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POLYVECTOR REPRESENTATIONS OF GLn

N. A. Vavilov∗ and E. Ya. Perelman∗ UDC 512.5

In the present paper, we characterize
∧n

(GL(n, R)) over any commutative ring R as the connected component of
the stabilizer of the Plücker ideal. This folk theorem is classically known for algebraically closed fields and should
also be well known in general. However, we are not aware of any obvious reference, so we produce a detailed proof,
which follows a general scheme developed by W.C.Waterhouse. The present paper is a technical preliminary to
a subsequent paper, where we construct the decomposition of transvections in polyvector representations of GLn.
Bibliography: 50 titles.

In the present paper, we characterize the exterior power
∧m(GLn) over a commutative ring as the stabilizer

of the intersection of quadrics given by Plücker relations. Such a description is classically known over any field
of characteristic 0 and in fact is very close in spirit to the Chow theorem (see [24] and [12]). However, since we
work over an arbitrary commutative ring, we need to establish the isomorphism of the exterior power and the
stabilizer of the Plücker ideal as group schemes over Z. There is no doubt that this fact is immediately obvious
to any expert in algebraic groups.

However, when, trying to construct the decomposition of unipotents in polyvector representations, we made
an attempt to find a factual reference to the equations defining the polyvector representation, we got into serious
trouble. Most likely, the statement of this – and all other facts! – in a much more generality are buried somewhere
in French works of early 1960s. But even to find these statements somewhere in the middle of the seventeenth
volume by Demazure and Grothendieck [29] or of the second volume by Demazure and Gabriel [27] is a quest for
loftiest minds. To make matters worse, even if you succeeded in finding it there, it would be out of the question
to comprehend what exactly is written. People who could do that are simply out of production nowadays.

When the first-named author suggested to the second-named author to construct and study transvections
in polyvector representations, it soon became clear that, as the first step, one should explicitly write down the
equations defining

∧m(GLn). After several weeks of unavailing attempts to find the answer in the accessible
literature, we decided that it would be much more useful – and in any case much easier! – to perform all the
calculations on our own. The present paper is about one half of the resulting Diplomarbeit ; the other half
exploring transvections in polyvector representations will be published separately (see [7]).

From a technical viewpoint, the present paper is essentially an exercise in the theory of affine group schemes
and Lie algebras. All underlying ideas of the proof are taken from a paper by William Waterhouse [49] almost
verbatim. At the same time, to treat the case of an algebraically closed field of positive characteristic we
invoke extremely profound results by Gary Seitz on the maximal connected subgroups of algebraic groups [40].
In fact, here too we could prove all necessary facts directly, approximately in the same style as in the proof
of Theorem 1 in [44]. However, this classical situation is of subsidiary interest for our further work, and an
independent proof would have made it much longer. On the other hand, we meticulously document all details of
Lie algebra calculations, which will serve as a model in our subsequent works, where we address similar problems
for exceptional Chevalley groups.

1. Decomposition of unipotents

The present paper originated from an attempt to carry out yet another fragment of the decomposition of
unipotents for Chevalley groups over commutative rings, as outlined in [8, 42, 44–46]. The general idea of this
approach was first stated explicitly in the Ph. D. thesis [15] by Alexei Stepanov for the group GLn, and in the
Habilitation [4] by the first-named author for other classical groups. For exceptional groups it was first sketched
in [8]. The basic idea is that, except for some very small groups, one can always represent root type unipotents
as products of root type unipotents sitting in proper parabolic subgroups. Unlike the field case, for arbitrary
commutative rings this is far from being obvious! In many cases we could obtain explicit polynomial formulas for
such decompositions. Moreover various choices of representations and/or parabolic subgroups lead to different
formulas, which have diverse applicability and furnish differing bounds in specific situations.
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The classical cases and the 27-dimensional representation of the group of type E6 are considered in somewhat
more detail in [44]. In the Introduction to [46], we discuss immediate prospects and broader expectations. All
details for split classical groups in vector representations are collected in a paper by Alexei Stepanov and the
first-named author (see [42]). Paper [45] does the same for the 27-dimensional representation of E6 and the
56-dimensional representation of E7. In the work by Anthony Bak and the first-named author [18], we discuss
generalizations to unitary groups. The decomposition of unipotents in adjoint representations is studied in the
works of the first-named author and Eugene Plotkin (see a description of the entire project in [46]). Part of this
program is implemented in [5], and the adjoint representation of E6 is exhaustively treated in [6].

In the Diplomarbeit by the second-named author supervised by the first-named author, the results of the
present paper are used in a geometric construction and analysis of the root type unipotents in polyvector
representations of SL(n, R). It is known that, over a ring, the class of root elements (= conjugates of elementary
root elements) is usually hopelessly small to be of any use in the proof of structure theorems. On the other hand,
the set of R-points of the affine scheme defined by equations satisfied by root elements is usually far too large
to admit efficient calculations. In [44, 45], we suggested the use of various classes of root type unipotents, which
play the same role as transvections for the vector representation but at the same time they take into account
such phenomena as the lack of surjectivity of the exterior power on points, the divergence of decomposable and
singular polyvectors, and the nontriviality of the Picard group.

The characterization of the group
∧m(SLn)(R) obtained in the present paper paves the way to the verification

of the fact that transvections we construct lie indeed in
∧m(SLn)(R) and of all usual facts about such transvec-

tions: addition theorems, commutation theorems, the Whitehead—Vaserstein lemma, etc. These results are a
natural step toward the construction of geometric algebra (see [1, 12, 32, 41]) for modules other than the usual
vector representation.

In turn, in the third paper of the series, using these geometric results, we construct the decomposition of
unipotents in the polyvector representation. In the matrix language, very similar calculations were carried out
by Alexei Stepanov [15] and the first-named author [4]. However, the language of minors leads to clumsy and
cumbersome notation and, as a consequence, related results of [15] and [4] have never been published – except for
the second-order minors, which was necessary for treating the symplectic case. Even paper [42] contains only a
sketch of proof. The present paper and its sequel provide not only a much shorter and transparent proof of these
results, but also their broad generalization. Namely, we will be able to construct elements of root type stabilizing
arbitrary singular columns of Grassmann coordinates. We assume only that they satisfy Plücker relations. For
comparison, the calculations in [15] and [4] made an explicit reference to the fact that the coordinates are minors
of an invertible matrix. Obviously, such minors satisfy the Plücker relations, but over a ring the converse does
not necessarily hold because of K0-like obstructions – not every projective module is free!

