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Abstract An infinite number of elastically colliding balls is considered in a classical,
and then in a relativistic setting. Energy and momentum are not necessarily conserved
globally, even though each collision does separately conserve them. This result holds
in particular when the total mass of all the balls is finite, and even when the spatial
extent and temporal duration of the process are also finite. Further, the process is
shown to be indeterministic: there is an arbitrary parameter in the general solution
that corresponds to the injection of an arbitrary amount of energy (classically), or
energy-momentum (relativistically), into the system at the point of accumulation of
the locations of the balls. Specific examples are given that illustrate these counter-
intuitive results, including one in which all the balls move with the same velocity
after every collision has taken place.

Keywords Mechanics · Energy nonconservation · Indeterminism

1 Introduction

In 5th century B.C. Greece an acrimonious discussion raged. Is the multiplicity of
things real or is it a delusion? Are there many things or is there in reality only one
thing? Is motion real or merely apparent? Zeno of Elea defended his master, Par-
menides, who had asserted that there is truly one indivisible thing and all motion
is illusory. Embarrassingly naive though this debate may sound to modern ears, its
ramifications have borne rich fruit during two millennia and a half. Philosophers,
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mathematicians and physicists have gained much by unravelling the paradoxes of
Zeno.

The paradox of motion usually called the ‘Achilles’ has attracted especial atten-
tion. A tortoise begins at a point 1, and it crawls along a straight line, passing suc-
cessively the points 1

2 , 1
4 , 1

8 etc., in some suitable units of distance. Achilles begins
at the point 2, and he reaches 1 when the tortoise is at point 1

2 , he reaches 1
2 when

the tortoise is at 1
4 , and so on. Calling the spatial positions 1, 1

2 , 1
4 , 1

8 , etc., ‘Zeno
points’ and the spaces between them ‘Zeno intervals’, we summarize the essence of
the paradox: whenever Achilles is at a Zeno point, the tortoise is at the next Zeno
point. Since there is no end to the Zeno points, and thus no end to the situation in
which Achilles lags behind the tortoise, Achilles cannot draw level with, let alone
pass the animal: he will always be one Zeno-interval behind. What is wrong with this
account? Since the 19th century this question has been answered in a way that has
satisfied most mathematicians and many philosophers [1–5]. It runs as follows. The
fact that Achilles draws level with the Zeno points one after the other does not imply
that he attains only these Zeno points (and presumably covers the Zeno intervals be-
tween them); he might reach other points as well. The rules specified by Zeno—let us
call them ‘Zeno rules’—are silent about any other points that Achilles might attain.
A fortiori they say nothing about whether or not Achilles might reach the particular
non-Zeno point that is the limit of all the Zeno points (namely 0).

The above analysis might seem open to the following objection: ‘Achilles is per-
haps free to leave the Zeno path of Zeno points and Zeno intervals, but he is only
allowed to do so after he has finished the entire journey. And since the Zeno rules
dictate that the path consists in an infinite number of Zeno intervals, Achilles will be
unable to finish this (super)task. Hence he is not really free, and in this sense the Zeno
rules do entail that Achilles is forever confined to the Zeno intervals, simply because
there is no end to them.’ This objection calls upon a common intuition, namely that
the completion of an infinite number of tasks is impossible because it would take an
infinite amount of time. However, this intuition is mistaken, as can be appreciated
by considering the set of successive Zeno times, tn, at which Achilles reaches the
spatial Zeno points, sn. These successive times form a bounded, monotonic sequence
of numbers, if, for example, Achilles runs at a constant speed. Indeed the sequence
of times, tn, converges to a limit. Although a vague idea of convergence and limits
was entertained in earlier times, it was only with the work of Cauchy, Weierstraß and
Dedekind in the nineteenth century that the problem was finally laid to (mathemati-
cal) rest. The bounded, monotonic sequence of times {tn} satisfies Cauchy’s condition

∀ε > 0, ∃n ∈ N : ∀p > n & ∀q > n, |tp − tq | < ε.

Roughly, the Zeno times, tn, get indefinitely close together; and the above expression
is a definition of a Cauchy sequence. It can be proved that a real finite number, t ,
exists that is the limit of such a monotonic Cauchy sequence, i.e. a number for which
the following is true:

∀ε > 0, ∃n ∈ N : ∀p > n, |tp − t | < ε.

This limit may in general be an irrational number, although in our case, if Achilles’
speed is a rational number, so is t . The lead that the tortoise has over Achilles is
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zero precisely at time t . This may be called the 19th century solution of the paradox
of Achilles and the tortoise and, aside from a few dissident philosophical voices ex-
pressing worries about the feasibility of various supertasks, so the matter rested until
1996, when Jon Pérez Laraudogoitia introduced a new, but related problem [6–8].

2 Infinite Number of Colliding Balls

A system containing a finite number of balls that undergo a finite number of elas-
tic collisions amongst themselves respects the laws of conservation of energy and
momentum. However, consider the following idealized system. An infinite number
of identical point masses (balls) are placed at the Zeno points 1, 1

2 , 1
4 , 1

8 , . . . on a
straight line. All the balls are at rest except the first, at 1, which moves with constant
speed towards the second, at 1

2 (see Fig. 1). After elastic collision the first ball comes
to rest, passing all its kinetic energy on to the second ball, which soon collides with
the third ball, which acquires all the energy, and so on ad infinitum. However, after
the finite time that it would have taken the first ball to reach the point 0, had the
other balls not been in its way, every ball will have moved briefly, but then have been
brought to rest. After all motion has subsided the energy has disappeared without
trace.

