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Abstract Let M be an n-dimensional complete connected Riemannian manifold with
sectional curvature sec(M) ≥ 1 and radius rad(M) > π/2. In this article, we show that M
is isometric to a round n-sphere if for any x ∈ M , the first conjugate locus of x is a single
point and if M contains a geodesic loop of length 2 · rad(M). We also show that the same
conclusion is true if the conjugate value function at any point of M is a constant function.
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1 Introduction

Let M be an n-dimensional complete connected Riemannian manifold with sectional
curvature sec(M) ≥ 1 and denoted by d , the distance function on M . For a point x ∈ M ,
the radius of M at x is defined by rad(x) = maxy∈M d(x, y) and the radius of M is given
by rad(M) = minx∈M rad(x). This invariant was introduced by Shiohama and Yamaguchi
in [15]. When the radius of M is bigger than π/2, Grove and Petersen [11] showed that the
volume of M satisfies C(n) ≤ vol(M) ≤ {rad(M)/π}ωn , where ωn is the volume of a unit
Euclidean n-sphere and C(n) is a positive constant depending only on n . It has been proved
by Wang [17] that if rad(M) > π/2, then the radius of any closed totally geodesic submani-
fold of M is not less than that of M and, in particular, the length of any closed geodesic of M
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is bigger than or equal to 2 · rad(M). Motivated by the above Wang’s theorem, we will study
in this article the rigidity of positively curved manifolds with large radius by the existence
of some special geodesic. Before stating our main result, we fix some notation. Let M be a
complete Riemannian manifold. We will always consider geodesics as curves γ from some
interval say [0, b] into M , parametrized by arc-length, and we will say that γ issues from
x ∈ M if γ (0) = x . For a point m ∈ M , we denote by conj(m) the conjugate locus of M at
m, that is, the set of the first conjugate points to m, for all geodesics that start at p. A geodesic
loop of length l issuing from m is a geodesic γ : [0, l] → M such that γ (0) = γ (l) = m
and γ (t) �= m for each t ∈ (0, l). A geodesic loop of length l issuing from m is simple if it
is one-to-one on [0, l).

For a point x in M , denote by Sx M the unit tangent sphere of M at x . For any v ∈ Sx M ,
let γ be a unit speed geodesic with γ ′(0) = v. The conjugate value cv of v is defined to
be the first number r > 0 such that there is a nonzero Jacobi field J along γ satisfying
J (0) = J (r) = 0. Set

conj(x) := inf
v∈Sx M

cv.

We call conj(x) the conjugate radius of M at x . The conjugate radius of M is defined as
conj(M) = infx∈M conj(x).

Now we can state the main results in this article as follows:

Theorem 1.1 Let M be an n-dimensional complete connected Riemannian manifold M with
sec(M) ≥ 1 and rad(M) > π/2. Assume that for any x ∈ M, the first conjugate locus of x
is a single point. If M contains a geodesic loop of length 2 · rad(M), then M is isometric to
a round n-sphere.

Theorem 1.2 Let M be an n-dimensional complete connected Riemannian manifold M with
sec(M) ≥ 1 and rad(M) > π/2. Assume that for any x ∈ M, the first conjugate value func-
tion cx : Sx M → R is a constant function. Then M is isometric to a round n-sphere.

Let R Pn be an n-dimensional real projective space of sectional curvature 1. Then, we
have rad(R Pn) = π/2, and for any x ∈ R Pn , conj(x) = {x}. Also, R Pn has many closed
geodesics of length π . From this example, we know that the condition “rad(M) > π/2” in
the above Theorems is essential.

The structure of closed manifolds with positive sectional curvature has been an important
topic in global Riemannian geometry. One can find various interesting results about positively
curved manifolds, e.g., in [1–3,5,7,9–17,20,21].

2 Proofs of the results

Before proving our main results in this article, we list some facts that are needed. Let M be
a complete connected Riemannian n-manifold satisfying sec(M) ≥ 1 and rad(M) > π/2.
It follows by using the Toponogov comparison theorem that for any x ∈ M , there exists a
unique point A(x) which is at the maximal distance from x . The mapping A : M → M is
easily seen to be continuous (Cf. [11,21]). Observe that M is homeomorphic to Sn . Thus,
we know from the Brouwer fixed point theorem that A is surjective. For a point x ∈ M , we
denote by inj(x) and cut(x) the injectivity radius and the cut locus of M at x , respectively.

Recall that a wiedersehen manifold is a connected simply connected compact Riemann-
ian n-manifold M without boundary such that for any m ∈ M the cut locus of m is a single
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point [8]. It is known that a wiedersehen manifold is isometric to a round sphere of constant
curvature [4,8,18,19].

We will prove that the manifolds M in Theorems 1 and 2 are wiedersehen manifolds.
Since M is homeomorphic to a sphere, it then suffices to show that the cut-locus of any point
of M is a single point.