From this perspective, polyvector representations are extremely important as a model for understanding more
complicated cases. On the other hand, for the type Al they exhaust all fundamental representations, while all
other rational representations can be obtained from the fundamental ones by means of standard constructions.

2. Exterior algebra: polyvectors

In this and the following two sections, we recall some basic facts pertaining to the exterior algebras
∧

(V ) and∧
(V ∗), which we use in the sequel. We assume that V is a free module of rank n over a commutative ring R

with a base e1, . . . , en. Further, V ∗ is the dual module with the dual base e∗1, . . . , e∗n. By tradition, the elements
of V are called vectors, and the elements of V ∗ are called covectors or exterior forms of degree 1.

First we fix set-theoretic notation that we use in the sequel. We usually treat sets as special cases of vector
spaces, namely, vector spaces over the field with one element. In particular, we denote by

∧m(Ω) the set of all
m-element subsets of Ω (for example, see [11]). The cardinality of Ω is denoted by |Ω|. In the sequel, we are
mainly interested in the case, Ω = {1, . . . , n}. In this case |

∧m(Ω)| = Cm
n , where, as usual, the Cm

n denote
binomial coefficients.

Now, let I = {i1, . . . , im} be an m-element subset of Ω. Usually we record ij in increasing order, i1 < . . . < im.
However, sometimes it is more convenient to specify the elements ij in disarray. In this case, we denote by
sgn(i1, . . . , im) the sign of the corresponding placement, equal to (−1)inv(i1,... ,im). Here inv(i1, . . . , im) is the
total number of inversions in the sequence i1, . . . , im or, in other words, the number of pairs 1 ≤ j < h ≤ m
such that ij > ih. Usually the sign function is extended to multisets as follows: sgn(i1, . . . , im) = 0 if any two
of the ij ’s are equal.

For any m, 0 ≤ m ≤ n, the universal object in the category of alternating m-linear maps from V to R-
modules is called the mth exterior power

∧m(V ) of the module V . As
∧m(V ) one can take the free module of
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rank Cm
n with base eI indexed by all m-element subsets I of the index set {1, . . . , n}. Moreover, the action of

the alternating m-linear map V −→
∧m(V ) is first specified on the base vectors,

(ei1 , . . . , eem) �→ ei1 ∧ . . . ∧ eim = sgn(i1, . . . , im)e{i1,... ,im},

and then is extended by linearity. In other words, ei1 ∧ . . . ∧ eim = 0, provided that at least two among the ij’s
are equal. If all of them are pairwise distinct, we have ei1 ∧ . . .∧ eim = ±eI , where I = {i1, . . . , im} and the sign
equals the sign of the permutation we need to apply to put i1, . . . , im in canonical order.

The elements of the mth exterior power of V are called m-vectors or, when the specific value of m does not
play any particular role, simply polyvectors. In this case, m is called the degree of this polyvector. Polyvectors,
which can be written in the form u1 ∧ . . .∧ um for some vectors u1, . . . , um, are called decomposable polyvectors
or, sometimes, extensors. The exterior algebra

∧
(V ) is a graded algebra isomorphic, as an R-module, to the

direct sum
⊕∧m(V ), where 0 ≤ m ≤ n. On decomposable polyvectors, multiplication is defined by the formula

(u1 ∧ . . . ∧ uk, x1 ∧ . . . ∧ xm) �→ u1 ∧ . . . ∧ uk ∧ x1 ∧ . . . ∧ xm.

In particular, the degree of the product equals the sum of degrees of its factors. This product is extended to
the whole algebra

∧
(V ) by linearity. The resulting operation ∧ on the exterior algebra

∧
(V ) is called exterior

product.

3. Exterior algebra: exterior forms

With respect to the module V , the elements of the exterior power
∧m(V ∗), in other words, m-vectors over

the dual module V ∗, are called exterior forms of degree m or simply m-forms. In the case where the degree
of the form does not play any particular role, it is often called simply an exterior form. The exterior power∧m(V ∗) can be identified with

∧m(V )∗ by means of a canonical pairing. On the decomposable polyvectors and
the decomposable exterior forms, this pairing is given by the formula

(v1 ∧ . . . ∧ vm, u1 ∧ . . . ∧ um) �→ det(vi(uj)),

where v1, . . . , vm ∈ V ∗ and u1, . . . , um ∈ V . This pairing uniquely extends to the pairing between exterior
algebras

∧
(V ) and

∧
(V ∗) the image of which on polyvectors and exterior forms of distinct degrees equals 0.

This pairing establishes an isomorphism of
∧

(V ∗) and
∧

(V )∗ as R-modules.
In the sequel, a fundamental role is played by the operations conjugate on the left and on the right to the

exterior product (see [2, 19, 21]).
• The left interior product of a polyvector x ∈

∧
(V ) and an exterior form z ∈

∧
(V ∗) is an exterior form

x�z ∈
∧

(V ∗) such that (y, x�z) = (y ∧ x, z) for all polyvectors y ∈
∧

(V ). If the degree of x equals l and the
degree of z equals m, then the degree of x�z equals m − l.

• Similarly, the right interior product of a polyvector x ∈
∧

(V ) and an exterior form z ∈
∧

(V ∗) is a polyvector
x�z ∈

∧
(V ) such that (x�z, w) = (y, z ∧w) for all exterior forms w ∈

∧
(V ∗). If the degree of x equals l and the

degree of z equals m, then the degree of x�z equals l −m.
In the special case where l = m, both interior products coincide with the canonical pairing between

∧m(V )
and

∧m(V ∗). This might well be an explanation of their names, since from a general algebra viewpoint they
should be called exterior products, rather than interior products. On the other hand, in the case of a linear form
z ∈ V ∗ the interior product is a derivation:

(x1 ∧ . . .∧ xm)�z =
m∑

i=1

(−1)i+1(xi, z)x1 ∧ . . .∧ x̂i ∧ . . . ∧ xn.

Just for a change, we rewrite this identity in an invariant language:

(x ∧ y)�z = (x�z) ∧ y + (−1)deg(x)x ∧ (y�z)

for all homogeneous x and y.
The associativity of the exterior product implies that the left interior product supplies a structure of a left∧

(V )-module on
∧

(V ∗), whereas the right interior product supplies a structure of a right
∧

(V ∗)-module on∧
(V ):

(x ∧ y)�z = x�(y�z), x�(z ∧ w) = (x�z)�w.

