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Abstract
A general quantum-mechanical formalism is reviewed for double electron capture
from heliumlike atomic systems by fast nuclei. The development is carried out with
and without the distorted wave theory by fulfilling the correct boundary conditions.
These refer to the required asymptotic behaviors of the total scattering wave func-
tions and their appropriate connections to the perturbation interactions that produce
the transitions from the initial to the final states of the system. In this general formu-
lation any choice is allowed for the pairs of the distorting potentials and the related
distorted wave functions as long as the correct boundary conditions are satisfied. This
is the case with the four-body versions of several most frequently used methods (con-
tinuum distorted wave: CDW-4B, boundary-corrected continuum intermediate state:
BCIS-4B, Born distorted wave: BDW-4B, continuum distorted wave initial/final state:
CDW-EIS/EFS-4B, and the boundary-corrected first Born: CB1-4B). A comparative
analysis of thesemethodsmakes in evidence both their similarities and differences. For
example, the most illustrative is the juxtaposition of the post BDW-4B and CDW-EIS-
4B methods. They share the same distorting potential in the exit channel. The only
difference is in the coordinates from the Coulomb logarithmic phases in the initial
distorted wave functions. This difference is completely negligible in the asymptotic
scattering regions. Yet, for e.g. double electron capture from helium by alpha particles,
the total cross sections from these two methods differ by 1–3 orders of magnitudes.
The BDW-4B method is in agreement with experimental data at high impact energies.
In sharp contrast, within its validity domain of impact energies, the CDW-EIS-4B
method underestimates the measured data by orders of magnitude. This shows that
whatmatters is not solely the correct asymptotes of distortedwave functions, but rather
how they affect the contributions to the integrals over the entire regions in the T-matrix
elements for total cross sections. Such insights help understand the assessment of the
overall validity and relative performance of various methods, and can provide a versa-
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tile guidance for improving the existing approximations for double charge exchange
in fast ion–atom collisions.

Keywords High energy atomic collisions · Correct boundary conditions · Double
charge exchange · Second-order theories

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
2 General theory with and without the distorted wave formalism . . . . . . . . . . . . . . . . . . . 5

2.1 Coulomb-modified initial and final scattering states without distorted waves . . . . . . . . . 5
2.1.1 Eikonal formalism for dominant forward scatterings of heavy particles . . . . . . . . . 8
2.1.2 The prior and post forms of the transition amplitudes . . . . . . . . . . . . . . . . . . 12

2.2 Coulomb-modified initial and final scattering states with distorted waves . . . . . . . . . . . 14
2.3 Determination of the initial and final distorted waves . . . . . . . . . . . . . . . . . . . . . 17

2.3.1 Entrance channel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3.2 Exit channel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4 Asymptotic behaviors of distorted waves at large inter-particle distances . . . . . . . . . . . 20
2.5 Different choices of the distorting potentials and distorted waves . . . . . . . . . . . . . . . 22

2.5.1 Symmetric second-order theories: four-body continuum distorted wave method, CDW-4B 22
2.5.2 Symmetric first-order theories: four-body boundary-corrected first Born method, CB1-4B 28
2.5.3 Asymmetric second-order theories: four-body boundary-corrected continuum interme-

diate states method, BCIS-4B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.5.4 Asymmetric second-order theories: four-body Born distorted wave method, BDW-4B . 34
2.5.5 Asymmetric second-order theories: four-body continuum distorted wave eikonal ini-

tial/final state methods, CDW-EIS/EFS-4B . . . . . . . . . . . . . . . . . . . . . . . 37
2.5.6 The link between the prior/post BDW-4B and CDW-EFS/EIS-4B methods . . . . . . . 39
2.5.7 The link between the prior/post CDW-4B and CDW-EFS/EIS-4B methods . . . . . . . 41

3 Convergence issues with the Born series for rearrangement collisions . . . . . . . . . . . . . . . 42
4 Illustrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
5 Discussion and conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

1 Introduction

Double charge exchange in ion–atom collisions at intermediate and high energies is
prominent among many multi-electron processes [1–4]. These include electron trans-
fer, excitation, ionization their combinations (transfer-excitation, transfer-ionization,
…), etc. Such processes have been studied intensively over the years both theoretically
[5–54] and experimentally [55–86]. When there is active participation of two or more
electrons from either the projectile or the target or both, we talk about two or mul-
tiple electron transfer, excitation, ionization, transfer-excitation, transfer ionization,
etc. Stated equivalently, the termmultiple electron atomic processes implies that more
than one electron has left its initial orbital.

The so-called frozen core approximation has often been invoked in descriptions of
such collisional processes. This additional approximation assumes that the electrons
that do not participate to the actual transitions (the passive electrons) remain in the
final state of the target and/or projectile in the same orbitals which they have occupied
in the initial states. Such an approximation is expected to be reasonable at high impact
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energies. Nevertheless, it is pertinent here to emphasize that e.g. a single-electron
process, in the strict meaning of the term, cannot occur in collisions involving multi-
electron atomic systems. The explanation is that an alteration in the orbital energy of
one electron (the active electron)would inevitably lead to some changes (albeit perhaps
only slight) in the orbital energies of the remaining electrons (meaning that here, in
fact, there could be no passive electrons). Such a strictness is often not of a particular
concern in many applications that frequently rely upon the frozen core approximation,
the notion of passive electrons, the effective or screened nuclear charges, etc.

In particular, for charge-exchange processes, the non-captured electrons are viewed
as playing only a static role amounting to merely screening the bare nuclear charge.
Various choices of the effective nuclear charges can be made, and this should be
done in a consistent manner. Physically, these effective nuclear charges should be
close to the nuclear charges that reproduce the orbital energies of the initial and final
bound states. One reasonable choice is guided by the fact that the nuclear charge
Z and the binding energy εn < 0 of the electron in a hydrogenlike atomic system
for the state with the principal quantum number n is Z = (−2n2εn)1/2. Similarly, as
suggested in Ref. [87], in the case of amulti-electron atomic or ionic target, an electron
to be captured from a state of the orbital energy εTn < 0 with the orbital number

n, the effective nuclear charge Z eff
T could be chosen to satisfy the hydrogenic-type

relationship Z eff
T = (−2n2εTn )1/2. Here, εTn could be selected as the Roothan-Hartree-

Fock orbital energy for which the tabulated values can be found in Ref. [88] for

many multi-electron atomic systems. Also given in Ref. [88] are the variationally
determined parameters (expansion coefficients, exponential damping factors) for the
analytical forms of the corresponding ground-state wave functions (including some
of the excited states) for neutral and ionized atoms. These latter wave functions are
linear combinations of the Slater-type orbitals (STO) as the basis set functions.

This type of choice for an effective or screened nuclear charge works quite well
in practice [87]. The reason is in the fact that charge-exchange is a very local pro-
cess. This process occurs with non-negligible probabilities at the places where the
initial and/or final bound state wave functions are appreciable. It is at these places
that the electrons to be captured experience the screened charge Z eff

T as an average
target nuclear charge. Note that due to their exponential decline with augmentation
of distances, the atomic bound state wave functions take on their noticeable values
only at small separations between the electrons and their parent nucleus. At high ener-
gies, the dominant contribution to charge exchange transition amplitude for complex
atomic targets is predominantly determined by the electrons that are closest to their
nucleus (the K-shell electrons). Small distances correspond to high momenta. There-
fore, even at high impact energies, it is important to use the atomic wave functions
whose momentum-space representations accurately describe high momentum com-
ponents of the electronic states. Momentum-space bound-state wave functions come
into play here because the charge exchange transition amplitudes are determined by
the overlap integrals of the initial and final scattering states. Such overlap integrals
contain the momentum-space bound-state wave functions that are initially given in
the coordinate representations. This becomes most obvious from an inspection of the
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well-known transition amplitude in the first-order Oppenheimer–Brinkman–Kramers
(OBK) approximation for single electron capture processes [89].

From these remarks one can infer the two main mechanisms, the velocity match-
ing and the Thomas-type double scattering, for charge exchange in the first- and
second-order methods, respectively. The first-order methods are based upon the one-
step pathways, involving the direct projectile-target interactions alone. Therein, the
velocity matching mechanism operates via the circumstance that the dominant contri-
bution to electron capture is due to the near equality between the incident speed and
the orbital velocity of the active target electron. High incident velocities require high
momentum components from the momentum distribution in the target momentum-
space bound-state wave functions. The second-order methods describe the two steps
via target ionization followed by capture of the emitted electron. The emitted electron
must have high momentum if it is to be captured by a fast projectile. This ionization-
capture mechanism is a quantum-mechanical version of the classical Thomas double
scattering. There are two successive elastic rearranging collisions in the Thomas
billiard-type twin events. In the first event, the electron is scattered elastically on
the projectile through 60◦ towards the target nucleus. In the second encounter, the
electron scatters again elastically through 60◦ on the target nucleus with the velocity
v equal to the projectile large speed. This electron is finally captured by the positively
charged projectile, since on top of having collinear velocities, the attractive Coulomb
potential between these two particles binds them together into a newly formed atomic
system.

In the present review, we will focus only upon several selected first- and second-
order methods with the correct boundary conditions for double electron capture from
heliumlike targets by heavy nuclei. These are the four-body continuum distorted wave
(CDW-4B) [30,31], boundary-corrected continuum intermediate state (BCIS-4B) [32],
Born distorted wave (BDW-4B) [41,42], continuum distorted wave initial/final state
(CDW-EIS/EFS-4B) [47] and the boundary-corrected first Born (CB1-4B) [33,34]
methods. We will illuminate their similarities as well as differences and illustrate
their performance in the most frequently studied example of collisions between alpha
particles and helium atoms.

Atomic collisions involvingmultiple electron transitions have been of notable inter-
est over last several decades in a vastly different applications ranging from basic
research purposes to technology. These include, but are not limited to:

• Stellar atmospheres, upper atmosphere, inter-stellar medium [90,91].
• Heavy ion accelerators at GSI (Darmstadt), KSU (Kanzas), GANIL (Caen), etc
[92]

• Storage ring accelerator such as ESR, CRYRING (at GSI), TSR (Heidelberg),
ASTRID (Aarhus), etc [93–96].

• Ion traps (EBIT, Paul trap, Penning trap, …), ion sources (EBIS, ECRIS, …), etc
[93–95].

• Charge exchange spectroscopy in magnetically confined plasmas [97].
• Hot and dense plasmas (T ≥ 106 ◦K, ne ∼ 1019/cm3 − 1024/cm3), high-
temperature thermonuclear fusion by way of inertial confinement accomplished
with heavy ion bombardment (at GSI), short high-energy laser pulses (at LMJ:
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Bordeaux, PHOEBUS: Limeil, NOVA, NIS: Livermole, …) or short intense dis-
charges (Z-pinch), etc [98–100].

• Hot and dilute plasmas (T ≥ 106 ◦K, ne ∼ 1014/cm3), high-temperature ther-
monuclear fusion via magnetic confinement devices e.g. Tokamaks, Stellarators,
etc [97,101,102]

• Heavy ion interactions with matter [92,103–106]
• Hadron therapy by high-energy (∼ 300 MeV/amu) light ions (from proton to Car-
bon nuclei) for treatment of deep-seated tumors in patients at either physics-based
facilities or at hospital-built dedicated accelerators in several countries (USA, Ger-
many, France, Austria, Sweden, Italy, Japan, Russia, …) [107–124].

Atomic units shall be used explicitly unless stated otherwise.

2 General theory with and without the distorted wave formalism

2.1 Coulomb-modified initial and final scattering states without distorted waves

One of the most important problems for testing theories in pure four-particle ion–
atom collisions is double charge exchange (double electron transfer, double electron
capture). Here, two electrons e1 and e2, that are initially bound to the target nucleus
(T), both end up finally in another bound state, but this time around the projectile
nucleus (P). This process is symbolized by:

ZP + (ZT; e1, e2)i −→ (ZP; e1, e2) f + ZT, (2.1)

or equivalently,

P + (T; e1, e2)i −→ (P; e1, e2) f + T, (2.2)

where the parentheses indicate the bound states, whereas ZP and ZT are the nuclear
charges of P and T. Let xk and sk be the position vectors of the k th electron ek
relative to T and P, respectively (k = 1, 2). Further, let R be the inter-nuclear axis
with R being the position vector of P relative to T (R = |R |). We denote by r i
or r f the position vector of P or T relative to the center-of-mass of (ZT; e1, e2)i or
(ZP; e1, e2) f . The elements of the set {r i , r f , x1,2, s1,2 } can be connected to each
other by introducing the position vectors {rP, rT, r1,2} of {P,T, e1,2} relative to the
origin O of an arbitrary Galilean reference frame XOYZ. This gives the defining
expressions for {x1,2, s1,2, r i , r f } as well as for the vectors of the inter-nuclear (R)

and inter-electronic (r12) distances:

x1,2 = r1,2 − rT, s1,2 = r1,2 − rP

R = rP − rT, r12 = r1 − r2

r i = rP − MTrT + r1 + r2
MT + 2

, r f = rT − MPrP + r1 + r2
MP + 2

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

, (2.3)
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where MK is the mass of the Kth nucleus (K=P, T). Here, the electron mass me does
not explicitly appear since me = 1 in atomic units. The position vectors introduced in
(2.3) are connected to each other by the relations:

R = x1 − s1 = x2 − s2

x12 = x1 − x2, s12 = s1 − s2, x12 = s12 ≡ r12

ri = −b1r f − a1
μ f

(s1 + s2), r f = −a1r i − b1
μi

(x1 + x2)

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

, (2.4)

where μi and μ f are the reduced mass of P + (T; e1, e2)i and (P; e1, e2) f + T,

respectively

b1 = MT

MT + 1
, b2 = MT + 1

MT + 2
, μi = MP(MT + 2)

MP + MT + 2

a1 = MP

MP + 1
, a2 = MP + 1

MP + 2
, μ f = MT(MP + 2)

MT + MP + 2

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

. (2.5)

For a subsequent derivation, it is useful to decompose the vector R of the inter-nuclear
axis R into its two orthogonal vectorial components:

R = {ρ, Z} , R = ρ + Z , ρ · Z = 0 , dR = dρdZ (Volume element). (2.6)

Here, the vectorial projections of R onto the XOY plane and the Z -axis are denoted
by ρ and Z. Both the light (electrons) and heavy (nuclei) particles are going to be
presently described by fully quantum-mechanical methods through the Schrödinger
equations. Therefore, in (2.6), despite the resemblance, the vector ρ cannot be viewed
as the impact parameter b in the straight line R = b+ vt for the classically described
motion of the projectile, where v and t are the incident velocity and time, respectively.
Nevertheless, using the final expressions for the full quantum-mechanical eikonal
transition amplitudes, we will extract (by means of the Fourier integrals) their semi-
classical impact parameter dependent counterparts. This does notmean that the eikonal
version of the quantum-mechanical formalism should obviate the need for the impact
parameter framework. Quite the contrary, the four-body impact parameter formula-
tions and the four-body full quantum-mechanical formalisms should be treated on
the same footing for ion–atom collisions involving heavy nuclei. The reason is in the
dualism as it is always reassuring to obtain the same results from two different types of
descriptions of the same problem. This dualism stems from the eikonal setting (with
heavy mass limits and predominantly forward scattering of projectiles) which is the
basis of the equivalence between the fully quantum-mechanical and the semi-classical
impact parameter developments (both in the four-body formulations) for double charge
exchange processes.
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The complete Schrödinger equation describing all the states of the whole system is
given by:

(H − E)� = 0, (2.7)

where H is the full Hamiltonian operator and E is the total energy

E = Ei = E f (Energy conservation law);

Ei = k2i
2μi

+ εTi , E f = k2f
2μ f

+ εPf . (2.8)

Here, ki and k f are the initial and finalwave vectors, whereas εTi and εPf are the binding
energies of the two electrons around the target and projectile nucleus in the entrance
and exit channels, respectively. Using the momentum vectors ki, f and and the reduced
masses μi, f , the initial and final velocity vectors vi, f and their unit vectors v̂i, f are:

vi, f = ki, f
μi, f

, v̂i, f = vi, f

vi, f
, k̂i, f = ki, f

ki, f
. (2.9)

Hereafter, we will choose the initial velocity along the Z -axis, so that vi = (0, 0, vi ).
Taking the target atomic system to be at rest, the relative velocity vector of the colliding
particles becomes equal to the incident velocity of the projectile nucleus P. Thus, the
incident velocity of P is equal to vi .