Proof of Theorem 1.1 Let us first prove the following Lemma.

Lemma 1 Let m be a point of M and let η : [0, b] → M be a simple geodesic loop issuing
from m, then b ≥ 2 · rad(m).

Proof of Lemma 1 Let us first show that b > π . Suppose on the contrary that b ≤ π . Set
m̃ = η(b/2) and take m1 ∈ M so that m = A(m1); then m1 �= m̃. Set s = d(m, m1) and
t = d(m̃, m1); then s > t . Let µ be a minimal geodesic from m̃ to m1; then we have either

�
(

µ′(0), η′
(

b

2

))
≤ π

2
,

or

�
(

µ′(0),−η′
(

b

2

))
≤ π

2
.

We can then apply the Toponogov comparison theorem to the hinge (µ, η|[0,b/2]) or
(µ, η|[b/2,b]) to obtain

0 > cos s ≥ cos
b

2
cos t.

This is a contradiction since t < s and b ≤ π . Thus, we have b > π . Set r = rad(m) =
d(m, A(m)) and suppose that b < 2r . Let u = d(m̃, A(m)) and take a minimal geodesic λ

from m̃ to A(m). Using the Toponogov comparison theorem to the hinges (λ, η|[b/2,b]), we
have

0 > cos r ≥ cos
b

2
cos u, (2.1)

which gives cos u > 0. It follows from b/2 < r that

cos u cos
b

2
> cos u cos r. (2.2)

Introducing (2.2) into (2.1), we get

cos r(1 − cos u) > 0.

This is a contradiction and completes the proof of Lemma 1. ��
Let l = rad(M) and let γ : [0, 2l] → M be a geodesic loop issuing from p. Then γ is

simple. Otherwise, we can find two distinct numbers l1, l2 ∈ (0, 2l) such that γ (l1) = γ (l2)
and that γ |[l1,l2] is simple. It then follows from Lemma 1 that

l2 − l1 = the length of γ |[l1,l2] ≥ 2 · rad(M) = 2l,

which contradicts to the fact that 2l > l2 − l1. We claim that γ (l) = A(p) and that γ |[0,l]
and γ |l,2l] are minimizing geodesics. In fact, since

d(p, γ (l)) ≤ rad(M) ≤ rad(p) = d(p, A(p)), (2.3)
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in order to prove the above claim, it suffices to show that γ (l) = A(p). Suppose by
contradiction that γ (l) �= A(p). Set t = d(γ (l), A(p)), r = d(p, A(p)); then t > 0.
Take a minimal geodesic α from γ (l) to A(p); then we have either

� (γ ′(l), α′(0)) ≤ π

2
,

or

� (−γ ′(l), α′(0)) ≤ π

2
.

We assume without loss of generality that � (−γ ′(l), α′(0)) ≤ π/2. Applying the Toponogov
comparison theorem to the hinge (γ |[0,l], α), we get

0 > cos r ≥ cos t cos l + sin t sin l cos � (−γ ′(l), α′(0)) (2.4)

≥ cos t cos l

which gives cos t > 0 since l > π/2. It then follows from l ≤ r that

cos t cos l ≥ cos t cos r (2.5)

which, combining with (2.4), gives

cos r(1 − cos t) ≥ 0. (2.6)

This is a contradiction. Thus, our claim is true.
From sec(M) ≥ 1, 2l > π , the above claim and the Rauch comparison theorem (see

[6, p. 218] we know that there exists an h ∈ [l, 2l) such that γ (h) is the first conjugate
point of γ (0) along γ |[0,h]. Similarly, if we consider the reversed curve γ̃ of γ , that is,
γ̃ (t) = γ (2l − t), t ∈ [0, 2l], then there exists a h̃ ∈ [l, 2l) such that γ (h̃) is the first con-
jugate point of γ̃ (0) along γ̃ |[0,h̃]. Since conj(γ (0)) is a single point, this forces h = h̃ = l,
that is, conj(γ (0)) = {γ (l)}.

Set l̃ = inj(p); then l̃ ≤ l. Take a point p̃ ∈ cut(p) such that inj(p) = d(p, p̃). By
Proposition 2.12 in [6, p. 274], we know that either

(i) there exists a minimizing geodesic β from p to p̃ along which p̃ is conjugate to p; or
(ii) there exist exactly two minimizing geodesics β1 and β2 from p to p̃ satisfying β ′

1(l̃) =
−β ′

2(l).