The conclusion is that the energy conservation law has been violated, which is
worrying. Should one not be allowed to consider point particles for some reason (de-
spite Newton’s frequent use of a massive corpuscle—Lat. corpusculum—in his ele-
gant demonstrations [9])? Suppose then that the balls are spheres with geometrically
decreasing radii, in such a way that they all fit on a finite line segment (see Fig. 2).

If the balls are progressively more dense, in such a way that they all have the
same mass, then the analysis goes through unchanged: an infinite number of elastic
collisions leads to the loss of all energy and momentum.

Of course, balls that become denser and denser without limit are grossly unphys-
ical entities. Moreover, an infinite number of identical masses corresponds to an in-
finite total mass, a theoretical monstrosity. How would it be if the density of the
progressively smaller balls were constant, so that the masses decrease geometrically?
Now each ball is not brought to rest by collision with its neighbour, so that it retains
some kinetic energy after its final collision. Is it possible that the sum of the energies
of all the balls, after the infinite sequence of collisions has taken its course, is equal

Fig. 1 Collision of an infinite number of identical balls

Fig. 2 Collision of an infinite number of progressively smaller balls
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to the initial energy? Indeed that is what happens when the masses decrease in geo-
metrical progression, at any rate if the rules of Newtonian mechanics are followed.
Energy and momentum are conserved and sanity seems to have been restored. Or has
it? It turns out that the velocities of the balls are not bounded from above: some of
the very tiny balls, indeed all but a finite number of them, acquire speeds in excess of
that of light. Evidently the system with geometrically decreasing masses should be
treated more properly according to special relativistic mechanics. When this is done,
it is found that the tiny balls have speeds close to, but always less than that of light, as
expected. However one would also expect the system to obey the law of conservation
of energy-momentum, but it does not. While the system does exhibit conservation of
energy and momentum classically, this is not so according to relativistic mechanics.
These results were obtained earlier by one of us [10, 11].

Apparently relativistic mechanics by itself does not always yield energy-momen-
tum conservation. Of course a physicist can seek an escape from this unpalatable
finding by pointing to further unphysical features of the system in question. In par-
ticular, the atomic nature of matter requires that the sequence of smaller and smaller
balls could not actually be constructed: no gold ball can have a mass less than that of
one atom of the lightest isotope of the element. Even if we allow balls to be made of
subatomic units, the ultimately discrete nature of matter will preclude, even in princi-
ple, the implementation of a collision scenario involving indefinitely small balls. But
this seems like an improper rescue attempt for the conservation law. Are we really
prepared to say that the atomic theory of matter is a consequence of the law of con-
servation of energy-momentum? Surely not. It seems that the bullet must be bitten:
when an infinite number of collisions is involved, energy-momentum conservation is
indeed not implied by the laws of mechanics.

These results are interesting from a conceptual point of view. It is known that
energy-momentum conservation can fail for systems that are infinite in spatial or
temporal extent [12]; but what is different in the present case is that the relevant space-
time intervals are finite. Nevertheless the ‘law’ of conservation of energy-momentum
is not obeyed. There is of course a sort of singularity inherent in the system of balls,
namely their infinite number and the fact that there is a point of accumulation of
their locations at the origin of coordinates. How this feature opens the way to the
possibility of energy-momentum loss can be seen qualitatively as follows: consider an
intermediate time at which the first n balls have experienced one or more collisions,
whereas the remainder have not yet been struck. At such a time, energy-momentum
is surely conserved, since only a finite number of elastic collisions have taken place.
At this intermediate time the energy-momentum can be written as the sum of those
of the first n − 1 balls, and that of the nth ball, which will later collide with the
(n+ 1)st ball. The crucial question is whether the energy-momentum of this nth ball,
after its first but before its second collision, let us call it inter(n), tends to zero or
not as n tends to infinity. If this limit is not zero, then energy-momentum will not
be conserved in the complete collision process. This is so because in the limit the
sum of the final energy-momenta of all the balls, plus the nonzero limit of inter(n),
is equal to the initial energy-momentum. In the original example of identical balls, at
the intermediate time the nth ball is moving while the first n − 1 have already been
brought to rest, so inter(n) is equal to the initial energy-momentum. If the successive
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masses become smaller and smaller, on the other hand, the energy-momentum will
be partitioned between the first n − 1 balls and the nth ball; and whether inter(n), the
intermediate energy-momentum of this nth ball, has a non-zero limit or not is far from
obvious: the answer depends on the rate of decrease of the masses of the balls, and
upon whether we do the calculation according to classical or relativistic mechanics.
Loosely, one can say that some of the energy may be ‘lost in an accumulation point’.