Using the energy conservation law k2i /(2μi ) + εTi = k2f /(2μ f ) + εPf from (2.8),
the following exact relationship is obtained between the magnitudes v f = |v f | and
vi = |vi | of the initial and final velocity vectors v f and vi :

v f = vi

√
√
√
√ μi

μ f

[

1 + εTi − εPf

k2i /(2μi )

]

. (2.10)

The total Hamiltonian H is defined by:

H = H0 + V , (2.11)

where V is the complete interaction potential

V = VT1 + VT2 + VP1 + VP2 + V12 + VPT, (2.12)

VTk = − ZT

xk
, VPk = − ZP

sk
(k = 1, 2), V12 = 1

r12
, VPT = ZPZT

R
. (2.13)

The quantity H0 is the full kinetic energy operator which takes two equivalent forms
in the two sets of the independent variables {r i , x1, x2} and {r f , s1, s2} :

{r i , x1, x2} : H0 = Ki − 1

2b1
∇2
x1 − 1

2b1
∇2
x2 − 1

MT
∇x1 · ∇x2 , (2.14)
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{r f , s1, s2} : H0 = K f − 1

2a1
∇2
s1 − 1

2a1
∇2
s2 − 1

MP
∇s1 · ∇s2 , (2.15)

where Ki, f are the kinetic energy operators of the relative motions of heavy particles

Ki = − 1

2μi
∇2
ri , K f = − 1

2μ f
∇2
r f . (2.16)

2.1.1 Eikonal formalism for dominant forward scatterings of heavy particles

Fast heavy particles only slightly deviate from their incident direction. Consequently,
total cross sections are dominated by forward scattering. This justifies the use of the
eikonal variant of the full quantum-mechanical treatment. For such collisions, the
eikonal formalism consists of a sequence of the following relations:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eikonal formalism :

MP,T � 1, ki, f � 1, k2i, f /(2μi, f ) � max(|εTi |, |εPf |)

k̂ f ≈ k̂i (v̂ f ≈ v̂i ≡ v̂) (Forward scattering)

Neglect of all the terms of the order of (or smaller than) M−1
P,T or μ−1

i, f

r i ≈ R, r f ≈ −R

ki ri − ki · r i ≈ μ(vR − v · R), k f r f − k f · r f ≈ μ(vR + v · R)

Neglect of themass polarizations : M−1
T ∇x1 · ∇x2 , M−1

P ∇s1 · ∇s2

Linearization of Ki, f via : Ki, f ≈ K (eik)
i, f ≡ k2i, f /(2μi, f ) − vi, f · (ki, f ± i∇ri, f )

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

(2.17)

where μ is the reduced mass of the two nuclei, μ = MPMT/(MP + MT). Throughout
the present analysis, in the entrance channel, we adopt the standard notation by which
the wave vector ki is the initial momentum of the projectile nucleus P with respect to
(T ; e1, e2)i for the process (2.1). However, in the exit channel, we use the the non-
standard notation where the wave vector k f is the final momentum of (P; e1, e2) f
with respect to the target nucleus T. In other words, the non-standard initial wave
vector {k f }non−standard changes the direction of its standard counterpart {k f }standard i.e.
{k f }non−standard = −{k f }standard. Here, {k f }standard is the the usual momentum vector
of the target nucleus T with respect to the newly formed heliumlike atomic system
(P; e1, e2) f . The reason for reversing the sign of {k f }standard in {k f }non−standard is in
the fact that for charge exchange in heavy ion–atom collisions, the final velocity vector
v f is very close to the initial velocity vector vi . This yields a convenient notation in
(2.17) via v f ≈ vi ≡ v which, as one of the signatures of the eikonal formalism
for heavy particles, makes in evidence the dominant contribution of scattering in
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the forward direction (v̂i, f ≈ v̂i, f ≡ v̂). Moreover, the same type of the relation
v f ≈ vi ≡ v also exists between the absolute values v f and vi of the velocity vectors
v f and vi as can be seen by applying k2i, f /(2μi, f ) � max(|εTi |, |εPf |) from (2.17) to
(2.10). Thus, we see that, as stated, the vectors v f and vi are close to each other in the
sense of being practically collinear:

v̂i, f ≈ v̂i, f ≡ v̂, v f ≈ vi ≡ v ∴ v f ≈ vi ≡ v. (2.18)

There is yet another advantage of using the eikonal hypothesis, since the small scat-
tering angles of heavy projectiles imply:

ki · r i + k f · r f = 2α · (s1 + s2) + 2β · (x1 + x2)

ki · r i + k f · r f = 2β · R − v · (s1 + s2) = −2α · R − v · (x1 + x2)

2α = η − v+v̂ , 2β = −η − v−v̂ , α + β = −v , v± = v ± εPf − εTi

v

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

. (2.19)

Here, η, as the transversal, two-dimensional, vectorial component of the momentum
transfer vector k f − ki , is given by:

η = (η cosφη, η sin φη, 0) , η · v = 0 , ρ · v = 0. (2.20)

With the neglect of themass polarization terms (1/MT)∇x1 ·∇x2 and (1/MP)∇s1 ·∇s2
in (2.14) and (2.15), respectively, the kinetic energy operator H0 becomes:

H0 = − 1

2μi
∇2
ri + H0T = Ki + H0T, (2.21)

or alternatively

H0 = − 1

2μ f
∇2
r f + H0P = K f + H0P, (2.22)

where

H0T = − 1

2b1
∇2
x1 − 1

2b2
∇2
x2 , (2.23)

H0P = − 1

2a1
∇2
s1 − 1

2a2
∇2
s2 . (2.24)

In (2.21) and (2.22), even though we will adopt the eikonal hypothesis throughout, we
provisionally employ, for convenience, the exact operator Ki, f instead of K (eik)

i, f for
the relative motions of heavy particles. However, in the consistent eikonal formalism
(2.17), either the exact kinetic energy operators Ki, f = ∇2

ri, f /(2μi, f ) or their eikonal,

linearized forms K (eik)
i, f = k2i, f /(2μi, f )−vi, f ·(ki, f ±i∇ri, f ) can equivalently be used.
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For the givenCoulombic potentials Zi . f /ri, f , theSchrödinger equationswith Ki, f and

K (eik)
i, f give the full Coulomb wave functions F±

i, f (r i, f ) and their logarithmic phase

factors F (eik)±
i, f (r i, f ), respectively. The differences in the results for the total cross

sections based upon the alternative pairs {Ki, f , F
±
i, f (r i, f )} and {K (eik)

i, f , F (eik)±
i, f (r i, f )}

are negligibly small, being of the order of or less than 1/μi, f and, as such, altering

merely the 3rd or 4th decimal places, at most. Theoretically, an explicit use of K (eik)
i, f

is particularly convenient when showing that the inter-nuclear potential VPT does not
contribute to the eikonal total cross sections computed from the eikonal version of the
quantum-mechanical transition amplitudes in any method with the correct boundary
conditions. This has first been shown in Ref. [87] for single capture processes, and it
will also be presently demonstrated for double capture in rearrangement collisions of
heavy nuclei and atomic target systems.

The Schrödinger equation (2.7) is to be solved subject to the physical boundary
conditions associated with the scattering problem (2.1). These boundary conditions
must provide the full wave function � with the proper outgoing �+

i and incoming
�−

f spherical scattered waves at large values of the inter-aggregate separations ri and
r f in the entrance and exit channel:

�+
i −→ri→∞ 	+

i , 	+
i = 	ie

iνi ln (ki ri−ki ·r i ) ≈MP,T�1 	ie
iνi lnμ(vR−v·R), (2.25)

�−
f −→r f →∞ 	−

f , 	−
f = 	 f e

−iν f ln (k f r f −k f ·r f ) ≈MP,T�1	 f e
−iν f lnμ(vR+v·R), (2.26)

where

νi = ZP(ZT − 2)

v
, ν f = ZT(ZP − 2)

v
. (2.27)

Here, 	i and 	 f are the initial and final unperturbed states:

	i = ϕi (x1, x2)eiki ·r i , (2.28)

	 f = ϕ f (s1, s2)e−ik f ·r f , (2.29)

where ϕi (x1, x2) and ϕ f (s1, s2) are the bound state wave functions of atomic systems
(ZT; e1, e2)i and (ZP; e1, e2) f . These latter wave functions satisfy the equations:

(H0T + VT − εTi )ϕi (x1, x2) = 0, (2.30)

(H0P + VP − εPf )ϕ f (s1, s2) = 0, (2.31)

with

VT = VT1 + VT2 + V12, (2.32)

VP = VP1 + VP2 + V12. (2.33)
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The particular forms of the channel states 	+
i and 	−

f from Eqs. (2.25) and (2.26)
account for all the long-range distortion Coulomb effects due to the residual interac-
tions V∞

i, f between the two scattering particles:

V∞
i = ZP(ZT − 2)

ri
, V∞

f = ZT(ZP − 2)

r f
. (2.34)

According to (2.17), within the eikonal mass limitMP,T � 1, the relations r i, f ≈ ±R
are amply justified, and this implies:

V∞
i −→MT�1 V∞

i,eik, V∞
f −→MP�1 V∞

f ,eik, (2.35)

where

V∞
i,eik = ZP(ZT − 2)

R
, V∞

f ,eik = ZT(ZP − 2)

R
. (2.36)

As such, the distorting potentials V∞
i, f represent the correct asymptotic behaviors of

the corresponding initial and final perturbations Vi, f , which are introduced by:

Vi = VP1 + VP2 + VPT −→ri→∞ V∞
i , (2.37)

V f = VT1 + VT2 + VPT −→r f →∞ V∞
f . (2.38)

The unperturbed channel states 	i and 	 f from Eqs. (2.28) and (2.29) satisfy the
following equations:

(Hi − Ei )	i = 0, (2.39)

(H f − Ei )	 f = 0, (2.40)

where Hi and H f are the channel Hamiltonians

Hi = H − Vi = H0 + VP, (2.41)

H f = H − V f = H0 + VT. (2.42)

In the eikonal approximation, the asymptotic channel states 	+
i and 	−

i from
Eqs. (2.25) and (2.26) are the solutions of the equations:

(Hi + V∞
i − Ei )	

+
i = 0, (2.43)

(H f + V∞
f − E f )	

−
f = 0. (2.44)

For scattering, the complete Schrödinger equation (2.7) for the original problem is
written in the forms that emphasize the appropriate boundary conditions:

(H − Ei )�
+
i = 0, (2.45)

(H − E f )�
−
f = 0. (2.46)
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2.1.2 The prior and post forms of the transition amplitudes

It is convenient to introduce the initial and final compound wave functions ϒ±
i, f

(hereafter called the initial and final scattering amalgamates) as the images of the
applications of the perturbations Vi, f − V∞

i, f onto the Coulomb-modified channels

states 	±
i, f :

ϒ+
i = (Vi − V∞

i )	+
i , ϒ−

f = (V f − V∞
f )	−

f . (2.47)

Then the prior form of the full transition amplitude T−
i f is obtained by projecting the

initial scattering amalgamate ϒ+
i onto the final complete scattering state �−

f . This

projection is the overlap integral between ϒ+
i and �−

f :

Prior : T−
i f = 〈�−

f |ϒ+
i 〉. (2.48)

Likewise, the post formof the full transition amplitude T+
i f is the scalar or inner product

between the final scattering amalgamate ϒ−
f and the initial complete scattering state

�+
i :

Post : T+
i f = 〈ϒ−

f |�+
i 〉. (2.49)

Overall, for a straightforward book keeping, the ansatz ϒ+
i from the prior form T−

i f

fuses the Coulomb-modified initial state	+
i and the corresponding perturbation inter-

action Vi − V∞
i via ϒ+

i = (Vi − V∞
i )	+

i . Similarly, and for the same reason, the
ansatzϒ−

f from the post form T+
i f merges the Coulomb-modified final state vector	−

f

and the associated perturbation interaction V f −V∞
f as ϒ−

f = (V f −V∞
f )	−

f . In the

prior/post transition amplitudes T∓
i f from (2.48) and (2.49), the asymptotic Coulomb

potentials V∞
i, f must always be subtracted from the perturbations Vi, f to accommodate

for the difference between 	±
i, f and 	i, f . Such couplings of 	±

i, f and Vi, f − V∞
i, f

embedded in the state vectors ϒ±
i, f emphasize the fact that the perturbation potentials

and the channel states must systematically be consistent with each other. Any change
in 	±

i, f ought to be accompanied by the appropriate alteration of Vi, f − V∞
i, f and vice

verse.
In the eikonal mass limit MP,T � 1, the relations (2.35) and (2.36) imply that the

perturbation interactions Vi −V∞
i and V f −V∞

f from the transition amplitudes (2.48)
and (2.49) do not contain the inter-nuclear potential VPT :

Vi − V∞
i = VP1 + VP2 + VPT − V∞

i

−→MT�1 VP1 + VP2 + VPT − V∞
i,eik

= ZP

(
2

R
− 1

s1
− 1

s2

)

, (2.50)
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V f − V∞
f = VT1 + VT2 + VPT − V∞

f

−→MP�1 VT1 + VT2 + VPT − V∞
f ,eik

= ZT

(
2

R
− 1

x1
− 1

x2

)

. (2.51)

For large R in the entrance channel, both s1 and s2 are also large. Similarly, x1 and
x2 are large for large R in the exit channel. This indicates that the perturbations
ZP(2/R−1/s1−1/s2) and ZT(2/R−1/x1−1/x2) in the entrance and exit channels,
respectively, are of short range. Indeed, the use of the Taylor expansion shows that both
ZP(2/R−1/s1 −1/s2) and ZT(2/R−1/x1 −1/x2) are the short-range interactions:

Vi − V∞
i −→MP�1 ZP

(
2

R
− 1

s1
− 1

s2

)

−→ri→∞ ZPO
(
R−2

)
, (2.52)

V f − V∞
f −→MP�1 ZT

(
2

R
− 1

x1
− 1

x2

)

−→r f →∞ ZTO
(
R−2

)
. (2.53)

The scattering states�±
i, f and	±

i, f with the same correct asymptotic behaviors (2.25)
and (2.26) at large distances can also properly be connected to each other in any region
with no necessary reference to the the limits ri, f → ∞. To this end, we define the
total Møller wave operators ±

i, f as:

+
i = 1 + G+ (

Vi − V∞
i

)
, −

f = 1 + G− (
V f − V∞

f

)
, (2.54)

where G± are the total Green operators (resolvents)

G+ = 1

Ei − H + iε
, G− = 1

E f − H − iε
(ε > 0). (2.55)

Then the sought relationships between�±
i, f and	±

i, f at any inter-particle distance are
given by:

|�+
i 〉 = +

i |	+
i 〉, (2.56)

|�−
f 〉 = −

f |	−
f 〉. (2.57)

The expressions (2.56) and (2.57) must be consistent with the full Schrödinger equa-
tions (2.45) and (2.46). This is true as can be checked by multiplication of (2.56) and
(2.57) with E − H + iε and E − H − iε, in which case Eqs. (2.45) and (2.46) are
obtained in the limits ε → 0+ and ε → 0−, respectively:

lim
ε→0±

(
Ei, f − H ± iε

)
�±

i, f = lim
ε→0±(Ei, f − H ± iε)

×
[

1 + 1

Ei, f − H ± iε

(
Vi, f − V∞

i, f

)]

	±
i, f
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= lim
ε→0±

[
(Ei, f − Hi, f − Vi, f ± iε) +

(
Vi, f − V∞

i, f

)]
	±

i, f

= lim
ε→0±

(
Ei, f − Hi, f − V∞

i, f ± iε
)

	±
i, f

=
(
Ei, f − Hi, f − V∞

i, f

)
	±

i, f = 0 ( lim
ε→0± iε	±

i, f = 0),

where Eqs. (2.43) and (2.44) are used, so that

lim
ε→0±

(
Ei, f − H ± iε

)
�±

i, f = (Ei, f − H)�±
i, f = 0 ( lim

ε→0± iε�±
i, f = 0), (2.58)

in agreement with (2.45) and (2.46). Therefore, the scattering states �±
i, f from (2.56)

and (2.57) are indeed the solutions of the full Schrödinger equations (2.45) and (2.46).
Nevertheless, the solutions (2.56) and (2.57) are formal because finding the explicit
forms of ±

i, f 	
±
i, f for �±

i, f is as difficult as solving the full Schrödinger equations

(2.45) and (2.46). This is the case because the Møller wave operators ±
i, f through

the resolvents G± from (2.55) also contain the total Hamiltonian H as do the full
Schrödinger equations (2.45) and (2.46). In order to extract the physical solutions
for the investigated problem, Eq. (2.7) must always be explicitly accompanied by the
appropriate boundary conditions (2.25) or (2.26). This is symbolized by the super-
scripts± of the total scattering wave functions in (2.45) and (2.46). On the other hand,
in the case of (2.56) and (2.57), these scattering boundary conditions are implicitly
contained in the Green operators G±. This is secured by the presence of the infinites-
imally small positive number ε in the Green operators from (2.55). The terms ±ε in
G± determine, respectively, the outgoing and incoming scattering boundary condition
as per (2.25) and (2.26).

Upon substitution of (2.56) and (2.57) into (2.48) and (2.49), it follows:

Prior : T−
i f = 〈	−

f |{1 + (V f − V∞
f )G−}†(Vi − V∞

i )|	+
i 〉, (2.59)

Post : T+
i f = 〈	−

f |(V f − V∞
f ){1 + G+(Vi − V∞

i )}|	+
i 〉, (2.60)

where (V f − V∞
f )† = V f − V∞

f . We emphasize that these are the T -matrix elements
with no recourse to distorted waves and distorting potentials. The only difference rel-
ative to the conventional scattering theory with short-range interactions between the
infinitely separated scattering aggregates is in the presence of the Coulomb asymp-
totic states 	±

i, f and the modified perturbation potentials Vi, f − V∞
i, f instead of the

unperturbed channel states 	i, f and the original perturbation interactions Vi, f .