If statement (i) holds, then p̃ ∈ conj(γ (0)) and so p̃ = γ (l). On the other hand, if statement
(ii) holds, then β1 ∪ β2 is a geodesic loop and so one knows from Lemma 1 that l̃ ≥ rad(p).
It follows that inj(p) = l̃ = l = rad(p). Also, one concludes from the above claim that
β1(l) = A(p). Consequently, we have cut(p) = {A(p)}. Since A(p) is the unique point
that is at the maximal distance from p, it follows that any geodesic σ : [0, l] → M issuing
from p is minimizing and satisfies σ(l) = A(p). Set A(p) = q and let γ1 : [0, l] → M
be the geodesic with γ1(0) = p and γ ′

1(0) = −γ ′(0); then γ1 is minimizing, γ1(l) = q
and by using a new parametrization, γ |[0,l] ∪ γ1 is a geodesic loop of length 2l issuing
from q . It then follows from Lemma 1 that 2l ≥ 2 · rad(q). On the other hand, we have
rad(q) ≥ d(q, p) = l. Thus, rad(q) = l and one concludes by using the same arguments as
in the proof of the above claim that A(q) = p. Also, we know from the above discussions
in the proof of inj(p) = l that inj(q) = l. It follows that if δ : [0, 2l] → M is a geodesic
issuing from p then it must satisfy δ(l) = q, δ(2l) = p. Let us prove that such a δ is smooth
at p. Suppose on the contrary that δ is not smooth at p. Take an ε > 0 so that 2l ≥ π + 2ε.
Since δ|[0,l] is minimizing, we know that δ|[ε,l] has no conjugate points. Observe that the

123



Ann Glob Anal Geom (2009) 36:105–110 109

length of δ|[ε,2l−ε] is no less than π . We know from the Rauch comparison theorem that there
exists an ε1 ∈ (l, 2l − ε] such that δ(ε1) is the first conjugate point of δ(ε) along δ|[ε,2l−ε].
Let δ̃ : [0, 2l] → M be a geodesic such that δ̃(0) = p and δ̃′(0) = −δ′(0); then δ̃[0,l] and
δ̃|[l,2l] are minimizing geodesics and δ ∩ δ̃ = {p, q}. Observe that δ1 ≡ δ|[0,ε] ∪ δ̃|[0,2l−2ε]
is a smooth geodesic of length ≥ π from δ(ε) to δ̃(2l − 2ε). It follows that there exists an
ε2 ∈ (0, 2l − 2ε] such that δ̃(ε2) is the first conjugate point of δ(ε) along the geodesic δ1.
Since conj(δ(ε)) is a single point, we know that δ̃(ε2) = δ(ε1). This is a contradiction since
δ(ε1) /∈ {p, q} and δ ∩ δ̃ = {p, q}. Thus δ is smooth at p. Since the length of δ is 2 · rad(M),
we conclude by using the similar arguments as in the proof of cut(p) = {A(p)} that for any
z ∈ δ, cut(z) = {A(z)}. Now we fix a point u /∈ γ and let us prove that cut(u) = {A(u)}.
Set t = d(x, u) and take a minimizing geodesic c from p to u. From the above discussions,
we know that c can be extended to a closed geodesic (still denoted by c) c : [0, 2l] → M
satisfying c(0) = c(2l) = p and c(l) = A(p). From the above arguments, we know that
cut(u) = {A(u)}. Consequently, M is a wiedersehen manifold and so is isometric to a round
sphere of constant curvature. This completes the proof of Theorem 1. ��
Proof of Theorem 2 Fix a point p ∈ M , let us prove that cut(p) is a single point. Take a
point q ∈ cut(p) so that s ≡ inj(p) = d(p, q). Then we have as in the proof of Theorem 1
that either

(iii) there exists a minimizing geodesic α from p to q along which q is conjugate to p; or
(iv) there exist exactly two minimizing geodesics α1 and α2 from p to q satisfying α′

1(s) =
−α′

2(s).

Set l = d(p, A(p)); then l ≥ s. If statement (iii) holds, then for any v ∈ Sp M , cp(v) = s.
Let γ : [0, l] → M be a minimizing geodesic from p to A(p). From cp(γ

′(0)) = s, we know
that γ (s) is the first conjugate point of p along γ . Observe that γ is minimal and so γ |[0,l) has
no conjugate points. It follows that s = l. If (iv) holds, then α1 ∪ α2 is a geodesic loop at p
and so 2s = the length of α1 ∪ α2 ≥ 2l by Lemma 1. Thus in both cases, we have s = l, that
is, d(p, q) = d(p, A(p)). We conclude therefore that q = A(p) since A(p) is the unique
point that is at the maximal distance from p. Now for any z ∈ cut(p), it then follows from
d(p, z) ≥ d(p, q) = d(p, A(p)) that z = A(p). Consequently, we have cut(p) = {A(p)}.
This completes the proof of Theorem 2. ��
Remark Motivated by Theorem 1, it is natural to study the following problem.

Let M be an n-dimensional complete connected Riemannian manifold M with sec(M) ≥ 1
and rad(M) > π/2. Assume that M contains a closed geodesic of length 2 · rad(M). Is it
true that M is isometric to a round n-sphere ?
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