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Abstract
We consider a Pfaffian system expressing isomonodromy of an irregular system of
Okubo type, depending on complex deformation parameters u = (uq, ..., u,), which

are eigenvalues of the leading matrix at the irregular singularity. At the same time,
we consider a Pfaffian system of non-normalized Schlesinger-type expressing isomon-
odromy of a Fuchsian system, whose poles are the deformation parameters uy, . . ., u,.
The parameters vary in a polydisc containing a coalescence locus for the eigenvalues
of the leading matrix of the irregular system, corresponding to confluence of the Fuch-
sian singularities. We construct isomonodromic selected and singular vector solutions
of the Fuchsian Pfaffian system together with their isomonodromic connection coef-
ficients, so extending a result of Balser et al. (I SIAM J Math Anal 12(5): 691-721,
1981) and Guzzetti (Funkcial Ekvac 59(3): 383-433, 2016) to the isomonodromic case,
including confluence of singularities. Then, we introduce an isomonodromic Laplace
transform of the selected and singular vector solutions, allowing to obtain isomon-
odromic fundamental solutions for the irregular system, and their Stokes matrices
expressed in terms of connection coefficients. These facts, in addition to extending
(Balseretal. inI STAM J Math Anal 12(5): 691-721, 1981; Guzzetti in Funkcial Ekvac
59(3): 383-433, 2016) to the isomonodromic case (with coalescences/confluences),
allow to prove by means of Laplace transform the main result of Cotti et al. (Duke Math
JarXiv:1706.04808, 2017), namely the analytic theory of non-generic isomonodromic
deformations of the irregular system with coalescing eigenvalues.
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1 Introduction

In this paper, I answer a question asked when I presented the results of [13] and the
related paper [25]. Paper [13] deals with the extension of the theory of isomonodromic
deformations of the differential system (1.1), in the presence of a coalescence phe-
nomenon involving the eigenvalues of the leading matrix A. These eigenvalues are
the deformation parameters. The question is if we can obtain some results of [13] in
terms of the Laplace transform relating system (1.1) to a Fuchsian one, such as system
(1.4). The latter has simple poles at the eigenvalues of A, so that the coalescence of
the eigenvalues will correspond to the confluence of the Fuchsian singularities. So the
question is if combining integrable deformations of Fuchsian systems, confluence of
singularities and Laplace transform, we can obtain the results of [13]. The positive
answer is Theorem 7.1 of this paper. In order to achieve it, we extend to the case
depending on deformation parameters, including their coalescence, one main result of
[4,23] concerning the existence of selected and singular vector solutions of a Pfaffian
Fuchsian system associated with (1.4) (see the system (5.3)), and their connection
coefficients, which will be isomonodromic. This will be obtained in Theorem 5.1 and
Proposition 5.1.

In [13], the isomonodromy deformation theory of an n-dimensional differential
system with Fuchsian singularity at z = 0 and singularity of the second kind at
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z = oo of Poincaré rank 1

dy Au) .
—=[Aw)+—]Y, A(u) = diag(uy, ..., uy), (1.1)
dz z

has been considered'. The deformation parameters u = (up, ..., u,) vary ina polydisc

where the matrix A (u) is holomorphic. One of the main results of [13] is the extension
of the theory of isomonodromic deformations of (1.1) to the non-generic case when A
has coalescing eigenvalues but remains diagonalizable. This means that the polydisc
contains a locus of coalescence points such that u; = u; forsome 1 <i # j <n.In
this case, z = oo is sometimes called resonant irregular singularity. On a sufficiently
small domain in the polydisc, the well-known theory of isomonodromy deformations
applies and allows to define constant monodromy data. Theorem 1.1 and corollary
1.1 of [13] say that these data are well defined and constant on the whole polydisc,
including the coalescence locus, if the entries of A (u) satisfy the vanishing conditions

(A(u))ij — 0 when u tends to a coalescence point such that u; —u ; — 0 at this point.

(1.2)
More precisely, if conditions (1.2) are satisfied, the following results (reviewed in
Theorem 2.2 of Sect. 2.1) hold.

(I) Fundamental matrix solutions in Levelt form at z = 0 and solutions with prescribed
“canonical” asymptotic behaviour in Stokes sectors at z = oo are holomorphic
of u in the polydisc. Also the coefficients of the formal solution determining the
asymptotics at co are holomorphic.

(I) Essential monodromy data, such as Stokes matrices, the central connection matrix,
the formal monodromy exponent at infinity and the Levelt exponents at z = 0 are
well defined and constant on the whole polydisc, including coalescence points.
The Stokes matrices (labelled by v € Z) satisfy the vanishing conditions

(S1)ij = (Sv)ji =0,i # j, if there is a coalescence point such that u; = u;.

(III) The constant essential monodromy data can be computed from the system “frozen”
at a fixed coalescence point. In particular, if the constant diagonal entries of A
are partly non-resonant (see Corollary 2.1), then there is no ambiguity in this
computation, being the formal solution unique.

The results above have been established in [13] by direct analysis of system (1.1), of
its Stokes phenomenon and its isomonodromic deformations.

Remark 1.1 If A(u) is holomorphic on the polydisc and (1.1) is an isomonodromic
family on the polydisc minus the coalescence locus (in the sense of integrability of
an associated Pfaffian system (2.14) introduced later), then (1.2) are automatically
satisfied and Theorem 1.1 of [13] holds. This is not mentioned in [13]. I thank the
referee for this observation. More details are in Remark 2.1.

! With the notation ;4\1 (u) for A(u).
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For future use, we denote by A}, ..., A}, the diagonal entries of A(u), and
B := diag(A(u)) = diag(M}, ..., A,).

We will see that these )»}( are constant in the isomonodromic case.

From another perspective, if u is fixed and u; # u; fori # j, namely for a system
(1.1) not depending on parameters with pairwise distinct eigenvalues of A, it is well
known that columns of fundamental matrix solutions with prescribed asymptotics in
Stokes sectors at z = 0o can be obtained by Laplace-type integrals of certain selected
column-vector solutions of an n-dimensional Fuchsian system of the type

dw By,
— = Z U, By:=—E(A+1). (1.3)
- A — ug

Here, Ej is the elementary matrix whose entries are zero, except for (Ex)ir = 1.
These facts are studied in the seminal paper [4] in the generic case of non-integer
diagonal entries A of A. The results of [4] have been extended in [23] to the general
case, when the entries A take any complex value.

The purpose of the present paper is to introduce an isomonodromic Laplace trans-
form relating (1.1) to an isomonodromic Fuchsian system

d¥ & Bi(w)
— = v, By:=—-Ex(A I). 1.4
i Zk_uk v K(A@) + 1) (14)
k=1
when uq, ..., u, vary in a polydisc containing a locus of coalescence points. More

precisely, the Laplace transform will relate solutions of the integrable Pfaffian systems
(2.14) and (5.3) introduced later, associated with (1.1) and (1.4), respectively. The two
main goals will be:

e Theorem 5.1, which characterizes selected vector solutions and singular vector
solutions of (1.4) and (5.3), so extending the results of [4] and [23] to the case
depending on isomonodromic deformation parameters, including coalescing Fuch-
sian singularities uy, ..., uy.

e Theorem 7.1, in which the Laplace transform of the vector solutions of Theorem
5.1 allows to obtain the main results (I), (IT) and (IIT) of [13] in the presence of
coalescing eigenvalues uy, ..., u, of A(u).

In details.

e In Proposition 3.1 we establish the equivalence between the “strong” isomon-
odromic deformations (non-normalized Schlesinger deformations) of (1.4) and
the “’strong” isomonodromic deformations of (1.1).

e Then, we study isomonodromy deformations of (1.4) when u varies in a polydisc
containing a coalescence locus. Theorem 5.1, provides selected and singular vector
solutions, which are the isomonodromic analogue of solutions introduced in [4,23],

respectively, denoted by Wy (A, u |v) and \f/,ﬁ”"g) (A, u|v),k=1,...,n,the latter
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being singular at A = uy. As will be explained later, v € Z labels the directions
of branch cuts in the punctured A-plane at the poles uy, ..., u,. These solutions

allow to introduce connection coefficients CE‘;(), defined by

\_I'lk(k, ulv) = \fl](.smg)(k, u |v)c§‘,? + holomorphic partat A = u;, V j # k.

The above is the deformation parameters dependent analogue of the definition of
connection coefficients in [23].

e In Proposition 5.1, we prove that the c(.',? are isomonodromic connection coef-
ficients, namely independent of u. When there is a coalescence u; = uy in the
polydisc, they satisfy

) =0, j#k.

e InTheorem7.1, the Laplace transform of the vectors W (A, u |v) or \fllimg (h, u|v)
yields the columns of the isomonodromic fundamental matrix solutions Yy, (z, u)
of (1.1), labelled by v € Z, uniquely determined by a prescribed asymptotic
behaviour in certain u-independent sectors :S‘\U, of central opening angle greater
than . The analytic properties for the matrices Y, (z, u) will be proved, so re-
obtaining the result (I) above. In order to describe the Stokes phenomenon, only
three solutions Y, (z, u), Yy1,(z, u) and Y, 2, (z, u) suffice. The labelling will
be explained later. The Stokes matrices S, 4, kK = 0, 1, defined by a relation
Yort+1)p = YotkuSvtku, will be expressed in terms of the coefficients cﬁ.‘;c) in
formula (7.9). This extends to the isomonodromic case, including coalescences,
an analogous expression appearing in [4,23] and implies the results in (II) above.

e In Sect. 8, we re-obtain the result (III), that system (1.1), “frozen” by fixing u
equal to the most coalescence point u¢ in the polydisc (see Sect. 2.1 for u®),
admits a unique formal solution if and only if the (constant) diagonal entries /\/j
of A satisfy A} — )Jj ¢ Z\{0} for every i # j such that uy = uf. In this case we
prove that the selected vector solutions of the Fuchsian system (1.4) at u = u®,
needed to perform the Laplace transforms, are uniquely determined. On the other
hand, if some A — A, € Z\{0} corresponding to u{ = u;., then there is a family of
solutions of the Fuchsian system (1.4) at a coalescence point, depending on a finite
number of parameters: this facts is responsible, through the Laplace transform, of
the existence of a family of formal solutions at the coalescence point.

In [19,20], B. Dubrovin related system (1.1) to an isomonodromic system of type
(1.4), in the specific case when they, respectively, yield the flat sections of the deformed
connection of a semisimple Dubrovin—Frobenius manifold and the flat sections of
the intersection form (extended Gauss-Manin system). In [19,20], the solutions of
(1.1) are expressed by Laplace transform of the isomonodromic system (1.4), but
the eigenvalues uy, ..., u, are assumed to be pairwise distinct in a sufficiently small
domain (analogous to the polydisc D(u") to be introduced later). Moreover, A is
skew-symmetric, so its diagonal elements are zero (A is denoted by V and A by U
in [19,20]). By a Coxeter-type identity, the entries of the monodromy matrices for
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the selected solutions of (1.4) (which are part of the monodromy of the Dubrovin—
Frobenius manifold) are expressed in terms of the entries of the Stokes matrices. See
also [21,61].

In proposition 2.5.1 of [22], the authors prove (I) when system (1.1) is associated
with a Dubrovin—Frobenius manifold with semisimple coalescence points, and A is
skew-symmetric (in [22] the irregular singularity is at z = 0). Their proof contains
the core idea that the analytic properties of a solution Y (z, #) in (I) are obtainable,
by a Laplace transform, from the analytic properties of a fundamental matrix solution
W (A, u) of the Fuchsian Pfaffian system associated with (1.4) (see their Lemma 2.5.3).
The latter is a particular case of the Pfaffian systems studied in [63]. On the other hand,
the analysis of selected and singular vector solutions of the Fuchsian Pfaffian system,
required in our paper to cover all possible cases (all possible A), is not necessary in
[22], due to the skew-symmetry of A, and the specific form of their Pfaffian system
(see their equation (2.5.2); their discussion is equivalent our case A’; = —1 for all
j =1,...,n). Moreover, points (II) and (III) are not discussed in [22] by means of
the Laplace transform.

In the present paper, by an isomonodromic Laplace transform, we prove (I), (IT) and
(IIT), and at the same time we generalize the results of [4,23] to the isomonodromic case
with coalescences, with no assumptions on the eigenvalues and the diagonal entries
of A. This analytic construction, to the best of our knowledge, cannot be found in the
literature.

The approach of the present paper may also be used to extend the results of [19,
20] described above, relating the deformed flat connection and the intersection form,
namely Stokes matrices and monodromy group of the Dubrovin—Frobenius manifold,
in case of semisimple coalescent Frobenius structures studied in [10,14,15,17].

For further comments and reference on the use of the Laplace transform, the
confluence of singularities and related topics, see the introduction of [23] and [9,29,36—
39,44,49,56-59].

Stickily related to ours are the important results of [52]. In [13] (and in the present
paper by Laplace transform), we have answered the question if the integrable deforma-
tion (2.14) of system (1.1) extends from a polydisc (or a small open set) not containing
coalescence points to a wider domain intersecting (a stratum of) the coalescence locus,
and we have characterized the monodromy data. The converse question is answered
in [52], namely if an integrable deformation (2.14) of (A (u€) + A(u¢)/z)dz exists
and is unique, having formal normal form d(zA (u)) + B/z dz, where B is the diag-
onal of A(u“). More broadly, the question of [52] is the existence and uniqueness of
integrable deformations of meromorphic connections on P! with irregular singularity,
when a prefixed restriction is given at a single point ¢, in the space of deformation
parameters 7', allowed to be a degenerate point, namely a coalescence point in our
case (in [52], deformation parameters are called + € T). One asks if a connection
w(z, tp) given att, € T can be deformed to w(z, t), and if this deformation is unique.2
Concerning uniqueness, for a fixed normal form wy(z, t), the problem is to classify
isomorphism pairs (w, G) consisting of an integrable connection w(z, t) (with poles

2 The notation w and G is not taken from [52].
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in T x {z = 0}, being z = 0 used in [52], while z = oco is used in our works) and a
formal gauge transformation G(z, t) (formal in z but holomorphic in ¢), transforming
w(z,t) to wo(z, ). In a general context, a uniqueness theorem is proved in [60]: two
pairs are isomorphic (meaning that the composition of a gauge of one pair with the
inverse gauge of the other pair is convergent w.r.t. z) if and only if their restriction to
any specific value #, are isomorphic. Thus, the #-extension of a pair in a neighbour-
hood of #( is unique up to isomorphism. The proof in [60] makes use of the results of
Kedlaya [34,35] and Mochizuki [45-48], which allows to blow up T x {0}, and of the
higher-dimensional asymptotic analysis in poli-sectors for the formal gauge transfor-
mations, that is Majima’s asymptotic analysis [40] for Pfaffian systems with irregular
singularities. In [52], the uniqueness result is proved for a restricted class of integrable
connections, in which our (2.14) is contained (with irregular singularity at z = 0
instead of 00). So, given a block-diagonal normal form wq(z, ¢) and a pair consisting
of w(t,, z) and a formal gauge G(t,, z), it is proved that the pair can be deformed
(existence) in a unique way (uniqueness) to w(z, t), G(z, t), such that Glw] = wyp.
The strategy is to use a sequence of Kedlaya—Mochizuki blow-ups to obtain a good
normal form (see also [50,51]). Then, Majima results on asymptotic analysis can be
used and adapted. In our specific case, theorem 4.9 of [52] means the existence and
uniqueness of the integrable deformation (2.14) of (A (u) + A(u¢)/z)dz, formally
equivalent to d(zA(u)) + B/zdz. These facts generalize results of Malgrange [41,42]
for irregular singularities to the case of coalescence points.

Theorem 4.9, obtained in [52] in geometric terms, has been successively proved in
[11] by analytic methods. In [11], the integrable deformation is obtained from prefixed
monodromy data at a coalescence point, using the analytic L? theory a Riemann—
Hilber boundary value problems. Both authors of [52] and [11] apply their results to
semisimple Dubrovin—-Frobenius manifolds. In particular, [11] proves that any formal
semisimple Frobenius manifold is the completion of a pointed germ of an analytic
Dubrovin-Frobenius manifold. The result is extended to F-manifolds in the recent
work [12].

A geometric formulation of the Laplace transform we have used here, together with
a synthetic proof of part of Theorem 1.1 of [13], is the object of the recent work [53].

2 Review of background material
This section contains known material to motivate and understand our paper. For X a
topological space, we denote by R (X) its universal covering. Fora < B € R, a sector

is written as

S(a, B) := {z € R(C\{0}) such that @ < argz < B}.
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2.1 Background 1: isomonodromy deformations of (1.1) with coalescing
eigenvalues

We review some results of [13,25] (see also [16,24,26]). Consider a differential system
(1.1) with an n x n with matrix coefficient A (x) holomorphic in a polydisc

D) := {u € C" such that max |u; — u?l <€y}, € >0, (2.1)

1<j<n

centered at a coalescence point u¢ = (uf, ..., uy,), so called because

c__ .. . .
up =uj for some i # j.

