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All regular Landsberg metrics are Berwald
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Abstract This article negatively answers the long standing problem concerning the
existence of non-Berwald Landsberg metrics.
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1 Introduction

Finsler metrics generalize the Riemann metrics like the Banach spaces do the Hilbert spaces.
In Riemann geometry the norms of tangent vectors y ∈ Tp(Mn) at a fixed point p ∈
Mn are Euclidean, while in Finsler geometry these norms, defined by appropriate Finsler
functions L p(y), are Minkowskian. On proper Finsler manifolds, these functions define
proper Riemann metric tensors gi j (p, y) = (1/2)∂yi ∂y j (L2

p) on the punctured tangent spaces
Tp(M)\0. The Berwald connections generalize the Riemann connections, which, however,
do not satisfy all properties of their Riemannian ancestors. For instance, the Berwald parallel
transports just keep the norms of the tangent vectors, but the displacements, τc : Tp(Mn) →
Tq(Mn), of the tangent spaces along curves c are neither linear nor isometries regarding the
metrics gi j in general.

The Finsler metrics having linear Berwald connections are called Berwald metrics, and
those having isometric Berwald parallel transports are called Landsberg metrics. It is well
known that all Berwald metrics are Landsberg. The question if this inclusion is proper? has
been one of the longest standing open problems in Finsler geometry. Matsumoto had called
it, in 2004, the most important unsolved question of the field. Due to the many unsuccessful
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attempts made for finding non-Berwald Landsberg metrics, D. Bao calls them “unicorns”;
beautiful creatures who have never been seen by human beings [5]. Matsumoto’s call strongly
amplified these researches, but only examples which are Landsberg just on the complement
of certain singularity-subsets of the tangent bundle [3,4,11], or, generalized unicorns [5,8]
appeared on the horizon. These constructions are not in the scope of this article. Detailed
review of these results can be found in the expository article [6].

In this note we prove that regular Landsberg metrics are always Berwald. In other words,
regular “Landsberg-unicorns” do not exist. The proof of this statement is based on the fol-
lowing very simple idea: For a given Landsberg metric one constructs, first, a Riemannian
metric tensor gi j (p) by integrating the Landsberg metric tensor gi j (p, y) on the unit balls
Bp ⊂ Tp(Mn) by the measure µp = √

det (gi j )(p, y)dy1 ∧ · · · ∧ dyn . Since the unit balls
are invariant under the action of the Berwald parallel transports, furthermore, the Berwald
covariant derivative ∇k of a Landsberg space satisfies the relations ∇k gi j = 0 and ∇kµ = 0,
also the relation ∇kgi j = 0 must hold. This means that the torsion free Berwald connection
must be the Levi Civita connection of the Riemannian metric gi j (p). That is the Berwald
connection is linear, indeed.

It should be mentioned that, in the classification theorems established in [12,13], the
author corresponded Riemann metrics also to Berwald metrics. The linear Berwald con-
nections become the Levi Civita connections of the corresponded Riemann metrics also in
those cases. However, those Riemann metrics were constructed in a different way, namely,
by using the holonomy groups of the linear Berwald connections. On Berwald manifolds, the
construction introduced in this article provides Riemann metrics which can be constructed
also by the holonomy groups. However, the technique of holonomy groups does not apply
to Landsberg metrics.

2 Berwald connections and Berwald metrics

In the following, the base manifold and its tangent bundle are denoted by Mn and T (Mn),
respectively. A coordinate system x = (x1, . . . , xn) defined on Mn induces a coordinate sys-
tem, (x, y) = (x1, . . . , xn, y1, . . . , yn), on the tangent bundle. Although several objects will
be described in terms of such coordinates, the following considerations have global features.

The norms of tangent vectors are defined by the Finsler function L(x, y), satisfying the
following regularity conditions:

(1) It is positively homogeneous, meaning L(x, λy) = λL(x, y), ∀λ > 0.

(2) The convexity assumption requires that the metric tensor field gi j = 1
2∂yi ∂y j (L2), defined

on the punctured tangent space T (Mn)\0, must be smooth and positive definite.
(3) The theorems established in this article are valid for metric tensor gi j (x, y) of class C2.

An equivalent assumption is that the Finsler function L(x, y) must be of class C4.

Note that, for any fixed x ∈ Mn , the gi j (x, y) defines a priori non-Euclidean Riemann
metric on Tx(Mn)\0x. This metric is Euclidean, for all x, exactly for Riemann metrics.