With what we have said above concerning the action of linear forms as derivations of
∧

(V ) and the dual action
of vectors as derivations of

∧
(V ∗), this means that the elements of

∧
(V ∗) can be naturally interpreted as

differential operators on
∧

(V ) and, vice versa, the elements of
∧

(V ) act as differential operators on
∧

(V ∗).
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4. Polyvector representation of GLn

Choosing a base e1, . . . , en in V , we can identify the automorphism group GL(V ) of the module V with the
general linear group GL(n, R). For every m, the group GL(n, R) acts naturally on

∧m(V ). The action of a
matrix g ∈ GL(n, R) on decomposable m-vectors is given by the formula∧m(g)(v1 ∧ . . . ∧ vm) = gv1 ∧ . . . ∧ gvm

for all v1, . . . , vm ∈ V . The matrix of
∧m(g) in the base eI , I ∈

∧m(Ω), of the module
∧m(V ) consists of all

order m minors of g, ordered lexicographically both in row and column indices. The Binet–Cauchy theorem
asserts that the map ∧m : GL(n, R) −→ GL(Cm

n , R), g �→
∧m(g),

is in fact a homomorphism: ∧m(hg) =
∧m(h)

∧m(g).

Thus the map g �→
∧m(g) is a degree-Cm

n representation of the group GL(n, R). It is called the m-vector
representation or, in the language of algebraic groups, the mth fundamental representation or else the represen-
tation with highest weight �i. The (schematic) image of this representation is called the m-exterior power of
the group GL(n, R) and is denoted by

∧m(GL(n, R)) ≤ GL(Cm
n , R).

In the sequel, we consider the action of elementary matrices and, in the first place, of elementary transvections.
Recall that an elementary transvection looks like this:

tij(ξ) = e + ξeij, 1 ≤ i �= j ≤ n, ξ ∈ R,

where, as usual, e is the identity matrix and eij is the standard matrix unit. All elementary transvections
generate the elementary group

E(n, R) =
〈
tij(ξ) | 1 ≤ i �= j ≤ n, ξ ∈ R

〉
≤ GL(n, R).

In the case of fields, the elementary group coincides with the special linear group, E(n, K) = SL(n, K).
The action of transvections on

∧m(V ) is easy to describe. Namely,

∧m(tij(ξ))eI =
{

eI if i /∈ I,
eI ± eI\{j}∪{i} if i ∈ I.

In particular, from this formula it is clear that all
∧m(tij(ξ)) are quadratic unipotent matrices or, in other words,

all of their eigenvalues are equal to 1 and all of their Jordan blocks have degree ≤ 2. The signs in these formulas
can easily be specified with the help of weight diagrams, or directly. It suffices to observe that upon the action
of

∧m(tij(ξ)) on ei1...j...im, the index i in the resulting element ei1...i...im stands in the same position where the
index j initially was.

Many important subgroups of linear groups naturally arise as stabilizers of subspaces – or, more generally,
of flags, of direct decompositions, or of other systems of subspaces – in various representations. Some current
projects (maximal subgroup classification project, stability of K-functors, etc.) emphasize the extraordinary
importance of the orbit classification for Chevalley groups acting on Grassmanians of the minimal representation.
In our case, the orbits of the group

∧m(GLn) acting on
∧m(V ) are dealt with. However, even if R = K is a field,

such information is only available in some simplest cases. We make a few comments concerning these orbits.
First, for any polyvector x ∈

∧m(V ) there exists the smallest subspace U ≤ V satisfying the condition
x ∈

∧m(U). This subspace is called the support of x, and its dimension is called the rank of x. It is well known
(for example, see [1, 12]) that the rank is a unique invariant of bivectors or, dually, of symplectic bilinear forms.
In other words, every bivector is equivalent to one of the bivectors e1 ∧ e2 + . . . + e2r−1 ∧ e2r , 0 ≤ 2r ≤ n, under
the action of

∧m(GLn). However, even for trivectors, in general, there is no such simple-minded classification.
It is immediately obvious that the rank of an m-vector can only take the values 0, m, m+ 2, . . . , n. It is clear

that, up to equivalence, 0 is the only trivector of rank 0, and e1 ∧ e2 ∧ e3 is the only trivector of rank 3. It is
not hard to verify that any trivector of rank 5 is equivalent to e1 ∧ e2 ∧ e3 + e1 ∧ e4 ∧ e5. In 1907, W. Reichel
discovered that there are two orbits of complex trivectors of rank 6, with representatives e1∧e2 ∧e3 +e4 ∧e5∧e6

and e1∧e2∧e4 +e1∧e3∧e5 +e2∧e3∧e6, respectively. The complex trivectors of rank 7 were classified in 1931 by
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J.A.Schouten, and those of rank 8 were classified in 1935 by G. B. Gurevich. It turned out that there are 5 or 13
orbits, respectively. Even in the 8-dimensional space, this gives 23 orbits of trivectors, 23 = 1+1+1+2+5+13.
Only in 1978 made Ernest Vinberg and Alexander Elashvili the next step and classified complex trivectors of
rank 9 in their remarkable paper [9]. Their analysis is based on an exceptional embedding A8 ⊆ E8 and a related
grading of the Lie algebra L of type E8:

L =
∧3(V ∗) ⊕ sl(V ) ⊕

∧3(V ),

where V = V
9. In this case, there are infinitely many orbits, and they are classified using the general method

due to Ernest Vinberg.
There is a great body of literature devoted to generalizations of these results to arbitrary fields (for example,

see [22, 25, 31, 37–39, 50]). Even the classification of real trivectors in the 8-dimensional space, carried out by
Dragomir Djoković [31], is highly nontrivial and invokes an exceptional embedding A7 ⊆ E7. This shows that
even over a field, any attempt to classify polyvectors completely – to say nothing of subspaces of polyvectors! –
would be completely hopeless.

5. Plücker relations

In the case of a field, there is a simple classical criterion for a polyvector to be decomposable. It runs as
follows: a polyvector

x =
∑

H∈
∧ m(Ω)

xHeH ∈
∧m(V )

is decomposable if and only if its Grassmann coordinates xH , H ∈
∧m(Ω), satisfy Plücker relations. This

result can be found in any book on algebraic geometry, for example, in [10, 16, 17]. Plücker relations consist of
vanishing certain homogeneous quadratic polynomials

fI,J ∈ R[xH]H∈
∧

m(Ω)

of Grassmann coordinates xH . Since these relations are instrumental in all subsequent calculations, we briefly
recall them both in invariant and coordinate forms.