2.2 Coulomb-modified initial and final scattering states with distorted waves

In the distorted wave formalism of scattering theory, instead of solving Eqs. (2.45)
and (2.46), it is customary to consider a model problem by introducing the distorted
waves χ+

i and χ−
f via the equations:

(Hi + Wi − Ei )χ
+
i = 0, (2.61)
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(H f + W f − E f )χ
−
f = 0, (2.62)

where Wi and W f are certain distorting potential operators to be chosen, under the
restriction that they do not cause the transition under consideration. Without any loss
of generality, we can select Wi, f to be in the additive form:

Wi = wi + V∞
i , W f = w f + V∞

f , (2.63)

where wi, f are some short-range distorting potentials. The connection of the models
in (2.61) and (2.62) with the original problem in (2.45) and (2.46) is provided through
the request that χ±

i, f and �±
i, f exhibit the same asymptotic behaviors as ri, f −→ ∞ :

χ+
i −→ri→∞ �+

i −→ri→∞ 	+
i , (2.64)

χ−
f −→r f →∞ �−

f −→r f →∞ 	−
f . (2.65)

The prior T−
i f and post T+

i f form of the full transition amplitudes in the distorted wave
theory are defined by:

Prior : T−
i f = 〈�−

f |ψ+
i 〉, ψ+

i = Uiχ
+
i , (2.66)

Post : T+
i f = 〈ψ−

f |�+
i 〉, ψ−

f = U f χ
−
f , (2.67)

where

Ui = Vi − Wi , U f = V f − W f . (2.68)

In analogy with ϒ±
i, f from (2.47), the functions ψ±

i, f in (2.66) and (2.67) embody the

distorted waves χ±
i, f and the distorting potentials Ui, f as per ψ±

i, f = Ui, f χ
±
i, f . Here,

the replacement of 	±
i, f by ψ±

i, f is reflected through the pertinent subtraction of Wi, f

from Vi, f .
Ifwe add and subtract Vi in (2.61) and useUi = Vi−Wi togetherwith H = Hi+Vi ,

we can transform the Schrödinger equation for χ+
i to:

(H −Ui − Ei )χ
+
i = 0. (2.69)

In the same way, when adding and subtracting V f in (2.62), followed by identification
of V f −W f withU f as well as Hi +Vi with H ,we can cast the Schrödinger equation
for χ−

f into the form:

(H −U f − E f )χ
−
f = 0. (2.70)

The transformed Eqs. (2.69) and (2.70) for χ+
i and χ−

f resemble the Schrödinger

Eqs. (2.45) and (2.46) for the exact scattering states �+
i and �−

f , respectively. In
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fact, we have �±
i, f = χ±

i, f for Ui, f = 0. Of course, the main interest of introduc-
ing the distorted wave theory for scattering phenomena is not in making the trivial
choices Ui, f = 0, as these would bring us back to the original problem with the full
Schrödinger equation, which cannot be solved exactly by analytical means. Rather, an
advantage and flexibility of the distorted wave scattering theory is in the possibility
for making different choices of Ui, f �= 0 that, in turn, would enable us to obtain the
exact analytical solutions χ+

i and χ−
f of the model Schrödinger Eqs. (2.69) and (2.70).

Further, the scattering states �±
i, f and χ±

i, f of the original and the model problem,
respectively, with the same proper asymptotes (2.64) and (2.65) can also be inter-
related with no necessary reference to the regions ri, f → ∞. To this end, we use the
total Møller wave operators ̃±

i, f :

̃+
i = 1 + G+Ui , ̃−

f = 1 + G−U f , (2.71)

where G± are the same as in (2.55). Then the general connections between �±
i, f and

χ±
i, f are:

|�+
i 〉 = ̃+

i |χ+
i 〉, (2.72)

|�−
f 〉 = ̃−

f |χ−
f 〉. (2.73)

Inserting (2.72) and (2.73) into (2.66) and (2.67) we have, respectively:

Prior : T−
i f = 〈χ−

f |(1 +U f G
−)†Ui |χ+

i 〉, (2.74)

Post : T+
i f = 〈χ−

f |U †
f (1 + G+Ui )|χ+

i 〉. (2.75)

Similarly, taking the limits ε −→ 0±, the distorted waves equations from (2.61) and
(2.62) can also be formally solved as follows:

|χ+
i 〉 = ω+

i |	+
i 〉, |χ−

f 〉 = ω−
f |	−

f 〉. (2.76)

Here, ω±
i, f are the initial and final Møller wave operators defined by:

ω+
i = 1 + G+

i wi , ω−
f = 1 + G−

f w f , (2.77)

where G±
i, f are the initial and final Green operators

G+
i = 1

Ei − Hi − Wi + iε
, G−

f = 1

E f − H f − W f − iε
(ε > 0). (2.78)

One of the ways to set up a general framework for the introduction of various distorted
wave approximations to the full scattering wave functions �±

i, f consists of neglecting
the total Green operators in (2.72) and (2.73). This amounts to the replacement of the
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total Møller wave operators ̃±
i, f in (2.72) and (2.73) by the unity operator (̃

±
i, f ≈ 1)

which then gives:

�+
i ≈ χ+

i , �−
f ≈ χ−

f . (2.79)

Such choices for �±
i, f in (2.66) and (2.67) give the first-order approximations to the

full transition amplitudes that are for simplicity again denoted by the same labels T±
i f :

Prior : T−
i f = 〈χ−

f |Ui |χ+
i 〉, (2.80)

Post : T+
i f = 〈χ−

f |U †
f |χ+

i 〉. (2.81)

In the distorted wave formalism for T±
i f from (2.66), (2.67), (2.80) and (2.81), the

following statements define the correct boundary conditions:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

• Any choice of the distorted wavesχ±
i, f is permitted as long as :

• (i) it yields the proper asymptotes (2.64) and (2.65)

• (ii) it connectsUi, f and χ±
i, f via (2.61), (2.62) and (2.68)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

. (2.82)

In the next sub-sections, several choices for the tandems {Ui, f , χ
±
i, f } will be made

yielding the known two- or one-center distorting functions with four or two electronic
Coulomb waves, respectively.

2.3 Determination of the initial and final distorted waves

Here we shall outline the procedure of obtaining the initial and final pairs {Ui, f , χ
±
i, f }

in the entrance and channels.

2.3.1 Entrance channel

In the entrance channel, by reference to the requirement (2.64) for the correct asymp-
totic behavior of the initial distorted wave, the following factorized form for χ+

i is
sought:

χ+
i = ϕi (x1, x2)ζ

+
i , (2.83)

where ζ+
i is an unknown function. Upon inserting (2.83) into (2.61), with the help of

(2.39) and H0 from (2.14), we deduce the equation:

ϕi (�Ei − H0 − Vi )ζ
+
i +

{
2∑

k=1

1

bk
∇xkϕi · ∇xk ζ

+
i +Uiϕiζ

+
i

}

= 0, (2.84)
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where

�Ei = Ei − εTi = k2i
2μi

. (2.85)

We now choose the operator potential Ui to annul the terms within the curly brackets
from Eq. (2.84):

Ui = −
2∑

k=1

1

bk
∇xk ln ϕi · ∇xk . (2.86)

Here, the presence of 1/ϕi , which is implicit in the term ∇xk ln ϕi = (1/ϕi )∇xkϕi ,

causes no problem even for the target bound states ϕi with nodes. This is the case
becauseUi in (2.86) is applied to χ+

i = ϕiζ
+
i in which ϕi is factored out in (2.83), so

that:

∇xk ln ϕi · ∇xkχ
+
i = ∇xkϕi · ∇xk ζ

+
i . (2.87)

Thus, Uiχ
+
i is a regular function given by:

Uiχ
+
i = −

2∑

k=1

1

bk
∇xkϕi · ∇xk ζ

+
i , (2.88)

which casts Eq. (2.84) into the form

(�Ei − H0 − Vi )ζ
+
i = 0. (2.89)

To solve this equation, we use H0 from (2.15). Further, in Vi from (2.89), we use the
eikonal mass limit for the R-dependent potential via ZPZT/R ≈ ZPZT/r f . Under
these circumstances, the choice (2.88) provides a separation of the independent vari-
ables r f , s1 and s2 in Eq. (2.89). With such a setting, the solution of Eq. (2.89),
obeying the required asymptotic behavior (2.64), is:

ζ+
i = μ

−2iνP
i N+(νPT)

[
N+(νP)

]2
eiki ·r i 1F1(−iνPT, 1, iki r f + iki · r f )

×1F1(iνP, 1, ivs1 + iv · s1)1F1(iνP, 1, ivs2 + iv · s2), (2.90)

where the symbol 1F1 represents the Kummer confluent hypergeometric function. The
quantities N+(νPT) and N+(νK) (K = P,T) are the normalization constants of the
Coulomb wave functions:

N±(νK ) = eπνK /2�(1 ± iνK ) , N±(νPT) = e−πνPT/2�(1 ± iνPT), (2.91)
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where � is the Euler gamma function, with νPT and νK (K = P,T) being the usual
Sommerfeld parameters

νP = ZP

v
, νT = ZT

v
, νPT = ZPZT

v
. (2.92)

Hence, employing (2.83) and (2.90), the distorted wave χ+
i becomes:

χ+
i = μ

−2iνP
i N+(νPT)

[
N+(νP)

]2
eiki ·r i ϕi (x1, x2)1F1(−iνPT, 1, iki r f + iki · r f )

×1F1(iνP, 1, ivs1 + iv · s1)1F1(iνP, 1, ivs2 + iv · s2). (2.93)

2.3.2 Exit channel

Similarly to (2.83), an inspection of the boundary condition requirement (2.65) in the
exit channel suggests a factorized form for χ−

f of the type:

χ−
f = ϕ f (s1, s2)ζ

−
f , (2.94)

where ζ−
f is a function to be found. Substituting (2.94) into (2.62) and employing

(2.40) and H0 from (2.15), the following equation is deduced for ζ−
f :

ϕ f (�E f − H0 − V f )ζ
−
f +

{
2∑

k=1

1

ak
∇skϕ f · ∇sk ζ

−
f +U f ϕ f ζ

−
f

}

= 0, (2.95)

where

�E f = E f − εPf = k2f
2μ f

. (2.96)

Symmetrically, with respect to Ui from (2.84), the following choice of the operator
potential U f cancels out the terms within the curly brackets from (2.95):

U f = −
2∑

k=1

1

ak
∇sk ln ϕ f · ∇sk . (2.97)

Here too, the reciprocal 1/ϕ f , stemming from ∇sk ln ϕ f = (1/ϕ f )∇skϕ f , is not a
problem even for the nodes of ϕ f . This occurs because, by definition, the operator
U f applies only to the class of functions that are the product of ϕ f with some other
functions. Such is the distorted wave χ−

f = ϕ f ζ
−
f from (2.94) and, therefore:

∇sk ln ϕ f · ∇skχ
−
f = ∇skϕ f · ∇sk ζ

−
f . (2.98)
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This occurrence implies that U f χ
−
f is a regular function:

U f χ
−
f = −

2∑

k=1

1

ak
∇skϕ f · ∇sk ζ

−
f , (2.99)

which reduces Eq. (2.95) to

(�E f − H0 − V f )ζ
−
f = 0. (2.100)

In order to proceed with this equation, we employ H0 from (2.14). Moreover, in
V f from (2.100), the eikonal mass limit for the R-dependent potential implies that
ZPZT/R ≈ ZPZT/ri . In this situation, the choice (2.99) for U f makes Eq. (2.100)
separable in the independent variables {r i , x1, x2}. With such an arrangement, the
solution of Eq. (2.100), satisfying the imposed asymptotic behavior (2.65), is found
to be:

ζ−
f = μ

−2iνT
f N−(νPT)

[
N−(νT)

]2
e−ik f ·r f

1F1(iνPT, 1,−ik f ri − ik f · r i )
×1F1(−iνT, 1,−ivx1 − iv · x1)1F1(−iνT, 1,−ivx2 − iv · x2). (2.101)

Therefore, using (2.94) and (2.101), we can write the distorted wave χ−
f as:

χ−
f = μ

−2iνT
f N−(νPT)

[
N−(νT)

]2
e−ik f ·r f ϕ f (s1, s2)1F1(iνPT, 1,−ik f ri − ik f · r i )

×1F1(−iνT, 1,−ivx1 − iv · x1)1F1(−iνT, 1,−ivx2 − iv · x2). (2.102)

2.4 Asymptotic behaviors of distorted waves at large inter-particle distances

In the entrance channel, for large s1 and s2, using the asymptotic formula of the
confluent hypergeometric function, we have:

[
N+(νP)

]2
2∏

k=1

1F1(iνP, 1, ivsk + iv · sk) ≈
s1,s2→∞

2∏

k=1

(vsk + v · sk)−iνP .

(2.103)

Also the asymptotes of the two Kummer functions for large x1 and x2 in the exit
channel yield:

[
N−(νT)

]2
2∏

k=1

1F1(−iνT, 1,−ivxk − iv · xk) ≈
x1,x2→∞

2∏

k=1

(vxk + v · xk)iνT .

(2.104)

In these asymptotic cases, the distorted waves from (2.93) and (2.102) are transformed
to:
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χ+
i = μ

−2iνP
i N+(νPT)eiki ·r i ϕi (x1, x2)1F1(−iνPT, 1, iki r f + iki · r f )

× (vs1 + v · s1)−iνP (vs2 + v · s2)−iνP , (2.105)

χ−
f = μ

−2iνT
f N−(νPT)e−ik f ·r f ϕ f (s1, s2)1F1(iνPT, 1,−ik f ri − ik f · r i )
× (vx1 + v · x1)iνT (vx2 + v · x2)iνT . (2.106)

Moreover, in the asymptotic region of large inter-particle distances for the entrance
channel, all the three coordinates s1, s2 and R are simultaneously large, so that:

lim
sk→∞,R→∞

vR − v · R
vsk + v · sk = 1 (k = 1, 2). (2.107)

Likewise, all the three coordinates x1, x2 and R become simultaneously large in the
asymptotic region of the exit channel and, therefore:

lim
xk→∞,R→∞

vR + v · R
vxk + v · xk = 1 (k = 1, 2). (2.108)

Further, for large inter-nuclear separation R, the distances ri, f are also large. In fact,
even at any value of R, due to heavy masses MP,T � 1, we have r i, f ≈ ±R,

according to (2.17). This implies:

lim
sk→∞,r f →∞

kir f + ki · r f

vsk + v · sk = μi (k = 1, 2), (2.109)

lim
xk→∞,R→∞

k f ri + k f · r i
vxk + v · xk = μ f (k = 1, 2). (2.110)

With these asymptotes at hand, the following expressions are obtained:

χ+
i −→s1,s2,r f →∞ 	ie

iνi lnμ(vR−v·R) = 	+
i , (2.111)

χ−
f −→x1,x2,ri→∞ 	 f e

−iν f lnμ(vR+v·R) = 	−
f , (2.112)

in agreement with the requirements (2.64) and (2.65). Moreover, as per the derivation,
the distorted waves χ+

i and χ−
f are automatically connected to the distorting potentials

Ui andU f byway of Eqs. (2.69) and (2.70). As such, both prerequisites from (2.82) are
fulfilled. Therefore, χ+

i and χ−
f from (2.93) and (2.102) satisfy the correct boundary

conditions, as per the requests in (2.82).
Overall, it is important to emphasize that only in the asymptotic regions of the

entrance channel, is it permitted to replace the terms vsk + v · sk (k = 1, 2) by
vR − v · R. A similar replacement of vxk + v · xk (k = 1, 2) by vR + v · R is allowed
solely at the asymptotic distances in the exit channel:

	ie
−iνP ln (vs1+v·s1)−iνP ln (vs2+v·s2) −→s1,s2,R→∞	ie

−2iνP ln (vR−v·R), (2.113)

	 f e
iνT ln (vx1+v·x1)+iνT ln (vx2+v·x2) −→x1,x2,R→∞	 f e

2iνT ln (vR+v·R). (2.114)
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However, the transition amplitudes are the integrals over every inter-particle distance,
i.e. these integrals do not cover only the asymptotic separations. Therefore, throughout
the transition amplitudes, the wave functions 	i

∏2
k=1(vsk +v · sk)−iνP and 	i (vR−

v · R)−2iνP from the entrance channel are not equivalent. Likewise, throughout the
transition amplitudes, the wave functions 	 f

∏2
k=1(vxk + v · xk)iνT and 	 f (vR +

v · R)2iνT from the exit channel are not equivalent either. This means that the use of
	i

∏2
k=1(vsk +v · sk)−iνP and	i (vR−v · R)−2iνP in the transition amplitudes would

give two different methods, e.g. the CDW-EIS-4B and the post BDW-4B method,
respectively. Similarly, employing 	 f

∏2
k=1(vxk +v · xk)iνT and 	 f (vR+v · R)2iνT

in the transition amplitudes would yield another pair of differing methods, e.g. the
CDW-EFS-4B and the prior BDW-4B method, respectively.