A familiar use of infinitude in statistical mechanics is not to engineer energy loss,
but rather to simulate irreversibility. A finite, enclosed, elastic system can have no
real irreversibility but at best Poincaré recurrence on a transcosmic timescale. For-
mal irreversibility requires the taking of an infinite limit; and similarly the loss of
energy occurs only as one lets the number of collisions tend to infinity. It has been
conventionally assumed that time reversal invariance holds for a system of an infinite
number of colliding balls, but can we be certain that this is true? After all, energy is
conserved for a finite number of elastic collisions, but not in general for an infinite
number. A priori one might entertain the idea that, while the time-reversed version of
a finite history of collisions is in accordance with the laws of mechanics, this invari-
ance might not extend to the infinite case. A system of an infinite number of colliding
balls seems at first sight to have a well-defined solution when one ball is initially
moving and energy is transmitted along the line of balls, but in general a definite
fraction of the energy is lost. However, this is not all, since motion may originate
from the accumulation point and travel towards the right, i.e. back to the first ball. To
understand intuitively how this can happen, consider first a large but finite number,
N , of balls. Clearly if we were free to impart some positive momentum and energy
to this last, N th ball, it would collide with the (N − 1)st ball, initiating a chain of
collisions towards the right. Now imagine increasing N , but keeping the imparted
energy fixed. In the limit we obtain a chain of collisions towards the right, without
any initiating collision, i.e. without any cause. Whether this limit can be defined is a
mathematical question; we shall show below that generally it does make sense. There
are solutions of the homogeneous equations that are parametrized by one real num-
ber, which may be equated to the energy that spontaneously arises in the system. If
this parameter is chosen to be equal to the energy lost in the direct process (if any),
then the ‘forward’ history of collisions is precisely repeated, in reverse temporal or-
der, as in a film played backwards. A mechanical system is said to be time-reversal
invariant if the time-reversed transform of any solution of the equations of motion is
also a solution of those equations. In this sense time-reversal invariance does hold for
the infinite system of colliding balls. There exists also an infinite set of alternative
solutions, and one needs a boundary condition, namely a specification of the energy
lost or gained at the accumulation point, in order to achieve uniqueness.

This paper presents, for the first time, a general solution for the one-dimensional
collision problem of the Zeno type. It contains two main sections: in the first classi-
cal, and in the second special relativistic mechanics are used. The structure of these
two sections is similar: first the forward, and then the reverse processes are calcu-
lated in a general setting. Then special attention is devoted to the situation in which
the final velocities of the balls are all the same. The existence of a homogeneous so-
lution provides the mathematical basis for the lack of determinism of the system; it
also underpins the time-reversal invariance of the collision process. In a concluding
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section the basic reason for the strange results is located in the occurrence of an open
set of mass points; and a further difficulty is mentioned, but its solution is relegated
to a future paper.

3 Nonrelativistic Collisions

3.1 Forward Zeno Process

At each Zeno point, xn = 2−n, n = 0,1,2, . . . , there is a ball of mass mn. All the balls
are at rest except for the zeroth one, and that has velocity β0 towards the left, causing
it to collide with the first Zeno ball, starting an infinite sequence of collisions. Let un

be the velocity of the nth Zeno ball just before its last collision, and vn its velocity
after its last collision. If mn+1 < mn for all n, the zeroth ball has only one collision,
while all the other balls undergo two collisions, first one from the right and then one
from the left.

Conservation of momentum and kinetic energy for the collision between the nth
and the (n + 1)st balls are expressed by

mnun = mnvn + mn+1un+1,

1

2
mnu

2
n = 1

2
mnv

2
n + 1

2
mn+1u

2
n+1,

and with the notation

μn = mn+1

mn

these equations lead to

vn = un+1 − un = un − μnun+1, (1)

and thence to the recurrence relation

un+1 = 2

1 + μn

un,

vn = 1 − μn

1 + μn

un.

(2)

Since μn < 1 it follows that vn is positive and that un+1 is greater than vn (we count
velocities to the left as positive for this forward process).

The iterative solution of (2) is

un = β0

n−1∏

k=0

2

1 + μk

(3)

for n = 1,2, . . ., where β0 is the initial velocity of the zeroth ball. Since

mn = m0

n−1∏

k=0

μk,
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the momentum and energy of the nth ball, after its first collision, but before its second
collision, can be written in the form

Pn = mnun = m0β0

n−1∏

k=0

2μk

1 + μk

,

2Tn = mnu
2
n = m0β

2
0

n−1∏

k=0

4μk

(1 + μk)2
.

Moreover

Tn = 4μn−1

(1 + μn−1)2
Tn−1 < Tn−1 < · · · < T0,

and so

P 2
n = 2mnTn < 2mnT0. (4)

If the total mass M = ∑
n mn is finite, it must certainly be the case that mn → 0;

and then we see from (4) that Pn → 0 as n → ∞. However, Tn does not necessarily
vanish in the limit.

After the nth Zeno ball has suffered its first, but before it has undergone its second
collision, the total momentum and kinetic energy are

P =
n−1∑

p=0

mpvp + Pn = m0β0,

2T =
n−1∑

p=0

mpv2
p + 2Tn = m0β

2
0 .

(5)

In the limit n → ∞ (which corresponds to the elapse of only a finite time),

P =
∞∑

p=0

mpvp + lim
n→∞Pn = m0β0,

2T =
∞∑

p=0

mpv2
p + 2 lim

n→∞Tn = m0β
2
0 .

(6)

Evidently momentum is always conserved when the total mass is finite, for Pn → 0
as n → ∞, as we have seen. Kinetic energy is on the other hand conserved only if
Tn → 0 as n → ∞: that this is not always the case will be illustrated later by means
of some examples.

3.2 Reverse Zeno Process

We shall now consider the behaviour of this system of balls in the time-reversed
situation in which the velocities of the balls are all reversed at some time after the
completion of the forward Zeno process. Since most velocities in the reverse process
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are in the opposite direction to those for the forward process, it is convenient to switch
the sign convention and thus count velocities in the reverse process as being positive
if they are to the right, whereas in the direct process, velocities to the left are counted
as positive.

