time j,

then Mij = 1; otherwise Mij = 0. The results are

plotted as black (Mij = 1) and white (Mij = 0) dots.

From a practical point of view, the RPs can be

presented in a more useful and certainly more conve-

nient form by the recurrence quantification analysis

(RQA). The RQA is a method which quantifies the

number and duration of recurrences of a dynamical

system presented by its state space trajectory. The RQA

measures were elaborated by Zbilut and Webber [41],

then developed and introduced to the MATLAB

software by Marwan [27]. The idea of RQA bases on

the recurrence point density and the diagonal and

vertical line structures of the recurrence plot. In this

paper, the recurrence rate (RR), the determinism (DET),

the laminaity (LAM), the laminarity to determinism

ratio (LAM/DET), the divergence (DIV), the L and the

V entropy (Lent, Vent) are applied to investigate the

milling stability. Thesemeasures are defined as follows:

• Recurrence rate (RR) is the density of recurrence

points in a recurrence plot. In physical terms, RR

denotes the probability that the system will recur

RR ¼ 1

N2

XN

i;j¼1

Mi;j ð3Þ

• Determinism (DET) is the fraction of recurrence

points forming diagonal lines

DET ¼
PN

l¼lmin
lP lð Þ

PN
i;j¼1 Mi;j

; ð4Þ

• Laminarity (LAM) is the fraction of recurrence

points forming vertical lines. Vertical lines are

typical for intermittency

LAM ¼
PN

v¼vmin
vPðvÞ

PN
v¼1 vPðvÞ

ð5Þ

• Laminarity to determinism ratio (LAM/DET)

LAM/DET ¼
PN

v¼vmin
vPðvÞ

PN
v¼1 vPðvÞ

,PN
l¼lmin

lPðlÞ
PN

i;j¼1 lPðlÞ
ð6Þ
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• Divergence (DIV) is an inverse of the longest

diagonal length

DIV ¼ 1

max fli; i ¼ 1. . .Nlgð Þ ð7Þ

• L-entropy (Lent) is the Shannon’s entropy of the

diagonal line segment distribution

Lent ¼ �
XN

l¼lmin

P lð Þ lnP lð Þ ð8Þ

• Lmax is the length of the longest diagonal line

Lmax ¼ maxðfli; i ¼ 1. . .NlgÞ ð9Þ

P(l) is the histogram of the lengths l of the diagonal

lines, P(v) is the histogram of the lengths v of the

vertical lines, N denotes the number of points on the

phase space trajectory. The recurrence quantification

analysis can provide useful information even for short

and non-stationary data, where other methods fail. The

RQA can be applied for various kinds of data to

recognize dynamical behaviour [23]. Here the RQA is

also applied to investigate milling process instability.

5 Recurrence plots and recurrence quantification

analysis

The recurrence plots, presented in Figs. 8 and 9, show

variations in the RPs patterns obtained in the

stable (g = 12 mm) and unstable (g = 2 mm) milling.

In Fig. 8 the RP is plotted from the cutting force (Fx)

while in Fig. 9 it is plotted from acceleration (y). The

embedding parameters d and m are calculated by the

AMI and FNN functions, respectively. The proper

value of the delay and the embedding dimension are

given directly in Figs. 8 and 9. In stable milling the

recurrence plots (Figs. 8a, 9a) show symptoms of

regularity because the recurrence points extend the

diagonal lines while in Figs. 8b and 9b no diagonal

lines can be observed in the recurrence patterns. This is

more visible in the case of accelerations (Fig. 9).

4 000 

3 000 

2 000 

1 000 

g=14mm, m=5, d=3, ε=4 
(a) 4 000 

3 000 

2 000 

1 000 

g=2mm, m=5, d=9, ε=50 
(b)

0 
0 1000 2000 3000 4000

Fx
i

0 
0 1000 2000 3000 4000

Fx
i

Fx
j

Fx
j

Fig. 8 Recurrence plots of

Fx force when g = 14 mm

(a), g = 2 mm (b)
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1 000

g=14mm,  m=5, d=4, ε=0.5 

(a) 4 000 

3 000 

2 000 
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g=2mm,  m=5, d=3, ε=10 

(b)

0 
0 1000 2000 3000 4000

x 
i

0 
0 1000 2000 3000 4000

x 
i

x j x j

Fig. 9 Recurrence plots of

acceleration (y) when

g = 14 mm (a), g = 2 mm

(b)
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Thus, the analysis of the RPs can help to understand

the process dynamics but it does enable finding the

stability limit as this requires a great many of diagrams

which can seem identical, especially near the stability

limit. For this reason, practical implementation of RP

is limited. Therefore, the RQA is much better to this

end because it can give a direct and simple index of

stability. Here, in our research DET/RR, DET, LAM/

DET, Lent, DIV and Lmax were analysed (Fig. 10). All

the presented indexes, with the exception of LAM/

DET and DIV, exhibit a decrease when g\ 4 mm,

while LAM/DET and DIV increases when g\ 4 mm.

