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Abstract
This Forum Note concerns the question of necessary optimality conditions in optimal
control problems subject to state constraints. Some critical remarks about a recently
published paper are made.
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1 Introduction

This Forum Note aims at discussing paper [1] recently published in this journal. Such
a paper addresses the question of necessary optimality conditions for optimal control
problems with state constraints in the form of the Pontryagin maximum principle [2].
A constructive criticism is advanced regarding its results, showing how to deduce the
theorems in [1] from the results provided in [3]. Some drawbacks of the method of
investigation are also revealed.

2 Some Critical Remarks Addressing Paper [1]

2.1 Deduction of the Results of [1] from the Literature

The main results of [1] reside in Theorems 9.1, p. 405, and 14.1, p. 417. At the same
time, Theorem 14.1 is more general than Theorem 9.1, as the title of Sect. 12 suggests.
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Therefore, let us now focus merely on Theorem 14.1. Let us show how this assertion
follows from the results obtained in [3]. Consider problem C and assume that the data
are C2-smooth as stated on p. 412 in [1]. At the first stage, assume that the type of
minimum is global. Apply to Problem C the maximum principle in the Gamkrelidze
form derived in [3], that is, conditions (8.47), (8.52), p. 132, 133. Maximum condition
(8.52), in the notation and under the assumptions of [1], yields that

ψ(t) f ′
u

(
y0(t), u0(t)

)
= μ(t)Γ ′

u

(
y0(t), u0(t)

)
, for a.a. t ∈ Δ2,

where it is denoted Γ (y, u) = − 〈
Φ ′(y), f (y, u)

〉
. The regularity condition stated on

p. 413 implies that α(t) := Γ ′
u(y

0(t), u0(t))[Γ ′
u(y

0(t), u0(t))]∗ ≥ δ on Δ2 for some
δ > 0. Therefore, the function

μ(t) = (α(t))−1ψ(t) f ′
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]∗

is Lipschitz continuous on Δ2 in view of the assumptions imposed in Sect. 12.
Now, define the new multiplier ψy(t) := ψ(t) + μ(t)Φ ′(y0(t)). Then, according

to the considerations in [3], see on p. 131, 132, and the multiplier variable change
(8.46), we obtain that the multipliersψy, μ satisfy all the conditions of Theorem 14.1,
except the conservation law (f). However, the conservation law easily follows from
maximum condition (8.52) by virtue of the known standard arguments provided in
[2], Chapter 2.

The examination of the extended weak minimum (e.w.m.) is somewhat more cum-
bersome in view of a certain technicality of this minimum condition. In this type of
minimum, the controls are allowed to compete not only with u0(t), but also with its
shifted values u0(t ± α), thus, at points of discontinuity τ , with u0(τ+), and u0(τ−).
However, this property is enough to derive the conservation law from the maximum
condition associated with the e.w.m. Therefore, impose an extra constraint—ε-tube
about the minimizer u0, but the one reflecting this type of minimum. For simple nota-
tion, let u0 be piecewise constant: u0(t) = c j , t ∈ Δ j . Denote Tj := {u : |u−c j | ≤ ε},
j = 1, 2, 3, the ε-tube. Restrict the class of controls: for each u(·) there exist
τ j ∈ (t0j − ε, t0j + ε) such that u(t) ∈ T1 for t ≤ τ1, u(t) ∈ T2 for t ∈ (τ1, τ2),
and u(t) ∈ T3 for t ≥ τ2. This is the e.w.m. Then, by applying the above arguments,
we obtain the maximum condition in the tube |u − u0(t)| ≤ ε. By considering the
obvious extra “shifting variations” at the points t0j , one can easily obtain that the max-

imums over the tubes Tj and Tj+1 are equal at t0j , j = 1, 2. These shifting variations
can be applied directly to problem C because those feasible can be selected under the
assumptions made on p. 412–413, including regularity and the fact that the endpoints
are free. Thus, the conservation law (f) still follows from the maximum condition.
Condition (f) is also easy to derive from (8.52) by virtue of the well-known trick in
changing the time variable, the so-called reduction to v-problem, see, for example,
[4], Sect. 2.5.1 (also used in [1], but in another context).

It has been shown that the result which resides in Theorem 14.1 can simply be
derived from the already known results in the literature, notably from the source
[3]. Moreover, along with the stationarity conditions suggested by Theorem 14.1, the
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maximum condition has also been obtained. The same assertion can also be deduced
from the results presented in [5], either directly as above, or by virtue of a simple
reduction.

At the same time, in Remark 9.1, the authors claim that the novelty consists in
merely the method of investigation. Therefore, our next step is to analyze this method.