At the instant of reversal the nth ball has velocity wn, which is the reverse of its
final velocity as calculated during the forward process. One solution of the equations
of motion is the precise inverse of the forward process, but it is not the only solution.
To see this, suppose that the (n + 1)st ball has velocity un+1 at some later time, after
which it collides with the nth ball, the velocity of which is still wn. As a result of this
collision the (n + 1)st ball acquires a velocity vn+1, while the nth ball’s velocity is
changed to un. Let us summarize the situation for clarity: the (n + 1)st ball initially
has velocity wn+1, it suffers a collision from its left, after which its velocity changes
to un+1, then it collides with the ball to its right, after which its final velocity is vn+1.
Conservation of momentum and energy at the collision between the (n+ 1)st and the
nth balls are expressed by

mn+1un+1 + mnwn = mn+1vn+1 + mnun,

1

2
mn+1u

2
n+1 + 1

2
mnw

2
n = 1

2
mn+1v

2
n+1 + 1

2
mnu

2
n.

Before a collision can take place, one must have un+1 > wn. Note that the velocities
un and vn are not the same as those in the forward process of the previous section,
although we use the same symbols.

The conservation equations yield

un = un+1 + vn+1 − wn = μnun+1 + wn − μnvn+1, (7)

from which we obtain

un = 2μnun+1 + (1 − μn)wn

1 + μn

,

vn+1 = un − un+1 + wn = 2wn − (1 − μn)un+1

1 + μn

.

(8)

We shall show that the recursion relation (8) has a one-dimensional infinity of solu-
tions, of which one is the precise time-inverse of the forward Zeno process.

The homogeneous version of (8) is obtained by setting wn = 0,

ũn = 2μn

1 + μn

ũn+1,

and a solution of this is

ũ0 = 1 and ũn =
n−1∏

k=0

1 + μk

2μk

for n = 1,2,3, . . . , (9)

the general solution being an arbitrary multiple of that.
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Substitute un = fnũn into (8) to obtain the recurrence relation

fn = fn+1 + 1 − μn

1 + μn

wn

ũn

,

with general solution

fn = γ −
n−1∑

m=0

1 − μm

1 + μm

wm

ũm

, (10)

where γ is arbitrary. The next step is to inject

wm = β0
1 − μm

1 + μm

m−1∏

k=0

2

1 + μk

(11)

into (10), which corresponds to the solution (2)–(3) of the forward Zeno process.
Since wm for the reverse process is identified with vm for the forward process, with
a change of direction, and because the sign convention for velocities in the reverse
process is opposite to that in the forward process, we count wm as positive for the
reverse process when vm is positive for the forward process.

Accordingly, the general solution of (8) is

un =
{

γ − β0

n−1∑

m=0

(
1 − μm

1 + μm

)2 m−1∏

k=0

4μk

(1 + μk)2

}
n−1∏

k=0

1 + μk

2μk

. (12)

We recall that β0 is the velocity of the zeroth ball at the beginning of the forward
Zeno process, and that γ is an arbitrary parameter associated with the freedom to add
an arbitrary multiple of the homogeneous solution.

3.3 Example

As a specific Zeno configuration, consider the mass sequence

mn = 24m0

(n + 1)(n + 2)(n + 3)(n + 4)
, (13)

so that μn = (n + 1)/(n + 5). The total mass is M = ∑
n mn = 4

3m0. For the direct
Zeno process we obtain

un = (n + 3)(n + 4)

12
β0,

vn = un+1 − un = n + 4

6
β0,

and no further collisions occur, vn being positive and monotonically increasing in n.
The energy ‘lost in the accumulation point’ is calculated from

2Tn = (n + 3)(n + 4)

6(n + 1)(n + 2)
m0β

2
0 → 1

6
m0β

2
0 ,
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so one-sixth of the initial energy disappears.
To see that these results are not entirely without physical interest, consider a Zeno

system of 101 balls, instead of an infinite number of them. Suppose that m0 = 1 kg
and u0 = 1 m/s, and that the masses decrease as in (13). We find that the last ball,
which has a mass of 0.22 milligrams, carries off 17% of the initial energy, travelling
at 3,200 km/hour!

For the reverse Zeno process we find from (9) and (11) that

ũn = 1

2
(n + 1)(n + 2),

wn = 1

6
(n + 4)β0,

and therefore

un = 1

12
(6γ − 5β0)(n + 1)(n + 2) + 1

6
β0(2n + 5).

From the second of the equations (8) we obtain for the velocities at the end of the
reverse Zeno process

vn+1 = un − un+1 + wn = (β0 − γ )(n + 2) for n = 0,1,2,3, . . . .

If γ = β0 all balls except the zeroth one are at rest after this round of collisions.
Moreover u0 = β0, and the motion is the exact time-reversal of the initial collision
sequence. For γ < β0 the final speeds vn are positive and increasing in magnitude
with n, so that no further collisions can occur. However, with γ > β0 additional col-
lisions will take place. The nature of these collisions, which depend crucially upon
spatial locations as well as velocities, has not been analyzed. It is expected to be quite
complicated.

3.4 Constant Recoil

In this section rather special collision sequences are considered, in which all balls
proceed after the second round of collisions in “lock step” with each other at the
same speed v, subsequent collisions being excluded.

The non-relativistic equations reflecting energy and momentum conservation for
the second collision of the nth mass were given in (2). Under what conditions is
vn = v independently of n? With the notation

αn = 1 + μn

1 − μn

,

we deduce from (2) that

αn+1 = αn + 1,

un = αnv.
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The general solution has the form

αn = λ + n,

un = (λ + n)v,

(14)

where λ is arbitrary. The mass ratios are therefore

μn = αn − 1

αn + 1
= λ + n − 1

λ + n + 1
. (15)

From this relation we see that λ > 1 necessarily, since μ0 = m1/m0 would otherwise
be zero or negative, which would not make sense.