In fact, both the form and the signs of these relations can be immediately detected by looking at weight
diagrams of polyvector representations (see [44, 36, 45, 5]). We do not follow this line here, lest the size of this
article increase. However, it should be noted that all calculations in Sec. 8 were first performed using weight
diagrams, and only afterwards they were converted into formulas. Of course, in this particular case a person
with a bias toward calculations and a certain stubbornness could do everything blindfold, without a picture. But
it is hard to us to imagine that anyone could blindfold calculate similar results for the exceptional Chevalley
groups E6, E7, and E8, which we address in one of the subsequent papers.

Definition. A polyvector x ∈
∧m(V ) is called singular if

x ∧ (x�z) = 0

for any exterior form z ∈
∧m−1(V ∗).

As we have just mentioned, for a field this condition is precisely equivalent to the fact that x is decomposable.
Over a commutative ring, a decomposable polyvector is still singular, but the converse is blatantly false. It is
easy to give quite ingenuous counterexamples. For example, the Pfaffian of the matrix

0 a b c
−a 0 d e
−b −d 0 f
−c −e −f 0


over the ring R = K[a, b, c, d, e, f ]/(af − be + cd) equals 0. Observe that this is precisely a unique nontrivial
Plücker relation in this case. On the other hand, the rank of this matrix equals 4 (see [14]). Thus, the bivector

ae1 ∧ e2 + be1 ∧ e3 + ce1 ∧ e4 + de2 ∧ e3 + ee2 ∧ e4 + fe3 ∧ e4 ∈
∧2(R4)
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is both singular and indecomposable.
The conditions imposed in the above definition of a singular polyvector x can be expressed in the form of

equations on the Grassmann coordinates of x, which are called Plücker relations. Varying z over the usual base
of the module of m− 1-forms, we get the following coordinate version of Plücker relations. Recall that this base
consists of e∗i1 ∧ . . . ∧ e∗im−1

, where I ∈
∧m−1(Ω). With two sets I ∈

∧m−1(Ω) and J ∈
∧m+1(Ω), we associate

the polynomial
fI,J =

∑
j∈J\I

±xI∪{j}xJ\{j}

of Grassmann coordinates xH , H ∈
∧m(Ω). Equations defining singular polyvectors amount to vanishing these

polynomials on Grassmann coordinates of a polyvector.
The signs of monomials can be specified in the following way. First, extend the notion of Grassmann coordi-

nates by setting xi1...im = 0 if some of the ih’s are equal and

xi1...im = sgn(i1, . . . , im)x{i1,... ,im}

otherwise. For example, x21 = −x12 = −x{1,2}.
Now, the precise definition of the Plücker polynomial fI,J , where I = {i1, . . . , im−1} and J = {j1, . . . , jm+1},

looks like this:

fI,J =
m+1∑
h=1

(−1)hxi1...im−1jhxj1...ĵh...jm+1
.

In the case I ⊆ J , the resulting relation is trivial and asserts that the Grassmann coordinates commute. If
|I ∩ J | ≤ m− 2, we get nontrivial relations. The case |I ∩ J | = m− 2 corresponds to the so-called short Plücker
relations whose length equals 3. For example, for I = {1, 2, 3} and J = {1, 2, 4, 5, 6}, we obtain the relation

x1234x1256 − x1235x1246 + x1236x1245 = 0.

In general, the smaller the intersection of I and J , the longer the relation we get. The longest relation is obtained
when I and J are disjoint. Thus, the sets I = {1, 2, 3} and J = {1, 4, 5, 6, 7} define the relation

x1234x1567 − x1235x1467 + x1236x1457 − x1237x1456 = 0,

while the sets I = {1, 2, 3} and J = {4, 5, 6, 7, 8} define the relation

x1234x5678 − x1235x4678 + x1236x4578 − x1237x4568 + x1238x4567 = 0.

In this section, we prove that the elementary group E(n, R) preserves singular polyvectors.

Proposition 1. Let R be an arbitrary commutative ring. Then the group
∧m(E(n, R)) preserves the ideal of

R[xH ], H ∈
∧m(Ω), generated by Plücker polynomials fI,J , where I ∈

∧m−1(Ω) and J ∈
∧m+1(Ω).

Before proceeding to a formal proof, we explain in a downright fashion what is going on here. Take a nontrivial
Plücker relation fI,J(x) = 0, say, the relation corresponding to I = {1, 2, 3} and J = {1, 2, 4, 5, 6}. We claim
that as we replace one digit in the first or the second index — or in both indices simultaneously – by any other
digit, the following occurs:

• either this relation does not change, for example, when we replace 7 by 8,
• or some degenerate summands are added, for example, when we replace 4 by 2,

• or, finally, some other relations of the same type are added, for example, when we replace 2 by 4.
Now, since we understand what to expect, we may read the proof – or ignore it.

Proof. It suffices to check that for all 1 ≤ i �= j ≤ n and for all ξ ∈ R, the action of g =
∧m(tij(ξ)) does not

change the Plücker ideal. We consider the following cases.
• If j /∈ I ∪ J , then the action of g does not change the relation at all.

• If i ∈ I, then the application of g to our relation generates only trivial summands.
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• If j /∈ I ∩ J , i ∈ J \ I, then the image gfI,J differs from fI,J by degenerate summands. All of them are
equal to 0, except exactly for two of them, which arise with opposite signs.

• If j ∈ J \ I, i /∈ I ∪ J , then gfI,J = fI,J ± ξfI,J\{j}∪{i}.
• If j ∈ I \ J , i /∈ I ∪ J , then gfI,J = fI,J ± ξfI\{j}∪{i},J .

Thus, it remains to consider only two difficult cases where j ∈ I ∩ J and i /∈ I.
• If j ∈ I ∩ J and i /∈ I ∪ J , we get

gfI,J = fI,J ± ξfI\{j}∪{i},J ± ξfI,J\{j}∪{i} ± ξ2fI\{j}∪{i},J\{j}∪{i}.

• Finally, if j ∈ I ∩ J , i ∈ J \ I, then upon cancellation of trivial summands that contain variables xH where
the index i is repeated, we get

gfI,J = fI,J ± ξfI\{j}∪{i},J ± ξ2fI\{j}∪{i},J\{j}∪{i}.

Thus it is always the case that g maps a Plücker polynomial to a linear combination of Plücker polynomials.

Corollary. Let K be a field. Then the group
∧m(GL(n, K)) preserves the ideal of K[xI], I ∈

∧m(Ω), generated
by Plücker polynomials.