2.5 Different choices of the distorting potentials and distorted waves

Second-order theories are the formalisms that include the intermediate ionization
channels for electronic degrees of freedom through the Coulomb wave functions of
the electrons centered on one or both nuclei. Symmetric second-order theories, such
as the CDW-4B method, have the electronic Coulomb wave functions centered on
both nuclei with two such functions in each channel (entrance and exit). Asymmetric
second-order theories, e.g. the BCIS-4B and BDW-4B methods, possess two elec-
tronic Coulomb wave functions in total, both centered on one nucleus in one channel
alone (entrance or exit) for the given transition amplitude. There is also another pair
of asymmetric second-order theories, e.g. the CDW-EIS-4B and CDW-EFS-4B meth-
ods, that use four electronic distorting functions, such as two full Coulomb waves in
one channel (exit/entrance) and two Coulomb logarithmic phases in the complemen-
tary channel (entrance/exit), respectively. First-order theories are the formalisms that
do not include any intermediate ionization channels for the two captured electrons.
Symmetric first-order theories, e.g. the CB1-4B method, include one Coulomb wave
function (or equivalently, its logarithmic phase factor) per channel (entrance or exit) for
the relative motion of heavy nuclei. Both the BCIS-4B and BDW-4B method belong
to the class of hybrid theories that treat one channel by the CDW-4B method and the
other by the CB1-4B method. The CDW-EIS/EFS-4B are also from the category of
hybrid theories since they coincide with the CDW-4B in one channel, whereas the
electronic and nuclear distorting functions in the other channel are eikonalized.

2.5.1 Symmetric second-order theories: four-body continuum distorted wave
method, CDW-4B

For the prior and post transition amplitudes (2.80) and (2.81), we make the first sym-
metric choices of the initial and final pairs {Ui, f , χ

±
i, f } in the entrance and exit channels

according to the following selection, which defines the four-body continuum distorted
wave method, CDW-4B [30,31,43–45]:
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⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Prior CDW − 4B : Transition amplitude T (CDW−4B)−
i f = 〈χ−

f |Ui |χ+
i 〉

• Uiχ
+
i from (2.88)with χ+

i from (2.93)

• χ−
f from (2.102)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

,

(2.115)
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Post CDW − 4B : Transition amplitude T (CDW−4B)+
i f = 〈χ−

f |U †
f |χ+

i 〉

• χ+
i from (2.93)

• U f χ
−
f from (2.99)with χ−

f from (2.102)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

.

(2.116)

The corresponding explicit prior and post transition amplitudes T (CDW−4B)∓
i f read as:

T (CDW−4B)−
i f = −N 2Ci f

∫∫∫

dx1dx2dr i

×eiki ·r i+ik f ·r f L(CDW−4B)−
i f B(CDW−4B)−

i f , (2.117)

T (CDW−4B)+
i f = −N 2Ci f

∫∫∫

ds1ds2dr f

×eiki ·r i+ik f ·r f L(CDW−4B)+
i f B(CDW−4B)+

i f , (2.118)

where

Ci f = μ
−2iνP
i μ

−2iνT
f , N = N+(νP)N

−∗(νT), (2.119)

and

B(CDW−4B)−
i f = ϕ∗

f (s1, s2) 1F1(iνT, 1, ivx1 + iv · x1) 1F1(iνT, 1, ivx2 + iv · x2)
× {

1F1(iνP, 1, ivs2 + iv · s2)∇x1ϕi (x1, x2) · ∇s1 1F1(iνP, 1, ivs1 + iv · s1)
+ 1F1(iνP, 1, ivs1 + iv · s1)∇x2ϕi (x1, x2) · ∇s2 1F1(iνP, 1, ivs2 + iv · s2)

}
,

(2.120)

B(CDW−4B)+
i f = ϕi (x1, x2) 1F1(iνP, 1, ivs1 + iv · s1) 1F1(iνP, 1, ivs2 + iv · s2)
×
{

1F1(iνT, 1, ivx2 + iv · x2)∇s1ϕ
∗
f (s1, s2) · ∇x1 1F1(iνT, 1, ivx1 + iv · x1)

+ 1F1(iνT, 1, ivx1 + iv · x1)∇s2ϕ
∗
f (s1, s2) · ∇x2 1F1(iνT, 1, ivx2 + iv · x2)

}
,

(2.121)

L(CDW−4B)−
i f = L(CDW−4B)+

i f

= N (νPT)1F1(−iνPT, 1, iki r f + iki · r f ) 1F1(−iνPT, 1, ik f ri + ik f · r i ),
(2.122)
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with N (νPT) = N+(νPT)N−∗(νPT) = [N+(νPT)
]2 where N−∗(νPT) = N+(νPT).

• Independence of the eikonal total cross sections on the inter-nuclear potential

In the eikonal formalism (2.17), the two confluent hypergeometric functions 1F1
from (2.122) can be replaced by their Coulomb logarithmic phases, and this leads to:

L(CDW−4B)∓
i f ≈MP,T�1 (kir f + ki · r f )

iνPT(k f ri + k f · r i )iνPT

≈MP,T�1

{
μiμ f [(vR − v · R)(vR + v · R)]

}iνPT

=
[
μiμ f v

2
(
R2 − Z2

)]iνPT =
(
μiμ f v

2ρ2
)iνPT ≈MP,T�1 (μvρ)2iνPT ,

so that

∴ L(CDW−4B)∓
i f ≈MP,T�1 (μvρ)2iνPT , (2.123)

where ρ = |ρ| with ρ being the XOY-component of R from (2.6). The remaining
phase factor (μvρ)2iνPT in (2.123) stems directly from the inter-nuclear potential
VPT = ZPZT/R. In other words, this latter phase is the only trace left from VPT in the
eikonal versions of the transition amplitudes T (CDW−4B)∓

i f .

Employing (2.4) and (2.6), the exponential function eiki ·r i+ik f ·r f from (2.117) and
(2.118) can be written as:

eiki ·r i+ik f ·r f = D
= e2iβ·R−iv·(s1+s2) = e2iα·R−iv·(x1+x2)

= e−iη·ρ−iv−Z−iv·(s1+s2) = eiη·ρ−iv+Z−iv·(x1+x2)

⎫
⎬

⎭
, (2.124)

where

D = e2iα·(s1+s2)+2iβ·(x1+x2). (2.125)

Thus, using (2.123), the transition amplitudes (2.117) and (2.118) become eikonalized
in the relative motion of heavy nuclei:

T (CDW−4B)−
i f (η) = −N 2C ′

i f

∫∫∫

dx1dx2dR ρ2iνPT DB(CDW−4B)−
i f , (2.126)

T (CDW−4B)+
i f (η) = −N 2C ′

i f

∫∫∫

ds1ds2dR ρ2iνPT DB(CDW−4B)+
i f , (2.127)

where

C ′
i f = Ci f (μv)2iνPT , C ′

i f ≈
MP,T�1

v2iνPTμ2i(νPT−νP−νT). (2.128)

Hereafter, whenever using (2.124) in the transition amplitudes T (CDW−4B)∓
i f from

the general expressions (2.117) and (2.118), the dependence on η will explicitly
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be written as T (CDW−4B)∓
i f (η). With this setting, in the expressions for the total

cross sections, the starting integration over the solid angle P ≡ {θP, φP} =
{scattering angle, azimuthal angle} around the projectile P ismapped to the integration
over η, so that:

Q(CDW−4B)∓
i f (a20) =

∫

dη

∣
∣
∣
∣
∣

T (CDW−4B)∓
i f (η)

2πv

∣
∣
∣
∣
∣

2

. (2.129)

In order to see the net effect of ρ2iνPT onto the total cross sections, we first pass from
one to another set of the volume elements in (2.126) and (2.127) via dx1dx2dr i =
J−dx1dx2dR and ds1ds2dr f = J+ds1ds2dR, respectively, where the Jacobians J∓
are checked to be equal to unity. Subsequently, we use dR = dρdZ from (2.6) in
Eqs. (2.117) and (2.118) for T (CDW−4B)−

i f and T (CDW−4B)+
i f . Then before perform-

ing the integrals over {x1, x2, Z} in (2.126) and over {s1, s2, Z} in (2.127), we first
integrate the functions |T (CDW−4B)∓

i f (η)|2 = T (CDW−4B)∓
i f (η){T (CDW−4B)∓

i f (η)}∗ over
η in Q(CDW−4B)∓

i f from (2.129). This latter integral over η yields the Dirac delta-

function δ(ρ − ρ′) which, in turn, removes the phase ρiνPT from eikonal total cross
sections Q(CDW−4B)∓

i f . In fact, two pairs of such phases ρiνPT and (ρ′)−iνPT , one from

T (CDW−4B)∓
i f and the other from {T (CDW−4B)∓

i f }∗, appear as ρiνPT(ρ′)−iνPTδ(ρ − ρ′)
where they are canceled by the δ-function in the remaining integral over ρ. Overall,
this procedure shows that the inter-nuclear potential VPT has no influence whatsoever
on the eikonal total cross sections Q(CDW−4B)∓

i f .

All told, the eikonal transition amplitudes T (CDW−4B)∓
i f from (2.117) and (2.118)

now become:

T (CDW−4B)∓
i f (η) =

∫

dρ e∓iη·ρρ2iνPTA(CDW−4B)∓
i f (ρ). (2.130)

Here, A(CDW−4B)∓
i f (ρ) denote the mentioned integrals over {x1, x2, Z} within

T (CDW−4B)−
i f (η) and over {s1, s2, Z} in T (CDW−4B)+

i f (η) from (2.126) and (2.127),
respectively:

A(CDW−4B)−
i f (ρ) = −N 2C ′

i f

∫∫∫

dx1dx2dZ e−iv−Z−iv·(s1+s2)B(CDW−4B)−
i f ,

(2.131)

A(CDW−4B)−
i f (ρ) = −N 2C ′

i f

∫∫∫

ds1ds2dZ e−iv+Z−iv·(x1+x2)B(CDW−4B)+
i f .

(2.132)
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Then the associated total cross sections Q(CDW−4B)∓
i f become:

Q(CDW−4B)∓
i f (a20)

= 1

(2πv)2

∫

dηT (CDW−4B)∓
i f (η)

{
T (CDW−4B∓
i f (η)

}∗

= 1

(2πv)2

∫∫

dρdρ′ρiνPT(ρ′)−iνPTA(CDW−4B)∓
i f (ρ)

{
A(CDW−4B)∓

i f (ρ′)
}∗

×
∫

dη e∓iη·(ρ′−ρ)

= 1

v2

∫∫

dρdρ′A(CDW−4B)∓
i f (ρ)

{
A(CDW−4B)∓

i f (ρ′)
}∗

×
{
ρiνPT(ρ′)−iνPTδ(ρ′ − ρ)

}

= 1

v2

∫

dρ
∣
∣
∣A(CDW−4B)∓

i f (ρ)

∣
∣
∣
2
, δ(ρ′ − ρ) = δ(ρ − ρ′),

∴ Q(CDW−4B)∓
i f (a20) = 1

v2

∫

dρ
∣
∣
∣A(CDW−4B)∓

i f (ρ)

∣
∣
∣
2
. (2.133)

To compare the outcome (2.133) with the starting expression (2.129), we work
backward by recuperating the integration over η through the re-introduction of the
δ-function:

Q(CDW−4B)∓
i f (a20) = 1

v2

∫

dρ
∣
∣
∣A(CDW−4B)∓

i f (η)

∣
∣
∣
2

= 1

v2

∫∫

dρdρ′A(CDW−4B)∓
i f (ρ)

{
A(CDW−4B)∓
i f (ρ′)

}∗
δ(ρ − ρ′)

= 1

(2πv)2

∫∫

dρdρ′A(CDW−4B)∓
i f (ρ)

{
A(CDW−4B)∓
i f (ρ′)

}∗ ∫
dη e∓iη·(ρ−ρ′)

= 1

(2πv)2

∫

dη

{∫

dρ e∓iη·ρA(CDW−4B)∓
i f (ρ)

}{∫

dρ′ e∓iη·ρ′A(CDW−4B)∓
i f (ρ′)

}∗

= 1

(2πv)2

∫

dη
∣
∣
∣R

(CDW−4B)∓
i f (η)

∣
∣
∣
2
,

∴ Q(CDW−4B)∓
i f (a20) =

∫

dη

∣
∣
∣
∣
∣
∣

R(CDW−4B)∓
i f (η)

2πv

∣
∣
∣
∣
∣
∣

2

, (2.134)

where

R(CDW−4B)∓
i f (η) =

∫

dρ e∓iη·ρA(CDW−4B)∓
i f (ρ). (2.135)
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Fromhere, the explicit expressions for thematrix elements R(CDW−4B)∓
i f (η) arewritten

as:

R(CDW−4B)−
i f (η) = −N 2C ′

i f

∫∫∫

dx1dx2dRDB(CDW−4B)−
i f , (2.136)

R(CDW−4B)+
i f (η) = −N 2C ′

i f

∫∫∫

ds1ds2dRDB(CDW−4B)+
i f . (2.137)

This shows, by reference to the pairs of Eqs. {(2.126), (2.127)} and {(2.136), (2.137)},
that the only difference between R(CDW−4B)∓

i f (η) and T (CDW−4B)∓
i f (η) is in that the

former matrix elements do not contain the inter-nuclear phase ρ2iνPT :

R(CDW−4B)∓
i f (η) =

{
T (CDW−4B)∓
i f (η)

}

νPT=0, i.e. VPT=0
, (2.138)

and consequently

{
Q(CDW−4B)∓

i f

}

with VPT
=

{
Q(CDW−4B)∓

i f

}

without VPT
. (2.139)

Therefore, the eikonal total cross sections Q(CDW−4B)∓
i f for double charge exchange

in four-body collisions via process (2.1) are independent of the inter-nuclear potential
VPT = ZPZT/R.

The outlined procedure amounts to implicitly using the Fourier integral trans-
form of the functions with the variables η and ρ. This is seen from (2.135) where
R(CDW−4B)∓
i f (η) are the Fourier transforms of A(CDW−4B)∓

i f (ρ). Likewise, it is seen

from (2.130) that the transition amplitudes T (CDW−4B)∓
i f (η) are the Fourier transforms

of ρ2iνPTA(CDW−4B)∓
i f (ρ). In fact, the expressions from (2.133) and (2.134) are the

Parseval relations that yield the same total cross sections Q(CDW−4B)∓
i f irrespective of

whether computations are carried out in the η or the ρ domain of the Fourier trans-
forms:

Q(CDW−4B)∓
i f = 1

(2πv)2

∫

dη
∣
∣
∣R

(CDW−4B)∓
i f (η)

∣
∣
∣
2
, (2.140)

= 1

v2

∫

dρ
∣
∣
∣A(CDW−4B)∓

i f (ρ)

∣
∣
∣
2
. (2.141)

Thus far, the entire exposition was a fully quantum-mechanical treatment for both
electrons and nuclei. In such a presentation, treatment of the motion of nuclei does
not necessarily need to resort to the eikonal formalism. However, when the eikonal
hypothesis is used, as in the present analysis, with the full Coulomb waves replaced
by their logarithmic phases for the relative motion of nuclei, the obtained expressions
for the transition amplitudes in (2.130) can be interpreted as if they were derived from
the four-body impact parameter formulation of the CDW-4B method. Namely, when
the latter formalism is adopted from the onset (along the lines of e.g. the BCIS-4B
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method [32]), the nuclear motion is treated classically by a rectilinear trajectory with
the vector R of the nuclear axis R given by R = b + vt where b is the impact
parameter and t is time (as before, v is the incident velocity). This classical R can
be directly related to the corresponding expression R = ρ + Z from (2.6) if we
set Z = vt and interpret ρ as the impact parameter. With this interpretation, for
example the quantities ρ2iνPTA(CDW−4B)∓

i f (ρ) from the eikonal quantum-mechanical
treatment are the transition amplitudes in the four-body impact parameter formula-
tion of the CDW-4B method for double charge exchange (2.1). Here “the four-body
impact parameter formulation of the CDW-4B method” should not be confused with
the usual impact parameter method (IPM) implemented for double charge exchange in
the CDW approximation (as denoted by CDW-IPM) [17,19]. This is the case because
the CDW-IPM approximation for double charge exchange is a three-body formalism
which uses the product of the two three-body impact-parameter dependent transition
amplitudes for each of the two transferred electrons. As such, the CDW-IPM approx-
imation ignores the four-body nature of two electron capture process (2.1) and, in
particular, neglects the inter-electron correlation effects.

Overall, the relation (2.123) displays the greatest practical usefulness of the eikonal
setting because the product of the two confluent hypergeometric functions in (2.122)
for the relative motion of heavy nuclei is first reduced to a single phase (μvρ)2iνPT ,

which is subsequently shown to disappear altogether from the total cross sections. It
is such a complete elimination of the R-dependent Coulomb wave functions and their
logarithmic phase factors that enormously simplifies the computations of total cross
sections for double charge exchange in the CDW-4B method [30,31].