The initial condition may be used to determine λ in terms of the original velocity
β0 of the zeroth ball:

λ = β0

v
, (16)

the velocities of the other balls after their first collisions being

un = β0 + nv = β0

(
1 + n

λ

)
.

We may use (15) to determine the masses themselves:

mn

m0
=

n−1∏

k=0

μk =
n−1∏

k=0

λ + k − 1

λ + k + 1
= λ(λ − 1)

(λ + n)(λ + n − 1)
; (17)

and so the total mass M of all the balls is

M =
∞∑

n=0

mn = λ(λ − 1)

∞∑

n=0

(
1

λ + n − 1
− 1

λ + n

)
m0 = λm0. (18)

The initial momentum and kinetic energy are given by

P = m0β0, 2T = m0β
2
0

and from (16) and (18) we deduce their final values to be

Pf =
∞∑

n=0

mnv = Mv = λm0
β0

λ
= m0β0,

2Tf =
∞∑

n=0

mnv
2 = Mv2 = λm0

(
β0

λ

)2

= m0β
2
0

λ
,

so momentum is conserved but in general energy is not.
We can try to gain some insight into the nature of this process by comparing it to a

simple totally inelastic collision, in which a mass m0 moves with velocity β0 toward a
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mass M − m0 that is initially at rest. After the collision the masses stick together and
move in the same direction with speed v. Momentum is conserved in this collision,

Mv = m0β0,

but energy is not. Indeed, the energy after the collision is given by

2Tf = Mv2 = m2
0

M
β2

0 = m0β
2
0

λ
,

with λ = M/m0, precisely as in the case of the colliding balls. The inelastic collision
of a projectile with a macroscopic, stationary target has the same outcome as the
infinite number of elastic collisions, in the special case that all the masses move with
the same final speed after the collisions. Indeed, the infinite collision sequence can
then be considered to be a microscopic rendition of the single inelastic collision.

3.5 Constant Recoil and Time Reversal

Let us now consider the time-reversed version of the above constant recoil scenario in
which, at some time after the collisional process has ended, all velocities are reversed.
The masses mn are all moving with the same velocity, wn = v. One solution is simply
that the backward-moving balls continue in lock step at this speed, and with no further
collisions. The general solution of the reverse Zeno process was however calculated in
(12), and we simply have to substitute the particular mass ratio (15) into that solution.
The general solution (12) takes on the form

un = γ
λ + n − 1

λ − 1
− β0

λ + n − 1

λ − 1

n−1∑

m=0

(
1

λ + m − 1
− 1

λ + m

)

= γ + n

λ − 1

(
γ − β0

λ

)
. (19)

In obtaining (19) we have assumed that the (n + 1)st ball has sufficient velocity to
overtake the nth ball. Each ball has the same velocity, after the time-reversal but
before any further collision has taken place, namely

wn = v = β0

λ
,

and from (19) we deduce that

un+1 = λ + n

λ − 1
(γ − v) + v,

so if γ > v then un+1 > v and thus, under this restriction on the otherwise arbitrary γ ,
the (n + 1)st ball indeed has sufficient velocity to overtake the nth ball.

From (7) we see that

vn+1 = un − un+1 + wn = − 1

λ − 1

(
γ − β0

λ

)
+ β0

λ
= β0 − γ

λ − 1
, (20)
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and thus we conclude that the velocities of the nth ball (n ≥ 1) are all the same
after the final collision. The zeroth ball (n = 0), which does not experience a second
collision, has final velocity u0 = γ .

The total momentum after all collisions have taken place is

m0u0 +
∞∑

n=1

mnvn = m0γ + (M − m0)vn = m0β0,

and this is equal to the original momentum at the very beginning of the forward colli-
sional process. Momentum is conserved in the backward, as in the forward scenario.

The kinetic energy of the system after all collisions have taken place is not in
general conserved. Twice the final kinetic energy is

m0u
2
0 +

∞∑

n=1

mnv
2
n = m0γ

2 + (M − m0)v
2
n = m0β

2
0

λ
+ m0λ

λ − 1
(γ − v)2 .

Twice the minimum kinetic energy is m0β
2
0/λ, which is the value at the end of the

forward Zeno process, and this occurs if γ is chosen to be v, the lower limit of the
permitted values for this variable. By making γ larger, the kinetic energy becomes
larger, and it can be made even larger than the original kinetic energy at the beginning
of the forward process.

The additional energy in the system is equal to the energy added at the instant
of time reversal. The time-reversed system is indeterminate, and the arbitrary para-
meter γ , which is a measure of the energy injected at the origin of coordinates (the
accumulation point of the Zeno points) apparently arises in the dynamics. Moreover,
the reverse Zeno process can start at any moment in time. For that matter, energy
could equally well have been injected during the forward Zeno process. This can be
envisaged as follows: consider a time after the initiation of the forward process, but
before the wave of collisions has run its course to the origin. At this time, imagine
that a spontaneous wave of motion starts at the origin. Since infinitely many balls are
still at rest, the solution of interest is a multiple of the homogeneous solution (9). In
fact, the velocities can be read off from (19) by putting β0 equal to 0, since this mim-
ics the situation in which the reverse Zeno process occurs, after a forward process in
which nothing happens, i.e. in which all the balls remain at rest. If we also replace n

by n + 1, we find

un+1 = −γ
λ + n

λ − 1
(21)