Proof. Over a field, we have
∧m(SL(n, K)) =

∧m(E(n, K)). Thus, to convince oneself that
∧m(GL(n, K))

preserves the ideal generated by Plücker polynomials, it suffices to check that this ideal is preserved by the
elementary pseudoreflections di(ε) = e + (ε − 1)eii, where ε ∈ K∗. The calculation that we perform in Sec. 7
shows that the action of

∧m(di(ε)) multiplies every Plücker polynomial by 1, ε, or ε2. Obviously, this does not
change the ideal.

6. Some ramblings around affine group schemes

In the remaining part of this article, we characterize the group
∧m(GLn) as the connected component of the

stabilizer of the polynomial ideal A = Anm of variables xI, I ∈
∧m(Ω), Ω = {1, . . . , n}, generated by Plücker

relations. This characterization is extremely close in spirit to the Chow theorem (see [24] and [12]). We have no
doubt that it is well known to experts, but since we work over an arbitrary commutative ring, we have to prove
the isomorphism of

∧m(GLn) and Fix(A)o as affine group schemes over Z.
The proof is essentially an exercise in the theory of affine group schemes (for example, see [28, 34, 47]). Taking

into account calculations of the normalizer of an exterior power (see [48]), the proof almost literally repeats the
proofs of Theorems 3.4, 5.5, and 6.5 in paper [49] by William Waterhouse. On the other hand, to characterize
the exterior power of the general linear group over an algebraically closed field, we invoke extremely deep results
by Eugene Dynkin and Gary Seitz [13, 39].

First, let f1, . . . , fs be arbitrary polynomials of t variables with coefficients in R (in most real-world applica-
tions, one has R = Z or R = Z[1/2]). We are interested in those linear changes of variables g ∈ GL(t, R) that
preserve the condition that these polynomials simultaneously vanish.

In other words, we consider all g ∈ GL(t, R) which preserve the ideal A of R[x1, . . . , xt] generated by f1, . . . , fs.
This latter condition means that for any polynomial f ∈ A, the polynomial f ◦ g, obtained from f by a change
of variables g, again belongs to A. It is well known (for example, see [30, Lemma 1] or [49, Proposition 1.4.1])
that the set G(R) = FixR(A) = FixR(f1, . . . , fs) of all such linear changes of variables g forms a group. For any
R-algebra S with 1, we may view f1, . . . , fs as polynomials with coefficients in S and thus the group G(S) is
well defined for all R-algebras.

It is easy to see that G(S) functorially depends on S. However, it is equally easy to construct examples which
show that S �→ G(S) is not necessarily an affine group scheme over R. This can be explained by the fact that,
in general, G(R) is defined by congruences rather than equations on matrix entries. However, in [49, Theorem
1.4.3 and further], there is a simple sufficient condition for S �→ G(S) to be an affine group scheme. Denote by
R[x1, . . . , xt]r the module of polynomials of degree ≤ r. For our purposes, it suffices to cite Corollary 1.4.6 of
[49], pertaining to the case R = Z.

Lemma 1. Let f1, . . . , fs ∈ Z[x1, . . . , xt] be polynomials of degree ≤ r and A be the ideal they generate. Then
for the functor S �→ FixS(f1, . . . , fs) to be an affine group scheme, it is sufficient that the rank of the intersection
A ∩ R[x1, . . . , xt]r do not change upon reduction modulo any prime p ∈ Z.

Now we apply this lemma to the ideal A = Anm in Z[xI], I ∈
∧

(Ω), generated by Plücker relations. For any
commutative ring R, we set

Gnm(R) = FixR(Amn).

4743



Lemma 2. For any m and n, the functor R �→ Gnm(R) is an affine group scheme defined over Z.

Proof. We have to prove that for any prime p, the Plücker polynomials remain independent modulo p. To this
end, we construct an appropriate specialization of the variables xI such that one of these polynomials evaluates
to 1, whereas all other vanish. We set xI = xJ = 1 for two m-element subsets I, J ⊆ {1, . . . , n} for which
|I ∩ J | ≤ m− 2, and xL = 0 for all other m-element subsets. Indeed, any such product xIxJ occurs in a unique
Plücker polynomial, and every Plücker polynomial is an alternating sum of such summands.

To prove the main result of the present paper, we need some further known facts. The following result
essentially says that to verify an isomorphism of two affine group schemes we need to verify the isomorphism
of their values over algebraically closed fields and dual numbers over such fields. Recall that, as a K-module,
the algebra K[δ] of dual numbers over K is isomorphic to K ⊕Kδ, and multiplication is defined by the relation
δ2 = 0. The following lemma is Theorem 1.6.1 in [49]. Here G denotes an affine group scheme over Z. Further,
G0 is its connected component, G(K) is its group of K-points, GK is the scheme obtained from G by scalar
change, and Lie(GK) is the Lie algebra of the scheme GK. The following statement is a sort of heavy-going,
owing to the fact that the schemes G and H are not a priori assumed to be connected or smooth.

Lemma 3. Let G and H be affine group schemes of finite type over Z with G flat, and further let φ : G −→ H
be a morphism of group schemes. Suppose that for any algebraically closed field, the following conditions are
satisfied:

• dim(GK) ≥ dimK(Lie(HK)),
• φ induces a monomorphism on the groups of points

G(K) −→ H(K), G(K[δ]) −→ H(K[δ]),

• the normalizer of φ(G0(K)) in H(K) is contained in φ(G(K)).
Then φ is an isomorphism of group schemes over Z.

Observe that in our case, the initial conditions imposed in this lemma on group schemes are automatically
satisfied. In fact, all schemes that we consider are of finite type, being subschemes of appropriate GLn. Flattness
would follow from the fact that the scheme G is either connected or has the form G0 �Z/2Z, where all reductions
G0

K of the scheme G0 are smooth connected schemes of the same dimension, which does not depend on K, namely,
G0 = GLn /µm. Thus it suffices to verify the bulleted conditions of this lemma.

7. The case of an algebraically closed field

The following results are classically known (see [23]). In a different language, they are discussed in [48] (for
example, see Theorem 4). The fact that π is irreducible and tensor indecomposable immediately follows from
the fact that it is a microweight representation.

Lemma 4. Let K be an algebraically closed field. For any n and m such that 1 ≤ m ≤ n− 1, the kernel of the
representation π of the group GL(n, K) with the highest weight �m equals µm.

Lemma 5. Viewed as a subgroup of GL(Cm
n , K), the algebraic group G = π(GL(n, K)) is irreducible and tensor

indecomposable.