2.5.2 Symmetric first-order theories: four-body boundary-corrected first Born
method, CB1-4B

Here, for the entrance and exit channels, we choose the distorting potential wi, f in
(2.63) as the following short-range interactions:

wi = V∞
i − V∞

i,eik = ZP(ZT − 2)

(
1

R
− 1

ri

)

, (2.142)

w f = V∞
f − V∞

f ,eik = ZT(ZP − 2)

(
1

R
− 1

r f

)

. (2.143)

In other words, the distorting potentials Wi, f from (2.63) are of the forms:

Wi = V∞
i,eik = ZP(ZT − 2)

R
, W f = V∞

f ,eik = ZT(ZP − 2)

R
. (2.144)

As a consequence, the perturbations that cause the transitions in the prior and post
cross sections areUi = Vi−V∞

i,eik = VPT+VP1+VP2−V∞
i,eik andU f = V f −V∞

f ,eik =
VPT + VT1 + VT2 − V∞

f ,eik, respectively, or explicitly:

Ui = ZP

(
2

R
− 1

s1
− 1

s2

)

, (2.145)
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U f = ZT

(
2

R
− 1

x1
− 1

x2

)

. (2.146)

Inserting Wi, f from(2.144) into Eqs. (2.61) and (2.62) for χ±
i, f , we have:

{

Hi + ZP(ZT − 2)

R
− Ei

}

χ+
i = 0, (2.147)

{

H f + ZT(ZP − 2)

R
− E f

}

χ−
f = 0. (2.148)

Similarly to Eqs. (2.89) and (2.100) from the CDW-4B method, we can use the
eikonal relations R ≈ r f and R ≈ ri in (2.147) and (2.148) via ZP(ZT − 2)/R ≈
ZP(ZT − 2)/r f and ZT(ZP − 2)/R ≈ ZT(ZP − 2)/ri , respectively. This separates
the variables in Eqs. (2.147) and (2.148) whose solutions χ±

i, f with the correct asymp-

totes 	±
i, f are:

χ+
i = 	i N+(νi )1F1(−iνi , 1, iki r f + iki · r f ) , χ+

i −→ri→∞ 	+
i , (2.149)

χ−
f = 	 f N+(ν f )1F1(iν f , 1,−ik f ri − ik f · r i ) , χ−

f −→r f →∞ 	−
f , (2.150)

with

N+(νi ) = e−πνi /2�(1 + iνi ), N−(ν f ) = e−πν f /2�(1 − iν f ), (2.151)

where νi, f are given in (2.27). Then the resulting prior and post forms of the transition
amplitudes in the CB1-4B method [33,34,39,40] are summarized as:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Prior CB1 − 4B : Transition amplitude T (CB1−4B)−
i f = 〈χ−

f |Ui |χ+
i 〉

• Ui from (2.145) and χ+
i from (2.149)

• χ−
f from (2.150)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

, (2.152)

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Post CB1 − 4B : Transition amplitude T (CB1−4B)+
i f = 〈χ−

f |U †
f |χ+

i 〉

• χ+
i from (2.149)

• U f from (2.146) and χ−
f from (2.150)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

. (2.153)

The matrix elements for the prior and post transition amplitudes T (CB1−4B)∓
i f take the

forms:

T (CB1−4B)−
i f =

∫∫∫

dx1dx2dr i eiki ·r i+ik f ·r f L(CB1−4B)−
i f B(CB1−4B)−

i f , (2.154)

T (CB1−4B)+
i f =

∫∫∫

ds1ds2dr f e
iki ·r i+ik f ·r f L(CB1−4B)+

i f B(CB1−4B)+
i f , (2.155)
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where

B(CB1−4B)−
i f = ϕ∗

f (s1, s2)
[

ZP

(
2

R
− 1

s1
− 1

s2

)]

ϕi (x1, x2), (2.156)

B(CB1−4B)+
i f = ϕ∗

f (s1, s2)
[

ZT

(
2

R
− 1

x1
− 1

x2

)]

ϕi (x1, x2), (2.157)

L(CB1−4B)−
i f = L(CB1−4B)+

i f = N+(νi )N−∗(ν f )1F1(−iνi , 1, iki r f + iki · r f )

1F1(−iν f , 1, ik f ri + ik f · r i ). (2.158)

Within the eikonal formalism, the heavy mass limits MP,T � 1 imply:

L(CB1−4B)−
i f ≈MP,T�1 (ki r f + ki · r f )

iνi (k f ri + k f · r i )iv f

≈MP,T�1
{μ(vR − v · R)}iνi {μ(vR + v · R)}iv f = (μvρ)2iν f (vR − v · R)iξ ,

∴ L(CB1−4B)−
i f ≈MP,T�1 (μvρ)2iν f (vR − v · R)iξ , (2.159)

L(CB1−4B)+
i f ≈MP,T�1 (ki r f + ki · r f )iνi (k f ri + k f · r i )iv f

≈MP,T�1 {μ(vR − v · R)}iνi {μ(vR + v · R)}iν f = (μvρ)2iνi (vR + v · R)−iξ ,

∴ L(CB1−4B)+
i f ≈MP,T�1 (μvρ)2iνi (vR + v · R)−iξ , (2.160)

ξ = 2
ZT − ZP

v
. (2.161)

Using (2.124), the eikonal alternatives to the prior and post transition amplitudes
T (CB1−4B)−
i f and T (CB1−4B)+

i f from (2.154) and (2.155) read as:

T (CB1−4B)−
i f (η) =

∫∫∫

dx1dx2dR (μvρ)2iν f (vR − v · R)iξDB(CB1−4B)−
i f ,

(2.162)

T (CB1−4B)+
i f (η) =

∫∫∫

ds1ds2dR (μvρ)2iνi (vR + v · R)−iξDB(CB1−4B)+
i f .

(2.163)

Due to (2.159) and (2.160), the entire dependence of the transition amplitudes
T (CB1−4B)−
i f (η) and T (CB1−4B)+

i f (η) from (2.162) and (2.163) on the inter-nuclear

potential VPT is contained in the Coulomb phases (μvρ)2iν f and (μvρ)2iνi , respec-
tively. Therefore, the same proof from the CDW-4B method can also be made in
the CB1-4B method showing that the eikonal total cross sections Q(CB1−4B)−

i f and

Q(CB1−4B)+
i f are unaffected by the phases (μvρ)2iν f and (μvρ)2iνi . This makes
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Q(CB1−4B)∓
i f independent of the inter-nuclear potential VPT and, therefore, computable

from the expressions:

Q(CB1−4B)∓
i f (a20) =

∫

dη

∣
∣
∣
∣
∣

T (CB1−4B)∓
i f (η)

2πv

∣
∣
∣
∣
∣

2

, (2.164)

=
∫

dη

∣
∣
∣
∣
∣

R(CB1−4B)∓
i f (η)

2πv

∣
∣
∣
∣
∣

2

, (2.165)

where

R(CB1−4B)−
i f (η) =

∫∫∫

dx1dx2dR(vR − v · R)iξDB(CB1−4B)−
i f , (2.166)

R(CB1−4B)+
i f (η) =

∫∫∫

ds1ds2dR(vR + v · R)−iξDB(CB1−4B)+
i f . (2.167)

Note that the exact functions L(CB1−4B)−
i f and L(CB1−4B)+

i f are equal to each other, as
per (2.158), and so are their eikonal forms (2.159) and (2.160) due to the relations:

(μvρ)2iν f (vR − v · R)iξ = (μvρ)2iνi (vR + v · R)−iξ . (2.168)

In other words, either (μvρ)2iν f (vR − v · R)iξ or (μvρ)2iνi (vR + v · R)−iξ can be
employed inL(CB1−4B)−

i f from T (CB1−4B)−
i f or inL(CB1−4B)+

i f from T (CB1−4B)+
i f instead

of the single product of the two full Coulombwaves (2.158). The only reason for stating
the two equivalent eikonal expressions (2.159) and (2.160) is to exhibit the ease in
computations of differential cross sectionswhen either ZP or ZT is equal to 2. Thus, for
ZT = 2 and ZP arbitrary, we have νi = 0 and (2.160) should be used. Conversely, for
ZT arbitrary and ZP = 2, it follows that ν f = 0 and (2.159) is preferred. The rationale
for these preferences is clear from (2.168), where for either ZP = 2 or ZT = 2, only
one Coulomb logarithmic phase remains for the relative motion of heavy particles,
namely (vR − v · R)iξ [for ν f = 0] or (vR + v · R)−iξ [for νi = 0]. Thus, for either
ZP = 2 or ZT = 2, the differential cross sections in the CB1-4B method are directly
proportional to the squared moduli of |R(CB1−4B)∓

i f (η)|2. In these two particular cases,
the same matrix elements R(CB1−4B)∓

i f (η) for total cross sections can also be used
for differential cross sections. These special circumstances avoid computations of
differential cross sections in the CB1-4B method by the standard, highly oscillatory
numerical integrations (in the interval 0 ≤ ρ ≤ +∞) over the integrand comprised
of the product of the factors ρ1+2iν f ,i with a Bessel function of the first kind and the
ρ-dependent transition amplitudes A(CB1−4B)∓

i f (ρ).

In Refs. [36–38], the four-body boundary-corrected first Born method, or CB1-
4B, has alternatively been called the four-body Coulomb-Born distorted (CBDW-4B)
method because therein the computationsmake use of the full Coulombwave functions
for the relativemotion of heavy nuclei. However, the total cross sections from theCB1-
4B method, employing the logarithmic Coulomb phase factors for the relative motion

123



32 Journal of Mathematical Chemistry (2019) 57:1–58

of heavy nuclei, fully agree with those from the CBDW-4B method, as has explicitly
been shown in computations on single capture (see section 4), and this should also be
true for double capture.

2.5.3 Asymmetric second-order theories: four-body boundary-corrected continuum
intermediate states method, BCIS-4B

The BCIS-4B method [31] is a merger of the CDW-4B and CB1-4B methods. The
prior BCIS-4B method uses the CB1-4B and CDW-4B methods in the entrance and
exit channels, respectively. Conversely, the post BCIS-4B method employs the CB1-
4B and CDW-4B methods in the exit and entrance channels, respectively. Thus, the
joint charter for the prior and post forms of the BCIS-4B method runs as follows:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Prior BCIS − 4B : Transition amplitude T (BCIS−4B)−
i f = 〈χ−

f |Ui |χ+
i 〉

• Ui from (2.145) and χ+
i from (2.149)

• χ−
f from (2.102)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

,

(2.169)

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Post BCIS − 4B : Transition amplitude T (BCIS−4B)+
i f = 〈χ−

f |U †
f |χ+

i 〉

• χ+
i from (2.93)

• U f from Eq. (2.146) and χ−
f from Eq. (2.150)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

.

(2.170)

Hence, this prescription has the following explicit T -matrix elements:

T (BCIS−4B)−
i f = N 2

TCT

∫∫∫

dx1dx2dr i eiki ·r i+ik f ·r f L(BCIS−4B)−
i f B(BCIS−4B)−

i f ,

(2.171)

T (BCIS−4B)+
i f = N 2

PCP

∫∫∫

ds1ds2dr f e
iki ·r i+ik f ·r f L(BCIS−4B)+

i f B(BCIS−4B)+
i f ,

(2.172)

where

CP = μ
−2iνP
i , CT = μ

−2iνT
f , NP = N+(νP) , NT = N−∗(νT), (2.173)

B(BCIS−4B)−
i f = ϕ∗

f (s1, s2)
[

ZP

(
2

R
− 1

s1
− 1

s2

)]

ϕi (x1, x2)

×1F1(iνT, 1, ivx1 + iv · x1) 1F1(iνT, 1, ivx2 + iv · x2), (2.174)

B(BCIS−4B)+
i f = ϕ∗

f (s1, s2)
[

ZT

(
2

R
− 1

x1
− 1

x2

)]

ϕi (x1, x2)
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×1F1(iνP, 1, ivs1 + iv · s1) 1F1(iνP, 1, ivs2 + iv · s2), (2.175)

L(BCIS−4B)−
i f = N+(νi )N−∗(νPT)

×1F1(−iνi , 1, iki r f + iki · r f ) 1F1(−iνPT, 1, ik f ri + ik f · r i ),
(2.176)

L(BCIS−4B)+
i f = N+(νPT)N−∗(ν f )

×1F1(−iνPT, 1, iki r f + iki · r f ) 1F1(−iν f , 1, ik f ri + ik f · r i ).
(2.177)

Using the eikonal hypothesis, with its heavy mass limits MP,T � 1, we have:

L(BCIS−4B)−
i f ≈MP,T�1 (ki r f + ki · r f )

iνi (k f ri + k f · r i )iνPT
≈MP,T�1

{μ(vR − v · R)}iνi {μ(vR + v · R)}iνPT = (μvρ)2iνPT (vR − v · R)−2iνP ,

∴ L(BCIS−4B)−
i f ≈MP,T�1 (μvρ)2iνPT (vR − v · R)−2iνP , (2.178)

L(BCIS−4B)+
i f ≈MP,T�1 (ki r f + ki · r f )

iνPT (k f ri + k f · r i )iν f

≈MP,T�1
{μ(vR − v · R)}iνPT {μ(vR + v · R)}iν f = (μvρ)2iνPT (vR + v · R)−2iνT ,

∴ L(BCIS−4B)+
i f ≈MP,T�1 (μvρ)2iνPT (vR + v · R)−2iνT . (2.179)

Employing (2.124), the eikonal versions of the transition amplitudes T (BCIS−4B)−
i f and

T (BCIS−4B)+
i f from (2.171) and (2.172) become:

T (BCIS−4B)−
i f (η) = N 2

TC
′
T

∫∫∫

dx1dx2dRρ2iνPT

×(vR − v · R)−2iνPDB(BCIS−4B)−
i f , (2.180)

T (BCIS−4B)+
i f (η) = N 2

PC
′
P

∫∫∫

ds1ds2dRρ2iνPT

×(vR + v · R)−2iνTDB(BCIS−4B)+
i f , (2.181)

where

C ′
P = CP(μv)2iνPT , C ′

P ≈
MP,T�1

v2iνPTμ2i(νPT−νP)

C ′
T = CT(μv)2iνPT , C ′

T ≈
MP,T�1

v2iνPTμ2i(νPT−νT)

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

. (2.182)
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Because of the relations (2.178) and (2.179), the eikonal transition amplitudes
T (BCIS−4B)−
i f (η) and T (BCIS−4B)+

i f (η) in the BCIS-4B method depend on the inter-

nuclear potential VPT only through the single Coulomb phases, (μvρ)2iνPT , as is the
case with the CDW-4B method. This latter phase disappears from the corresponding
eikonal total cross sections Q(BCIS−4B)∓

i f that are, therefore, independent of the the
inter-nuclear potential VPT and, as such, computable from the expressions:

Q(BCIS−4B)∓
i f (a20) =

∫

dη

∣
∣
∣
∣
∣

T (BCIS−4B)∓
i f (η)

2πv

∣
∣
∣
∣
∣

2

, (2.183)

=
∫

dη

∣
∣
∣
∣
∣

R(BCIS−4B)∓
i f (η)

2πv

∣
∣
∣
∣
∣

2

, (2.184)

where

R(BCIS−4B)−
i f (η) = N 2

TC
′
T

∫∫∫

dx1dx2dR

×(vR − v · R)−2iνPDB(BCIS−4B)−
i f , (2.185)

R(BCIS−4B)+
i f (η) = N 2

PC
′
P

∫∫∫

ds1ds2dR

×(vR + v · R)−2iνTDB(BCIS−4B)+
i f . (2.186)

Note that in Refs. [49–53] for double electron capture processes, the four-body
boundary-corrected continuum intermediate statemethodbasedupon the fullCoulomb
wave function for the relative motion of heavy nuclei has been denoted by the acronym
BCCIS-4B. Unexpectedly, however, the total cross sections from the BCCIS-4B
method [49–53] do not coincide with those obtained employing by the BCIS-4B
method in terms of the corresponding logarithmic Coulomb phase factors for the rel-
ative motion of heavy nuclei [1,3,32]. We analyzed this discrepancy by performing
a new detailed computation whose results will be reported very soon (see also the
pertinenet comment on p. 1437 in Ref [3]).

2.5.4 Asymmetric second-order theories: four-body Born distorted wave method,
BDW-4B

TheBDW-4Bmethod [41,42] is also a hybrid of theCDW-4B andCB1-4Bmethods. In
theBDW-4Bmethod, the role of theCDW-4BandCB1-4Bmethods is inter-exchanged
relative to the BCIS-4B method. Namely, the prior BDW-4B method employs the
CDW-4B and CB1-4B methods in the entrance and exit channels, respectively. On
the other hand, the post BDW-4B method uses the CDW-4B and CB1-4B methods in
the exit and entrance, respectively. With this at hand, the prior and post forms of the
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BDW-4B method are specified by:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Prior BDW − 4B : Transition amplitude T (BDW−4B)−
i f = 〈χ−

f |Ui |χ+
i 〉

• Uiχ
+
i from (2.88)with χ+

i from (2.93)

• χ−
f from (2.150)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

,

(2.187)
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Post BDW − 4B : Transition amplitude T (BDW−4B)+
i f = 〈χ−

f |U †
f |χ+

i 〉

• χ+
i from (2.149)

• U f χ
−
f from (2.99)with χ−

f from (2.102)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

.