The eigenvalues of A (1) coalesce at u® and also along the following coalescence locus

A =D 0 (i = uj =0)),
%)

We assume that D(u€) is sufficiently small so that u® is the most coalescent point.
Namely, if uj # ug, for some j # k, then u; # uy for all u € D). A more
precise characterization of the radius €q of the polydisc will be given in Sect. 5. For
u? € D)\A, let

D@’) C DuNA)
be a (smaller) polydisc centered at u°, not containing coalescence points.

2.1.1 Deformations in D(u°)

If D) is sufficiently small, the isomonodromic theory of Jimbo, Miwa and Ueno [33]
assures that the essential monodromy data of (1.1) (see Definition 2.1) are constant
over D(u”) and can be computed fixing u = u".

In order to give fundamental solutions with “canonical” form at z = oo, in

R(C\{0}) we introduce the Stokes rays of AuY), defined by
R(@§ —u)z) =0, J(W§—up2) <0, 1<j#k=n

Let
argz =1© (2.2)

be a direction which does not coincide with any of the Stokes rays of A (u?), called
admissible at u®. Each sector of amplitude 77, whose boundaries are not Stokes rays
of A(u®), contains a certain number ;1©) > 1 of Stokes rays of A ("), with angular
directions

argz = 10, Tty .-, Tu0 s with 19, <171 <+ < T,0_]
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Fig.1 Successive sectors

Sy (D) and Sy, (D).
Their intersection (in the right
part of the figure) does not
contain Stokes rays. It contains
the admissible direction

argz =10

that we decide to label from 0 to ;%) — 1. They are basic rays, since they generate all
the Stokes rays in R(C\{0}) associated with Au) by the formula

argz =T, =Ty, + k7, voe{O,...,M(O)—l}, v=vo+ku(o), k € Z.

The choice to label a specific Stokes ray with 0, as tp above, is arbitrary, and it induces
the labelling v € Z for all other rays. Suppose the labelling has been chosen. Then,
for some v € Z, we have

©)

Ty < T < Tysl- 2.3)

Equivalently, given (), one can choose a v and decide to call 7, and 7, the Stokes
rays satisfying (2.3). This induces the labelling of all other rays (notice that ;) is nor
a choice!).

Similarly, we consider the Stokes rays N((u; — ug)z) = 0, I((w; — ux)z) < 0
of A(u). If D(uP) is sufficiently small, when u varies the Stokes rays of A (u) rotate
without crossing argz = t© mod 7. For k € Z, we take the sector S (r(o) + (k —
D, 7@ + kn) and extend it in angular amplitude up to the nearest Stokes rays of
A(u) outside. The resulting (open) sector will be denoted by S, o) (u), and we
define

Sy @) =[] Sypp0 @)
ueD(uY)

The reason for the labelling is that S(t@ + (k — Dz, 1@ + k7)) C S(Ty 0 —
7T, Tyiku©41) and consequently

0 _
Sptsep© M@)) C S(Ty4 1,0 = T Ty ihy041) = STikpyO1— @5 Tk ©41)-

By construction, S, (D(1?)) has central angular opening greater than 7. See Fig. 1.

Proposition 2.1 (Sibuya [30,54,55]; see also [13,25,33]). Let ID)(uo), not containing
coalescence points, be sufficiently small so that the Stokes rays of A(u) do not cross’
the admissible rays argz = O + hw, h € Z, as u varies in Du®). System (1.1) has

3 Asuvaries,arg z = 1O 4-hox, forahg € Z,is notcrossed by a Stokes ray if and only if arg z = 1@ +-hx
is not crossed V 1 € Z.
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a unique formal solution

Yr(z,u) = F(z, )22 @ exp{zAw)},  Bu) := diag(A1\(u), . .., Apn(u)),
(2.4)
where

Flz,u) =1+ Fwz™ 2.5)
k=1

is a formal series, with holomorphic matrix coefficients Fi(u).For every v € Z, there
exist unique fundamental matrix solutions

Yo(z, u) = Yu(z, u)z5® expiz A (u)) (2.6)

of (1.1), holomorphic on ’R((C\{O} X ]D)(uo)) = R(C\{0}) xD(u"), such that uniformly
inu € D) the following asymptotic behaviour holds

Yo(zou) ~ F(z,u) forz — o0 in S,(Du®)). Q.7
The coefficients Fj are computed recursively [13,62]

(F1)ij = Ci#E e (FDu=—) Ai(F)ji, (2.8)
Mj — Uj .
J#i
1 . .
(Foij = ——— (Aii _Ajj+k—1>(Fk71)ij+ZAip(Fk71)pj R L
i p#i
(2.9)
k(Foii ==Y Aij(Fo) ji. (2.10)
J#

Holomorphic Stokes matrices S, (1), v € Z, are the connection matrices defined by
Y0 @) =Y, wSw), ze8Mu)) NS, o). (211

Notice that S, (D(u?)) N Sy p© (D(u)) does not contain Stokes rays of A (u), for
every u € D(u®).

At every fixed u € DY), system (1.1) admits a fundamental matrix solution in
Levelt form

YO u) = GOw(1+Y ww )Pt 2.12)
j=1

where the series is convergent absolutely in every ball |z] < N, for every N > 0.
Here, D is diagonal with integer entries (called valuations), L has eigenvalues with
real part lying in [0, 1), and D + lim,_,0 z” Lz P is a Jordan form of A. A central
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connection matrix C,(«) is defined by
Yo(z,u) = YOz, u)Co(w). (2.13)

A pair of Stokes matrices S,, S, IR together with B, C), and L are sufficient to
calculate all the other S, and C,, forall v’ € Z (see [1,13]). The monodromy matrices
atz =0 are

Mo 2L and esz(SvSwwo))*l =cC,'mMc,

for Y@ and Y, respectively. Hence, it makes sense to define strong isomonodromy
deformations, as follows.

Definition 2.1 Fixed a v € Z, we call essential monodromy data the matrices
Sv, S,yuo, B, C,, L, D.

The deformation u is strongly isomonodromic on D (), if the essential monodromy
data are constant on D(u°).

We introduced the terminology strong in [25], to mean that all the essential mon-
odromy data are constant, contrary to the case of weak isomonodromic deformations,
which only preserve monodromy matrices of a certain fundamental matrix solution.
For a deformation to be weakly isomonodromic it is necessary and sufficient that (1.1)
is the z-component of a certain Pfaffian system dY = w(z, u)Y, Frobenius integrable
(i.e. do = w A w). If w is of very specific form, the deformation becomes strongly
isomonodromic, according to the following

Theorem 2.1 System (1.1) is strongly isomonodromic in D(u®) if and only Y, (z, u),
for every v, and YO (z, u), satisfy the Frobenius integrable Pfaffian system

A n
dY =w(z,un)Y, ow(z,u)= (A(u) + g) dz + Zwk(z, w)dug, (2.14)
k=1

with the matrix coefficients (here Fy is in (2.8))
wp(z,u) = z2Ex + ox (),  op(u) = [Fi(u), E¢]. (2.15)

Equivalently, (1.1) is strongly isomonodromic if and only if * A satisfies

n

dA = Z[a}k(u), A]duk. (2.16)

j=1

4 Conditions (2.15) and (2.16) imply Frobenius integrability of (2.14), so that the deformation is strongly
isomonodromic. Conversely, given (2.14) with wy (z, u) holomorphic in C x ]D)(uo), with z = oo at most
a pole, then the integrability dw(z, u) = w(z,u) A w(z, u), which is necessary condition for isomon-
odromicity, implies that wy(z, u) = zEx + wg(0,u) and (2.16). Computations give that wy (0, u) =
[F1(u), Ex]1+ Dy (u), where Dy (u) is an arbitrary diagonal holomorphic matrix. Imposing that y©® (z,u)
and all the Yy, (z, u) satisfy (2.14), then Dy (1) = 0 and wi (0, u) = [F1(u), E¢].
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If the deformation is strongly isomonodromic, then Y © (z, u) in (2.12) is holomorphic
on R(C\{0}) x D(u®), with holomorphic matrix coefficients W (u), and the series is
convergent uniformly w.r.t. u € D). Moreover, G (u) is a holomorphic funda-
mental solution of the integrable Pfaffian system

dG = (Z a)k(u)duk>G, (2.17)
=1

and A(u) is holomorphically similar to the Jordan form J = G© (u)~'A@u)G© (u).

The above theorem is analogous to the characterization of isomonodromic defor-
mations in [33], but includes also possible resonances in A (see [13] and Appendix B
of [25]). Notice that w(z, #) in (2.14)—(2.15) has components

0 0 4w o o

uy—ug
0O 0 : 0 0
Aij ik — 8j) \" Aur Ak
‘”k(“)z(ﬁl,_f e 0 gt [ ey
0O 0 0 0
0 0 =42 o o
Up—Uf

Notice that B = diag(A(u)) = diag()}, ..., A},) is constant because (2.16) and (2.18)
imply
0A;;

— =0, Vi,j=1,...,n.
auj ]

2.1.2 Deformations in D(u¢) with coalescences

When the polydisc contains a coalescence locus A, the analysis presents problematic
issues.

e A fundamental matrix solution Y (z, u) holomorphic on R ((C\{0}) x (D(u))\A))
may be singular at A, namely the limit for u — u* € A along any direction may
diverge, and A is in general a branching locus [43].

e The monodromy data associated with a fundamental matrix solution Y (z) of

dy A
i <A(uc) + —> Y, (2.19)

dz z

differ from those of any fundamental solution Y (z, u) of (1.1) atu ¢ A ([2,3,13]).
In R(C\{0}), we introduce the Stokes rays of A (u)

R —up)z) =0, J((uj —upz) <0, wu; # ug,
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and an admissible direction at u®
argz =1, (2.20)

such that none of the Stokes rays at u = u¢ take this direction. Notice that t is
associated with u¢, differently from 7(? of Sect. 2.1.1. We choose y basic Stokes rays
of A(u®). These are all and the only Stokes rays lying in a sector of amplitude ,
whose boundaries are not Stokes rays of A (u°). Notice that u is different from (9
used in Sect. 2.1.1. We label their directions arg(z) as follows:

<71 <- " <Ty-1-

The directions of all the other Stokes rays of A(u€) in R(C\{0}) are consequently
labelled by an integer v € Z

argz =71, =Ty, +km, withvge(0,...,u—1}andv:=vo+ku. (2.21)

They satisfy 7, < Ty4+1.

Analogously, at any other u € D(u“), we define Stokes rays N((u; — u;)z) =0,
S((ui —uj)z) < 0of A(u). They behave differently from the case of D(u?). Indeed,
if u varies in D(u¢), some Stokes rays cross the admissible directions arg z = t mod
7, as follows. Let i, j, k be such that uj = uj # ug. Then, as u moves away from
u, a Stokes ray of A(u¢) characterized by R((u — uj)z) = 0 generates three rays.
Two of them are N((u; — ux)z) = 0and N((u; — ux)z) = 0. If D(u) is sufficiently
small (as in (5.1)), they do not cross argz = v mod 7 as u varies in D(u¢). The
third ray is %((u; — u;)z) = 0. When u varies in D(x“) making a complete loop
(Wi —uj)— (u; — uj)ezm around the locus {# € D(u°) | u; —u; = 0} C A, the
third ray crosses argz = v mod 27 and argz = v — 7w mod 2x. This identifies a
crossing locus X () C D(u®) of points u such that there exists a Stokes ray of A (u)
(so infinitely many in R(C\{0})) with direction t mod 7.

Proposition 2.2 ([13]). Each connected component of D(u)\(A U X (1)) is simply
connected and homeomorphic to a ball, so it is a topological cell.

Thus, the choice of T induces a cell decomposition of D(x¢). Each cell is called z-cell.
If u varies in the interior of a t-cell, no Stokes rays cross the admissible directions
argz = Tt + hm, h € Z, but if u varies in the whole D(u¢), then X (t) is crossed, and
thus Proposition 2.1 does not hold.

To overcome this difficulty, we first take a point «° in a t-cell, and consider a
polydisc D(u®) contained in the t-cell, satisfying the assumptions of Sect. 2.1.1.
Accordingly, we can define as before the sectors S, 4« () of angular amplitude greater
than 7r, and

Su+ku(D(Mo)) = ﬂ 8v+kp_(u) C{Tvtkp — T <AIEZ < Tythp+l)-
ueDuO)

Notice that here we are using 7 and u in place of (@ and 1?0, With the above sectors,
monodromy data in (2.11)—(2.13) can be defined in D).
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Since A(u) is holomorphic in D(u®), then wi(z, u) is holomorphic on D(u“)\ A.
Thus, the fundamental matrix solutions Y, (z, u), y© (z, u) of Sect. 2.1.1 extend ana-
lytically on R((C\{O}) X (]D)(uc))\A)) # R(C,\{0}) x (D(u))\A), and A may be
a branching locus for them.

Proposition 2.3 ([13]). w(z, u) in(2.15) and (2.18) is holomorphic on the whole D(u°)
if and only if

Aiju) =O; —uj) — 0 whenever (u; —u;) — 0 for u approaching A.

A(u) is holomorphically similar on D(u®) to a Jordan form J if and only if the above
vanishing conditions hold. Similarity is realized by a fundamental matrix solution of
(2.17), which exists holomorphic on the whole D(u¢).

The extension of the theory of isomonodromy deformations on the whole D(«¢) is
given in [13] by the following theorem, which is a detailed exposition of the points (I)
and (II) of Introduction, while point (IIT) is expressed by Corollary 2.1.

Theorem 2.2 ([13]). Let A(u) be holomorphic on D(u®). Assume that system (1.1) is
strongly isomonodromic on D(u®) contained in a t-cell of D(u®), so that Theorem 2.1
holds. Moreover, assume that A satisfies the vanishing conditions

Aij(u) =O(u; —uj) — 0 whenever (u; —uj) — 0 for u approaching A. (2.22)

Then, the following statements hold.
Part I.

L1 y© (z,u) and the Y, (z,u), v € Z admit analytic continuation as holomorphic
Sfunctions on R(C\{0}) x D(u). The coalescence locus A is neither a singularity
locus nor a branching locus.

(I,2) The coefficients Fi.(u) of YF(z, u), given in (2.8)—(2.9)—(2.10), are holomorphic
of u € D(u).

(I,3) The fundamental matrix solutions Y, (z, u) have asym/gtotics Yy(z,u) ~ Yp(z,u)
uniformly inu € D(u®), for z — oo in a wide sector S, containing S, (D(u")), to
be defined later in (7.3).

Part II.

(IL1) the essential monodromy data S,, Syy,, B = diag(Au°)), C,, L, D, initially
defined on D(u®) by relations (2.11)~(2.13), are well defined and constant on the
whole D(u®). They satisfy

szgv» Sv+u=§v+u, L:Ioas Cv:év, D:és

where

(I1,2) gy, §v+u are the Stokes matrices of fundamental solutions I}U(z), I;H_M(z),
IO/U+2M (2) of (2.19) having asymptotic behaviour Yr(2) = Yr(z, ub), for z — o0,
respectively, on sectors T, — m < argz < Tyq], Ty < A < Tyquyl and
Ty4p < aArgT < Ty42u+15
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(IL,3) L, D arethe exponents of a fundamental solution l;(z) =G (1 + Z;XJ:I \iljzj) zDD

zi of (2.19) in Levelt form;
(I1,4) C, connects Y, (z) = Y (2)C,.
(I1,5) The Stokes matrices satisfy the vanishing conditions

S)ij =6)ji =0, Svpp)ij = Guv)ji =0
V1 <i#j<nsuchthatuf =u§

Corollary 2.1 ([13]). If Aji — Aj; ¢ Z\{O} for every i # j such that ui = u, then
the formal solution Yr (z) of (2.19) is unique and coincides with Y (z, u®).

The assumption of Corollary 2.1 will be called partial non-resonance. If it holds,
(ILI,1) says that in order to obtain the essential monodromy data of (1.1) it suffices
to compute gv, S}Jm, Ii, C°’U and D for (2.19), which is simper than (1.1), because
A;j(u€) = 0fori, j such thatuf = u¢ . This allows in some cases the explicit compu-
tation of monodromy data. An important example with algebro-geometric implications
can be found in [14].

Remark 2.1 The following statement, not mentioned in [13], holds.

If (1.1) is an isomonodromic family on the polydisc minus the coalescence locus,
in the sense that dY = wY in (2.14)—(2.15) is Frobenius integrable on D(u“)\ A, and if
A(u) is holomorphic on D(u), then the vanishing conditions (2.22) hold automatically
and (1.1) is isomonodromic on D () in the strong sense, namely Theorem 2.2 holds.

I thank the referee for suggesting to write the above statement. The sketch of the
proof is as follows: integrability dw = @ A @ on D(1)\ A implies (2.16), namely

% =[wjw),Al, j=1,....n; ueDuN\A. (2.23)
J

We want to prove that A;; (u) — Oforu; —u; — 0,fori # j.From (2.23) and (2.18)
we explicitly obtain

ie _ Wi mu0AGAje o pandi £ 0.
du; (i —uj)(ue —uj)

The left-hand side is holomorphic everywhere on D(«) by assumption on A, and so
must be the right-hand side. This implies that holomorphically A;; = O (u; — u;) for
u; —uj — 0. Then, Theorem 2.2 holds and we conclude. O

The difficulty in proving Theorem 2.2 is the analysis of the Stokes phenomenon at
z = 00. On the other hand, coalescences does not affect the analysis at the Fuchsian
singularity z = 0, so it is not an issue for the proof of the statements concerning
YO (z, u), L, Dand C, (as far as the contribution of Y © is concerned). See Proposi-
tion 17.1 of [13], and the proof of Theorem 4.9 in [25]. For this reason, in the present
paper we will not deal with YOG u), L, D, C, and (11,3)-(11,4) above.
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InTheorem 7.1 we introduce an isomonodromic Laplace transform in order to prove
the statements of Theorem 2.2 above, concerning the Stokes phenomenon, namely (I, 1),
(1,2), (1,3) and (IL1), (I1,2), (11,5).