Lemma 6. Except for the case where n ≥ 4 is even and m = n/2, the group G coincides with its normalizer
N(G). In the case m = n

2
, G has index 2 in N(G).

In the exceptional case, it is easy to indicate an element of N(G)\G. For example, one can take the matrix of
the linear operator chow on

∧m(Kn) specified by eI �→ eI′ , where I′ is the complement of the m-element subset
I in the index set {1, . . . , n}.

In classical paper [13], Eugene Dynkin described maximal closed connected subgroups of simple algebraic
groups over an algebraically closed field of characteristic 0. In fact, to be slightly more precise, he reduced the
explicit description of them to the representation theory of simple algebraic groups. Using results of [43], Gary
Seitz [40] generalized this description to the case of subgroups in classical algebraic groups over an arbitrary alge-
braically closed field. One of the main results of [40] can be stated as follows. Let V be the vector representation
of SL(V ), and let X be a simple algebraic subgroup of SL(n, K) such that the restriction V |X of the module V
to X is irreducible and tensor indecomposable. Then either X is maximal among closed connected subgroups
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of SL(V ), Sp(V ), or SO(V ) or else X, together with its closed connected overgroup, is on an explicit list of
exceptions, Table 1 in [40]. A criterion that a given representation is orthogonal or symplectic is established
in [3, Chap. XIII, § 7, Proposition 12]. It is reproduced also in Table 1 in [4]. Combining this criterion with
Theorem 1 of [40] and Table 1 therein, in which the group of type Al in the polyvector representation never
occurs in the X-column, we get the following result.

Lemma 7. Let K be an algebraically closed field. For any n and m such that 1 ≤ m ≤ n − 1, the group
G =

∧m(GL(n, K)) is maximal among all closed connected subgroups in one of the following groups:

• in GL(Cm
n , K) for m �= n/2;

• in GSp(Cm
n , K) if m = n/2 is odd;

• in GO0(Cm
n , K) if m = n/2 is even.

In the case m = n/2, these classical groups are the only proper connected overgroups of G =
∧m(GL(n, K)).

Proof. Strictly speaking, the above argument shows that the results of [40] imply not the result stated but only
a similar result for the commutator subgroups of these groups. In fact, we can only guarantee that for any closed
connected subgroup ∧m(GL(n, K)) ≤ H ≤ GL(Cm

n , K)

the following alternative holds:

• either H contains SL(Cm
n , K)

• or m = n/2 and H contains Sp(Cm
n , K) or SO(Cm

n , K), depending on the parity of m.

Thus, to prove the lemma we need to trace the fate of the one-dimensional torus that generates GLn over its
commutator subgroup. To this end, we consider the mth exterior power of the pseudoreflection

g = di(ε) = e + (ε − 1)eii, ε ∈ K∗.

Clearly, ∧m(g)eI =

{
εeI , i ∈ I,

eI , i /∈ I,

Thus, the matrix
∧m(g)eI has d = Cm−1

n−1 eigenvalues ε and Cm
n−1 eigenvalues 1, and, in particular, its determinant

takes all values from K∗d = K∗. This immediately implies the maximality of G =
∧m(GL(n, K)) in GL(Cm

n , K)
for m �= n/2. For m = n/2, it remains only to observe that precisely half of the eigenvalues of

∧m(g) equal ε: if
i ∈ I, then i /∈ I′. On the other hand, the bilinear form B defining the classical overgroup of

∧m(GL(2m, K)) is
defined on the base as follows: B(eI , eJ) = 0 if J �= I′ and B(eI , e′I)eΩ = eI ∧ eI′ . As is well known (for example,
see [1] and [12]), transformations of the form diag(ε, . . . , ε, 1, . . . , 1), where the number of ε’s equals the number
of 1’s, generate, together with the simple classical group, the connected component of the corresponding group
of similaritis or, in other words, one of the groups GSp(Cm

n , K) or GO0(Cm
n , K), indicated in the statement of

the lemma.

This immediately implies that, over an algebraically closed field, G0
nm(K) coincides with

∧m(GL(n, K)).

Proposition 2. Let K be an algebraically closed field. Then∧m(GL(n, K)) = G0
nm(K).

Proof. Proposition 1 implies that G =
∧m(GL(n, K)) preserves Plücker relations and thus

∧m(GL(n, K)) ≤
Gnm. Moreover, since

∧m(GL(n, K)) is connected, we have
∧m(GL(n, K)) ≤ G0

nm. On the other hand, the
previous lemma implies that, in the case m �= n/2, the group

∧m(GL(n, K)) is maximal among all closed
connected subgroups of GL(Cm

n , K). Since Gnm(K) is a proper subgroup of GL(Cm
n , K), our proposition follows.

Essentially the same argument works also in the case m = n/2; one need only note that, except for the case
n = 4, m = 2, the classical groups GSp(Cm

n , K) and GO0(Cm
n , K) do not preserve Plücker relations.
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8. The Lie algebra stabilizing a system of forms

Thus, it remains to verify that the scheme Gnm is smooth or, what is essentially the same, to calculate the
dimension of the Lie algebra Lie(Gnm). It is classically known how to calculate the Lie algebra stabilizing a
system of forms (for example, see [33, p. 256–258]). Of course, before the advent of the theory of affine group
schemes, in positive characteristic one could not say much about the group stabilizing the same system of forms.
In our calculation we again follow William Waterhouse [49], where quite similar calculations are carried out in
Lemmas 3.2, 5.3, and 6.3.

As above, let K be a field. Then the Lie algebra Lie(GK) of an affine group scheme GK can be thought of
as the kernel of the reduction homomorphism G(K[δ]) −→ G(K) sending δ to 0 (see [27, 34, 47]). Let G be
a subscheme of GLn. Then Lie(GK) consists of all matrices e + zδ, where z ∈ M(n, K), satisfying the same
equations defining G(K). For the case where G is the stabilizer of a system of polynomials, this idea may be
rendered in the following form.

Lemma 8. Let f1, . . . , fs ∈ K[x1, . . . , xt]. Then for a matrix e + zδ, where z ∈ M(t, K), to belong to
Lie(FixK(f1, . . . , fs)), it is necessary and sufficient that the following equation hold for all h = 1, . . . , s:

∑
zijxi

∂fh

∂xj
= 0, 1 ≤ i, j ≤ t.

The next result can be proved in exactly the same way as Lemma 5.3 of [49]. In fact, this lemma is a special
case of our result pertaining to the case m = 2. Moreover in [49] the exterior square

∧2(V ) is interpreted as the
space of antisymmetric matrices and Plücker relations mean that all sub-Pfaffians of order 4 vanish.