(2.188)

The corresponding matrix elements in the transition amplitudes read as:

T (BDW−4B)−
i f = −N 2

PCP

∫∫∫

dx1dx2dr i eiki ·r i+ik f ·r f L(BDW−4B)−
i f B(BDW−4B)−

i f ,

(2.189)

TBDW(−4B)+
i f = −N 2

TCT

∫∫∫

ds1ds2dr f e
iki ·r i+ik f ·r f L(BDW−4B)+

i f B(BDW−4B)+
i f ,

(2.190)

where

B(BDW−4B)−
i f = ϕ∗

f (s1, s2)

× {
1F1(iνP, 1, ivs2 + iv · s2)∇x1ϕi (x1, x2) · ∇s1 1F1(iνP, 1, ivs1 + iv · s1)

+ 1F1(iνP, 1, ivs1 + iv · s1)∇x2ϕi (x1, x2) · ∇s2 1F1(iνP, 1, ivs2 + iv · s2)
}
,

(2.191)

B(BDW−4B)+
i f = ϕi (x1, x2)

×
{

1F1(iνT, 1, ivx2 + iv · x2)∇s1ϕ
∗
f (s1, s2) · ∇x1 1F1(iνT, 1, ivx1 + iv · x1)

+ 1F1(iνT, 1, ivx1 + iv · x1)∇s2ϕ
∗
f (s1, s2) · ∇x2 1F1(iνT, 1, ivx2 + iv · x2)

}
,

(2.192)

L(BDW−4B)−
i f = N+(νPT)N−∗(ν f )

×1F1(−iνPT, 1, iki r f + iki · r f ) 1F1(−iν f , 1, ik f ri + ik f · r i ), (2.193)

L(BDW−4B)+
i f = N+(νi )N−∗(νPT)

×1F1(−iνi , 1, iki r f + iki · r f ) 1F1(−iνPT, 1, ik f ri + ik f · r i ). (2.194)
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Here, the L-functions from the prior and post BDW-4B method are identical to those
from the post and prior BCIS-4B methods, respectively:

L(BDW−4B)−
i f = L(BCIS−4B)+

i f , L(BDW−4B)+
i f = L(BCIS−4B)−

i f , (2.195)

where L(BCIS−4B)−
i f and L(BCIS−4B)+

i f are given by (2.176) and (2.177), respectively.
This implies, by reference to (2.178) and (2.179) for the eikonalized motions of the P
and T nuclei, that within the heavy mass limits MP,T � 1, we have:

L(BDW−4B)−
i f ≈MP,T�1 (μvρ)2iνPT (vR + v · R)−2iνT , (2.196)

L(BDW−4B)+
i f ≈MP,T�1 (μvρ)2iνPT (vR − v · R)−2iνP . (2.197)

With the help of (2.124), the eikonal total transition amplitudes T (BDW−4B)∓
i f (η) are

reduced to:

T (BDW−4B)−
i f (η) = −N 2

PC
′
P

∫∫∫

dx1dx2dRρ2iνPT

×(vR + v · R)−2iνTDB(BDW−4B)−
i f , (2.198)

T (BDW−4B)+
i f (η) = −N 2

TC
′
T

∫∫∫

ds1ds2dRρ2iνPT

×(vR − v · R)−2iνPDB(BDW−4B)+
i f . (2.199)

Thus, in the BDW-4B method, the Coulomb phase (μvρ)2iνPT is the only term due
to the inter-nuclear potential VPT in the eikonal transition amplitudes T (BDW−4B)−

i f (η)

and T (BDW−4B)+
i f (η) from (2.198) and (2.199). This remaining phase vanishes from

the eikonal total cross sections Q(BDW−4B)∓
i f that, therefore, become independent of

the inter-nuclear potential VPT :

Q(BDW−4B)∓
i f (a20) =

∫

dη

∣
∣
∣
∣
∣

T (BDW−4B)∓
i f (η)

2πv

∣
∣
∣
∣
∣

2

, (2.200)

=
∫

dη

∣
∣
∣
∣
∣

R(BDW−4B)∓
i f (η)

2πv

∣
∣
∣
∣
∣

2

, (2.201)

where

R(BDW−4B)−
i f (η) = −N 2

PC
′
P

∫∫∫

dx1dx2dR

×(vR + v · R)−2iνTDB(BDW−4B)−
i f , (2.202)
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R(BDW−4B)+
i f (η) = −N 2

TC
′
T

∫∫∫

ds1ds2dR

×(vR − v · R)−2iνPDB(BDW−4B)+
i f . (2.203)

2.5.5 Asymmetric second-order theories: four-body continuum distorted wave
eikonal initial/final state methods, CDW-EIS/EFS-4B

The CDW-EIS-4B and CDW-EFS-4B methods [47] are the asymmetric approxi-
mations to the post and prior versions of the CDW-4B method, respectively. The
CDW-EIS-4B method eikonalizes the motions of the two electrons in the initial scat-
tering states χ+

i , using its asymptote (2.105), whereas U f χ
−
f is the same as (2.99)

in the post version of the CDW-4B method. Similarly, the CDW-EFS-4B method
replaces the two full electronic Coulomb wave functions by their asymptotes (log-
arithmic phase factors) in the final scattering state χ−

f , according to (2.106), while

preserving the intact Uiχ
−
i from (2.88) in the prior version of the CDW-4B method.

Thus, the schemes for the CDW-EIS-4B and CDW-EFS-4B methods run as follows:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

CDW − EIS − 4B : Transition amplitude T (CDW−EIS−4B)+
i f = 〈χ−

f |U †
f |χ+

i 〉

• χ+
i from (2.105)

• U f |χ−
f 〉 from (2.99)with χ−

f from (2.102)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

,

(2.204)
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

CDW − EFS − 4B : Transition amplitude T (CDW−EFS−4B)−
i f = 〈χ−

f |Ui |χ+
i 〉

• Uiχ
+
i from (2.88)with χ+

i from (2.93)

• χ−
f from Eq. (2.106)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

.

(2.205)

The associated transition amplitudes T (CDW−EIS−4B)+
i f and T (CDW−EFS−4B)−

i f have the
forms:

T (CDW−EIS−4B)+
i f = −N 2

TCT

∫∫∫

ds1ds2dr f e
iki ·r i+ik f ·r f

× L(CDW−EIS−4B)+
i f B(CDW−EIS−4B)+

i f , (2.206)

T (CDW−EFS−4B)−
i f = −N 2

PCP

∫∫∫

dx1dx2dr i eiki ·r i+ik f ·r f

× L(CDW−EFS−4B)−
i f B(CDW−EFS−4B)−

i f , (2.207)

where
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B(CDW−EIS−4B)+
i f = ϕi (x1, x2) (vs1 + v · s1)−iνP (vs2 + v · s2)−iνP

×
{

1F1(iνT, 1, ivx2 + iv · x2)∇s1ϕ
∗
f (s1, s2) · ∇x1 1F1(iνT, 1, ivx1 + iv · x1)

+ 1F1(iνT, 1, ivx1 + iv · x1)∇s2ϕ
∗
f (s1, s2) · ∇x2 1F1(iνT, 1, ivx2 + iv · x2)

}
,

(2.208)

B(CDW−EFS−4B)−
i f = ϕ∗

f (s1, s2) (vx1 + v · x1)−iνT (vx2 + v · x2)−iνT

× {
1F1(iνP, 1, ivs2 + iv · s2)∇x1ϕi (x1, x2) · ∇s1 1F1(iνP, 1, ivs1 + iv · s1)

+ 1F1(iνP, 1, ivs1 + iv · s1)∇x2ϕi (x1, x2) · ∇s2 1F1(iνP, 1, ivs2 + iv · s2)
}
,

(2.209)

L(CDW−EIS−4B)+
i f = L(CDW−EFS−4B)−

i f , L(CDW−EIS−4B)±
i f = L(CDW−4B)∓

i f .

(2.210)

Here,L(CDW−4B)∓
i f are theL-functions from theCDW-4BmethodgivenbyEq. (2.122),

where L(CDW−4B)+
i f = L(CDW−4B)−

i f . Using (2.123) and (2.124), it follows that the

transition amplitudes T (CDW−EIS−4B)+
i f (η) and T (CDW−EFS−4B)−

i f (η) can be written
as:

T (CDW−EIS−4B)+
i f (η) = −N 2

TC
′
T

∫∫∫

ds1ds2dRρ2iνPT DB(CDW−EIS−4B)+
i f ,

(2.211)

T (CDW−EFS−4B)−
i f (η) = −N 2

PC
′
P

∫∫∫

dx1dx2dRρ2iνPT DB(CDW−EFS−4B)−
i f .

(2.212)

As in the CDW-4B method, the Coulomb phase (μvρ)2iνPT is the only remainder
from the inter-nuclear potential VPT in the transition amplitudes T (CDW−EIS−4B)+

i f (η)

and T (CDW−EFS−4B)−
i f (η) from (2.211) and (2.212), respectively. Therefore, the phase

factor (μvρ)2iνPT disappears from the total cross sections Q(CDW−EIS−4B)+
i f and

Q(CDW−EFS−4B)−
i f that become independent of the inter-nuclear potential VPT :

Q(CDW−EIS−4B)+
i f (a20) =

∫

dη

∣
∣
∣
∣
∣

T (CDW−EIS−4B)+
i f (η)

2πv

∣
∣
∣
∣
∣

2

, (2.213)

=
∫

dη

∣
∣
∣
∣
∣

R(CDW−EIS−4B)+
i f (η)

2πv

∣
∣
∣
∣
∣

2

, (2.214)
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Q(CDW−EFS−4B)−
i f (a20) =

∫

dη

∣
∣
∣
∣
∣

T (CDW−EFS−4B)−
i f (η)

2πv

∣
∣
∣
∣
∣

2

, (2.215)

=
∫

dη

∣
∣
∣
∣
∣

R(CDW−EFS−4B)−
i f (η)

2πv

∣
∣
∣
∣
∣

2

, (2.216)

where

R(CDW−EIS−4B)+
i f (η) = −N 2

TC
′
T

∫∫∫

ds1ds2dRDB(CDW−EIS−4B)+
i f , (2.217)

R(CDW−EFS−4B)−
i f (η) = −N 2

PC
′
P

∫∫∫

dx1dx2dRDB(CDW−EFS−4B)−
i f . (2.218)

Let us re-emphasize that the superscripts ± in the transition amplitudes and cross
sections for the CDW-EIS-4B and CDW-EFS-4B methods are used to remind us
that the former and the latter method are derivable from the post and prior forms
of the CDW-4B method, respectively. In other words, the CDW-EIS-4B and CDW-
EFS-4B methods themselves do not have both the post and prior forms. Rather the
CDW-EIS-4B method exists only in the post variant, T (CDW−EIS−4B)+

i f (η), whereas

the CDW-EFS-4B method is defined solely in the prior version, T (CDW−EFS−4B)−
i f (η).

2.5.6 The link between the prior/post BDW-4B and CDW-EFS/EIS-4B methods

Here, we establish the relationships between the post/prior BDW-4B and CDW-
EIS/EFS-4B methods. We do that by juxtaposing the transition amplitudes in these
methods so as to exhibit their similarities. To this end, we cast Eqs. (2.198) and (2.212)
into the following forms:

T (BDW−4B)−
i f (η) = −N 2

PC
′
P

∫∫∫

dx1dx2dR (vR + v · R)−2iνTDH−
i f

T (CDW−EFS−4B)−
i f (η) = −N 2

PC
′
P

∫∫∫

dx1dx2dR
2∏

k=1

(vxk + v · xk)−iνTDH−
i f

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

,

(2.219)

H−
i f = (μvρ)2iνPT ϕ∗

f (s1, s2)

× {
1F1(iνP, 1, ivs2 + iv · s2)∇x1ϕi (x1, x2) · ∇s1 1F1(iνP, 1, ivs1 + iv · s1)

+ 1F1(iνP, 1, ivs1 + iv · s1)∇x2ϕi (x1, x2) · ∇s2 1F1(iνP, 1, ivs2 + iv · s2)
}
.

(2.220)

Here, the gradient–gradient operators for the distorting potentials are the same
in both methods. However, there are two unequal terms (vR + v · R)−2iνT and
[(vx1 + v · x1)(vx2 + v · x2)]−iνT in the prior BDW-4B and CDW-EFS-4B methods,
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respectively. This is the only difference between these two methods. Such a differ-
ence is negligible only in the asymptotic region of the exit channel since according to
(2.108), we have:

[(vx1 + v · x1)(vx2 + v · x2)]−iνT ≈x1,x2→∞ (vR + v · R)−2iνT . (2.221)

Of course, the integrals in (2.219) are over all the distances {x1, x2, R} and not just
over their radial asymptotic values. It is this circumstance that makes the prior BDW-
4B and CDW-EFS-4B methods differ from each other.

A similar situation is also encountered when comparing the post BDW-4B and
CDW-EIS-4B methods. This is at once seen by writing together the transition ampli-
tudes (2.199) and (2.211) as:

T (BDW−4B)+
i f (η) = −N 2

TC
′
T

∫∫∫

ds1ds2dR (vR − v · R)−2iνPDH+
i f

T (CDW−EIS−4B)+
i f (η) = −N 2

TC
′
T

∫∫∫

ds1ds2dR
2∏

k=1

(vsk + v · sk)−iνPDH+
i f

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

,

(2.222)

H+
i f = (μvρ)2iνPT ϕi (x1, x2)

×
{

1F1(iνT, 1, ivx2 + iv · x2)∇s1ϕ
∗
f (s1, s2) · ∇x1 1F1(iνT, 1, ivx1 + iv · x1)

+ 1F1(iνT, 1, ivx1 + iv · x1)∇s2ϕ
∗
f (s1, s2) · ∇x2 1F1(iνT, 1, ivx2 + iv · x2)

}
.

(2.223)

Here too, both methods possess the identical gradient–gradient potential operators.
Further, we see that the sole difference between the post BDW-4B and CDW-EIS-4B
methods is the terms (vR−v · R)−2iνP and [(vs1 + v · s1)(vs2 + v · s2)]−iνP from the
former and the latter approximation. Such a difference is small only in the asymptotic
region of the entrance channel as per (2.107) which implies:

[(vs1 + v · s1)(vs2 + v · s2)]−iνP ≈s1,s2→∞ (vR − v · R)−2iνP . (2.224)

However, the integrals in (2.222) cover all the distances {s1, s2, R} and not just their
asymptotically large values. This fact is responsible for any difference found in the
computations by means of the CDW-EIS-4B and the post BDW-4B methods.

The initial and final heliumlike bound-state wave functions ϕi (x1, x2) and
ϕ f (s1, s2)decay fast (exponentially)with the increasing values of {x1, x2} and {s1, s2},
respectively. This is readily apparent from e.g. the heliumlike ground state wave
functions with either one [125] (Hylleraas) or four variational parameters [126–128]
(Löwdin, Green et al, Silverman et al):
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ϕi (x1, x2) =
(
Z eff
T

)3

π
e−Zeff

T (x1+x2), Z eff
T = ZT − 5

16

ϕ f (s1, s2) =
(
Z eff
P

)3

π
e−Zeff

P (s1+s2), Z eff
P = ZP − 5

16

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

, Hylleraas [125].

(2.225)

Therefore, it is the small values of {x1, x2} and {s1, s2} that provide the dominant
contributions to the integrals in (2.219) and (2.222). Moreover, in the regions of the
small values of {x1, x2} and {s1, s2}, the behaviors of

∏2
k=1(vxk + v · xk)−iνT and

(vR−v · R)−2iνT in (2.219) as well as of
∏2

k=1(vsk +v · sk)−iνP and (vR+v · R)−2iνP

in (2.222) are very different. This is prone to yield the significant discrepancies in
the cross sections computed by means of the CDW-EFS-4B and the prior BDW-4B
methods, as well as between the CDW-EIS-4B and the post BDW-4B methods.

2.5.7 The link between the prior/post CDW-4B and CDW-EFS/EIS-4B methods

Continuing with the preceding lines, it is also instructive to juxtapose the CDW-
EFS/EIS-4B and the prior/post CDW-4B methods to directly see their similarities and
differences. Thus, putting together Eqs. (2.126) and (2.212), we have:

T (CDW−4B)−
i f (η) = −N 2C ′

i f

∫∫∫

dx1dx2dR
2∏

k=1

1F1(iνT, 1, ivxk + iv · xk)DH−
i f

T (CDW−EFS−4B)−
i f (η) = −N 2

PC
′
P

∫∫∫

dx1dx2dR
2∏

k=1

(vxk + v · xk)−iνTDH−
i f

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

.

(2.226)

The same gradient–gradient potential operator is present in these two transition ampli-
tudes. Otherwise, the CDW-EFS-4B method is seen to be an approximation to the
post CDW-4B method. It replaces the product of the two full confluent hypergeo-
metric functions N 2

T

∏2
k=1 1F1(iνT, 1, ivxk + iv · xk) for the electrons e1,2 by their

asymptotic forms given by the Coulomb logarithmic phases
∏2

k=1(vxk + v · xk)−iνT

as per (2.104). This replacement is valid only outside the integrals for the transition
amplitudes and exclusively at very large distances (x1 → ∞, x2 → ∞). Since the
capture cross sections are dominated by the small values of {x1, x2}, at which the said
replacement breaks down, the CDW-EFS-4B and prior CDW-4Bmethod are expected
to yield different results, especially at lower part of intermediate incident velocities.