as the velocity of the (n + 1)st ball, after the (n + 2)nd ball has collided with it, but
before it collides with the nth ball. A minus sign has been added, because for the
present calculation we wish to specify velocities toward the left as being positive.
Now suppose that, just before the latter collision takes place, the wave of collisions
starting from the zeroth ball, that originally had velocity β0, has reached the nth ball.
The velocity, un, of this ball is then as in (14). After its collision with the (n + 1)st
ball, the velocity of the nth ball becomes

vn = (1 − μn)un + 2μnun+1

1 + μn

,
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where un+1 and un have just been specified, and the mass ratio, μn, was given in
(15). We find

vn = v −
(

1 + n

λ − 1

)
γ,

where we recall from (16) that v = β0/λ. From this it follows that vn can be anything
from v to minus infinity, and indeed it is clear without detailed calculation why this is
so. For the nth ball acquires a final velocity v on condition that the (n+ 1)st ball is at
rest when the nth ball hits it; but the (n+ 1)st ball may have any velocity to the right,
as a result of spontaneous generation from the accumulation point, and so in fact any
velocity between v and minus infinity is consistent with the dynamical equations.

4 Relativistic Collisions

4.1 Forward Zeno Process

What difference does special relativity make to the conclusions of the previous sec-
tion? Conservation of relativistic energy and momentum at the collision between the
nth and the (n + 1)st balls is expressed by

γ (un)mn + mn+1 = γ (vn)mn + γ (un+1)mn+1,

γ (un)mnun = γ (vn)mnvn + γ (un+1)mn+1un+1,

where γ (v) is the Lorentz factor (1 − v2)− 1
2 , units having been chosen so that the

speed of light in vacuo is unity. On adding and subtracting these two equations, one
deduces

ε−1(vn) − ε−1(un) = μn

[
1 − ε−1(un+1)

]
,

ε(vn) − ε(un) = μn

[
1 − ε(un+1)

]
,

where

ε(v) = (1 − v)γ (v) =
√

1 − v

1 + v
(22)

and μn = mn+1/mn as before. Equivalently, we have

ε(vn) = ε(un+1)

ε(un)
= μn + ε(un)

1 + μnε(un)
, (23)

which is the relativistic generalization of (1). We once more limit consideration to the
case in which the total mass M of the particles is finite, so that mn → 0 as n → ∞;
and we again require the masses mn to be monotonically decreasing in n, i.e. μn < 1.
We assume u0 > 0, so that ε(u0) < 1, and

ε(un+1)

ε(un)
= 1 − (1 − μn)[1 − ε(un)]

1 + μnε(un)
< 1, (24)
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from which it follows by induction that ε(un) as a monotonically decreasing function
of n. The velocities un increase with n, and all of the recoil velocities vn are positive.

Since ε(un) constitutes a monotonically decreasing set of numbers in the interval
[0,1], it must have a limit as n → ∞. If there is a number � such that μn ≤ � < 1
for all n, we see from (24) that

ε(un+1) ≤ 	ε(un)

where, with the notation ε0 ≡ ε(u0),

	 = 1 − (1 − �)(1 − ε0)

1 + �ε0
< 1,

since ε0 < 1. It then follows that ε(un) ≤ 	nε0, i.e. ε(un) tends to zero as n → ∞.
However, even when μn is only bounded nonuniformly by 1 it is often the case that
the limit is still zero. It has been shown [10, 11] that, if

μn ≤ 1 − a

n + 1

with a > 0, then ε(un) → 0. Since for a > 1 Raabe’s condition is met for the conver-
gence of the mass series M = ∑

n mn, it follows that ε(un) has zero limit when M is
finite, but this is true also in more general contexts.

The relativistic analogue of (5) is

P =
n−1∑

p=0

mpvpγ (vp) + Pn,

E =
n−1∑

p=0

mpγ (vp) + En,

(25)

where

Pn = mnunγ (un), En = mnγ (un).

Momentum and energy are lost if Pn and En fail to vanish in the limit n → ∞.
Limiting our interest to the cases in which ε(un) tends to zero in this limit, so that un

tends to unity (light speed), we see that violation of energy-momentum conservation
takes place if

mnγ (un) = 1

2
mn[ε(un) + ε−1(un)] → κ 
= 0. (26)

This often happens, except for cases in which the masses mn decrease more rapidly
than exponentially in n, as discussed in Refs. [10, 11]. Energy-momentum is lost
even when mn decreases as a negative exponential of n, in contradistinction to the
nonrelativistic situation. The special case of constant recoil velocities vn—for which
energy and momentum are always lost—will be taken up below.
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4.2 Reverse Zeno Process

Consider the behaviour of this system of balls in the time-reversed situation. Conser-
vation of energy and momentum give

μnγ (un+1) + γ (wn) = μnγ (vn+1) + γ (un),

μnγ (un+1)un+1 + γ (wn)wn = μnγ (vn+1)vn+1 + γ (un)un,

and these equations lead to

ε−1(un) − ε−1(wn) = μn

[
ε−1(un+1) − ε−1(vn+1)

]
,

ε(un) − ε(wn) = μn

[
ε(un+1 − ε(vn+1)

]
.

We thus obtain

ε(un)

ε(un+1)
= ε(vn+1)

ε(wn)
= ε(wn) + μnε(un+1)

ε(un+1) + μnε(wn)
. (27)

The factors ε(wn), which depend upon the velocity of the nth ball before any col-
lisions have taken place, are supposed specified, as in the nonrelativistic reverse
process. We can solve (27) by backward iteration, starting at an asymptotically large
value of n with ε(un+1) = mn+1/(2σ), where the arbitrary parameter σ has been
introduced.