2.2 Background 2: Laplace transform, connection coefficients and Stokes matrices

In this section, we fix u € D(u)\A. Accordingly, system (1.1) is to be considered
as a system not depending on deformation parameters, with leading matrix A having
pairwise distinct eigenvalues, and system (1.4) is equivalent to (1.3), which does not
depend on parameters. For simplicity of notations, let us fix for example

u = uo, as in Section 2.1.1.

Solutions Y, (z) of (1.1) with canonical asymptotics Yr(z) (u = u® fixed is not
indicated) can be expressed in terms of convergent Laplace-type integrals [5,31],
where the integrands are solutions of the Fuchsian system®

dv
(A — A)d_k = (A+ 1)V, [ := identity matrix (2.24)
Indeed, let \fl(k) be a vector valued function and define
7o) = / S ()d,
Y
where y is a suitable path. Then, substituting in (1.1), we have
AZ\, d AZ\J, AZ\,
A+ A) | e“VYN)dh=z— [ eV A)dA =z | re™W(A)dA.
% dz J, %

This implies that

f P / d(e*?) -
A MUo0da = (O — AP (R)dr
v y di

=M — A)\f/(k)‘ 7/ & {(x - A)M + \f’(k)} dr.  (2.25)
Y y da
If y is such that e** (A — A)‘if()»)) = 0, and if the function \il(k) solves (2.24), then
14

Y (z) solves (1.1).

5 The notation Ag and Aj is used in [23] for A and A. In [4] the notation for A is the same, while A is
denoted by Aj. The notation Aq, ..., An is used in [4,25] for uq, ..., uy. There is a misprint in the first
page of [23] where it is said that A| € GL(n, C); the correct statement is A} € Mat(n, C).

@ Springer



Isomonodromic Laplace transform with coalescing... Page 170of 70 80

Multiplying to the left by (A — 1)1, system (2.24) becomes (1.3),
Z \11 By := —Ex(A+1). (2.26)

In order to define matrix solutions of of (2.26) as single valued functions, we consider
the A-plane with branch-cuts. Let n© € R satisfy

n©® # arg) — u)) mod 7, foralll < j.k <n. (2.27)

We fix parallel cuts L (n?), namely half-lines oriented from u2 to oo in direction
arg(A — u,(g) = n(o), 1 < k < n. See Fig. 2. Conditions (2.27) mean that a cut L does
not contain another pole u?, j # k. Forthis reason n© is called admissible direction at
u. Then, we choose a branch of the logarithms In(A — ug) =In|A— ugl +1iarg(A— ug)
b

g O _27 < arg(A — ug) < r](o), k=1,...,n. (2.28)
Following [4], the A-plane with these cuts and choices of the logarithms is denoted

by P, 0. Matrix solutions of (2.26) are well defined as single-valued functions of
rLeP 0.
"

Remark 2.2 P, ) can be identified with one of the countably many components of
R = R(C\{u}, ..., u’}) — (lift of all half-lines Ly).

Each component is obtained by a deck transformation starting from one. Fix one
component, for example Pn(‘”’ and define 2n letters

Iy := cross a lift of Lj from the right,
lk_l := cross a lift of Ly fromtheleft, k=1,...,n

where “right” or “left” refers to the orientation of Li. The other components are
reached by crossing the cuts, so that there is a one to one correspondence between finite
sequences {l;—:l, vl il} not containing successively a ljEl and [} F1 and components
of R’ (here ji,..., jm € {1, ,n} and m € N). The relations (2.28) alone do not
identify a component of R’ (as incorrectly written in [23], page 387) For example, the
word l1151, ! Iy !'leads to a new component of R’ where arg(A — u]) , arg(A — ug)
take the same values of the starting component.® I thank the referee for this remark.

Stokes matrices for (1.1), for fixed and pairwise distinct u(l), R ug, can been

expressed in terms of connection coefficients of selected solutions of (2.26). The

6 Aswell known, the analytic continuation, starting from the plane 73]7«)) , of a fundamental matrix solution
of (2.26) defines a function ¥ on R((C\{u(]), RN ug}). For example, if A’ is the lift of A € 73"(0) to the

component of R’ identified by the word /121, 15, then W(\') = WMy ' M MaMy, where M is
the monodromy matrix associated with /.
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explicit relations have been obtained in [4] for the generic case when all A/, . . ., A;, ¢
Z; and in [23] for the general case with no restrictions on A/, ..., 2/ and A.

Selected vector solutions

The Laplace transform involves three types of vector solutions of (2.26), denoted in
[23], respectively, by Wg (1), UF(h) and U9 () | for k = 1,...,n (in [4] the
notation used is ¥ and Y;*, while Yk(“"g) does not appear, since it reduces to Y in

the generic case Aj, ¢ Z). We will not describe here the \il,f (1), which play mostly a
technical role. Let

N={0,1,2,...}integers, Z_ ={—1,—-2, -3, ...} negative integers,

¢, = standard kth unit column vector in C".

It is proved in [23] that for every k € {1, ..., n} there are at least n — 1 independent
vector solutions holomorphic at 1 = u,((). The remaining independent solution is sin-
gularat A = ug, except for some exceptional cases possibly occurring when A < —2
is integer. In such cases, there exist n holomorphic solutions at A = u,? (such cases
never occur if none of the eigenvalues of A is a negative integer). The selected vector
solutions \ifk are obtained as follows.

e If A, < —2isinteger and we are in an exceptional case when there are no singular
solutions at ug, namely

B0y =0,

then ‘-f-'k is the unique analytic solution with the following normalization:

- (-1 )A L
\Ilk()\,) = ( )\/ .+ Zb (k)()\’ 2 I ()\’ _ ug) Ak 1'
>1

e In all other cases, there is a solution \fl,?mg) with singular behaviour at A = ug.

This is determined up to a multiplicative factor and the addition of an arbitrary
linear combination of the remaining n — 1 regular at A = u? i solutions, denoted
below with reg(A — u k) In [23], it has the following structure

O — ud) ™ freg(h — u), A ¢ Z,
G 3y V() In(h — ud) + reg(h — u), M €L,
P (L)

W + &k()») In(A — ug) + reg(A — ug), )»;( e N.
—ul

(2.29)
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Here 1/7;{ (X) is analytic at ug and Pr(A) = szio l;l(k) A= ug)l is a polynomial of
degree A;. We choose the following normalization at . = ug

PO = TG + Ve + Yoy 5,0 00— ud), YA

. (=DM - v
Yr(A) = (mek + 2= bz(k)()‘ - ”2)1) A —u) e Ze,
—x, — 1!

Pc(h) =M1 é + O —ul) A €N,

The coefficients I;l ® ¢ cn are uniquely determined by the normalization. Then
the selected vector solutions Wy, are uniquely defined by’

W) =g h —ud) 71 ford, ¢ Z:  W(A) :=yx(h) for A} € Z.
(2.30)
In case A;, € N, depending on the system, it may exceptionally happen that

Remark 2.3 Suppose A; € Z. In particular, if 1} < —2, suppose we are in the case

when ‘I]]Esing) is not identically zero. Then

- 1 /e o
B = 5 (B @0 - Hw). ke Py

is the difference of two singular solutions defined on 73,7<0). Here, in the notation
of Remark 2.2, the function \fl,gsmg) (x (%)) is the value at A € P, of the analytic

continuation of \_Iilgsmg)()\) when passing from a prefixed component of R/, in this
case P, to the component associated with the sequence {/;} of only one element.

Namely, the analytic continuation for a small loop (A — u,(co)) — (A — u,(co))ez’f L
Connection coefficients

Above, the behaviour of \i’k(k) has been described at A = ug The behaviour at any
poipt A= u?, for j =1, ..., n, will be expressed by linear relations
Tp(L) = lij(.”"g)()L)cjk +reg(h — u?).

cjk =0, Vk=1,....n, when¥{""¥ (1) =0 (possible only if ’; € —N —2).
2.31)

7 The singular part of W8) is uniquely determined by the normalization, but not W58 itself, because
the analytic additive term reg(: — ug) is an arbitrary linear combination of the remaining n — 1 independent
analytic solutions.
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Fig.2 The poles u?, 1 < j <n, of system (2.26) and plane Pn(o) with branch cuts L

The above relations define the connection coefficients c ;. From the definition, we
see that cyx = 1 for &) ¢ Z, while ¢ = 0 for A} € Z. In case A € N, if it happens

that \f/k =0,thencjy =0forany j =1, .., n.

Proposition 2.4 (see [4] and Propositions 3, 4 of [23]). If A has no integer eigenvalues,
then
vy =[] - 10| 2e Py (2.32)

(each \ﬁk occupies a column) is a fundamental matrix solution of (2.26). Moreover,
the matrix C := (cjx) is invertible if and only if A has no integer eigenvalues. If A
has integer eigenvalues and WV is fundamental, then some A} € Z.

Laplace transform and stokes matrices in terms of connection coefficients

If n© is admissible in the A-plane, with respect to the fixed and pairwise distinct
u? uY, then
12 %o

argz = 1@ .= 3m/2 — n(o)

is an admissible direction (2.2) in the z-plane for system (1.1) at the fixed u = u®. We
consider the Stokes rays of A(u?)) as before. For some v € Z, a labelling (2.3) holds,
so that

3
<t = s <@ <n, o= - T (2.33)

7, <t©®

In order to keep track of (2.33), we label (2.32) with v,

W) =[B6 ) | 186 e Py (2.34)

The connection coefficients will be labelled accordingly as cﬁ.‘;(). Also the singular

vector solutions will be labelled \if,ESi"g J(A v), A € P, as above.
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The relation between solutions Wy (A |v) or \Illimg) (A |v) and the columns of Y, (z)
is established in [23] for all values of A’ , ..., A;l, and in [4] for non integer values
only. It is given by Laplace-type integrals (Proposition 8 of [23])

- 1 o
Yi(z |v) = _/ ezw,ﬁ””g)(x lv)da, if o) ¢ Z_;
270y (@)

Yi(z [v) :/ P U v)da, if A € Z.
Ly(n©®)

Here, yi (n(o)) is the path coming from oo along the left side of the oriented Ly (77(0)),
encircling ug with a small loop excluding all the other poles, and going back to co
along the right side of L (7).

The same as (2.34) can be defined for the cut-plane P,, with an admissible direction
n’ satisfying

/
Mok @41 <N < 1,0 44,0, k€L,

and will be denoted by W\, , 0 (1), and analogously for the vectors \_ﬁk A v+ kp©@)
and \il,?i”g)(k v + kn©@). From the Laplace transforms of \ilk(k v+ ku©) or
\fflgsmg)(k v + k@), with the paths of integration y, (1) or Li(n'), we receive

Yy k0 (2).
Introduce in {1, 2, ..., n} the ordering < given by

j<k = RS —ud) <0 foragz=7Q, i#j, i je(l,....n).
The following important results, proved in theorem 1 of [23] for all values of

)Jl, ..., A, and in the seminal paper [4] in the generic case A/, ..., A, & Z, establish
the relation between Stokes matrices and connection coefficients.

8 The key point is the fact that @]Esing) in (7.4), or equivalently ‘i’k for )‘/1* ..., A}, ¢ Z, can be substituted

by another set of vector solutions, denoted in [23] by \_IDZ (A, u |v) and in [4] by Y,:‘. The effect of the change

of the branch cut from 7,41 < 17 < Ny 10 Nyqp41 < 0’ < Nuip, namely from nto n’ = n — 7, yields a
linear relation

Ui Gou v+ ) =VF G, u WG, A e PyNPy_r,

where the connection matrix C;f" is expressed in terms of the connection coefficients c;.‘;{) = c%) )

associated with \fllismg) (%, u |v). The same can be done for the change of branch cut from n,, 4,41 <7’ <
Mot 10 Myg2u+1 < 0" < Nyg2, (namely, n’ = n — 7 and n”” = n — 27) yielding a relation

U O v +20) = B Goyu v+ Cy A€ Ppeg N Py_2r.

—1
v+

Substituting these relations in the Laplace integrals, one proves Theorem 2.3, being S, = C ;" and S
C, . See [4] and [23]
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Theorem 2.3 Let u = u® be fixed so that A(u) has pairwise distinct eigenvalues. Let
1 and 1O = 37/2 — n© be admissible for u® in the r-plane and z-plane, respec-
tively. Suppose that the labelling of Stokes rays is (2.3) and (2.33). Then, the Stokes
matrices of system (1.1) at u = u® are given in terms of the connection coefficients

cy;{) of system (2.26), according to the following formulae

)

X Mgy cip Jorj <k,
(S =11 for j =k,
for j >k,
for j <k,
1 P
(SU+M(0))jk =11 forj =k,
—ezm(}";‘_k/f')ak cy,? for j = k.

where,
ap = (e T — 1) ifA, ¢ 7 =20 ifA, €Z.

O

In the above discussion, the differential systems do not depend on parameters (u is
fixed). The purpose of the present paper is to extend the description of Background 2 to
the case depending on deformation parameters and include coalescences in D(x¢), and
then to obtain Theorem 2.2 of Background 1 in terms of an isomonodromic Laplace
transform.

3 Equivalence of the isomonodromy deformation equations for (1.1)
and (1.4)

The first step in our construction is Proposition 3.1, establishing the equivalence
between strong isomonodromy deformations of systems (1.1) and (1.4), for u vary-
ing in a t-cell of D(u¢). In the specific case of Frobenius manifolds, this fact can be
deduced from Chapter 5 of [20]. Here we establish the equivalence in general terms.

According to Theorem 2.1, system (1.1) is strongly isomonodromic in a polydisc
D(u°) contained in a t-cell of D(u¢) if and only if

dA = Z[wj(u), Aldu;j, wj(u) =[F1(u), E;], givenin (2.18). 3.1
j=1

9 As already mentioned when stating Theorem 2.1, equations dA = [w; (1), A] and w; (1) = [F1, E;]
fori =1,..., n are exactly the the Frobenius integrability conditions of (2.14) when (1.1) is strongly
isomonodromic [13].
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On the other hand, system (1.4) is strongly isomonodromic in D(x°) by definition
([25], Appendix A), when fundamental matrix solutions in Levelt form ateach pole A =
uj, j =1,...,n, have constant monodromy exponents and are related to each other
by constant connection matrices (not to be confused with the connection coefficients).
From [7,8,25], the necessary and sufficient condition for the deformation to be strongly
isomonodromic (this can also be taken as the definition) is that (1.4) is the A-component
of a Frobenius integrable Pfaffian system with the following structure

d¥ = P\, u)V, PQ,M__E:;hm)dﬁ—ﬁ%y+§:WKde (3.2)
k=1 k=1

The integrability condition d P = P A P is the non-normalized Schlesinger system
(see Appendix A and [6-8,25,27,63])

0 vk — OkYi = ViYk — VkVis (3.3)
[Bi, Bt .
0B = [ Bl i Ak (34)
1
[Bi. Bi]
0B =-Y —— +1[y. B (3.5
oy Uujp — ug

Proposition 3.1 The system (3.1) is equivalent to (3.3)—(3.5) if and only if
vi(w) = wj(u) as in (2.15) and (2.18), j=1,...,n.

Namely, (1.1) is strongly isomonodromic in a polydisc on D(u°) contained in a t-cell
if and only if (1.4) is strongly isomonodromic.

Proof See Appendix B. O

4 Schlesinger system on D(u¢) and vanishing conditions

In this section, Proposition 4.1, we holomorphically extend to D(u¢) the non-
normalized Schlesinger system associated with (1.4), when certain vanishing con-
ditions (4.2) are satisfied. This is the second step to obtain the results of [13] by
Laplace transform.

Lemma4.1 Let A(u) be holomorphic on D(u€) and Bj(u) :== —E;j(A(u) + 1), j =
1,...,n.

i) The vanishing relations

[Bi(u), Bj(w)] — 0, foru; —u; — 0inDu°). 4.1)
hold if and only if
(A(u))ij —> 0, foru;—uj;— 0inD(u°). 4.2)
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ii) The matrices wi(u) = [F1(u), Ex] are holomorphic on D(u®) if and only if (4.2)
holds.