Proposition 3. For an arbitrary field K, the dimension of the Lie algebra Lie(Gnm,K) does not exceed n2.

Proof. In our case, the polynomial variables xI are indexed by the sets I ∈
∧m(Ω), Ω = {1, . . . , n}, so that

instead of i and j in the equations from the previous lemma we write I and J . The small letters i and j will be
used to denote elements of these sets: I = {i1, . . . , im} and J = {j1, . . . , jm}. Usually we assume that the ip and
jq are arranged in increasing order; in other words, i1 < . . . < im and j1 < . . . < jm. Also, it is more convenient
to write zI

J instead of zIJ . By the way, this corresponds to the classical distinction between covariant and
contravariant indices. Enumerating the elements of I and J , we usually omit braces. Thus, we simply write
zi1...im
j1...jm

instead of z
{i1,... ,im}
{j1,... ,jm}. Sometimes it is more convenient to index the variables xI and the coefficients zI

J

by the elements of the index sets I and J listed in arbitrary order. In this case, one should have in mind that
the resulting variables xi1...im differ from the initial variables xI by the sign of the corresponding permutation
of the set I. Similarly, to fix a coefficient zI

J one should multiply it by two signs, the sign of a permutation of I
and the sign of a permutation of J . For instance z231

213 = −z123
123.

On the other hand, the equations in our case are Plücker relations, so that instead of h we write a pair of
index sets K and L, where K ∈

∧m−1(Ω) and L ∈
∧m+1(Ω). We get a nontrivial relation only when K is not

contained in L. Thus the conditions stated in the previous lemma take the form

∑
zI
JxI

∂fK,L

∂xJ
= 0, I, J ∈

∧m(Ω),

for any such pair (K, L). Both these relations and the Plücker relations themselves are homogeneous of degree 2
in the variables xI . This shows that the left-hand sides of these relations should be scalar linear combinations of
Plücker polynomials. A priori the number of independent coefficients zI

J equals (Cm
n )2. Now we show that the

special form of Plücker polynomials implies a lot of nontrivial linear dependencies among zI
J .

It is easy to see that the partial derivative
∂fK,L

∂xJ
equals 0, except for the two following cases: first, when

J = K ∪ {i} for some i, this derivative equals ±xL\{i}, and second, when J = L \ {i} for some i, this derivative
equals ±xK∪{i}. Since K is not contained in L, these two cases are mutually exclusive. Furthermore, we need to
specify signs in these derivatives. This can be done as follows. Let K = {k1, . . . , km−1} and L = {l1, . . . , lm+1},
where the indices are listed in increasing order: k1 < . . . < km−1 and l1 < . . . < lm+1. Then

∂fK,L

∂xK∪{lp}
= (−1)px

l1...l̂p...lm+1
,

∂fK,L

∂xL\{lp}
= (−1)pxk1...km−1lp .
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This immediately implies that most of the coefficients zI
J vanish. Indeed, let |I∪J | ≥ m+2. Set K = I \{im}

and L = J∪{im}. Since at least two among the elements of I are not contained in J , we have K �⊆ L. This means

that
∂fK,L

∂xJ
= ±xI , and since the variable xI does not occur in any other summand, the equation corresponding

to the pair (K, L) contains a term of the form ±zI
Jx2

I. But none of the Plücker relations contains the square
of the variable xI ! This means that all coefficients zI

J corresponding to pairs (I, J) such that |I ∪ J | ≥ m + 2
vanish. Thus, they make no contribution to the dimension of the Lie algebra Lie(Gnm,K). In other words, in
the sequel we can limit ourselves to I and J such that |I ∪ J | ≤ m + 1.

Next, we estimate the number of linearly independent coefficients among zI
J , where |I ∪ J | = m + 1. Let, say,

I = {i1, . . . , im−2, r, p} and J = {i1, . . . , im−2, r, q}, where p �= q. In this case we proceed as follows. Take an
index s different from i1, . . . , im−2, r, p, and q, set

K = {i1, . . . , im−2, r}, L = {i1, . . . , im−1, s, p, q},

and consider the equation corresponding to such a pair. It is easy to see that the monomial xIxH , where

H = {i1, . . . , im−2, s, p}, occurs in this equation twice, once as xI
∂fK,L

∂xJ
and the second time as xH

∂fK,L

∂xM
,

where M = {i1, . . . , im−2, s, q}. However, since monomials of the form xIxH , where |I ∩ H| = m − 1, do not
appear in Plücker relations, the coefficients of these two entries must cancel. A straightforward calculation taking
into account the above rule for the signs of partial derivatives yields

z
i1...im−2rp
i1...im−2rq = z

i1...im−2sp
i1...im−2sq .

Repeatedly applying this relation, we see that each coefficient zI
J , where |I ∪ J | = m + 1, can be reduced to one

of the following three forms:
• z1... ,m−1,p

1... ,m−1,q , where m ≤ p �= q ≤ n;

• z1...m
1...̂i...mp

or z1...̂i...mp
1...m , where 1 ≤ i ≤ m and m + 1 ≤ p ≤ n;

• z1...̂i... ,m+1

1...̂j... ,m+1
, where 1 ≤ i �= j ≤ m.

Clearly the number of such coefficients is equal to (n−m)(n −m− 1), 2m(n −m), and m(m− 1), respectively.
Thus the total contribution of the coefficients zI

J , where |I ∪ J | = m + 1, to the dimension of the Lie algebra
Lie(Gnm,K) does not exceed n(n − 1).

It remains only to estimate the contribution of the coefficients zI
I . Let, say, I = {i1, . . . , im−2, p, q}, where

p �= q, and let r and s be two further distinct indices, pairwise different from i1, . . . , im−2, p, q. Set

K = {i1, . . . , im−2, p}, L = {i1, . . . , im−1, q, r, s}

and consider the equation corresponding to this pair. Clearly, the monomial xIxH with H = {i1, . . . , im−2, r, s}
occurs in this equation twice, once as xI

∂fK,L

∂xI
and the second time as xH

∂fK,L

∂xH
, where H = {i1, . . . , im−2, r, s}.

On the other hand, the above monomial xIxH , where |I ∩ H| = m − 2, appears in a unique Plücker relation
and with the same coefficient – maybe up to sign – as the monomial xJxM , where J = {i1, . . . , im−2, p, r} and
M = {i1, . . . , im−2, q, s}. Again a straightforward calculation taking into account the signs of partial derivatives
shows that the coefficients zI

I satisfy the relation

z
i1...im−2pq
i1...im−2pq + z

i1...im−2rs
i1...im−2rs = z

i1...im−2pr
i1...im−2pr + z

i1...im−2qs
i1...im−2qs .