The most important object what should be generalized to Finsler manifolds is the Riemann
connection and the associated parallel transports along curves running on Mn . A basic require-
ment is that the arc-wise parameterized geodesics should appear as auto-parallel curves also
on Finsler manifolds. This generalized object was established by Berwald. In modern ter-
minology, it is called non-linear connection defined on the tangent bundle. Speaking in
abstract, it is a smooth positively homogeneous distribution, H(x, y) ⊂ T(x,y)(T (Mn)), of
n-dimensional horizontal subspaces which are complement to the natural vertical subspaces
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T v
(x,y)(T (Mn)). The latter subspaces consist of vectors tangent to curves running in Tx(Mn)

through (x, y). Such a distribution is spanned by local vector fields ∂ H
xi = ∂xi − Gr

i (x, y)∂yr ,
which are the horizontal lifts of fields ∂xi (defined on Mn) to the tangent bundle. These
formulas can be regarded as definitions for the symbols Gr

i (x, y) of a non-linear connection
as well. For an arbitrary smooth curve x(t): [a, b] → M and a vector X (x(a)) ∈ Tx(a)(Mn),

there is a unique extension, X (x(t)) ∈ Tx(t)(Mn), of X (x(a)) onto x(t) such that the curve
(x(t), X (x(t)): [a, b] → T (Mn) is horizontal. The corresponding differential equation
describing this extension in terms of the component functions x(t) = (x1(t), . . . , xn(t))
and X (x(t)) = Xi (t)∂xi (t) is

d Xi

dt
(t) + dxr

dt
(t)Gi

r (x(t), X (t)) = 0. (1)

The diffeomorphism τx(a)x(b): Tx(a)(M) → Tx(b)(M) defined by the correspondence
X (x(a)) → X (x(b)) is called parallel transport along x(t). The covariant derivative from
this parallel transport is denoted by ∇k , or, |k. For a covariant Finsler tensor field µ, it is
traditionally defined by the limit ∇ẋ(a)µ = limb→a(τ ∗

x(a)x(b)(µx(b)) − µx(a))/(b − a). This
definition requires a so called vertical representation of the Finsler tensor fields. For instance,
the metric tensor should be considered in the form gi j dyi ⊗ dy j .

Berwald observed that, for any Finsler manifold (Mn, L), there is a unique positively
homogeneous non-linear connection satisfying the metric conditions ∂ H

xk (L) = L |k = 0 and

having torsion free symbols Gk
i j := ∂yi Gk

j , i.e., satisfying T k
i j := Gk

i j − Gk
ji = 0. In fact,

by the latter equation, Gk
i = (1/2)∂yi (Gk) must hold, where Gk := y j Gk

j . Furthermore, let

the operator yk∂yi act on both sides of equations L L |k = 0 to see that the sought non-linear
connection has the uniquely determined symbols

Gi = gri

4

(
yk(L2)xk yr − (L2)xr

)
. (2)

On Riemann manifolds, the objects Gk
i j := ∂yi Gk

j depend just on x and are nothing but
the Christoffel symbols of the linear Levi Civita connections, which are uniquely determined
by the identities T = 0 and gi j |k = 0. By the above computations, however, the Levi Civita
connections of Riemann manifolds are uniquely determined by the three properties:

(A) : Gi
l (x, λy) = λGi

l (x, y), ∀λ > 0,

(B) : T k
i j = Gk

i j − Gk
ji = 0, (C) : L |k = 0,

(3)

not just among the linear but also the much larger class of non-linear connections, which a
priori define positively homogeneous but non-linear parallel transports. Also note that the
metric condition (C) ensures only that the Berwald parallel transports keep the norm of the tan-
gent vectors, but, for a general Finsler manifold, the diffeomorphisms τx(a)x(b): Tx(a)(M) →
Tx(b)(M) are not isometries with respect to the Riemann metrics defined by gi j dyi ⊗ dy j on
Tx(a)(Mn)\0 and Tx(b)(M)\0, respectively. Thus we have:

Theorem 2.1 For a Finsler manifold (Mn, L), there is a unique Berwald connection satis-
fying the three characteristic properties described in (3). In terms of the Finsler function, the
symbols of this connection are described in (2).

If a non-linear connection satisfies properties (A) and (B), furthermore, (C) is satisfied
for two Finsler functions such that one of them is Riemann, then the connection is linear
(namely, it is the Levi Civita connection of the Riemann metric) and the other metric is
Berwald. In local terminology these conditions mean that the symbols (2) for the two metrics
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are the same, thus also the Christoffel symbols �i
jk of the Riemann metric are the same as

the Berwald symbols Gi
jk belonging to the other Finsler metric.