2.2 Some Drawbacks of theMethod

The basic method for investigation used in [1] consists in combining the two
approaches: the reduction to the v-problem1 and the reduction to a mixed constrained
problem. In addition, when proving the monotonicity of the Lagrange multiplier μ,
the argument analogous to the one of Chapter 6 in [2] is invoked, which consists in
comparing with the trajectories lying in the interior of the domain.

This basic method has some drawbacks. First of all, the technique of reducing to
a mixed constrained problem is obviously too restrictive as important information on
the admissible trajectories subject to state constraints is lost by this transition. As
a consequence, this method does not allow one to obtain the full-fledged maximum
condition. In this regard, it should be pointed out that, under the assumptions of [1],
the main result residing in Theorem 14.1 can be strengthened. Namely:

(1) The maximum condition in the ε-tube about the minimizer can be obtained.
(2) It can be proved that the measure μ is continuous on [0, T ].
(3) Lipschitz continuity of u0 on Δ2 can be replaced by merely piecewise Lipschitz

continuity.

Fact (1) has been proved in Sect. 2.1, while facts (2), (3) can simply be obtained
from fact (1) by virtue of the considerations made, for example, in [6], see Lemmas
3.8, 3.10.

These facts clearly reveal the drawbacks of the applied method. Then, the following
obvious question arises: Why is it necessary for such a method to be applied in the
context of state constraints, if it leads to results that are even weaker than those that
can simply be obtained from the classical results and approaches contained, notably,
in [3]?

In view of these observations, the statement on p. 407, I quote, “However, this
result is not, in general, valid in the case of extended weak minimality (the reason is
that one cannot rely upon the maximality of Pontryagin function w.r.t. u, having in
disposal only the stationarity of the extended Pontryagin function)” is wrong, because
the maximum condition under the extended weak minimality holds true, see fact (1).
At the same time, fact (2) gives a clear answer to the open question raised in Sect. 10.1,
on p. 408, I quote, “In the general case, the question of presence or absence of atoms
is open. We leave it for further research.” Therefore, the extremal constructed in the
example of Sect. 10.2 does not yield the e.w.m. to (49). However, this fact remains
unclear when reading this example.

1 To be more accurate in formulations, the authors call it “replication trick.” The trick of replication of
variables follows to be a simple problem reformulation substantially based on the reduction to v-problem.
(The reduction to v-problem is applied to each subarc. The same replication trick was used in ref. 8 of [1],
see p. 966 therein.)
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The conclusion is that the applied method in [1] does not lead to the full set of
the necessary optimality conditions. At the same time, some restrictive assumptions
on the data are required as a consequence of the arguments used in the proof which
should also be attributed to the drawbacks of the applied method. Next, we discuss
these assumptions.

2.3 Restrictive Assumptions

The assumptions which are put forward in [1] are rather restrictive. It is assumed that
the endpoints are free, while (66) is in force. Moreover, the extremal control u0 is
continuous when the trajectory lies on the boundary of the state constraint set, while
the control constraints are inactive. These assumptions greatly simplify the problem
and are difficult to qualify as realistic.

At the same time, the authors assume that the endpoints are strictly embeddedwithin
the state constraints. This, however, excludes the important and interesting case under
consideration which refers to the so-called non-degeneracy of the maximum principle.
Regarding this issue, see the book [7] and the bibliography cited therein (in particular,
see the important sources [8–13]).

2.4 Wrong Citations

In viewof the arguments presented in Sect. 2.1, the following sentence in [1]:“In paper
[5] and then in [6], it was shown, by a simple change of the adjoint variable, that one
can pass from the conditions in the Dubovitskii-Milyutin form to the conditions in the
form of Gamkrelidze, but the possibility of the inverse passage was not investigated.”
is incorrect. Indeed, first of all, clearly, ref. [5] of [1] should be replaced by ref. [3]
of this note, which is 30 years older. The “inverse passage” is obvious, and, in fact,
this passage has already been made here, in Sect. 2.1. The relation between the two
distinct forms of necessary optimality conditions, including the relation to the original
Gamkrelidze result, has been investigated in [3,5].

2.5 Confusing Title?

The material of the previous section raises a question about the title of [1]. There is
not even a single assertion in [1] on any relations between the discussed forms of the
necessary conditions. The title may be regarded as misleading since it does not reflect
the real content of the paper.

3 A Question About the Proof

On p. 399, in formula (19), it is not clear how the authors derive that σ(τ) is Lipschitz
continuous on Δ2. Function f is assumed merely as C1-function, so f ′

u is continuous.
However, the compositionof a continuous function and aLipschitz continuous function
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may not be Lipschitz continuous. Most probably some extra smoothness assumption
on f w.r.t. the u-variable is missing.

4 Conclusions

This ForumNote aims at establishing an objective viewpoint on results obtained in the
paper [1] recently published in this journal. These results are constructively criticized.
Some drawbacks of the method of investigation are revealed.
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