Proof Let u* € A, so that for some i # j it occurs that u} = u’;‘ Since

0 0 0
Bj=—Ej(A+D=|—-Aji- —Ajj1 =M =1 =Aj - —Ajn|. (43)
0 0 0

it is an elementary computation to check the equivalence between the relation
[B;(w*), Bj(u*)] = 0 and the relation (A(u*));; = 0. Since [Fi(u), E¢] is (2.18),
the statement on its analyticity is straightforward. O

Proposition 4.1 Consider a Frobenius integrable Pfaffian system (3.2) on D(u®) with
Biu)=—-Ej(Aw)+1) and yju)=w;w) =[Fi(u),E;1in(2.18). (4.4)

Assume that A(u) is holomorphic on the whole D(u®). Then, system (3.2) is Frobenius
integrable on the whole D(u¢) with holomorphic matrix coefficients if and only if the
vanishing conditions (4.2) hold.

Proof If system (3.2) is integrable on ID(u«¢) with holomorphic coefficients By and
Yk = wg, then analyticity of wy with structure (2.18) implies that (4.2) must hold, so
that (4.1) holds. Notice that by (4.1), the r.h.sides of (3.4)—(3.5) are holomorphic on
D(u°). Conversely, suppose that (4.1)—(4.2) hold. By Proposition 3.1, (3.3)—(3.4)-(3.5)
are equivalent in D) to

dA =) [wjw), Aldu;, ueDu’). (4.5)
j=1

Now, the 1.h.s is well defined and holomorphic on D(u¢), because so is A(u). The
r.h.s. is also analytic on D(u¢), because of (4.2). Hence, the first part of the Proof of
Proposition 3.1 in Appendix B works in the whole D(u¢), and so the Pfaffian system
(3.2) is integrable there. O

For completeness, we also state the following
Proposition 4.2 Let system (3.2) with coefficients (4.4) be integrable on D(u®)\ A and

let the By (u) be holomorphic on D(u®). Then the vanishing conditions (4.1)-(4.2),
hold and the wy are holomorphic on D(u®).
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Proof Analogously to the proof of Proposition 3.1, we see that (3.3)—(3.4)—(3.5) on
D(u)\ A are equivalent to

dA = o). Alduj, ueDu)\A. (4.6)
j=1

By holomorphy of A(x) on D(1€), the r.h.s is well defined, so that also the 1.h.s. must
be holomorphic on D(u¢). From (4.6) we proceed as in Remark 2.1, concluding that
Ajj = O(u; —uj) — 0 holomorphically for u; — u; — 0. The proof can be done
also with an argument similar to Remark 6.1. O

5 Selected vector solutions depending on parameters u € D(u¢),
Theorem 5.1

In this section, we state one main result of the paper, Theorem 5.1, introducing the
isomonodromic analogue of the selected and singular vector solutions (2.30) and
(2.29). This is the third step required to obtain the results of [13] by Laplace transform.

Preliminarily, we characterize the radius g > 0 of D(u¢) in (2.1). The coalescence
pointu¢ = (u{, ..., uy,) contains s < n distinct values, say A, ..., Ay, with algebraic
multiplicities py, ..., ps, respectively (p; + - - - + ps = n). Suppose that argz = 7 is
a direction admissible at u®, as defined in (2.20), and let

n=3r/2—-1
be the corresponding admissible direction in the A-plane, where we draw parallel half
lines L1 = L1(n), ..., Ly = L;(n) issuing from A1, ..., Ay, respectively, with direction

n, as in Fig. 3. Let

264p := distance between L, and Lg, forl <a # f <=

In formulae, 2848 = min,~o [Ae — Ag + pe‘moﬂ/z’f) |. Then, we require that

€ < min  Jug. (5.1
I<a#B=n

The bound (5.1) was introduced in [13] in order to prove Theorem 2.2 in Background
1. It implies properties of the Stokes rays as u varies in D(«¢), described later in Sect.
7. Let

Dy :={2eClIA=Xyl <€), a=1,...,s,

be the disc centered a A, and radius €g. If u; is such that uj = A, the bound (5.1)
implies that u ; remains in Dy, as u varies in D(u¢). Clearly, D, N Dg = @.
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Fig.3 The figure represents the half lines L, E,g, etc, fora, B, ... € {1, ..., s}, indirectionn = 3w /2—1,
the discs centred at the coordinates Aq, ..., Mg of the coalescence point ¢, and the distances 80[5‘ Also two
points u;, u j are represented, such that ul‘ = u‘/ = As forsome § € {1, ..., s}. Important: now 1 refers
to u€, differently from Sect. 2.2 and Fig. 2 '

The Stokes rays of A (u€) can be labeled as in (2.21). For a certain v € Z we have

3
Ml <N <N <= T, <T<Tyt], nv=7—rv. 5.2)

For each u € D(u), let P, = Py (u) be the A-plane with branch cuts L1 = L (n), ...,

L, = L,(n) issuing from uq, ..., u, and the choice of the logarithms In(A — uy) =
In |A — ug| + i arg(h — uy), given by

n—2m <arg(h —ug) < n, k=1,...,n.
We define the domain (notation x inspired by [33])
Py@) xD) == {(h, u) | u € D), A € Pyu)},
According to Proposition 4.1, for a Pfaffian system (3.2) with coefficients (4.4),

defined on a polydisc D(u?) contained in a t-cell of D(u°), if A(u) is holomorphic on
D(u°), then the vanishing conditions (4.2)

(A(u))ij — 0, foru; —uj; — 0in D(u).

are equivalent to Frobenius integrability on the whole D(u¢). With this in mind, we
state the following

Theorem 5.1 Consider a Pfaffian system,

n

B n
d¥ =P uw)¥, Pru)y=>) - "_(”;1 A —w) + Y op(ydug.  (5.3)
k=1 k=1
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Frobenius integrable on D(u®), with matrix coefficients (2.18), and A(u) holomorphic
on D(u®). Let the radius €y be as in (5.1). Then, two classes of vector solutions,
holomorphic on Py(u) xD(u), exist as follows.

The selected solution: Wy (A, u |v), ..., U, (%, u|v). Each Wi (A, u |v) is uniquely
identified by the local behaviour below for A € Dy, where a is such that ui, = Ay. The
label v keeps track of (5.2).

o Fordj € C\Zorr; € Z_ ={—-1,-2,...},

T, u o) = U, u YO —u) 7Y, k=1,...,n, (5.4)

where 1/7k (X, u |v) is holomorphic on Dy, x D(u€) and is represented by a uniformly
convergent Taylor expansion with holomorphic on D(u®) coefficients:

UG u ) = fiee + Y b0 —un),  for i — ug, (5.5)
=1

The following normalization uniquely identifies \_I;k.

TO, +1), &, €C\Z,

fi=1 (=Dk Ve (5.6)
(=r, — DU TR

o Ford, e N=1{0,1,2,...},

oo
UG v) =Y d P @0 — ), for i — u. (5.7)
=0

is holomorphic on Dy x D(u), the Taylor expansion being uniformly convergent
with holomorphic coefficients c?l ® (u). Itis uniquely identified by the normalization
(5.11) of the singular solution (5.10). Depending on the specific Pfaffian system
10 it may happen that identically

Ue(h, u v) = 0.

The isolated singularities of\flk (A, u|v), ifany, are located at » = u j with uj =g,
B # a, and at . = uy onlyincase k. € C\Z. Fori # j such that uf = uj Ui (A, u [v)

and ¥ (X, u |v) are either linearly independent, or at least one of them is identically
zero (identity to zero may occur only for A or )L’j belonging to N)

10" See the comment to (6.31).
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The singular solutions: \iffmg) O ulv), ..., W00y |v). Each @ész‘"g) (A,
u |v) is a solution with an isolated singularity at & = uy, whose singular behaviour
is uniquely characterized as follows."\ Let Dy, be identified by Lo = ug.

e Fori, € C\Z [algebraic or logarithmic branch-point],

B u v) = B |v) = P O e [0) G — ug) L

e For; € Z_ [logarithmic branch-point],

sk
TP G ) = GG ) InG— w0 + Y 1 W (o e [0) I = 10,
m#k
+ i G |v), (5.8)
= Uk, u ) In(h — ug) + reg(h — ug),  rm € C, (5.9)
—> U

where Z;#k is over all m such that u,, € Dy and ), € Z_. The vector function

<13k()», u |v) is holomorphic in Dy x D(u®).
In particular, for j, < =2, depending on the system, it may happen that there is
no solution with singularity in Dy, so that

G (a u ) = 0.

e Fori, € N [logarithmic branch-point and pole],

N Uik, u |v)

v 5.10
A — uk))»k—i-l ( )

T o u vy = Ue(h, e [v) In(h — wy)
where Izk (X, u |v) is holomorphic in D, x D(u°),

o0
YeGou |v) =T0p + Déc+ Y bYWt —up)!, fork > ui, (511
=1

the Taylor expansion being uniformly convergent and the coefficients l;l ® (u) holo-
morphic on D(u).

Leti, j be such that ui = uj Then \i/i(smg) (A, u|v) and \flj(.xing) (X, u |v) are either
linearly independent, or at least one of them is identically zero (identity to zero can
be realized only for A; < =2 or )‘/j <-2)

Proof See Sect. 6. O

' The solution here defined is not uniquely identified by the singular behaviour if A;{ € Z—, see Remark
5.2.
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Remark 5.1 Of the coefficients of (5.11), only b’ (), b (), ..., b% () will be
useful later.

Remark 5.2 For }) ¢ Z_, the singular solution @,Esmg) is unique, identified by its
singular behaviour at A = u; and the normalization (5.5)—(5.6) when ; € C\Z,
or by the normalization (5.11) when A} € N. For A} € Z_, a singular solution in
(5.8) is not unique, but its singular behaviour (5.9) at A = uy is uniquely fixed by the
normalization (5.5)—(5.6). There is a freedom due to the choice of the coefficients r,,
and of ék in (5.8). See also Remark 6.3.

The singular behaviour of U ath =u j is expressed by connection coefficients.

Definition 5.1 The connection coefficients are defined by

Uehou ) = VMO u vy el +reg—up),  AeP,  (5.12)
—Uj

cﬁ‘,? :=0,Vk=1,...,n, when \il/(.mg) = 0, possibly occurring for A’J- e —-N-2.
(5.13)

The uniqueness of the singular behaviour of \U(smg) at A = u; implies that the ¢ i
are uniquely defined. From the definition, we see that

If 3, ¢ Z, el = 1.

o If A, € Z c¥) =0.
o If 2} € Nand Wy (A, u [v) =0, then ¢} =¢f) =... = = 0.

r N 7,(sing) _ W W
oIfAje N 2and\11j (A,u|v)_0,thencj1 =cjp = ]n—O.

Proposition 5.1 The coefficients in (5.12)—~(5.13) are isomonodromic connection
coefficients, namely they are independent of u € D(u®). They satisfy the vanishing
relations

) =0 for j # k such that u = uf. (5.14)

Proof See Sect. 6.6. O

6 Proof of Theorem 5.1

Remark on notations: Throughout this section, we work with functions f =
f (A, u|v) defined on Pn(u)iD(uc).For simplicity we omit v and write f = f (X, u).

Similarly, we write ¢ jx in place of c%).
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6.1 Fundamental matrix solution of the Pfaffian System

Without loss of generality, we order the eigenvalues so that!?

u = o= u = rr: c .. — 4 — YA
Uy = =Up = A Upi+1 = =Upipp, = A2 6.1)
c __..c _ . c
Upitpotl = T Upypripy = A3 e UPLO Uy
= = Upygp tp = s 6.2)
We analyse first the coalescence of uy, ..., up, to A1. Other cases are analogous. We
change variables (u1, ..., u,, A) — (x1, ..., x,41) as follows

A—uj, 1=<j=<pi
=A— Al = / .
] : i { i—A,pt1=j=<n

The inverse transformation is

A =Xpy1 + A1, uj={xn+1 Xjtan L=J=pn

Xj+ A1, p1+1=<j<n.
Let
. J— /
X = X1, ey Xpa Xpydds oo es Xy Xl | = | X1, -0 X X X |
—
2 n—pi P
where x" 1= (x pi+1s -+, Xp). We are interested in the behaviour of solutions for
x —(0,0,...,0, x',0),
——
2

corresponding to
Uy —> Ay, ..., Up, —> A1, and A — A

namely u; —u; — 0,i # jand A —u; — 0,fori, j € {1, ..., p1}. The Pfaffian
system (5.3) in variables x, with Fuchsian singularities at x; = 0,...,x,, = 0,
becomes

P1 n+1
d¥ = P(x)¥, P(x)= Z

j=1 Jj=pi+l1

P; i (x)dx; (6.3)

12 1n this way, D) =D Xpl x - xDIP whereDg = {x € C | |x —Ag| < €ola=1,...,s.
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where

Pj(x) _ Bj(x)

—wjx), 1=<j<p,

Xj Xj
=~ Bj(x) .
Pix) = ——+ow;jx), pi+1=j=<n,
Xj — Xn+1
n P1
= B;(x)
Pipix)= ) ﬁ*'zwj(x)
j=pral LT

The Pfaffian system is assumed integrable with holomorphic in D(u¢) coeffi-

cients, therefore Py(x), ..., Pp, (x) and Fp1+1 x), ..., I/’\,,_H (x) are holomorphic at
(0,...,0, x',0), for x’ varying as u , 1, . .., u, vary in D(u°).
——
pi
Remark 6.1 The commutation relations (4.1) at u = (A1, ..., A1, u’), where u’ =
——
pi

(Wp 41, ..., up), are

[Bi(Ai, ..., A1, u'), Bj(A1, ..., A1, u)] =0, 1<i#j<pi. (6.4)

They also follow from the integrability condition d P(x) = P(x) A P(x) of (6.3),
which implies

i(ﬂ)_i@_M:O, L<iti<p
axi xj 3)6./' Xi )C,'xj'

Letk = (ki, ..., kp,),and write ] < kifk; <1; foralli € {1,..., p1}. The Taylor
k .
convergent series P;(x) = Zk1+--~+k,,120 P. i{(x/, xn+1)x’f‘ -+ xp,", has coefficients

P. >(x’, x,41) holomorphic of x’, x,,.1. The integrability condition becomes [63]
ik + P + g y

kiPip—kiP i+ D [P P gl=0, 1<i#j<p. (65
0<i<k
In particular, P, 6(x/, Xpnt1) = Bi(Ay, ..., A, u) for k = 0, so that (6.5) reduces to
’ ————
pI
(6.4). O

Let us define Jordan matrices

TV =diag(0....,0,—1—2,,0,...,0),  ford; # —1I. (6.6)
‘.\‘/—J
position j
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0 0--- 0
TV .=y =10 ... 0---r,§{-j)0 «— row j, for}=—1,

0 0-.. 0
r,(,{j) :=1, is the only non-zero entry in position (j, m;), withm; > p; + 1.

(6.7)

Lemma 6.1 Under the assumptions of Theorem 5.1, for every j € {1,...,n} there
exists a holomorphically invertible matrix G (u) on D) reducing Bj(u) to con-
stant Jordq\n form. Moreover, B1(u°), ..., By, (u°) are simultaneously reducible to
TD, .. TW, respectively.

Proof Forevery j € {1, ..., n}, the Schlesinger system (3.3)—(3.5) implies the Frobe-
nius integrability (on D(u¢)) of the the linear Pfaffian system (see Corollary 9.1,
Appendix A)

aGg\) B . aG W) B .
o= () 6V kA T = ()6 (6.8)
U U —Uj i oy U —Uj

From (3.4)~(3.5) and the above, we receive & ((GY)™'B;GY)) =0,k =1,...,n,
for a holomorphic on D(u) fundamental matrix solution G/ (). Thus, up to G/
GGV GUW e GL(n, C), we can choose G/) (1) which puts Bj in constant Jordan

form. If we consider each B; separately, now for j € {1, ..., p1},itis straightforward
that the Jordan forms are the matrices 7.1 An elementary computation shows
that By (u°), ..., Bp, (u°) are actually reducible to TO, ... TD simultaneously,14

because only the jth row of B;(u¢) is non-zero, and by (4.1) the first p; entries of this

13 It is also elementary to find a holomorphic G explicitly. For example, if all B (u) are diagonalizable
(i.e A’j. # —1), an elementary computation shows that (G(-i)(u))*lBj (u)G(-i)(u) = diag(0,...,0, -1 —

)‘/j’ 0,...,0),j=1,2,...,n,, where the columns of G ) are as follows:

Aji(u)
e;.
A’j+l J

Jjth column is multiple of ¢; € C";  Ith column, [ # j, is multiple of ¢; —

14 For example, in case of the previous footnote, the simultaneous reduction to Jordan form at u* =
(M. .... A u'), where u’ = (up 41, ..., un)), is realized by the product GV (u*) - - - G(P1) (u*), which
depends holomorphically on u’

@ Springer



Isomonodromic Laplace transform with coalescing... Page330f70 80

row are zero, except for the (j, j)-entry equal to —)\’j — 1. Namely,

00 ... 0
Bjw)=[00-1,-100 —A§{;l+l(u6) c—Aj )| —— Tow ).
00 ... 0
[m}
Remark 6.2 As in Lemma 6.1, By (u€), ..., By, (u°) are reducible simultaneously to
their respective Jordan forms, B, +1(u€), ..., Bp,yp,(u¢) are reducible simultane-
ously to their respective Jordan forms, and so onup to By, 4.4 p,_;+1(U°), ..., Bp ¢
<ot ps(u).
For short, let p; := (1, ..., p1). Without loss of generality, we label uy, ..., up,
so that

A, eC\Z, forl<j<q, MAjeZ, forqi+1<j<pi.