We shall first focus on the special choice σ = κ , where κ was defined in (26) as the
asymptotic ratio of mn/(2ε(un)) in the forward iteration. Under this circumstance,
we obtain ε(vn+1) = 1 for all n (or vn+1 = 0). Furthermore, ε(u0) is equal to ε0, the
original value it had just before the time-forward collisions began. This case clearly
corresponds to the precise time reversal of the time-forward evolution.

For σ > κ , the energy added at the accumulation point is greater than that lost in
the time-forward case, while for σ < κ the energy added is less than that initially lost.
For example, with the mass sequence mn = 2−n and initial factor ε0 = 0.4, we obtain
in the forward iteration κ = 0.616082 and

lim
n→∞ ε(vn) = 0.5.

Here is a table of values of ε(v1), ε(u1), and ε(u0) for various values of the parame-
ter σ .

σ ε(v1) ε(u1) ε(u0)

0.01 0.762 0.578 0.630
0.1 0.831 0.481 0.557
0.616082 1.0 0.3 0.4
1.0 1.067 0.240 0.340

100.0 1.485 0.005 0.010
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4.3 Constant Recoil

Let us return to the case in which all balls recoil with the same speed v, but now in
the relativistic context. We have simply to set ε(vn) = η, independently of n, in (23),
to obtain

ε(un+1) = ηε(un),

η = μn + ε(un)

1 + μnε(un)
.

The solution to the first equation may be expressed in terms of ε0 = ε(u0) as

ε(un) = ηnε0.

Inserting this relation into the second equation, and solving for the mass ratios μn,
we obtain

μn = η
1 − ηn−1ε0

1 − ηn+1ε0
. (28)

The masses themselves can then be determined:

mn

m0
=

n−1∏

k=0

μk = ηn
n−1∏

k=0

1 − ηk−1ε0

1 − ηk+1ε0
= ηn (1 − ε0)(η − ε0)

(1 − ηnε0)(η − ηnε0)
. (29)

As in the non-relativistic case, we can calculate the total mass of all the balls,

M

m0
=

∞∑

n=0

mn

m0
= (1 − ε0)(η − ε0)

∞∑

n=0

ηn

(1 − ηnε0)(η − ηnε0)
= 1 − ε0

1 − η
. (30)

We use the relations

2γ (v) = η−1 + η and 2vγ (v) = η−1 − η

to determine the energy and momentum lost during the collision, namely

�E = m0γ (u0) + (M − m0) − Mγ(v)

= m0

2ε0η
(η − ε0)(1 − ε0), (31)

�P = m0γ (u0)u0 − Mγ(v)v = �E.

Although the equality �E = �P may seem fortuitous in the above calculation, it is
not really so, for it can be readily checked that

�E = lim
n→∞mnγ (un) = lim

n→∞mnγ (un)un = �P.

The loss of energy and the loss of momentum are equal because un, the limit as
n → ∞ of the velocity of the nth ball, after its first but before its second collision, is
equal to unity (light speed).
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As in the non-relativistic case, we seek insight by considering a simple collision
of two elementary masses m0 and M − m0. The mass m0, initially moving with
velocity u0, strikes the mass M − m0, which is initially at rest. After the collision the
two masses move together with the same velocity v, and we imagine the balance of
the energy-momentum to be carried away by a collinear electromagnetic wave with
energy Eem = Pem.

The following relations express energy and momentum conservation in this rela-
tivistic collision:

m0γ (u0) + M − m0 = Mγ(v) + Eem,

m0γ (u0)u0 = Mγ(v)v + Eem.

We subtract and add these equations to obtain

m0ε0 + M − m0 = Mη,

m0ε
−1
0 + M − m0 = Mη−1 + 2Eem,

(32)

where we have adopted the notation ε0 = ε(u0) and η = ε(v), as in the previous
calculation. The first relation may be written as

M = m0
1 − ε0

1 − η
,

in agreement with (30). Furthermore, the second relation yields

Eem = 1

2
m0

(
ε−1

0 − ε0

)
− 1

2
M

(
η−1 − η

)

= m0

2ε0η
(η − ε0)(1 − ε0).

The electromagnetic momentum and energy are identical to that lost in the sequential
collision just considered.

As in the non-relativistic case considered in Sect. 3.4, the energy lost in the col-
lision of the balls of specified masses is greatest when the balls move in lock step
after the collision. These collisions, in which the balls move away with the same
speed after the collisions are completed, have the property that the lost mechanical
energy-momentum is precisely equal to the energy-momentum that is degraded into
electromagnetic form.

4.4 Constant Recoil and Time Reversal

We once more reverse the velocities of all masses at some time after the collision
sequence has ended. We obtain from (27)

ε(un) = η + μnε(un+1)

ε(un+1) + μnη
ε(un+1) (33)
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and

ε(vn+1) = η
ε(un)

ε(un+1)
, (34)

where, as before, η = ε(v). At large n, if follows from (28) that μn ∼ η as n → ∞.
We seek solutions such that ε(un) → 0 in that limit, so from (33) we read off the
asymptotic recursion formula

ε(un+1) = ηε(un).

Thus, for large n,

ε(un) ∼ ωηn,

where the positive parameter ω may be freely chosen. We may determine ε(un) for all
n by inserting this asymptotic form for ε(uN+1) at a large value of N , and generating
ε(un) by backward recursion of the formula (33), obtaining ε(vn+1) at each stage of
the iteration by using (34). The energy added at the accumulation point of the masses
is determined to be

lim
n→∞

mn

2ε(un)
= lim

n→∞
m0η

n(1 − ε0)(η − ε0)

2ωηηn
= m0(1 − ε0)(η − ε0)

2ωη
. (35)

The functions ε(vn) and ε(u0) may be determined numerically. The conditions un >

v, or equivalently ε(un) < ε(v), for all n, must also be met in order that the initial
collisions indeed take place. For the special choice ω = ε0, the quantity

ε(un+1) = ε0η
n+1 (36)

satisfies the recursion formula (33) for all n, and results in ε(vn) = η.
Here is a table of values of ε(u0) and ε(v1) for various values of the parameter ω,

when ε0 = 0.4 and η = 0.6, for which M = m0/2.