In the same vein, we can collect Eqs. (2.127) and (2.211) for a straightforward
comparison:
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T (CDW−4B)+
i f (η) = −N 2C ′

i f

∫∫∫

ds1ds2dR
2∏

k=1

1F1(iνP, 1, ivsk + iv · sk)DH+
i f

T (CDW−EIS−4B)+
i f (η) = −N 2

TC
′
T

∫∫∫

ds1ds2dR
2∏

k=1

(vsk + v · sk)−iνPDH+
i f

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

.

(2.227)

These two expressions share the common gradient–gradient potential operator.
According to (2.103), (2.206) and (2.208), the CDW-EIS-4B method is observed to
make an additional approximation to the post CDW-4B method using the Coulomb
logarithmic phases

∏2
k=1(vsk + v · sk)−iνP instead of the full confluent hypergeomet-

ric functions N 2
P

∏2
k=1 1F1(iνP, 1, ivsk + iv · sk) for the electrons e1 and e2. Such

an approximation is justified solely at simultaneously large distances s1 → ∞ and
s2 → ∞, but fails at small values of {s1, s2} that otherwise provide the dominant con-
tribution to the cross sections. The errors invoked by using the asymptotic Coulomb
phases instead of the confluent confluent hypergeometric functions for the electrons
are expected to increase with decreasing incident velocity.

3 Convergence issues with the Born series for rearrangement
collisions

Aaron et al. [129] pointed out that the Born series for the transition operators diverges
for three-body rearrangement collisions. However, neither the transition operators
nor the related total scattering wave functions are observable (physically measurable
quantities). What actually matters is the status of convergence of certain observables
of the main interest, e.g. scalar products that contain the transition operators and total
scattering wave functions. In scalar products, such as those from cross sections, the
transition operators and total scattering wave functions are embedded in integrals
over all the configuration and/or momentum space. This circumstance may well wash
out the pathological/divergent features of the transition operators and total scattering
wave functions within the transition amplitudes. Indeed, it has been demonstrated by
Corbett [130] that for a divergent T -operator series, convergence can nevertheless
exist for both the series of total scattering wave function and the T -matrix elements.
This means that the conditions in the Born series for the T -operator convergence
are more restrictive than those for the total wave functions. It also implies that the
convergence conditions in the Born series for the total scattering wave functions are
more restrictive that those for the T -matrix elements. An appropriate illustration of this
important conclusion has been reported by Dettman and Leibfried [131] for a special
case of rearrangement collisions with the δ-function interactions. For this particular
scattering, it has been found [131] that despite the existing operator divergence, the
resulting physical transition amplitude is convergent.

Dodd and Greider [132,133] have studied the convergence features of the distorted
wave Born series for three-particle rearrangement collisions with short-range interac-

123



Journal of Mathematical Chemistry (2019) 57:1–58 43

tions. They analyzed the case of two heavy and one light particles. We shall briefly
discuss their concept adopted to atomic collisions for single electron capture by nuclei
from hydrogenlike atomic systems:

ZP + (ZT, e)i −→ (ZP, e) f + ZT. (3.1)

Here, as before, both the projectile and target nucleus of charges ZP and ZT are heavy
particles. The main focus in Refs. [132,133] was upon the so called “disconnected
diagrams” because these lead to divergence of the Born series. The disconnected dia-
grams are those Feynman diagrams that describe the intermediate steps of collision
(3.1) with two particles interacting with each other, while the third particle is propagat-
ing freely. For example, the typical kernel U †

f G
+
0 Ui , in terms of the total three-body

free-particle Green operator G+
0 , would become disconnected if a potential from e.g.

U †
f were also contained in Ui . Therefore, in order to have only connected diagrams

that, in turn, yield the divergence-free operator Born series, it suffices to modify the
kernel of the series in such a way that no potential from e.g. Ui would be repeated in
U †

f . This can be achieved by introducing a virtual channel x with a model potential
Vx (real- or complex-valued) and the associated Green operators g±

x defined by:

g±
x = 1

E − H + Vx ± iε
, (3.2)

where E and H are the total energy and the total Hamiltonian of three particles
encountered in process (3.1) for whichUi, f are the perturbation distorting potentials.
To proceed, Dodd and Greider [133] used the three coupled Faddeev equations [134–
137] for the transition amplitude of the studied three-body problem. Then they exploit
the suitable mass ratios of the two heavy and one light particle to reduce the three
to two coupled Faddeev equations and finally arrive at the full transition amplitude
whose kernel can be connected by making a suitable choice of potential Vx . The see
this, we first note that there is a direct relationship between the model g+

x and the total
Green operator G+ as:

G+ = g+
x

(
1 + VxG

+) , G+ = 1

E − H + iε
. (3.3)

Inserting (3.3) into (2.74), where Ui, f ,G+ and χ±
i, f refer to process (3.1), we obtain

the modified full transition amplitudes in e.g. the prior form which we write here
together with its original counterpart, to enable a direct comparison:

T−
i f (Modified) = 〈χ−

f |{1 +U f g
−
x (1 + VxG

−)}†Ui |χ−
i 〉

T−
i f (Original) = 〈χ−

f |(1 +U f G
−)†Ui |χ−

i 〉

⎫
⎬

⎭
. (3.4)

As a check, for Vx = 0, it follows from (3.3) that g+
x = G+, in which case we have

T−
i f (Modified) = T−

i f (Original), as it should be. The Born series of the new transition
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amplitude T−
i f (Modified) will be void of disconnected diagrams if e.g. no part in the

chosen potential Vx is repeated in U f .

By setting G+ = 0 in (3.4), one obtains the first-order approximations
T (1)−
i f (Modified) and T (1)−

i f (Original) to T−
i f (Modified) and T−

i f (Original), respec-
tively:

T (1)−
i f (Modified) = 〈χ−

f |(1 +U f g
−
x )†Ui |χ−

i 〉

T (1)−
i f (Original) = 〈χ−

f |Ui |χ−
i 〉

⎫
⎪⎬

⎪⎭
. (3.5)

As stated, a judicious choice of Vx leads to a divergence-free modified Born series
for the transition amplitude T−

i f (Modified). This guarantees that the first-order con-

tribution T (1)−
i f (Modified) in that series is a meaningful lowest order term to a

divergence-free perturbation expansion generated from T−
i f (Modified). However, the

price to pay for this achievement is that T (1)−
i f (Modified) is more complicated than

T (1)−
i f (Original) since the modified T -matrix element contains an additional propaga-

tor U f g−
x . Nevertheless, with a particular choice of Vx , satisfying the mentioned

Dodd-Greider constraint, the same analytical result for the transition amplitude
T (1)−
i f (Original) from the CDW-3B method [138] in the case ZP = ZT = 1 for

process (3.1) have also been obtained in Ref. [139] using T (1)−
i f (Modified). A similar

situation is encountered in the BCIS-3B, BDW-3B and CDW-EIS/EFS-3B methods,
as well.

In practice, besides having a divergence-free Born series, its first few succes-
sive terms should also be computed numerically to see their behaviors regarding the
smoothness and convergence rate. Such an insight could help to empirically assess
the possibility for convergence of the entire Born series. This has been the subject of
a number of studies where the exact numerical computations were carried out in the
1st [140–144], 2nd [145–149] and 3rd [150] Born approximations to the series for
the full T -matrix elements with ZP = ZT = 1 in process (3.1). The outcome is that
all the three Born approximations are well-behaved, smooth functions at all impact
energies and for any scattering angle. Further, these studies show that, at high impact
energies (in the MeV region), the 2nd Born approximation dominates over both the
1st and the 3rd Born approximations. This steady trend, especially with the recent
availability of the exact cross sections for the 3rd Born approximation [150], is an
improved assessment of the convergence rate of the Born series for rearrangement
collisions of the prototype (3.1).

4 Illustrations

In the preceding exposition, we illuminated the similarities and differences among var-
ious distorted wavemodels for the general case of the arbitrary nuclear charges ZP and
ZT in process (2.1) for double electron capture. For example, in sub-sections 2.5.6 and
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2.5.7, we highlighted the relationships among the post/prior BDW-4B and CDW-EFS-
EIS methods as well as among the prior/post CDW-4B and CDW-EFS/EIS methods,
respectively. Moreover, throughout the analysis, we emphasized the role of the double
continuum intermediate states populated by the two electrons prior to their capture by
the projectiles. Such twofold electronic ionization continua are explicitly included
in the second-order methods, either in one channel (BCIS-4B, BDW-4B) or two
channels (CDW-4B, CDW-EIS/EFS-4B). The first-order theories, such as the CB1-
4B method, do not take into account the double electronic continuum intermediate
states since the initial and final total scattering states are considered to be the dressed
channel states 	±

i, f . The states 	±
i, f are the products of the unperturbed channel

states 	i, f and the Coulomb logarithmic phase factors exp (±iνi, f ln (vR ∓ v · R))

generated by the asymptotically present tails of the residual Coulomb potentials,
V∞
i, f = ZP,T(ZT,P − 2)/R. Here, R is the vector of the inter-nuclear axis R. Simul-

taneously, R is also the difference between the electronic position vectors {xk, sk}
relative to ZT and ZP, respectively, R = xk − sk (k = 1, 2). In other words, using
R in the Coulomb logarithmic phases for the BCIS-4B and BDW-methods amounts
to correlating the two Coulomb centers (the nuclei of the projectile and of the target).
By contrast, the Coulomb logarithmic phases in terms of sk (CDW-EIS-4B) or xk
(CDW-EFS-4B) deal only with the projectile or the target Coulomb center at a time
(hence no correlation between the two centers). This difference is immaterial only at
large {R, sk} (entrance channel) and large {R, xk} (exit channel), according to (2.113)
and (2.114), but becomes essential at finite distances when these Coulomb logarithmic
phases are employed in the integrals over all distances in the matrix elements of the
transition amplitudes from the BCIS-4B, BDW-4B and CDW-EIS/EFS-4B methods.

These features are illustrated in Fig. 1 where the total cross sections from all the
analyzed methods (CB1-4B, CDW-4B, CDW-EIS/EFS-4B, BCIS-4B, BDW-4B) are
compared with the existing experimental data for double electron capture from helium
by alpha particles. Here, the theories refer to the ground-to-ground state transition
alone:

4He2+ + 4He(1s2) −→ 4He(1s2) + 4He2+. (4.1)

On the other hand, the measurements displayed on Fig. 1 are for all the final bound
states (ground and excited) of helium as symbolized by:

4He2+ + 4He(1s2) −→ 4He(�) + 4He2+. (4.2)

Nevertheless, it still makes sense to compare theories for (4.1) and experiments for
(4.2) in Fig. 1, since it has been shown in the CDW-4B method [45] that at least above
1000keV the sum of the contributions from the singly and doubly excited final states
of helium is small. However, it would be important to assess the contribution from
the excited states also below 1000keV. The theoretical results shown in Fig. 1 are all
obtained using (2.225) as the one-parameter Hylleraas wave function [125] for both
the initial and final ground states of helium in symmetric double charge exchange
(4.1) with Z eff

K = 2 − 0.3125 = 1.6875 (K = P,T). Using the heliumlike ground-
state wave functions with one parameter [125] (Hylleraas) and four parameters [126–
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Striking Role of Intermediate Ionization for Two−Electron Transfer in Ion−Atom Collisions

Fig. 1 Total cross sections Q(cm2) as a function of the incident energy E(keV) for processes (4.1) and
(4.2): double electron capture from 4He(1s2) by 4He2+. The results of the computations for process (4.1),
i.e. 4He2++4He(1s2) → 4He(1s2)+4He2+ (ground-to-ground-bound-state transition with the initial and
final one-parameter heliumwave functions ofHylleraas [125]) by using 5 differentmethodswhose acronyms
are indicated near the lines: CB1-4B [1,3,33,34], BCIS-4B [1,3,32], BDW-4B [1,3,41], CDW-4B [1,3,30,42]
and CDW-EIS-4B [47]. Experimental data for process (4.2), i.e. 4He2+ + 4He(1s2) → 4He(�) + 4He2+
(ground-to-any-bound-state transitions): � [58], � [61], ◦ [69], � [75], � [76], � [79] and • [80]. For
computational details, see the cited theoretical studies. In particular, the lines for the BCIS-4B and BDW-4B
methods show here the Q data obtained by 5-dimensional numerical quadratures using the Gauss-Legendre
rule with 96 points and weights per each integration axis [32]
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128] within the CDW-4B method at energies 100–7000keV, it has been verified in
Refs. [32,42], that the total cross sections are not overly sensitive to the static inter-
electronic correlations. It would be useful to check whether this conclusion regarding
(4.1) also holds true for the BCIS-4B and BDW-4B methods.

The status of the first-order theories is evident fromFig. 1when comparing theCB1-
4B method with the experimental data [58,61,69,75,76,79,80] (presently taken from
the most exhaustive tabulated database Refs. [85,86]). In Fig. 1, the cross sections
from the CB1-4B method are seen to closely follow the measurements at impact
energies from 200 to 800keV. However, the discrepancy between the CB1-4B method
and experiments keeps on increasing with the augmented impact energy. Thus, e.g. at
3000keV, the CB1-4B method overestimates the experimental data by more than an
order ofmagnitude. This significant and systematic overestimation is a clear indication
of the importance of the double electronic continuum intermediate states that are not
taken into account in the CB1-4B method.

In order to have a more quantitative insight into the role of the intermediate double
ionization continua of the two electrons, it is necessary to pass onto comparisons of
measurements with the second-order methods. To achieve this goal, we examine the
overall performance of the CDW-4B and CDW-EIS-4B methods. Thus, it is seen in
Fig. 1 that the cross sections from the CDW-EIS-4B method are strongly suppressed
relative to those of the CDW-4Bmethod. For example, at the impact energy of 100keV,
the cross sections of the CDW-EIS-4B method underestimate the results of the CDW-
4B method by nearly four orders of magnitude. Such a gigantic and unprecedented
discrepancy is still huge at larger energies. For instance, even at 1000keV, the predic-
tions by theCDW-EIS-4Bmethod are an order ofmagnitude lower than those due to the
CDW-4Bmethod. The magnitudes of the cross sections from the CDW-4Bmethod are
seen in Fig. 1 to significantly underestimate the experimental data at impact energies
200–3000keV. Also the lineshapes (the behaviors of the cross sections as a function
of the impact energy) are different in the CDW-4B method and measurements. At still
higher energies (4000 and 7000keV), the CDW-4B method is in excellent agreement
with the measurement from Ref. [79]. However, particularly at 4000keV, the situa-
tion is inconclusive since the cross sections from the two independent measurements
[79,80] differ by more than an order of magnitude (see the pertinent remark on p. 3837
in Ref. [32]).

Further, it is observed in Fig. 1 that the cross sections from the BCIS-4B and the
BDW-4B methods agree quite well with each other concerning both their magnitudes
and lineshapes. The cross sections from these two methods would be identical if the
helium bound state wave function were exact. For example, the same cross sections are
obtained from the BCIS-3B and BDW-3Bmethods in the case of electron capture from
hydrogenlike atomic systems by nuclei in process (3.1) for any initial and final state.
In Fig. 1, at intermediate-to-high energies 100–3000keV, the curvatures of the cross
sections from theBCIS-3B andBDW-3Bmethods are similar to the common lineshape
that could be drawn through the depicted experimental data to guide the eye. As to the
magnitudes of the cross sections, the BCIS-4B and BDW-4B methods underestimate
the experimental data below1000keV, albeit by amuch smaller factor than in theCDW-
4B method. On the other hand, the BCIS-4B and BDW-4B methods are in excellent
agreement with the experimental data at impact energies 1000–3000keV. However,

123



48 Journal of Mathematical Chemistry (2019) 57:1–58

no similar validity assessment is possible at still higher energies (4000, 7000keV)
because of the mentioned more than an order of magnitude discrepancy between the
two measurements reported in Refs. [79,80]. In fact, at 4000keV, the cross sections
from the BCIS-4B and BDW-4B methods are near the mid-point between the two
symbols for experimental data from Refs. [79,80]. Needless to say, it would be highly
desirable and important to perform some new measurements on (4.2) so as to clarify
this unusual disagreement between the two independent measurements of Schuch et
al. [79] and Afrosimov et al. [80].

Evidently, there is no post-prior discrepancy for (4.1) and (4.2) because these are
symmetric double capture events in collisions between alpha particles and helium.
Moreover, in the case of general heavy particle collisions (mP,T � 1), and not just
single or double capture processes, the numerical values of total cross sections are
expected to be the same for computations with either the logarithmic Coulomb phase
factors or the associated full Coulomb wave functions for the relative motion of the
two heavy scattering aggregates. This has explicitly been confirmed in the CB1-4B
as well as in the BCIS-3B and BCIS-4B methods for single electron capture in heavy
particle collisions [151,152]. The same conclusion is anticipated to apply also to
double capture. Surprisingly, however, the total cross sections in e.g. the four-body
boundary-corrected continuum intermediate state method for double electron capture
from heliumlike atomic systems by heavy nuclei are significantly different (especially
at intermediate-to-lower impact energies) when computed with the full Coulombwave
function [49–53] and with its logarithmic Coulomb phase [1,3,32]. To clarify the
matter, especially regarding an earlier observation [3] made on this discrepancy, we
performed a new thorough computation the results of which will be published shortly.