If all )Jj € Z,then g, = 0, if all )Jj ¢ 7, then g = pi. The first and fundamental step
to achieve Theorem 5.1 is the following

Theorem 6.1 In the assumptions of Theorem 5.1, the Pfaffian system (5.3) admits the
fundamental matrix solution

Pl _ Pl .
\p(m)()h u) = G(PI)U(PI)()\’ u) - 1_[()» _ MI)T(I) . l_[ O — uj)R('/),
=1 j=q1+1
(h, u) € Pu)xD(u), 6.9)

where G PV is a constant invertible matrix simultaneously reducing By(u°), ...,
By, (u°) to TWD, .., TP asin (6.6)~(6.7). The matrix function U PV (X, u) is holo-
morphic in Dy x D(u€) with convergent expansion

UPY (G, u) = I+

(p1) k kn kn
+ Z [Uk ! '(”p1+1_u;1+1) ”l“n-(un—uZ) (A= A1) +1]
k>0, ky+-+kp, >0

Go=u)t e o= upfn,
and constant matrix coefficient U,Epl). Herek := (ki, ..., kn, kyt1), kj > 0, and k >
0 means that at leastonek; > 0(j =1, ..., n+41). The exponents R@+h R

are constant nilpotent matrices.
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° If)»’/ = -1,
RV =o. (6.10)

° If)\’j e N =1{0,1,2,...}, only the entries I/e\f,{j) = r,glj),form =1,...,nand
m # j, are possibly non zero, namely

n

> rDe 1ol ... 10], 6.11)
m#~j,m=1

[e))

RO =15

where only the jth column is possibly non-zero.
° If)Jj € —N -2 ={-2,-3,...}, only the entries 1’3\(]-]) r,(,,]),form =1,...,n
and m # j, are possibly non zero, namely

0 --- e 0

RV = rl(j) - (’) 0rY ... r,gj) <«— row j is possibly non zero .

Jj+1
0 0
(6.12)
The exponents 70 and RV satisfy the following commutation relations
TO 7D =0, i,j=1,..., PL (6.13)
RV, R®1 =0, [T, RD1=0, i=1,..., pi, i#j. jk=q+1,..., pi.  (6.14)

By analytic continuation, WPV (1, u) defines an analytic function on the universal
covering of Py(u) xD(uC). Another representation of (6.9) will be given in (6.24).

Proof We apply the results of [63] at the point x = x¢ := (0, 0,...,0, x.,0),
pi
with X, = (xp]H, ....,x5), corresponding to # = u® and A = Ay, where x;' =

— A1, j=p1+1,...,n By Theorem 7 of [63], the Pfaffian system (6.3) admits
a fundamental matrix solut1on

VPO ) =Ug Ux) Z(x),  Z(x) = ]_[ ) ]_[ xP. detlUp #£0. (6.15)
j=1
for certain matrices A ; which are simultaneous triangular forms of By (u€), ..., By, (u°).
While in [63] alower triangular form is considered, we equivalently use the upper trian-

gular one. The matrices Q ; will be described below. The matrix U (x) = V(x) - W(x)
has structure

_ ki kpy c kpi+1
Vix)=1+ Z Viexy oo xp (Xp41 —po_l) P+
k>0, k]71+1+“'+kn+1>0
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k kn+1
- (X _x;) ! 'xn’—l:l

k kp
Wkx)=1+ Z Wit ook, Xyt xp
ki +-tkp, >0

The constant matrix coefficients Vi, Wy, kp, can be determined [63] from the con-

stant matrix coefficients P; j in the Taylor expansion' of the P i (x) and I/D\] (x). Recall
thatx; =A—u;,1 < j < p1,and x,11 = A — A1. Moreover, for p; +1 < j < n, we
have x; — x§ =uj—X\)— (u;. —AD) =uj— u;. Thus, restoring variables (A, u),
we have

Vu) = I+

+ Z I:Vk(upl""l - u;1+1)kpl+1 oo (g — u;)k" (A — K])k"‘“]
kp]+1+"'+kn+l>0
o= up)kt - = up)kr,

Woou . up) =1+ Y Wi i
Ki+-tkp, >0

Oo—up)kt - o= up)e

Therefore, the matrices appearing in the statement are G P := Ugand U PV (1, u) :=
V (&, u)W (A, u), which is holomorphic for (A, u) € D; x D(u°).

We show that the exponents A; and Q; are, respectively, TG in (6.6)—(6.7) and
RY) in (6.10)—(6.11)~(6.12). According to [63] (see theorems 2 and 5), the matrix
function GPV . UPV (A, u) in (6.9) provides the gauge transformation

=GP .yPoo, uz UoU (x)Z,

in notation of [63]

which brings (6.3) to the reduced form (being “reduced” is defined in [63])

P1
Q) x) )
dZ: Z J Z’ Q/('x) :A/ +ZQ7{\J-X,1{] "'xp’lil,

= Y =0
where the notation k = (k1,...,kp,) > 0 means at least one k; > 0. From [63], we
have the following.
e The A; are simultaneous triangular forms of By (u°),..., By (u¢). Thus, by

Lemma 6.1, they can be taken to be

Aj=TD asin (6.6) — (6.7), j = 1,..., p1.

15

k
Py = > P

ky4--tky 1 1>0

kn+1
n+1

kp . k N
xp|l “(Xp+1 _x;’l‘H) P (xy —xp) - x

and analogous for 131 (x)
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e The Oz, j satisfy diag(Q;’ j) = 0, while the entry (o, ) for o # B satisfies

(Q% Dap #0 onlyif (TW)yy — (TV)gg =k; =0, forall j=1,....p.

Taking into account the particular structure (6.6)—(6.7), the above condition can be
satisfied only for

k=[0....,0,0,....0.k;.0,....,0 | . k;j =[x+ 1] > 1in position ;,
—

q1 P1—q1
because
(TD)ge — (T = — [ —1>1 when),e-N-2 anda=j (B# )
(6.16)
T )ga = TY)gp =2, +1>1 whent;eN andf=j (¢ #j). (6.17)

This can occur only for j =¢q; + 1, ..., p1. Thus
2, =0 J=1.., a0 =RUV) in (6.10)—(6.11)—(6.12), j=gqi+1,..., p1. (6.18)

In conclusion, the reduced form turns out to be

bl
TW 1+ RU k) -~ ~

az=|Y" (; Z., RD=...=—R@ =y, (6.19)

=1 Y

Its integrability implies the commutation relations. Indeed, the compatibility 9;9; Z =
0;j0;Z,i # j,holds if and only if

(TU, T

4 [TV, RDcki—2
xixj ’ !

+ RV, ﬁ(i)]xl(w—lefl

~y o~y k=2 . .
H[RW, T(’)]xj’ =0, 1<i#j<pr

Keeping into account that RM = ... = R@) = (, the above holds if and only if
(6.13)—(6.14) hold.

The last to be checked is that a fundamental matrix of (6.19) is Z(x) in (6.15),
namely

Z(x) = HXT(I) l—[ R(/)

J=q1+1

It suffices to verify this by differentiating Z (x) keeping into account the commutation
relations (6.13)—(6.14) and the formula Bixi = (M/x; )x , for a constant matrix M.
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Fori =1,..., q1, we receive
9 T®
a—Z(x) = —Z(x).
Xi Xi
Fori =q;+1,..., p1, we receive
a T® oS\ RO, 2 U
—Z(x) = —Z(x +< xF )—( xR>
o 7w ="—z@+ ([T4) "~ ( IT
=1 j=q1+1
@) izl TORG P ro
O\ X/ 0) ()
= 2@+ ([T) = —(TT ") ( TT ") = oo,
! I=1 ! I=i+1 j=q1+1

Now, recalling that k; = |A] + 1] and (6.16)~(6.17), we see that xlf(i)ll?\(")xi_T([) =
RU )xf ! Therefore,

T ROk Lo P TW 4 RO ki
(k%) = TZ()c) + ” ! (1_[ xlT(l))( 1_[ le(J)) = #Z(x),
! L=l j=q1+1 !

as we wanted to prove.

Finally, the fact that W (1) (A, u) has analytic continuation on the universal covering
of Py (u) xID(u®) follows from general results in the theory of linear Pfaffian systems
[28,32,63]. O

It is convenient to introduce a slight change of the exponents. Without loss in
generality, we can label uy, ..., up, in such a way that, for some g1, ¢; > 0 integers,
the following ordering of eigenvalues of A holds:

U / / / / U
Al ...,/\qle(C\Z, Aqu, ...,Aql+qu_, Aql+01+1, ...,AmeN.

Clearly, 0 < g1 < p1,0 <c1 < pyand 0 < g1 4+ ¢1 < p1. We define new exponents.
e For A’j. # —1,

7O =TV, j=1,..., pn RV =RV, j=qgi+1,...,p1
(6.20)
oFor)»’j=—l(soj6{6]1+1,---,611+Cl}),

0 . G 0 _ e 0 LD
TV) =0, RV :=JY) =10 ... 0--rm;, O <= 1OW j, 1pij = 1.
in(6.7) .
0 0-- 0

(6.21)
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Recall thatm; > p; + 1.

This new definitions allow to treat together the case )\’j € —N—2and the case )JJ. =—1

Lemma 6.2 With the definition (6.20)—(6.21), the following relations hold.

(7O, 791=0, i,j=1,...,p; (6.22)
[RV,RP1=0, [TDRVI=0, i=1,....,p1, i#j, jk=q+1,...,p1,
(6.23)

Proof The equivalence between (6.13)—(6.14) and (6.22)—(6.23) is straightforward. O

Corollary 6.1 In Theorem 6.1, the fundamental matrix solution (6.9) is

pi i ,
\p(m)(k’u) =G . U(p‘)(k,u) _H(A_MI)T(I) ) 1—[ ()»—Mj)R('/), (6.24)
=1 J=q1+1

where the exponents are defined in (6.20)—(6.21).

Proof 1t is an immediate consequence of the commutation relations being satisfied,
that the representation (6.9) for W(? 1) still holds with the definition (6.20)—(6.21). O

The commutation relations impose a simplification on the structure of the matrices
RU). Let the new convention (6.20)—(6.21) be used. The relations [7®, RU)] = 0
fori=1,...,prand j =q1 +1,..., p1, j # i, imply the vanishing of the first p;
non-trivial entries of R\, so that (by (6.11), (6.12) and (6.21)),

B n

RD =10 |- |0 > nléu|0| - |0|. 2 eN (625
i m=pi+1
0--- e 0

RU) — 0...0(),’;/1‘)4_1...”(!-") <«—— TOW J, )»/jGZ—; (6.26)
0. e 0

The relations [R), R®] = 0 for either j,k € {g1 +1,...,q1 +c1} or j, k €
{g1 +c1+1,..., p1} are automatically satisfied. On the other hand, the commutators
[RD, R®1=0forje{gi+1,....q1 +c1}andk € {g1 +c1 + 1,..., p1} imply
the further (quadratic) relations

n

Yo b =o. (6.27)
m=pi+1
In particular, if )Jj = —1and RY) is (6.21), all the above conditions can be satisfied,

provided that we take m ; > py + 1, as we have agreed from the beginning.
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6.2 Selected vector solutions ‘-T’,'

Remark on notations For the sake of the proof, it is convenient to use a slightly
different notation with respect to the statement of Theorem 5.1. The identifications

between objects in the proof and objects in the statement is ¢; —> 1//,, (m) /Ty P

rm and gok/rk — ;.

We will construct selected vector solutions of Theorem 5.1 from suitable linear
combinations of columns of the fundamental matrix W(P1) in (6.24). The ith column
of an n x n matrix M is M - &; (rows by columns multiplication), where ¢; is the
standard unit basic vector in C". From (6.22)—(6.23), and (6.26)—(6.25)—(6.27), we
receive

P1

U .
o —w™ - T1 o0 &
=1

J=q1+1
G—up g, i=l...q+c. A eC\N;
=1 o—upHi e+ (Zm:1’1+1 rfrf)?m)ln(?»—ui), i=qr+er+1..., pi. A eN  (6.28)
&+ gl e = ) T G~ ), i = pr+ L,

Fori =1,...,n,let

GiOuu) =GPOUGN u) ¢, i=1,...,n, (6.29)
which is holomorphic for (A, u) € D; x D(u). Fori =1, ..., p1, we define vector
valued functions

B0 ) @i (X, u)(k—u)_)‘ , i=1l...,q+c, MeCN
D i plﬂrk "Gu), i=qi+er+1,...,p1, A €N

_ (6.30)
Notice that fori = g1 +ci +1,..., p1,ifr,’ = Oforallk = p; 4+ 1,...,n, then
W; (A, u) is identically zero

ik, u)=0, A €N, 6.31)

Hence, the ith column of WP (X, u) is

WYL u) & = Wi, u), i=1,....q+c1, (632)
- o: (L
= B0 w06 — ) + P=qiter+ 1o,
O — )it
(6.33)
q1tci R
=g+ Y UGG~ ), i=p+1n (6.34)
m=qi+1
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Proposition 6.1 The vector functions (6.30) coincide with the following linear com-
binations of columns of\D(Pl)(k, u),

PG u) - &, i=1,..., q1+c1, namely ) € C\N;

O; (1) = -
i) W")(x,u)-ZZ:pmr,E’)ek, i=qr+ci+1..., p1,  namely 1; € N.

(6.35)

As such, they are vector solutions (called selected) of the Pfaffian system (5.3). Those
W; (A, u) which are not identically zero are linearly independent.

Proof Fori = 1,...,q1 + c1, (6.35) is just (6.3%), so it is a vector solution of (5.3).
Incasei =¢q; +c1+ 1,..., p1, we claim that W; (X, ) defined in (6.30) coincides
with the following linear combination

n

Uiy = Y ol (‘If(pl)()»,u)~5k), i=q+ca+1,....p.
k=pi+1

of the vector solutions (6.34). Indeed,

n

> A (WG )

k=p1+1
n ) q1+ci
= Y e+ Y rMuGlw InGo— uy)
k=p1+1 m=qi+1

q1+c1

n
(6:30) 0; h,u)+ Z Z r,fl)rlim) ‘i’m()», u)In(h — upy).
' m=q1+1 \k=pi+1

Now, it follows from (6.27) that > j_ Pt r,g)r,gm) = 0, so proving the claim and the
expressions (6.35). Linear independence follows from (6.35). O

6.3 Singular solutions ‘T’,gﬁ@
Using the previous results, we define singular vector solutions of the Pfaffian system.
e Fori, ¢ Z,ie.i=1,...,q1,
GO ) = GO ) = WP () -5

e ForA; eN,ie.i=qg1+c1+1,...,pi,

@i(h, u)

T =vP)0,u) 6.
— u)

\f/i(smg) O\, u) = Y, (A, u)In(h —u;) +
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e For A; eZ_,ie.i =q1+1,...,q1 + c1, we distinguish three subcases.

i) If A} < —2 and r,ii) # 0 for some k € {p; + 1, ..., n}, from (6.34) (change
notation i > k)

1 q1+ci
GO G, = ol LCURDY " U G 1) G = )
m=qi1+1
1 D) 5
= —WPY u)-e.
r(l)
k

i) If ] < —2and ) = Oforallk € {p; +1,...,n},
T (0, u) =0
1 ’ :
ili) If A} = —1, then rm, = 1 and in i) above we take k = m;, so that

G G u) = Gy Oy ) + Wi O, 1) InCh — )

q1+ci R
+ ) L) In(h = ).
m#i, m=q1+1

=P u) &, mi=pr+l

The above \ili(smg)()\, u) in i) and iii) is singular at u;, but possibly also at
Ugi4+1, - -+ » Ug +¢, corresponding to A), € Z_. By definition,

GO0 = B0 InG—u) +regl—u), i =i+l gite,
—>u;
(6.36)

Remark 6.3 The definition in (i) contains the freedom of choosing k € {p;+1, ..., n},
which changes ¢ (X, 1) and the ratios rkm) /r(l) [in formula (5.8), @i/ r @ is denoted
by ¢; and r,ﬁm) /r ,E’) is 7,,]. Whatever is the ch01ce of k, provided that r(') # 0, the
behaviour at . = u; of the corresponding \I’l.( ) is always (6.36), so it is uniquely
fixed if we fix the normalization of W; (A, u).

As a consequence of the above definitions and Sect. 6.2, we receive the following

Proposition 6.2 The \i’i(smg) (A, u) defined above, i =1, ..., p1, when not identically
zero, are linearly independent. They are represented as follows

v, ) - &,k eC\Z-,

\I,I.(Siﬂg)(}h u) = wPO G, u) - )Ll’. €Z—, forsome €{py+1,..., n} such that rlii) #0

71(
MO
"k

0, Me-N=2, ifr =0forallk e {p+1,....n).
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6.4 ExpansionsatA = u;,i =1, ..., p1 and completion of the proof

In order to proceed in the proof, and in view of the Laplace transform to come, we
need local behaviour at A = u;.