ω ε(v1) ε(u1) ε(u0)

0.01 2.241 0.013 0.045
0.1 1.456 0.100 0.243
0.4 1.000 0.240 0.400
1.0 0.826 0.344 0.473

100. 0.615 0.576 0.589

For ω = ε0 = 0.4, which was discussed previously, the factors ε(vn+1) are equal to
unity for all n, and thus the recoil speeds, vn+1, are zero. Also, the factors ε(un+1)

are in agreement with (36), and speed of the first mass is the same as its incident
velocity that initiated the collision process in the forward Zeno process. The energy
added (see (35)) is identical to that lost in the forward case (see (31)), and thus the
motion is the precise temporal inverse of the forward Zeno process.

For ω < ε0, the quantities ε(vn+1) are greater than unity and monotonically de-
creasing in n, so that the final speeds are negative and monotonically decreasing in
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magnitude. Consequently there are no collisions after the second round. For ω > ε0,
on the other hand, the quantities ε(vn+1) are less than 1, positive, and monotoni-
cally decreasing in n, so that the recoil speeds are monotonically increasing, and
subsequent collisions must occur. As in the non-relativistic case, we have not further
analyzed this complicated situation.

5 Discussion

The loss of energy—or energy-momentum in the relativistic case—may upset the
physicist, and the lack of determinacy is even more bizarre. For indeed this indeter-
minism is very radical. Since a spontaneous wave of motion of arbitrary energy may
originate from the origin at any time whatsoever, it is strictly undetermined what the
velocity of any ball will be from one moment to the next. A ready objection to such a
muddled situation is that the initial condition has not been fully specified. For a finite
number of balls, it is sufficient to specify their positions and velocities at any one
time in order to be able to determine their configuration at any later (or earlier) time.
For an infinite number of balls, we have shown in this paper that such a specification
is insufficient. One must also specify ‘the energy at any accumulation point’ of the
positions of the balls. However this is very awkward, for it is not enough to limit the
specification to any one time: it would have to be done for all time. A simple solution
would be simply to forbid all injection of energy—perhaps on the grounds that such
an injection would be tantamount to intervention from outside the system. However,
such a proscription comes at a price. It would mean that the equally massive balls,
after they have all come to rest, remain forever at rest. For the case of constant recoil,
whether treated classically or relativistically, it would mean that the balls remain for-
ever in lock step and never collide again. This implies however that an arrow of time
has been imported by fiat into the specification of the laws of mechanics. While it is
notoriously difficult to obtain an arrow of time, this seems too cheap a way to achieve
one.

The physicist would be inclined to reject both the nonconservation of energy-
momentum and indeterminism, on the grounds that the ‘physical’ way to treat an
infinite system is by way of the finite system, in the limit that the number of sub-
systems approaches infinity. Thus he might simply reject the analysis of the infinite
set of identical balls, since there is no continuity in the infinite limit (all the energy-
momentum comes to reside in the last ball, for any finite number of balls, but with
an infinite number of them there is no ‘last’ ball). In the case that the masses de-
crease, however, there is a ready way to achieve continuity in the limit. As we have
mentioned above, the missing energy-momentum is associated with zero rest-mass.
Thus we have only to posit that the missing energy-momentum is carried off as light,
in order to restore continuity in the limit and conservation of energy-momentum.
The time-reversed motion involves the absorption of light of just the right energy-
momentum to ensure that the reverse process exactly mirrors the forward process.
The specter of indeterminism is exorcised by requiring that the specification of an
initial condition include the ‘energy-momentum at the accumulation point’. It re-
mains true of course that the homogeneous version of the equations of motion has a
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nontrivial solution, and that mathematically any multiple of a homogeneous solution
can be added to one inhomogeneous solution to yield another. But it is a familiar sit-
uation in mathematical physics that some mathematical solutions of an equation are
patently ‘unphysical’.

The philosopher is typically unimpressed by ad hoc appeals to what her physicist
colleague deems to be physical. For her the law of conservation of energy is not
entailed by the laws of mechanics, nor is determinism, since an infinite number of
Zeno balls provides a counter-example. One either accepts this result at face value,
or one seeks to exclude the unwelcome conclusion by further circumscribing what
counts as an acceptable, albeit still ideal system.

The above difficulties are all associated with the occurrence of an open set of
mass-points. Grave though the difficulties are that have just been mentioned, there is
potentially a more serious problem that has not yet been considered. What would hap-
pen if the zeroth ball were to approach the other balls, not from the right of them all,
but from the left? That is, what would happen if the zeroth ball starts at some negative
position on the x-axis and travels towards the right, colliding with the accumulation
point of balls at the origin? This question was posed by Alper and Bridger [13], and
their answer was that no such collision is logically possible, and that the ball would
simply have to disappear!

In a sequel to this paper, “Nonconservation of Energy and Loss of Determinism.
II. Colliding with an open set”, we intend to analyze this situation in mathematical
detail. We will discuss certain less drastic solutions than the one proposed by Alper
and Bridger that have been considered in the literature, and we will present our own
resolution of the looming paradox.

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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