5 Discussion and conclusions

In this work, a parallel structure presentation is expounded by juxtaposing the conven-
tional and distorted wave formalisms of the general quantum-mechanical scattering
theory for double electron capture from heliumlike atomic systems by heavy nuclei.
The former deals directly with the original, analytically unsolvable collisional prob-
lem. The latter solves (by analytical means) a flexible model problem with certain
judicious choices of the distorting potentials and the corresponding distorted wave
functions.

Crucially, however, both frameworks for the full transition amplitudes (aswell as for
any approximation) in the prior and post forms satisfy the correct boundary conditions.
These conditions are formulated by the following three simultaneous requirements for:

• (I) the proper asymptotic behaviors of the total scattering wave functions in the
initial and final states of the entire system,

• (II) the consistent connections between the perturbation potentials and the total
scattering wave functions in the entrance and exit channels, and

• (III) the presence of short-range perturbation potentials in the transition ampli-
tudes.
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The most appropriate way to achieve this in practice runs as follows. Whenever
there are residual Coulomb potentials in the asymptotic regions of the considered
collision:

• (i) the unperturbed channel states have to be multiplied by the corresponding loga-
rithmicCoulombphase factors for the relativemotions of the scattering aggregates,

• (ii) the asymptotically present Coulombic interactions must be subtracted from the
original perturbation interactions, and

• (iii) the modified perturbation potentials (that cause the transitions of the whole
system from the initial to the final states) must be short-range, square-integrable
interactions (i.e. falling off faster than 1/r with the augmentation of the inter-
particle separation r ).

Overall, the correct boundary conditions (I)–(III) must be implemented by (i)–(iii)
whenever there are asymptotically present Coulomb potentials in a collisional system.
The reason for such a stringent requirement is in making a clear distinction between
the situations before and after the collisional event. This distinction is necessary for
unequivocally attributing the results of the measurements (performed always in the
asymptotic region where collision has been completed) to the interaction region alone.
For if there were any remaining long-range Coulomb interaction in the asymptotic
scattering region, they would never cease to perturb the free channel states. This is
due to the fact that Coulomb potentials produce the Coulomb logarithmic phases
that do not die out even at infinitely large inter-particle distances. These Coulomb
phases always distort the free channels states 	i, f . Stated equivalently, when 	i, f

are multiplied by the Coulomb phases, as per the request (i), the modified channel
states 	±

i, f are not free any longer. Since in such situations we can no longer speak
about free asymptotic states, it is useful to place the superscript ± (symbolizing the
outgoing/incoming waves) on the channel states, via 	±

i, f , to remind us that there are
some Coulomb potentials (and, hence, Coulomb phases) in the asymptotic regions of
the entrance and/or exit channels.

To appreciate this particular feature of Coulomb scattering theory, it is instructive
to see the repercussions of obedience and disobedience of the correct boundary condi-
tions. Thus, when the steps (I)–(III) and (i)–(iii) are accomplished in their entirety, the
pertinent Møller wave operators exist and they permit the definition of the transition or
T -operators and the scattering or S-matrices. In contradistinction, a disrespect of either
the whole procedure (I)–(III) and (i)–(iii), or implementing these steps incompletely
(e.g. in one channel, but not in the other) would mean that the Møller wave opera-
tors do not exist, with the consequence of being unable to introduce the T -operators
and S-matrices [153]. Under such circumstances, attempts to deal with any particular
approximate methods, in spite of the non-existent T -operators and S-matrices, are
not justified. We presently illustrate how to practically implement the steps (I)–(III)
and (i)–(iii) as the gestalt, regarding both the full transition amplitudes and its several
approximate methods.

The purpose of this general, unified and exact setting is to lay the ground for a
systematic and consistent derivation of all the existing approximatemethods bymaking
different choices of the distorting potentials and distorted wave functions. In principle,
any choice of the distorting potentials and distortedwave functions is permitted as long
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as these latter two objects respect the correct boundary conditions through the steps (I)–
(III) and (i)–(iii). This is shown here for the four-body formulations of the continuum
distorted wave (CDW-4B) [30,31], the boundary-corrected intermediate state (BCIS-
4B) [32], the Born distorted wave (BDW-4B) [41,42], the continuum distorted wave
– initial/final state (CDW-EIS/EFS-4B) [47] and the boundary-corrected first Born
(CB1-4B) [33,34] methods.

From the unified, general formalism we explicitly derive the transition amplitudes
of all these methods:

• (A) with the full Coulomb wave functions (no eikonal mass limit), and
• (B) with their Coulomb phase factors (due to the eikonal mass limit).

Importantly, however, in the mentioned methods, or in any other properly designed
method, the difference between the total cross sections obtained with (A) and (B) is
totally negligible (barely affecting the third decimal place) from very low to very high
non-relativistic impact energies.

Last but not least, the unifying formalism of the full T -matrices developed in the
present study has an important feature in establishing the direct relationships among
different distorted wave methods extracted from the general transition amplitudes.
Such insights shed light onto several pertinent aspects, including these issues:

• (a) the relative performance of the analyzed distorted wave methods,
• (b) the role of the double continuum intermediate states of two electrons in the
second-order methods (CDW-4B, BCIS-4B, BDW-4B, CDW-EIS/EFS-4B) rela-
tive to the first-order methods (e.g. CB1-4B) in which such effects are absent from
the onset,

• (c) the extent of the influence of double electronic full Coulomb wave functions
according to their inclusions in two channels, entrance and exit (CDW-4B, CDW-
EIS/EFS-4B) and one channel, entrance or exit (BCIS-4B, BDW-4B),

• (d) the consequences of replacing the double electronic full Coulomb wave func-
tions by their asymptotes (CDW-EIS/EFS-4B) given by the Coulomb logarithmic
phases, especially when compared to the CDW-4Bmethod with no such additional
approximations, and

• (e) the effect of using the two asymptotically equivalent logarithmic Coulomb
phases for the electronic motions in one channel (CDW-EIS/EFS-4B, BDW-4B).

The conclusions can be summarized via:

• (a′) At high impact energies, the CDW-4B, BCIS-4B and BDW-4B methods
perform well relative to the experimental data. In sharp contrast, the CDW-
EIS/EFS-4B methods completely fail at all energies. On the other hand, the
CB1-4B method is satisfactory at intermediate, but becomes totally inadequate
at high energies.

• (b′) Twofold continuum states of the two electrons in the intermediate stage of
collisions are of decisive importance in double charge exchange. It is precisely the
neglect of these ionizing states that invalidates the first-order methods (CB1-4B) at
high energies. In the second-ordermethods, large discrepancies at all energies exist
among the methods that take these electronic continuum states either in a single
channel (BCIS-4B, BDW-4B) or in both channels (CDW-4B, CDW-EIS/EFS-4B).
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• (c′) At lower impact energies, the double electronic continua in two channels from
the CDW-4B method for double capture make the total cross sections too large.
This is the same effect encountered in the CDW-3B method for single electron
capture processes. However, for e.g. double capture from helium by alpha parti-
cles, at intermediate and higher energies (250–3000keV), the total cross sections
of the CDW-4B method (with or without the otherwise small contribution from
the final excited heliumlike states) are too low with respect to the experimental
data. For the same process, the BCIS-4B and BDW-4B methods underestimate
the measurements below 1000keV, but above this energy are in a good agreement
with the experimental data at high energies.

• (d′) The CDW-4B and CDW-EIS/EFS-4B methods differ in that the latter method
replaces the two electronic full Coulomb waves in only one channel by their
logarithmic phases. Such a replacement has a detrimental effect on the result-
ing total cross sections in the CDW-EIS/EFS-4B methods that underestimate the
experimental data by orders of magnitudes. This completely eliminates the CDW-
EIS/EFS-4B methods from any useful application to double charge exchange
processes.

• (e′) The only difference between the BDW-4B and CDW-EIS/EFS-4B methods is
in one channel and it is in the forms of the Coulomb logarithmic phase factors. The
CDW-EIS/EFS-4Bmethods employ the two Coulomb phases for the two electrons
in terms of their distances from the same nucleus in the given channel. Both such
phases have the same joint limit at infinitely large electron-nucleus distances. It is
this latter Coulomb logarithmic phase factor (in terms of the asymptotic electron-
nucleus distances) which is used in the BDW-4B method. The ensuing total cross
sections from the BDW-4B and CDW-EIS/EFS-4B methods differ by more than
two orders ofmagnitudes at lower energies, and the discrepancy between these two
theories persists to within a factor of ten at higher energies. The CDW-EIS/EFS-
4B methods flagrantly underestimate the experimental data that agree reasonably
well with the BDW-4B method.

Overall, we can conclude that distorted wave methods for double electron capture
from heliumlike atomic systems by heavy nuclei have a varying degree of success
by reference to the existing measurements of total cross sections. More experiments
particularly on double electron capture in collisions of fast alpha particles with helium
are needed to clarify the existing controversy above 3000keV where the total cross
sections measured by Schuch et al. [79] and Afrosimov et al. [80] differ by a factor
of twenty. Among the second-order theories, the CDW-4B, BCIS-4B, BDW-4B are
reasonably satisfactory, whereas the CDW-EIS/EFS-4B methods break down at all
impact energies. The first-order theories (e.g. CB1-4B) are useful only at intermedi-
ate impact energies, but fail at high energies. These findings are in sharp contrast to
single electron capture from heliumlike atomic systems by heavy nuclei for which the
CDW-4B, BCIS-4B, BDW-4B, CDW-EIS/EFS-4B and CB1-4B methods all compare
favorably to the available experimental data at intermediate and high energies. The
primary reason is a significantly enhanced role of continuum intermediate states due to
both electrons in double capture relative to only one active electron in single capture.
In other words, compared to single capture, it follows that double capture is much
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more sensitive to the way in which the twofold ionization continua describe the inter-
mediate stages of the collision. For single capture from heliumlike atomic systems
by heavy nuclei, a simplification of the CDW-4B method through the replacement
of one full electronic Coulomb waves by its asymptotic phase in one channel within
the CDW-EIS/EFS-4B methods yields no significant changes in total cross sections
at intermediate and high energies (below the onset of the Thomas double scattering).
This ceases to be the case for double capture when two full electronic Coulomb waves
from the CDW-4Bmethod are replaced by the two asymptotic Coulomb phases in one
channel in the CDW-EIS/EFS-4B methods. Such a feature might imply that e.g. triple
or quadruple electron capture from multi-electron atomic targets would be even more
sensitive to intermediate multiple electronic continuum states, and this would pose
some new and greater challenges to the adequate theoretical prescriptions. However,
before addressing suchmultiple capture processes frommulti-electron targets, it would
be important to apply the CDW-4B, BCIS-4B and BDW-4B methods to two-electron
capture from multi-electron atoms (C, N, O, Ne, Kr, Ar) by heavy nuclei for which
the experimental data are available at intermediate and high impact energies. Here,
four-body model problems could be used with two nuclei and two active electrons,
while treating the remaining target electrons only through their screening effect in the
frozen core approximation.

Acknowledgements This work is supported by the research grants from Radiumhemmet at the Karolinska
University Hospital and the City Council of Stockholm (FoUU) to which the author is grateful.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.

References
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3. Dž. Belkić, Review of theories on double electron capture in fast ion-atom collisions. J. Math. Chem.

47, 1420–1467 (2010)
4. V.Yu. Lazur, M.V. Khoma, Distorted wave theories for one- and two-electron capture in fast atomic

collisions. Adv. Quantum Chem. 65, 363–405 (2013)
5. V.I. Gerasimenko, L.N. Rosentsveig, Two-electron charge exchange of α-particles in helium. J. Exp.

Theor. Phys. JETP 4, 509–512 (1957) [Zh. Eksp. Teor. Fiz. 31, 684–687 (1956)]
6. V.I. Gerasimenko, The two-electron charge exchange of protons in helium during fast collisions. J.

Exp. Theor. Phys. JETP 14, 789–791 (1962) [Zh. Eksp. Teor. Fiz. 41, 1104–1106 (1961)]
7. M.J. Fulton, M.H. Mittleman, Electron capture by helium ions in neutral helium. Proc. Phys. Soc.

87, 669–676 (1966)
8. K. Roy, S.C. Mukherjee, D.P. Sural, H− formation in proton-helium collisions. Phys. Rev. A 13,

987–991 (1976)
9. S. Biswas, K. Bhadra, D. Basu, Double-electron capture by protons from helium. Phys. Rev. A 15,

1900–1905 (1977)
10. C.D. Lin, Double K-shell electron capture for ion-atom collisions at intermediate energies. Phys. Rev.

A 19, 1510–1516 (1979)

123

http://creativecommons.org/licenses/by/4.0/


Journal of Mathematical Chemistry (2019) 57:1–58 53

11. C.D. Lin, P. Richard, Inner-shell vacancy production in ion-stom collisions. Adv. At. Mol. Phys. 17,
253–275 (1982)

12. R. Shingal, C.D. Lin, Calculations of two-electron transition cross sections between fully stripped
ions and helium atoms. J. Phys. B 24, 251–264 (1991)

13. C. Chaudhuri, S. Sanyal, T.K.Rai Dastidar, Use of a diabatic molecular expansion in studies on
electron capture by He2+ ions in helium at keV energies. Pramana J. Phys. 43, 175–179 (1994)

14. C. Chaudhuri, S. Sanyal, T.K.Rai Dastidar, Theoretical study of single and double charge transfer in
He2+ −He collisions at kilo-electron-volt energies in a diabatic molecular representation. Phys. Rev.
A 52, 1137–1142 (1995)

15. C. Chaudhuri, He2+ −He charge transfer collisions using a 17-state close-coupling calculations with
a diabatic molecular basis. PMC Phys. B 2 (2009). https://doi.org/10.11861/1754-0429-2-2

16. T.C. Theisen, J.H. McGuire, Single and double electron capture in the independent-electron approx-
imation at high velocities. Phys. Rev. A 20, 1406–1408 (1979)

17. R. Gayet, R.D. Rivarola, A. Salin, Double electron capture by fast nuclei. J. Phys. B 14, 2421–2427
(1981)

18. R.Gayet,Multiple capture and ionization in high-energy ion-atomcollisions. J. Phys. (Paris),Colloque
C1, Suppl. # 1, 50, 53–71 (1989)

19. R. Gayet, J. Hanssen, A. Martínez, R. Rivarola, CDW and CDW-EIS investigations in an independent
electron approximation for the resonant double electron capture by swift He2+ in He. Z. Phys. D 18,
345–350 (1991)

20. V.A. Sidorovich, V.S. Nikolaev, J.H. McGuire, Calculation of charge-changing cross sections in
collisions of H+,He2+ and Li3+ with He atom. Phys. Rev. A 31, 2193–2201 (1985)

21. S.N. Chatterjee, B.N. Roy, Modified BEA calculations of He2+ impact double electron capture cross
sections of atoms. J. Phys. B 18, 4283–4293 (1985)

22. M. Ghosh, C.R. Mandal, S.C. Mukherjee, Single and double electron capture from lithium by fast α
particles. J. Phys. B 18, 3797–3803 (1985)

23. M. Ghosh, C.R. Mandal, S.C. Mukherjee, Double electron capture from helium by ions of helium,
lithium, carbon and oxygen. Phys. Rev. A 35, 5259–3803 (1985)

24. R.E.Olson,A.E.Wetmore,M.L.McKenzie,Double electron transitions in collisions betweenmultiply
charged ions and helium atoms. J. Phys. B 19, L629–L634 (1986)

25. D.S.F. Crothers, R.McCarroll, Correlated continuum distorted-wave resonant double electron capture
in He2+ − He collisions. J. Phys. B 20, 2835–2842 (1987)

26. K.M. Dunseath, D.S.F. Crothers, Transfer and ionization processes during the collision of fast
H+,He2+ nuclei with helium. J. Phys. B 20, 5003–5022 (1991)

27. M. Kimura, Single and double electron capture in He2+ + He collisions and single electron capture
in He+ + He+ collisions. J. Phys. B 21, L19–L24 (1988)

28. G. Deco, N. Grün, An approximate description of the double capture process in He2+ +He collisions
with static correlation. Z. Phys. D 18, 339–343 (1991)

29. M.S. Gravielle, J.E. Miraglia, Double-electron capture as a two-step process. Phys. Rev. A 45, 2965–
2973 (1992)
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152. I. Mančev, N. Milojević, Dž. Belkić, Electron capture by bare projectiles from multi-electron targets.
Eur. Phys. J. D (2018) (in press)

153. J.D. Dollard, Asymptotic convergence and the Coulomb interaction. J.Math. Phys. 5, 729–738 (1964)

Affiliations

Dževad Belkić1,2
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