Lemma 6.3 The following Taylor expansion holds at . = u;, with coefficients Jl ® (u)
holomorphic on D(u®),

o
\fli()\, u) = ZJZ(’)(M)(A — u,~)1, )\; eN, namely i =q1+c1+1,...,p1.
=0

Proof By (6.30), U; (A, u) = GPOU G u) - (X" ré,), so it is holomorphic
m=p1+1
onD; x D(u®). From this we conclude. m|

The coefficients dl(i) (u) will be fixed by a chosen normalization for ¢; in (6.33), as
in the following lemma.

Lemma 6.4 The following Taylor expansions hold at A = u;, uniformly convergent
foru € D(u°).

MgN dei=1....q +c: \ffi()»,u)
50

)‘; €N, i'e'QI+Cl+1,...,pl;M

()L—u,'))‘i'H

= (fia- +> 5w - ui)l)(k —up)y Ml

A—u; -

with certainvector coefficients l;l(i) (u) holomorphicinD(u®). In particular, the leading
term is constant, and will be chosen as follows

FO;+ D, 2 eC\Z, i=1,....q,
(—1)%
(=2 =1
MI=T 41, NeN, i=q+c+1,...,p.

Mel_,i=q+1,...,q1+c1, (6.37)

Proof That the above convergent expansions must hold follows from the definitions.
Work is required to prove that the leading term is f;e;, with f; € C\{0}.

From definitions (6.29)—(6.30), the leading term must coincide with the leading term
of the expansion at A = u; of the ith column G(I")U(A, u)-e,fori =1,...,pr.
To evaluate it, observe that the solution W(? D, u), restricted to a polydisc ID)(uO)
contained in a t-cell of D(u®), is a fundamental matrix solution of the Fuchsian
system (1.4) in the Levelt form (6.38) at A = u;,i = 1, ..., p1. Indeed, by (6.23) it
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can be written as

2! P )
v G = f6rumow TT a-w™ T -up®”}
I=1 J=q+1
L#i J#i
7O R®
A =u)t A —u)”t
where it is understood that R = 0ifi =1,..., ¢1- We have

UPOu) =T+ Fw+ 0N —u), r—u, Fi@w):=UP) u,u),

and O (: — u;) represent vanishing terms at A = u;, holomorphi‘c inD; x D(u¢). The
expansion at A = u; of the factors (A — u;)™" and (. — uj)Rm, forl, j # i, yields
the Levelt form

Vo) = GEPI @) (1+00—u))G—u)™ G—u®, i =1,

—Uu
(6.38)
where O (M — u;) are higher order terms, provided that u € D(u) (they contain
negative powers (u; — uy)~"™), and

Pl P1
. 1 j
P w =P+ Fw) [ wi—up™ ] @i—up®” i=1p
=1 J=q+1
I #i i

The matrix G %PV (i) is holomorphically invertible if restricted to a polydisc D(u?)
contained in a t-cell, but it is branched at the coalescence locus A on the whole D ().

We reach our goal if we show that the ith column G%PD(4) - ¢; is constant in
D(u€). First, it follows from (6.38) and the standard isomonodromic theory of [33]
that G P () holomorphically in D(u) reduces B;(u) to the diagonal form T,
when A} # —1,

. —1 . .
(6 @) Biw GEP ) =1,
or to non-diagonal Jordan form (6.21) when A} = —1
. —1 . . .
(65 w) B GEPw = RO =0, 3= -1,

For this reason, the ith row is proportional to the eigenvector ¢; of B;(u) relative to
the eigenvalue —A; — 1. Namely, for some scalar function f; («),

GV () - & = fi(w);.
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This is obvious for A # —1, namely for diagonalizable B;. If 1. = —1, the eigenvalue
0 of B; appearing in J@ at entry (i, i) is associated with the eigenvector f;(u)e;.
Moreover, for every invertible matrix G = [*| - - - | % |&;| * | - - - |*], where &; occupies
the kth column, then G~ B; (u)G is zero everywhere, except for the kth row. Now,
since R = J@ has only one non-zero entry on the ith row, it follows that the
eigenvector f;(u)é; must occupy the ith column of GPD ().

e fi(u) is holomorphic on D(u°). Indeed, by (6.28),

P 2 _
[T @i- up™" [T - upR’ & =é.

=1 J=qa+1

[ #i j i

Therefore f;(u)e; = GEPV(u)-e; = GPV (I + F;(u))e;. We conclude, because
F; (1) is holomorphic on D(€).

e f; is constant on D(u¢). Indeed, since WP (), u) is an isomonodromic solution
in D(u?), the matrix G P1) (i) must satisfy the Pfaffian system (see Appendix A,
identify G2V with G in Corollary 9.1)

oG EpY) B . oG EpD)
o, =<u - +‘“f'> AL
J J L 1
B; "
=> I ;) Gy, (6.39)
jA T
B.
From (2.18) and (4.3), the ith column of 4+ w; is null. Hence,
I/tj—lxtl'
9 (Gl .3 L
W(G 24 -ei)=0, Vi £i.
J

Moreover, summing the Eq. (6.39), we get Z;f:] 3;GP1) = 0. Thus, G@PV . ¢;
is constant on D(«°), and being holomorphic on D(u¢), it is constant on D(u°).
The choice (6.37) will be made. m]

The above obtained expansions for the W; and lffl.(mg ) and @; prove Theorem 5.1

fori =1, ..., p1, with some obvious identifications between objects in the proof and

objects in the statement, namely ¢; —> 1/75, ri(m) /r,g) +—> rpy and @/ r,Ei) — ;.

6.5 Analogous proof for all coalescences
With the labelling (6.1)—(6.2), the same strategy above holds for every coalescence
(”p1+~'~+Pa—1+1’ ceey Lller...era) — ()\017 ey )‘-ot)’ o = 1, ceey S
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We find corresponding isomonodromic fundamental matrices for the Pfaffian system
(with self-explaining notations)

p1++Ppa
\Ij(pa)()\" u) = G(Pa) . U(pa)(k, u) - 1_[ (n — ul)T(l)
I=pi+-tpa—i+1
it pa

l—[ ()»—Ltj)R(j).

Jj=(p1++pa—1+D+qa

where p, = (p1+ -+ pa—1 +1,..., p1 + -+ + po). Then, we proceed in the
same way, constructing the solutions ¥; and \f,i(”"g) ,With pi+- -+ pa_14+1<i <
P+~ pa. O

6.6 Proof of Proposition 5.1

Proof For simplicity, we omit v in the connection coefficients ci.',? in (5.12)—(5.13). It

follows from the very definitions of the ¥y and \flj(.smg) that

cjk=0 ifuj- = uj.

In order to prove independence of u, we express the monodromy of
WO u) = 1810 w) | oo [ B (1, )],

in terms of the connection coefficients. From the definition, we have (using the nota-
tions in the statement of Theorem 5.1)

W, u)ejr +regh — uj), Y/
- Ui, u)Inh — u;)c ik +reg(h —u i), NoeZ_
By (hou) = j 7€ g j j
7 WJ()"vu) /
(lllj(k,u)ln(k—uj)+m Cjk +reg(h —uj), )\jEN
J

(6.40)

271 \e obtain from Theorem 5.1

Foru ¢ A and a small loop (A — uy) — (A — uy)e

n/ q/
—2mkk’ —2mkk —1.

lflk (A, u) —> \ka (A, u)e which includes also the case )L;( € Z, with e

For a small loop (A — u;) > (A — uj)ez’”, J # k, from Theorem 5.1 and (6.40) we
obtain

- - —2mi); - —2mi); - ,
Y — Wje Tejp +reg(h —uj) = Wy + (e T = Dejp¥; forkjgzZ
0

‘yk_‘l’jcjk
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By B (InG. = ) + 20 e jp + reg — uj) = By + 2mic b, for 1, € 7

¥ @1 i Z1GL) — Uy + 2mic; b fori’, € N

| —> j(n(A—Lz_,-)+ m)#—i)\,_“ Cjk +reg(h —uj) =W + 2micjy V¥, orAje .
=)'

Therefore, for u ¢ A and a small loop y : (A — ug) — (A — ug)e* not encircling
other points u ; (we denote the loop by A = 1), we receive

WA, u) — W(ykh, u) = VA, u)Mi(u),
where

Mpjj=1 j#Fk Mo = e ik (Mokj = akckj, J #k;
(My)ij = 0 otherwise.

and
ap = (e T 1), if A, ¢ Z; ap =2, if A} € Z.

We proceed by first analyzing the generic case, and then the general case.

Generic case. Suppose that A(u) has no integer eigenvalues (recall that eigenval-
ues do not depend on u). Let us fix u in a t-cell. By Proposition 2.4, W(A, u) is a
fundamental matrix solution of (1.4) for the fixed u, and C = (cj) is invertible. Thus

Mi(u) = ¥ (yh, )W, u)~ L.

The above makes sense for every u in the considered t-cell, being W (A, u) invertible at
such an u. But W(A, u) and W (yxA, u) are holomorphic on P, (1) xD(u°), so that the
matrix My (u) is holomorphic on the t-cell. Repeating the above argument for another
t-cell, we conclude that My («) is holomorphic on each 7-cell. Now, on a t-cell, we
have

d¥ (A, u) = P(A, )W (ykh, u) = P(A, u) VA, u) My,
and at the same time

AW (Y, u) = d(\m, u)Mk> = AW, 1) My + W (0, 1) M
=PXr, u)V, )My + V(A u) dMg.
The two expressions are equal if and only if d My = 0, because W (X, u) is invertible
on a t-cell. Recall that t-cells are disconnected from each other, so that separately on

each cell, My, is constant, and so the connection coefficients are constant separately
on each cell.
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We further suppose that none of the \'; is integer. In this case, \I—'(Sl"g ) = U forall
Jj =1,...,n,so that from (6.40) for uj, 75 u (otherwise cj; =0 and there is nothmg
to prove) ~ .
Wi (A, u) Afu- Wi (A, u)cjp +reg(h —uj). (6.41)
J

Using the labelling (6.1)—(6.2), from the Proof of Theorem 6.1 we have the fundamental
matrix solution

VPG w =[G w | | 0w |3 0w | 600, 0]
and in general at each Ay, @ = 1, ..., s (with Z 1 pj = 0fora = 1) we have
\I;(Pa)()L u)
[ @0, u)‘ “’531, ) ‘\yza ppnGet) [ Byt o)
Uy, () ‘
By O | o 130w
where

o— o
Wy Oy 1) = Y Oy ) =) 0= m =Y "pi+1, .Y pj,

and the &m (A, u) and gZ,(a)(A, u) are holomorphic functions in the corresponding
Dy x D(u€). The above allows us to explicitly rewrite (6.41), for j such that u; = Ag»
as

P1++Pa
Wy (h, 1) = D e YO+ > hr ¢, G ),
m=pi+--+pa-1+1 ré{pi+-+pa—1+L....p1++pa}

(6.42)
for suitable constant coefficients /4,. Here one of the ¢ is ¢jx of (6.41).

Each u;,, withm = py + -+ 4+ py—1 + 1,..., p1 + -+ + pg, varies in Dy.
Firstly, we can fix A = A, in (6.42), consider the branch cut £, from A, to infinity
in direction n (see Fig. 3), and let u vary in such a way that each up 4.4 p, |11,

oy Upy 4.t p, varies in Dy \ Ly, so that in the r.h.s. of (6.42) all the \f/m (A, u) and

(Z,(“)(ka, u) are holomorphic with respect to u, provided that u,, # Ay. If u varies,
with the constraint that the u,,’s must remain in D, \ £, every t-cell of D(u) can be
reached starting from an initial point in one specific cell. This proves, by u-analytic
continuation of (6.42) with fixed A = Ay, that the coefficients ¢, are constant!® in

(Da\La) P % (Xpa D™ ) € D).

16 Recall that D(u€) = X_, D;”ﬁ.
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Now, we can slightly vary 5 in 7,41 < 1 < 7,, so that the cut £, is irrelevant!”.
Thus, the ¢, are constanton {u € DUS) | Up,4etpy_ 141 F has oo oy Upydoctpy 7 ha)-

Finally, we fix another value A = A* € D, in (6.42), and repeat the above
discussion with cuts L, issuing from A*, so that all the c,; are constant on
{u € D) [ Up g per+1 F A oo Up bgpy F A*}. This proves constancy of
the ¢k, m associated with Ay, on the whole D(u¢). Then, we repeat this for all
a =1, .., s, proving constancy of the cj forall j =1, ..., n. Hence, Proposition 5.1
is proved in the generic case.

General case of any A(u). If some of the diagonal entries A}, ..., A, of A are
integers, or some eigenvalues are integers, there exists a sufficiently small y > 0 such
that, forany 0 < y < yo, A — y I has diagonal non-integer entries A} —y, ..., A, —
and no integer eigenvalues. Take such a yp, and for any 0 < y < yg consider

(A — A) ( W) = ((A(u) -yl + I) y V. (6.43)
namely
d  Bilyl(w)
d_k(y‘lj) = Z )]f_—ukylll, Brlyl(u) := —Ek(A(u) + (1 - y)[). (6.44)

k=1

Lemma 6.5 The above system (6.44) is strongly isomonodromic in D) contained
in a t-cell, and \h-component of the integrable Pfaffian system

B
dy W = Piy)( 1), ¥, P[y](k,m:Z f[”( LaG—u )+Z[F1(u) E;jldu;.
k=1 j=1

(6.45)
where Fyi(u) is defined as in (2.8), (F1);j = MA o i # j,and [Fi(u), E;]is (2.18).

Proof We do a gauge transformation
Y@ :=2"Yx), yeC, (6.46)

which transforms (1.1) into

dGY) A—vyl
——= (A + ) VY (6.47)

For u € D(u°) contained in a t-cell, we write the unique formal solution
yYr(z,u) =27 Yrp(z, u), (6.48)
where Yr(z, u) is (2.4), so that

JYE(zu) = F(z,u)zZ877 et B — yI = diag(A — y) = diagX| —y, ..., A, — ).

17 The crossing locus X (7), T = 37/2 —n, is as arbitrary as is the choice of T intherange 7, < 7 < 7,4 1.
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The crucial point is that F(z, u) is the same as (2.5), so all the Fy () are independent
of y. The fundamental matrix solutions

)/YV(Zv M) = Ziva(Zv I/t),

are uniquely defined by their asymptotics , Yr(z, u) in S, (D(u?)). Their Stokes matri-
ces do not depend on y because

yYorarnu@uw) = Yo (@ wWSoiky = Yortru(@ ) = Yopu (2, WSy k.

The system (6.47) is thus strongly isomonodromic. By Proposition 3.1 we conclude.
O

Corollary 6.2 Let the assumptions of Theorem 5.1 hold. Then Theorem 5.1 holds also
for (6.45).

By Theorem 5.1 applied to (6.45), we receive independent vector solutions
y\_IJk A, u) = y\fJ,E”"g)()L, u),k =1, ..., n, which form a fundamental matrix

SO ) =Y 00 ) | - |y WO, )],

For system (6.45) the results already proved in the generic case hold. Therefore, the
connection coefficients c;‘;{) [1 defined by

WO |v) = W00 u ) SPLy) +reg(h—uy), A eP,, (6.49)

are constant on D(u¢). They depend on y, but not on u € D(u°).
Remark 6.4 1t is explained in section 8 of [23] what is the relation between \fllgmg)
and , Wy, by means of their primitives, and that in general both lim, .o, ¥, and
lim, o c?;{) [y] are divergent.

Now, we invoke Proposition 10 of [23], which holds with no assumptions on eigen-
values and diagonal entries of A (u). 18 This result, adapted to our case, reads as follows.

Proposition 6.3 Let u be fixed in a t-cell. Let yg > 0 be small enough such that for
any 0 < y < yo the matrix A — y I has no integer eigenvalues, and its diagonal part
has no integer entries."” Let c;‘;() be the connection coefficients of the Fuchsian system

(1.4) at the fixed u, as in Definition 5.1. Let CE-‘;()[)/] be the connection coefficients in
(6.49). Let

—2mid, _ ! Y
oy = {e -l M EZ arly] = e 2Ty

2ri, A €L’

18 The proof in [23] is laborious, because it is necessary to take into account all possible values of the
diagonal entries }\;( of A, including integer values. In [4] the proof is given only for non-integer values.

19 Recall that eigenvalues and diagonal entries do not depend on u, in the isomonodromic case.
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Then, the following equalities hold

arcl) = e alyl Iyl ifk = i el =yl vl ifk < s
(6.50)
where the ordering relation j < k means, for the fixed u, that R(z(u; — uy)) < 0 for
argz = v = 31w /2 — n satisfying (5.2).

We use Proposition 6.3 to conclude the proof of Proposition 5.1 in the general case.
Indeed, the proposition is already proved in the generic case, so it holds for the c%) [y].
Therefore, they are constant on the whole D(u“). Equalities (6.50) hold at any fixed
u in 7-cell, so that each c(.ll? is constant on a t-cell, and such constant is the same in
each t-cell. With a slight variation of 1 in (1,41, 1)), equalities (6.50) hold also at the
crossing locus X (7). They analytically extend at A. O

7 Laplace transform in D(u¢), Theorem 7.1

By means of the Laplace transform with deformation parameters, we prove points
(11),(12), (13), (I11), (1I2) and (115) of Theorem 2.2. Stokes matrices will be expressed
in terms of the isomonodromic connection coefficients satisfying Proposition 5.1. The
result is in Theorem 7.1, which is the last step of our construction.