Repeatedly applying this relation, it is easy to see that every coefficient zI
I can be expressed as a linear combi-

nation of the following two types of coefficients:
• z1... ,m−1,p

1... ,m−1,p, where m ≤ p ≤ n;

• z1...̂i...m+1

1...̂i...m+1
, where 1 ≤ i ≤ m.

In particular, the number of linearly independent coefficients among the zI
I does not exceed (n − m) + m =

n. Summarizing the preceding, we see that the dimension of the Lie algebra Lie(Gnm,K) does not exceed
n(n − 1) + n = n2. This completes the proof of Proposition 3.
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9. Characterization of

∧m(GLn)

Now we are in a position to complete the proof of the following theorem. It characterizes the exterior powers
of the general linear group over any commutative ring in terms of Plücker relations.

Theorem 1. For any commutative ring and any n and m such that 1 ≤ m ≤ n − 1, one has∧m(GL(n, R)) = Go
nm(R).

This theorem is an immediate consequence of the following more general resul, where we verify all conditions
of Lemma 7 for

∧m regarded as a morphism of affine group schemes over Z. In the following theorem we denote
by Z/2Z the constant scheme with two elements. As all other affine group schemes, it is written multiplicatively,
so that we denote its elements by ±1. Recall that for a ring R the order of Z/2Z(R) equals 2s, where s is the
number of indecomposable components of R. For an algebraically closed field K, this isomorphism follows from
Proposition 2 and Lemma 6. However, here we work over an arbitary ring and must prove the isomorphism over
Z.

Theorem 2. For any n and m such that 1 ≤ m ≤ n − 1, one has the following isomorphims of affine group
schemes over Z:

Gnm
∼=

{
GLn /µm, m �= n/2,

GLn /µm � Z/2Z, m = n/2.

Proof. Consider the following morphism of algebraic groups:∧m : GLn −→ GLCm
n

, g �→
∧m(g).

As we know from Lemma 4, the kernel of this morphism equals µm, and, by Proposition 1, its image is contained
in Gnm. This means that

∧m induces the following monomorphism of algebraic groups:

φ : GLn /µm −→ Gnm.

In the case m = n/2, the operator chow, defined on the base of
∧m(V ) by eI �→ e′I , maps the Plücker relations

to Plücker relations and thus lies in Gnm. This determines a copy of Z/2Z inside Gnm, so that in this case we
get a morphism

GLn /µm � Z/2Z −→ Gnm

mapping (g, 1) to φ(g) and (g,−1) to φ(g) chow. We will denote this morphism by the same letter φ. It is our
intention to apply Lemma 3 to this morphism to conclude that φ is an isomorphism of affine group schemes with
H = Gnm, G being the group on the right-hand side of the display formula in Theorem 2.

In the case m = n/2, the extra factor Z/2Z may influence the fact that the so-extended φ is still a monomor-
phism. However, for an algebraically closed field K Proposition 2 implies that chow does not lie in the connected
component G0

nm, so that φ is still a monomorphism. The same holds for φ : G(K[δ]) −→ H([δ]). This means
that the second bulleted condition of Lemma 3 holds. By the very construction of G, we have dim(GK) = n2

and Proposition 3 implies that dimK(Lie(HK)) ≤ n2, so that the first bulleted condition of Lemma 3 holds.
Finally, the third bulleted condition of Lemma 3 follows from the fact that, by Lemma 6, even the normalizer of∧m(GL(n, K)) in GL(Cm

n , K) is contained in G – and in fact coincides with it. This means that we can apply
Lemma 3 and conclude that φ establishes an isomorphism of G and H as affine group schemes over Z.

Let us specify what the isomorphism established in this theorem precisely means in the case of rings, as we
take into account the failure of surjectivity on points. The exact sequence of affine group schemes

1 −→ µm −→ GLn −→ GLn /µm −→ 1

gives rise to the following exact cohomology sequence:

1 −→ µm(R) −→ GL(n, R) −→ (GLn /µm)(R) −→ H1(R, µm) −→ H1(R, GLn) −→ H1(R, GLn /µm).

The values of all these cohomology sets – the first of them is, of course, a group – are well known. Namely,
H1(R, GLn) classifies projective R-modules of rank n, so that, in particular, H1(R, GL1) = Pic(R) is the Picard
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group of the ring R. On the other hand, writing down the cohomology sequence arising from the exact sequence
of affine group schemes

1 −→ µm −→ GL1 −→m GL1 −→ 1,

where powm : GL1 −→ GL1 is exponentiation, and taking powm(GL1)(R) = R∗m into account, we get

1 −→ R∗/R∗m −→ H1(R, µm) −→ Pic(R) −→ Pic(R),

where the rightmost arrow is induced by powm. Thus the cohomology group H1(R, µm) can be described as
follows. It is an extension of the subgroup of the Picard group Pic(R) killed by m (in other words, it consists of
invertible modules P over R such that P⊗m = R) by the group R∗/R∗m. This group – especially for m = 2 –
repeatedly appears in various problems of geometric algebra over rings for example, (see [20]).

To describe the group (GLn /µm)(R), it remains to calculate the kernel of H1(R, µm) −→ H1(R, GLn). To
this end, we observe that the morphism µm −→ GLn passes through GL1 in the scalar embedding in GLn.
Clearly, this scalar embedding induces in cohomology the map H1(R, GL1) −→ H1(R, GLn) which sends an
invertible module P to P n. Thus, the kernel H1(R, µm) −→ H1(R, GLn) contains the entire group R∗/R∗m

and, in addition, elements P of the Picard group such that P⊗m = R and P n = Rn.
Summarizing what we have said above, we see that the quotient group of

∧m(GLn)(R) modulo
∧m(GL(n, R))

contains a copy of the group R∗/R∗m, and the further quotient modulo this copy is a subgroup of the Picard
group Pic(R), consisting of inverible modules P over R such that P⊗m = R and P n = Rn. Observe that the first
of these two sections may be nontrivial even in the case where R = K is a field! It is precisely the nonsurjectivity
of this embedding on points that explains why the class of transvections, which we construct in [7], is strictly
larger than the images of the usual linear transvections.

At the final stage of the work the first-named author was supported by the RFFI 03–01–00349 (POMI RAS)
and the INTAS 03-51-3251.

Translated by N. A. Vavilov.
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