Thus, the RQA indexes can be used as stability indexes

of milling process, provided that the proper values of

critical indexes are found.

The critical indexes of RQA should be estimated in

an experiment, for every cutting operation individually.

In the experiment reported in this paper, the critical

Fig. 10 Recurrence

quantification analysis

(RQA) of cutting force (Fx):

DET/RR (a), DET (b),
LAM/DET (c), Lent (d), DIV
(e), Lmax (f)
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value of indexes were: DET/RRcr = 2000, DETcr =

0.3, LAM/DETcr = 0.3, (Lent)cr = 0.5, DIVcr = 0.2,

(Lmax)cr = 10. If LAM/DET or DIV is smaller than the

critical ones the milling process is stable. As for the

other indexes, they should be set higher than critical

ones to ensure that the process is stable.

6 Discussion and conclusions

This study investigated the problem of stability of the

milling process for producing a thin-walled compo-

nents. The stability limit estimated with the commer-

cial software CutPro ver. 9 is not accurate either for the

workpiece treated as a rigid body or even for the

flexible workpiece described by the modal parameters

taken from the impact test. The results of the

experiment performed on the milling machine reveal

that stability loss occurs much earlier than suggested

by the CutPro9 module, despite the fact that the modal

parameters of both the tool and the workpiece were

measured after every tool pass and implemented in the

programme for calculating stability diagrams. This

means that the applied software is not suitable for

investigating milling process for low mass elements

(like thin-walled components) where the mass reduc-

tion is substantially high compared to the initial mass

of the workpiece. However, undoubtedly, the main

advantage of the CutPro software is the fact that it

enables producing the SLD prior to running a cutting

process (test). Stability loss is more visible in the

cutting force signals and especially in the acceleration

of vibrations. However, the acceleration signal indi-

cates that a loss of stability is earlier (i.e. for a lower

value of wall thickness) than the force signals suggest.

This observation is in accordance with the experiment.

The tests performed with the modal hammer let us

determine the modal parameters of the workpiece

which are changeable during the experiment. The

decrease of the critical depth of cut with wall thickness

is directly connected with a decrease in the damping

ratio.

The recurrence diagrams and the method of phase

space reconstruction method can determine stability

loss of the milling process and provide a deeper insight

into the system dynamics. From a practical point of

view, however, these methods are not a convenient

way of estimating stability limits. The use of

recurrence quantification analysis is much better in

this regard. When the process approaches instability,

the stability index indicates that some technological

parameters of the cutting process should be modified

to prevent chatter. Therefore, we need the simplest

numerical indexes. The reconstructed phase space

analysis gives a deeper insight into process dynamics

but the application of this analysis for the purpose of

this paper is difficult. That is why, it was necessary to

find a proper index which could be implemented later

for chatter control system. The production of thin-

walled parts, that are widely used in aircraft industry,

is only one example of RQA applications. The

selection of such RQA indexes as DET/RR, DET,

LAM/DET, Lent, DIV and Lmax was dedicated by the

fact that they exhibit the exact moment when a thin

walled element losses stability in milling. In the future

the RQA indexes could be applied to control the

stability of cutting processes online. RQA is an

alternative method of finding stability limit. Some-

times, it is simpler to calculate statistical parameters of

force or acceleration signal but, RP and RQA give

deeper insight in system dynamics.

Summing up, several conclusions can be dawn:

• the variation of modal parameters in the cutting

process for low mass (thin walled) elements is

crucial for stability diagram prediction. Modal

mass, stiffness and damping ratio are essentially

important, too;

• the proposed stability indexes based on recurrence

quantification analysis can be used for determina-

tion of the stability limit if the critical (threshold)

value is properly defined,

• the critical value of stability index should be

estimated individually for every cutting operations.
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