Let 7 be the chosen direction in the z-plane admissible at #¢, and n = 37 /2 — 7 in
the A-plane. The Stokes rays of A (u€) will be labelled as in (2.21), so that (5.2) holds
for a certain v € Z. We define the sectors

S, = {z € R(C\{0}) suchthat 7, — 7w < argz < Ty4+1}. (7.1)

If u only varies in D(1?) contained in a T-cell, then none of the Stokes rays associated
with A (u) crosses arg z = v mod 7. If u varies in D(u¢), some Stokes rays associated
with A (u) necessarily cross argz = v mod 7 (see Sect. 2.1.2). Consider the subset
of the set of Stokes rays satisfying i(z(u; — ux)) = 0, z € 'R, associated with pairs
(uj, ug) such that u; € Dy and uy € Dg, a # B, namely uj # uj. Following [13],
we denote this subset by SR(u). If u varies in D(u¢) and € satisfies (5.1), the rays in
<R (u) continuously rotate, but never cross the admissible rays arg z = t + hmw, where

Tophpy < T+IT < Tugihptls helZ, (7.2)

The above allows to define 3\”%“ (u) to be the unique sector containing S (r + (h —
Drm, 7+ hrr) and extending up to the nearest Stokes rays in $3(«). Then, let

Soimp= () Svrnuw). (7.3)
ueD(uc)

Ithas angular amplitude greater than 7. The reason for the labeling is that §U+h wWf) =
Svnp in (7.1).
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Suppose that u is fixed in a t-cell. Let

Yornu(z,u) = [171(z, ulv+hp) ‘ ‘ Y, (z,u |v +hu)],
be defined by
- 1 -
Yi(z,u |v+hp) = — U O u v+ hpydr,  for iy ¢ Z_,
2mi Jyen—ho)
(7.4)
?k(z,u v+ hp) :=f ez}‘\_l}k()\,u v+ hp)di, for Aj € Z_.
Ly (n—hm)
(7.5)
In the A-plane, the admissible directions n — ks correspond to t + hm, with
Nothp+l <N — AT < Nytnp- (7.6)

Here, \_I;k A, ulv+hp), \Tllismg) (A, u |v+ hup) are the vector solutions of Theorem 5.1
for A € Py_pnz(u), with u fixed in a t-cell. Ly (n — h) is the cut in direction n — hr,
issuing from uy and oriented from uy to oo, and yy(n — hir) is the path coming from
oo along the left side of Li(n — hir), encircling uy with a small loop excluding all the
other poles, and going back to co along the right side of Ly (1 — hm). Here “right” and
“left” refer to the orientation of Ly (1 — hm). The label v + hu keeps track of (5.2)
and (7.2)—(7.6).

Theorem 7.1 Let the assumptions of Theorem 5.1 hold.

(1) The matrices Yy, (2, u), obtained by Laplace transform (7.4)—(7.5) at a fixed
u € D) contained in a t-cell, define holomorphic matrix valued functions
of (L, u) € R(C\{0}) x D), which are fundamental matrix solutions of
(1.1).

(2) They have structure

Yv+h/,L(Z7 u) = v+hu(Z, M)ZBFJZA, B = diag(k/l, ey )\.;1),

with asymptotic behaviour, uniform in u € D(u®),

, 2= 00 in Syypu,

o Fi(u)
YU+h/L(Z7 u)y~ F(z,u)=1+ Z J
=1

given by the formal solution Yr(z, u) = F(z, u)z8e**. The coefficients F;(u)
are holomorphic in D(u¢). The explicit expression of their columns is (7.12),
(7.13), (7.15) [or (7.16)] and (7.17).
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(3) Stokes matrices defined by
Yoryu(@ w) = Yoqnu(z, u)Sprpy, 2z € §v+hu N §v+(h+1)/u (7.7)
are constant in the whole D(u) and satisfy
(Svth)ab = Svgnba =0 fora # b such that uy, = uj. (7.8)

(4) The following representation in terms of the constant connection coefficients
c;.‘;() of Proposition 5.1 holds on D(u):

oy cy;{), J <k u #ug,

1 Jj =k,

0 J o kou # g,

0 Jj £k, uj = ug,

0

0

1

)

S jk =

j;ék,u?:u,i,
j<k,uj.7éuli,

ik (7.9)

Syt =

_62711'(1;{7)\’.) v)

; Cc c
Vo Cy J>k,uj7éuk,

where the relation j < k is defined for j # k such that uj # u and means that
gﬁ(z(u; - Mi)) < 0 when argz = .

Remark 7.1 The above (7.9) generalizes Theorem 2.3 in the presence of isomon-
odromic deformation parameters, including coalescences. Notice that the ordering
relation < here is referred to u¢, while in Theorem 2.3 it refers to u°.

Proof We use the labelling (6.1)—(6.2) for u°.
a) Case 1) ¢ Z.

e Construction of Y;(z, u [v). We have W\ (0., u| v) = U (A, u| v) and (7.4) is

- 1 o
Ye(z,u |v) := 5 MWL (A, u [v)da (7.10)
vk ()

Since Wy (&, u |v) grows at infinity no faster than some power of A, the integral con-
verges in a sector of amplitude at most . Now, Wy (X, u |v) satisfies Theorem 5.1,
hence if u varies in D(u¢) the following facts hold.

(D) \le (A, u |v) is branched at A = uy and possibly at other poles u; such that u; # uj.
2) \ifk(k, u |v) is holomorphic at all 4 = u; such that u? =ug, j #k.

It follows from (1) to (2) that the path of integration can be modified: for « such
that uj = Ay, we have

. 1 o
Ye(z, u |v) = o MW (h, u [v)da, (7.11)
Lo ()
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Dg

Da

Fig.4 The paths of integration 'y, I'g, etc e, B, ... € {1,...,: s}

where I'y, () is the path which comes from oo in direction  — 7, encircles 1, along
0D, anti-clockwise and goes to oo in direction 7. This path encloses all the u; such
that u‘/ = Ay, end excludes the others. See Fig. 4. We conclude that «# can vary in
D(u€) and the integral (7.11) converges for z in the sector

3
Sn) = {z € R(C\{0}) such that % —n<argz < Tn — n},

defining 17/( (z, u |v) as a holomorphic function of (z, u) € S(n) x D(u). Now, if u
varies in D(u¢) and € satisfies (5.1) none of the vectors u; — u; such that u{ = Ay
and us =Aig, 1 <a # B < s, cross a direction n mod 7, for every n,11 < 1 < n,.

Due to 1. and 2. above, a vector function \_ifk (A, u |v) is well defined in P, and P for
any ny41 < n < 1 < 1y, and so on P, U'P;. Therefore, the integral in (7.11) satisfies

- 1 -
— WA, u [v)dh = — AW(h, u v)dr,  z €S NS®H),
278 Jrym) 271 Jry i)

namely one is the analytic continuation of the other, so defining the function 17,C (z,ulv)
as analytic on S, x D(u€), where

S= J sm

N1 <N<1y
coincides with (7.3) (with & = 0).
Finally, notice that MO — A)\_I:'k (A, u |v)‘r(a)= 0, due to the exponential factor.
By (2.25), the vector solutions Y (z, u |v) satisfy system (1.1).
e Asymptotic behaviour. From (5.4)—(5.5), we write (7.11) as

_ 1 B} . v
Beoum =52 | ()ez}‘(F(A/j+1)ej+Zbl(k)(u)(k—uk)l>(A—L¢k) M= da.
aln I>1
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with holomorphic El(k) (u) on D(u). We split the series as ) ;.| = Zf\zf 12N
and recall the standard formula (see [18])

Zfafle)hkz
f (A — A% da = / A —r)%ePdr =" —
Lo (n) yie(n) I'(=a)
so that
- bl(k)(u) —l AN
Yi(z,u|v) = | é +Z TG + —n° + Rar(2) | 2ke™E,

with remainder

b(k)(“) F M1 —N+1
Ry (2) =§£ > L— T e =0 )-
r0(77)l>./\/' <

The integral is along a path ['g(77), coming from oo along the left part of the half line
oriented from O to oo in direction 1 + arg z, going around 0, and back to oo along the
right part. The estimate O(Z_N *1) is standard. We conclude that

v M ukz S b( (u) —l_-’ - 7 (k) -1
Yk(z,ulv)(zke ) ~ek+zr(k,+l_l) =ek+§f, wz™,

z— 00inS,

with i
- b, (n)
(k) l
i W) = . (7.12)
! FOL+1-10)
b) Case A, e N=1{0,1,2,...}.
e Construction of 171{ (z, u |v). Definition (7.4) is
% ! 21 g, 5ing)
Yi(z,u|v) := — e (A, u |v)dr
27t Sy
1 A, -
— M+l11k(k,u ) In(h — ug) | di
610 270 Sy <\ = wp !

The same facts 1. and 2. of the previous case apply to \_I:'k (A, u|v)and &k (A, u|v)and
allow to rewrite

1 U, u |v) -
Yi(z, u [v) = IR Y G o) In(h — ug) ) di
i Jeyn € (h — ug)t1
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1 o
- O (0w vyda.
278 Jry (n)

We conclude that 171( (z,u |v) is analytic on S'\U x D(uc). Moreover, e*(h —
A)‘i’,ﬁ‘mg) (A, u|v) ’r( ): 0, due to the exponential factor. By (2.25), the vector solu-
o

tion ?k(z, u |v) satisfies the system (1.1).

e Asymptotic behaviour. By (5.7) and (5.11), and the fact that 1}1C has no singulari-
tiesatu; € Dy, j # k, so that the terms Zlil“i bl(k)(u)(k —u)l inYr(h, u |v)
do not contribute to the integration, we can write

Yi(z,u |v)
Ao
AT LR wo—u)! &
= L ARSVEL) /(u)( ) + Zdl(k)(u)(}» —up)! In(h — uy) | e da.
270 Jra(p ()L—uk)l’fH 1=0
By Cauchy formula
o A=k
1 Nea+ XL b wo —w' L o
27 Jram (h — w)hit!
/ A
1 dkk - LA k)
=i | [+ o o —un! | e
AL ; A_
=uy
Ay 1
— Z}\.keukz gk + Z fl (k)(u)_l ,
=1 <
where 0
- b,"’ (u)
k) I /

) =——-—", [=1,..., ). (7.13)
! O — D) k

In order to evaluate the terms with logarithm, we observe that for any function g()
holomorphic along Lk (), including A = uy, we have

f 20 In0. — up)dr = / () In(h — u)—da — / () In(h — uy)4da,
Vi () Li(m)~ Li(m*

where L ()" and Ly (7)™, respectively, are the left and right parts of Ly (), oriented
from 0 to oco. Since In(A — ug)+ = In(A — ug)4+ — 2wi, we conclude that

/ g In(A — ug)dar = 2mi / g(M)dAr. (7.14)
vk () Li(n)
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Keeping into account that the integral along I'y, can be interchanged with that along
Yk, it follows that

1

— Ue(h, u [v) In(h — ug)e® da = / U (h, u [v)e* da
271 Jr, )

Li(m)

o0
— > d @y —up) e da.
L 15

We conclude, by the standard evaluation of the remainder analogous to Ras(z) con-
sidered before, and the variation of 7 in the range (1,41, ,), that**

o0
/ Ui (h, u [v)e da ~ e <Z(—1)l+‘zz d® ) zll> . z—00inS,.
Ly (n)

=0
o0
= 7k ez Z f ®wy |,
[=x+1
where
L0 = DT =01 Y, . 1= a4l (7.15)

In conclusion, we have the expansion
o0
- / N - (k _ . o~
Yi(z, u |v) ~ ' es= (ek—i-Zfl()(u)z l), 7 — oc0inS,,
=1

with coefficients fl ® (#) holomorphic in D(x¢) defined in (7.13)—(7.15). Notice that,
in exceptional cases, \_I)k may be identically zero, so that

L0 =0forl =2 +1. (7.16)

co)Case Ay € Z_ ={—1,-2,...}

e Construction of 17;( (z, u |v). Definition (7.5) is

Ye(z, u |v) ::/ MWL (O, u |v)d,\5/ MW (b, u |v)da.
Li(n) Lo ()

In the last equality, we have used the fact that \1')1( (A, u |v) is analytic in Dy x D(u),
where Ay = uj.

20 Notice that, by abuse of notation, if f(A)e™“k* ~ > ez we write f(L) ~ eltk* > az .
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We conclude analogously to previous cases that f’k (z, u |v) isanalyticin 3, xD(uc).
Itis asolution of (1.1), by (2.25), because Wi (A, u |v) is analytic at A = u; and behaves
as in (5.4)—(5.5), so that

MO — Aw) Wy (h, u |v) L= MO — Aw) Wy (b, u |v) .,
o k
=0— (upl — AW) Ve (h, uy |v) = 0.

e Asymptotic behaviour. We have, from (5.4)—(5.5),

- —1 )\';( e L > o

T B s RSN SR DU RSO S e 2
La () (=4 — D! =1

We integrate term by term in order to obtain the asymptotic expansion (the remain-

der for the truncated series is evaluate in standard way, as Rar(z) above). For the

integration, we use

N etk 0 el .
/ A — up)"edr = e / CxMetdx = ! (=™t
Li(n) 2" oceit z

T " 3
— << —.
2 2

We obtain, analogously to previous cases,

o0
Yi(z,u [v) ~ P T (Ek + Zf, (k)(u)zl) , 7— 00inS,,
=1

where the holomorphic in D(u€) coefficients are
O = )R =2 - D1 ). (7.17)

Remark 7.2 We cannot use \f!,ESing) (A, u |v) in (5.8) to define 17/( (z, u |v) if u varies in
the whole D(u€). On the other hand, if u is restricted to a t-cell, so that the eigenvalues
u; are all distinct, by (7.14) we can write

- - 1 -
Yk(z,u|v)=/ WL (A, u v)dr = —/ WL (0, u [v) In(h — ug)da.
Li(n) (7.14) 278 Sy )

Then, we can use the local expansion (5.9) and the fact that f y

1, (1) reg(A —ug)dr =0,
receiving

. 1 o
Ve ulv) = o— / U (0, vy
Vi (u)
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Fundamental matrix solutions

The vector solutions Y, % (2, u |v) constructed above can be arranged as columns of the
matrix

Vo = [T u ) | - | T )],

which thus solves system (1.1). From the general theory of differential systems, it
admits analytic continuation as analytic matrix valued function on R(C\{0}) x D(u).
Letting B = diagA = diag()}, ..., A},), the asymptotic expansions obtained above
are summarized as

o0
Yo(@ouv) 2 Be 2~ Feu) =14+ ) Fwz:™", 11— ooinG,,
=1

R =[5V 1 5" w)

Therefore, the coefficients Fj(u) of the formal solution Yp(z, u) = F(z, u)zBeA®):
are holomorphic in D(x¢). Moreover, the leading term is the identity /, which implies
that Y, (z, u) is a fundamental matrix solution.

Consider now another direction 7, satisfying nyy,+1 < 7 < 7y4,. The above
discussion can be repeated. We obtaln a fundamental matrix solution Y, (z, u) with
canonical asymptotics Yr(z, u) in Sv+u Again, for n satisfying n,42,41 < 7 <
Nv+2, We obtain the analogous result for Y,y (z, u) with canonical asymptotics in
Sv42u.- This can be repeated for every v+hpu, h € Z, obtaining the fundamental matrix
solutions Y44, (z, u) with canonical asymptotics Yr(z, u) in Sv+hu So, Points (1)
and (2) of Theorem 7.1 are proved.

Stokes matrices are defined by (7.7). Thus, Sy 45, () = Yvinu(z, u)~! Yotth+u
(z, u) is holomorphic in D(u¢). Let us consider the relations for z = 0, 1:

Yv-i—,u(za u) =Y, (z, w)Sy,(u), v+2/L(Z u) = v+u(Z “)&1-}—#(“) (7.18)

Let u be fixed in a 7-cell, so that A has distinct eigenvalues. From Theorem 2.3 at the
fixed u we receive

)

ezmwkak Ciy for j <k,

(Svw);, = 1 for j = k,

0 for j >k,
0 for j <k,
(S1ut0) 5 = ! for j = .
— P )‘/)ak c(k) for j > k.
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Here, for j # k the ordering relation j < k <= N(z(u; — ug))largz=r < 0 is well
defined for every u in the t-cell, because no Stokes rays N (z(u; — ur)) = 0 cross
argz = 1 as u varies in the t-cell.

The relation j < k may change to j > k when passing from one t-cell to another
only for a pair u ;, uy such that uj = uy. This is due to the choice of € as in (5.1). On

the other hand, cﬂ) = 0 whenever uj = uy. This means that (7.9) is true at every fixed
u in every t-cell, with ordering relation j < k defined for j # k such that uj # uy,
namely Sﬁ(z(uj —uy)) <Owhenargz = 7.

Since the Sy, are holomorphic in D(x¢) and the c(z) are constant in D(u¢), we

conclude that Stokes matrices are constant in D(z“) and hence (7.9) holds in D(u°).
The vanishing conditions (7.8) follow from the vanishing conditions (5.14) for the
connection coefficients, plus the fact that we can generate all the S, from the
formula S, 42, = e 27 BS, 278, ]

8 Non-uniqueness at u = u¢ of the formal solution

By Laplace transform, we prove Corollary 2.1 in Background 1, asserting that system
(2.19) has unique formal solution if and only if the constant diagonal entries of A (u)
satisfy the partial non-resonance

)= ¢ Z\[0) forevery i # j such that uj = uS.

Otherwise, the Laplace transform will be proved to generate a family of formal solu-
tions

o0
Yr(z) = (1 n Z ﬁlz—l>ZBeA(u¢)z’
=1

whose coefficients F depend on a finite number of arbitrary parameters.

Due to the strategy of Sect. 6.6, it will suffice to consider the generic case when
all )J], R )»:1 ¢ 7 and A has no integer eigenvalues. Indeed, if this is not the case,
the gauge transformation (6.46) relates a formal solution , Y to Y at any point u,
through (6.48), so that the coefficients F; of a formal expansion do not depend on y .
We are interested in these coefficients.

Consider system (1.4) under the assumptions that it is (strongly) isomonodromic in
D(u®), so that (A);; (u“) = 0 for u{ = u. For simplicity, we order the eigenvalues as
in (6.1)—(6.2). Since Bi(u), ..., B, (1) are holomorphic at u¢, system (1.4) at u = u€
is

+ . o
av (5L B LR B Elepieip o By
dr A — Al A— Ao A — Ay

8.1)
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Let GP1) be as in (6.24). The gauge transformation W (1) = G(P')\Tf(k) yields

dv T(P1) s Dépl) N
— =—+ v, (8.2)
dx A — Al A — Ag
a=2
where
TP =7 4. 4 TP =diag [ 2] —1,.... =2, —1, 0,..., 0
——
n—pi
and DFV = g0~ ngavl.:',’il,a?l“ Bj(u€) - G'PV. The matrix coefficient in
system (8.2) has convergent Taylor series at A = A
d¥ 1 ad ~ S D LA
— = TPV Dk —A)" | ¥, Dy =) ————DS.
] GAIEP ILNERY o I e

We consider 1,41 < n < n, and A in the plane with branch cuts £, = L, (n)
issuing from Aq, ..., A to infinity in direction n, as in (5.2). Close to the Fuchsian
singularity A = A1 a fundamental matrix solution to (8.1) has Levelt form

oo
P00y =GP (1+3 80— ) 6= 2" (8.3)
=1

where the matrix entries (&;);;, 1 < i < j < n, are recursively computed by the
following formulae (see Appendix C for an explanation of (8.3), or [27,62]).
o If TI.EP‘) - Tj(;") = [ positive integer, (&;);; is arbitrary.
(p1) (p1) PP
o If 7.7 — T, 17 =£ [ (positive integer)

-1
Z Di_p6 +9; (sum is zero for [ = 1).
p=1

1

(P (p1)
Tjjl —-T " +1

(&nij =
ij
Since we have assumed that all the A are not integers, the only possibility to have

Tii.pl) — Tj(;”) =l occurs for 1 <i, j < py, precisely

(p1) (p1) _ —
TP =T =2 = =1 (8.4)

In this case, (8.3) is a family depending on a finite number of parameters due to the
arbitrary (&;);;. Thus, in the first p; columns of a solution of type (8.3)

- 0 . ;o
b0 = (P + Dac+ Y676 —an)a =27 j=1..p
=1
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the vectors l;l(j ) contain a finite number of parameters. The Laplace transform

1°/,~(z|u)=/ i vyd,  j=1,...,p1,
T'1(n)

yields the first p; columns of a fundamental matrix solution of (2.19). Repeating the
same computations of Section 7, we obtain, for j =1, ..., p1,

T_I)ZV z—)OOil‘lSU,

S S L
Vi e g 1y o g
=1 J
where S, is given in (7.1). We repeat the same construction at all Ay, ..., Ag. This
yields a family of fundamental matrix solutions of (2.19)

B =[Nem T m],

depending on a finite number of parameters, with the behaviour for z — oo in §,

. . . ¢ 0 -0
Vo) ~ V@ = (143 Fie )P B=[f 11, ],
=1
k0]
30 b;

N VP

We conclude that the formal solution is not unique whenever a condition (8.4) occurs.
Only one element in the family satisfies Yr(z) = Yr(z, u©).

Remark 8.1 If we choose one formal solution Y (z), then the corresponding Yo (2)
with asymptotic expansion Yr(z) in S, is unique. For more details on the Stokes
phenomenon at u = u€, see [13].
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9 Appendix A. non-normalized Schlesinger system

Lemma 9.1 The integrability condition dP = P A P of the Pfaffian system (3.2)
defined on a polydisc D(u®) contained in a t-cell is the non-normalized Schlesinger
system (3.3)—(3.5).

Proof Foreveryi € {1, ..., n}, the Pfaffian system (3.2) can be rewritten as

d@—w+ZXw—

&)a )
uj—u,-
j j# b

J

B;
P =
A— U * Z A
J#
n
+ Z yj(u)da.
Jj=1
We study A —u; — 0, while u; —u; # 0for j #iin D(u°). In new variables
A=A, Vi=A—up, yj=uj—u;, j#i,
P is rewritten in the following way (which defines the matrices A;(y))

P=(2ey 2 dyz+z<3’f - )dyﬁz?’f(”d)‘

TR j# =1

= A (dyi + ) A;(0dy; + Y vi()dr.
J# j=1

The only singular term at y; = 0 is B;/y; in 4;(y). The components relative to
dyi,...,dy, ofdP = P A P are

9 9
ﬁ+AlAk— ﬁ+AkAI, k#1, 9.1)
0 Yk ay;

For k # i and [l = i, from (9.1), we receive

d B,’ Bi A Bi
— <— + reg(Yi)) + <— + reg(yi)> Ay = e + A (— + reg(yi)> ,
Ayk \ Vi Vi 0yi Vi
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where reg(y;) stands for an analytic term at y; = 0. We expand the above in Taylor
series at y; = 0. The singular term (the residue at y; = 0) is

0B; By, B .
= [Aclu=0. Bi] = B Bil | B ki, 9.2)
Yk U — Ui

The above gives the non-normalized Schlesinger Egs. (3.4)—(3.5), because

0B, _ 9B _ _dw 0B_ 0B 0%
dyr  O(ug —ui) 8(uk — u~) dup auk’ '
dB; Z Aug — up) Z " 3B;

o8 _ _ — —=0. (9.4
du; oy du; 8(uk —u; ) Py 8uk P duy

If we write the components of d P = P A P referring to dy; ad dA, and we substitute
into them (9.3)—(9.4), we receive (3.3), namely 0;yx — Vi = ViVk — VkVi- O

Corollary 9.1 A solution B;(u),i =1, ..., n, of (3.3)—=(3.5) is holomorphically similar
to a constant Jordan form on D(u®). The similarity is realized by a fundamental matrix
solution GV (u) of the Pfaffian system (9.6).

Proof We must show that there exists a holomorphically invertible G ¢ )(u) on D(u?)
such that (G@)~1B;G® is a constant Jordan form. The conditions (9.1) for k, [ £
can be evaluated at y; = 0, and become

8Al|y,-:0
9 yk

8Ak|y,-:0

+ Aily=0Akly=0 =
’ ! ay

+Ak|yi:0v41|y,-:07 k ;é iv l 75 i9 k 75 l

Hence, the following Pfaffian system is Frobenius integrable

G .
8 = Aily=0 G E( +yk> G, k#i. 9.5)
Yk U — Ui
Using the chain rule as in (9.3), we receive (6.8)
G B G B
duy U — U; ou; oy U — U;

Notice that for both ¢ (#) = B;(u) and ¢(u) = G (1) we have
Y =0 = @) =i —ui, ... Uy —up). 9.7)

We can take a solution G (1) which holomorphically reduces B; to Jordan form. Indeed

0G

3 G dB
fork #i, — (G 'BiG)=-G '—G 'B,G+G '=LG+ G 'B—
Yk Yk 9k 9 Yk
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= =G ' Al;=0BiG
(9.2),(9.5)

+ G '[Akly=0. Bi]G + G BiAkly,—0G
= 0.

Therefore, keeping into account (9.7), we see that 5; := G~ (u)B; ()G (u)) is inde-
pendent of u. Thus, there exists a constant matrix G such that G~1B;G is a constant
Jordan form, and G® (1) := G(u)G realizes the holomorphic “Jordanization”. The
above arguments are standard, see for example [28]. O

If the B;(u) are holomorphic on D(u¢) and the vanishing conditions (4.1) hold, the

coefficients of the Pfaffian system (6.39) are holomorphic on D(¢), so that GO ()
extends holomorphically there, and Corollary 9.1 holds on D(u€).

10 Appendix B. Proof of Proposition 3.1
According to Theorem 2.1, system (1.1) is strongly isomonodromic in D(u%) contained

ina t-cell of D(u) if and only if (3.1) holds. In this case G© in (2.12) holomorphically
reduces A(u) to constant Jordan form and satisfies

n
dGO =" w;wdu; GO (10.1)
j=1
Proof of Proposition 3.1 Suppose that (1.1) is strongly isomonodromic, so that (3.1)

holds. Let A := —A — I, so that Ex.A = By, and (3.1) are rewritten as 9; 4 =
[wi (u), A]. We multiply these equations to the left by Ey, with k # i. We receive

Er0; A = Er[w;(u), Al.
The Lh.s. is E;9; A = 0; By. The r.h.s. is
Eilwi, Al = Exw; A — Ex Aw; = Erw; A — Brw; = (Ekw,-.A - w,-Bk) + [w;i, Bi].
In conclusion
3 Br = (Exwi A — w;By) + i, By], i #k.
The only terms we need to evaluate are

Exw; A — w; By = E¢[F1, E;JA — [F, E;]By
=EF\E;A+ E;F|By = ExF\E;B; + E; F| E} By

In the second line we have used E;Ey = ExE; = E;By = 0, fori # k, and

El2 = E;. Now, observe that E; F1 E; has zero entries, except for the entry (k, i),
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which is (F1)r; = (A)ri/(u; — ug). This implies that

[Bi, Bi]

E F\EiB;i + EiF\E By, = .
Uj — ug

In conclusion, we have proved that (3.1) implies (3.4). On the other hand (3.4)—(3.5)
are equivalent to the system given by (3.4) and the equations

aiZBkz[wi,ZBk], i=1,...,n.
k k

which are exactly (3.1) if By = Ey.A. Finally, notice that (3.3), here with y; = w}, is
the integrability condition on Dw®) of dG = Z;zl w;j(u)du; G.On the other hand,
it is a computation to see that (3.1) implies the the same conditions.

Conversely, let system (1.4) be strongly isomonodromic, so that the integrability
conditions (3.3)—(3.5) hold. Firstly, we show that (3.4)—(3.5) imply a Pfaffian system
for A of type (3.1). To this end, we sum (3.4) and (3.5):

[B:. Bi] [B;. Bi] .
0; By = B i By |.
N LD R L
ki ki k=1
Using By = —Ex(A + I) and ), Ex = I, the above becomes
A=[y,A]l, i=1,...,n. (10.2)

Since y1, ..., y, satisfy (3.3), it is directly verified that (10.2) is Frobenius integrable.
Secondly, we must show that we can choose

n
yj =) = <M) asin (2.18).
Ug — Up a,b=1
Substituting this choice into (3.3), we see that if (10.2) holds, in the form 0; A =
[wi, A, then (3.3) are satisfied.2! Now, since (10.2) follows from (3.4) to (3.5) with
matrices By = —E;(A + I), we conclude that (3.4)—(3.5) and the choice y; = w;
guarantee that both (3.3) and (3.1) are satisfied. O

The Schlesinger system can be used to show that there is a fundamental matrix
solution G© of (10.1) that holomorphically reduces A to constant Jordan form on
D(u?). Since (3.3) is the integrability condition on D(u?) of the linear Pfaffian system

= w;wdu; G. (10.3)

j=1

21 This is exactly what has been said before: (3.1) implies by computation the integrability conditions of
(10.1), namely exactly Eq. (3.3) with Vj = oj.
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the latter admits holomorphic fundamental matrix solutions in D). Let G (u) be one
of them and define R
By = Gu) 'BiG(u). (10.4)

By direct computation, using (10.3) and its integrability (3.3), it is verified that (3.4)-
(3.5) (with y; = wj) are equivalent to the normalized Schlesinger equations for the
matrices By,

~ [B.B = B, B,
oB= o gp = -y BB
Ui — ug oy Ui — Ug
The above equations imply that
n
Vi=1,...,n, 0i Boo = 0, WhereBoo:z—ZBk
k=1

Being §oo constant, it can be put in constant Jordan form by a constant invertible
matrix P, say —J = P~ !B, P. Since also G () P solves (10.3), we can choose from
the beginning G (1) such that

G_l(u) (Z By (u)) G(u) = J constant Jordan form. (10.5)
k=1

Now, observe that ) y_, Ex = I, so that

n n
ZBkz—ZEk(A+I)=—A—I.
k=1

k=1
Thus, G (1) also puts A in constant Jordan form, so that?2
Gu)=G%w),  where G? isin (2.12).

In particular, GO gatisfies (10.1).

The second part of the statement of Proposition 2.3 (Prop. 19.2 of [13]) is now eas-
ily proved. Indeed, if A(u) = G© (u)J(G@)~! holomorphically on D(u€), where
J is Jordan, then G© satisfies (10.1) on D(x°) (and J is constant). Since G@ (u) is
holomorphic on ID(x¢), the w; must be as well, so that the vanishing conditions (2.22)
must hold. Conversely, if A is holomorphic on on D (") and satisfies the vanishing
conditions (2.22) (or, more weakly, if dA = ) j [wj, Aldu; on D\ A, which automat-
ically implies (2.22)—see Remark 2.1), then dG = ) j jdu; G is integrable with
holomorphic coefficients on D(u?), and admits a fundamental matrix solution that can
be chosen so that (GO)~TAGO (u) = J (the proof is as done before on D(u%).

22 Up to the freedom G +— GGy where G4 commutes with the Jordan form.

@ Springer



Isomonodromic Laplace transform with coalescing... Page 67 of 70 80

11 Appendix C. The normal form (8.3)

We prove the expression (8.3) of Sect. 8, where it was sufficient to only consider the
generic case of all A}, ..., A, ¢ Z and no integer eigenvalues of A. A fundamental
matrix solution in Levelt form at A = A for system (8.1) has structure

b(1) = G<P1>(1 +Y 60— x])l)(x —anT? 0= Ak, (11.1)
=1

with

R=Ri+Ry+--- Ry, K= max{Tl.E.pl) - Tj(jp‘) integer}.

where R is a nilpotent matrix with R;; # 0 only if Ti(ip D Tj(jp Visa positive integer.
We prove that R = 0 in our case. The formulae for (&;);; and (R;);; are obtained
recursively by substituting the series into the differential system, and are as follows.

o If Tl.E.p v Tj(]‘.” D (positive integer), (&;);; is arbitrary, and

-1
(R)ij =D D1 & — &R+ D |,
p=1 ij
(r) _ 4 (pD) TP
o If T;; T/'/ # [ (positive integer)

-1
Z(@l—p@ —&R_p) + 9
p=l ij

1

(p1) (p1)
Tjj‘ - T +1

(&)ij =

The claim that R = 0 follows from two facts. First, if we evaluate at u = u® the
isomonodromic fundamental matrix solution (6.24), we receive a fundamental matrix
solution of (1.4) at u = u¢,

WP, ucy =GP UPY oL uy - (- AT, (11.2)

which has R = 0, because in the generic case here considered all R ) =0in (6.24).
The expression (11.2) belongs to the class of solutions (11.1).

The second fact is that other solutions in the class (11.1) may have different matrix
exponents (see [27] and [13]; see also [14,20] for the case of Frobenius manifolds),
but if R corresponds to one solution, all the other solutions in the class can only have
exponent

R =D 'RD, (11.3)

where D is an invertible matrix explained below. Now, since R = 0 in (11.2), then by
(11.3) all the other R = 0. This proves that (8.3) is the correct form.
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Finally, we explain (11.3). System (1.4) at # = u® is holomorphically equivalent
to “Birkhoff-normal forms”

dw TP K . dv TP Ko /\ ~
— = Ry(L— A w d — = Ri(A— A v,
dx A=A +; 1 =) T = +§ 10- =20

which are related to each other by a gauge transformations ¥ = D)W, with D(L) =
Do(I +Do(h — A1) + -+ - 4 Dy (A — A1)¥), where det(Dy) # 0 and [Dy, TPV] = 0.
Then, D := Do(I + Doy + - - - + Dy).

Remark 11.1 In our case, the equations R; = 0,/ = 1,2, ..., k are conditions on the
entries of A(u¢). The above discussion shows that, in the isomonodromic case, such
conditions turn out to be automatically satisfied with the only vanishing assumption
(A(u®))ap = 0 for u;; = uj. These conditions are equivalent to the conditions (4.24)—
(4.25) of Proposition 4.2 in [13], and probably more convenient. We will not enter
into the tedious verification of the equivalence.
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