Berwald metrics are defined by those Finsler metrics for which the Berwald connections
are still linear. These metrics are constructed and explicitly determined, by several classifi-
cation theorems, in [12,13]. These metrics are “perturbed” Cartesian products of irreducible
Riemann spaces and such non-Riemannian Berwald metrics which are constructed on irreduc-
ible symmetric manifolds of rank > 1. The latter irreducible factor-manifolds are explicitly
determined by means of the Chevalley’s polynomials. The results include the complete deter-
mination of the isometry groups acting on these manifolds. Also the Cartan-symmetric Finsler
manifolds, defined by those Finsler metrics for which the geodesic involutions are isometries,
are completely determined. It turns out, that all these metrics are Berwald, thus the classifi-
cation of Berwald metrics provides classification also for these latter symmetric metrics.

Let it be mentioned yet that these constructions start out by a theorem asserting that the lin-
ear Berwald connection of a Berwald metric is always Riemann metrizable, i.e., there exists
a Riemann metric whose Levi Civita connection is the considered linear Berwald connec-
tion. That Riemannian metric is constructed by the Haar measure defined on the holonomy
group of the linear connection. Although in a slightly different way, the same idea is used in
this article. Now, the Riemann metric gi j (x) corresponded to a Landsberg metric gi j (x, y)

is defined by the integral of gi j on the unit ball Bx ⊂ Tx(M) with respect to the measure
defined by the gi j . It turns out that also this Riemann metric is parallel (i.e., gi j |k = 0 holds)
with respect to the Berwald connection of the Landsberg metric. Thus, by Theorem 2.1, the
Landsberg metric must be Berwald. It should be mentioned yet that on Berwald manifolds
this construction corresponds Riemann metrics which can be constructed also by means of
holonomy groups.

3 Landsberg metrics

There is pointed out above that the parallel transports τx(a)x(b): Tp(M) → Tq(M) are a priori
not isomeries with respect to the Riemann metrics defined by gi j = 1

2∂yi ∂y j (L2) on the
tangent spaces Tp(M)\0 and Tq(M)\0. The Landsberg metrics are defined by those Finsler
metrics where these transports are isometries. In terms of the Berwald covariant derivative,
this property is equivalent to gi j |k = 0.

The only examples known for Landsberg metrics are Berwald, for which the Landsberg
property can be proved by the well known equation

Llr Gr
i jk = gi j |k, where Gr

i jk = ∂yi Gr
jk . (4)

The left side of (4) obviously vanishes on Berwald manifolds. (To see this identity, take out
∂yi ∂y j on the left side, first. Then, apply the metric condition: 1

2∂xk (L2) = Llr Gr
k before

taking them back, which is the last step in proving the equation. This statement is established
also in [6].)

Let it be mentioned yet that the Landsberg property is usually defined [7,9,10] by the
identity Llr Gr

i jk := Ȧi jk = 0. Note that this definition requires Finsler function of class

C5. Under this assumption of smoothness, formula (4) establishes the equivalence of this
condition with gi j |k = 0. Also note that, by (2), the latter condition requires metric tensor
being only of class C2, or, Finsler function of class C4. Under these conditions the field gi j |k
is continuous.

Next we prove the inclusion in the opposite direction:
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Theorem 3.1 Regular Landsberg metrics having metric tensors gi j of class C2, or Finsler
function of class C4, are always Berwald.

Proof This statement is established by constructing a Riemannian metric, g, which is also
parallel regarding the Berwald connection of the considered Landsberg metric, i.e., the metric
condition gi j |k = 0 holds. Thus, by Theorem 2.1, the Berwald connection is linear, which
must be equal to the Levi Civita connection of the Riemann metric g.

For a fixed x ∈ M , the Riemann metric gi j (x, y) non-trivially depends on the tangent
vectors y ∈ Tx(M)\0 in general. The sought Riemann metric tensor, gi j (x), at x is con-
structed by integrating gi j (x, y) on the unit ball Bx = {yx ∈ Tx(M)|L(x, yx) ≤ 1} by
means of the volume form µx = √

det (gi j (x, yx))dy1
x ∧ · · · ∧ dyn

x defined on Tx(M)\0.
That is, gi j (x) = ∫

Bx
gi j (x, yx)µx. On a Landsberg manifold, both the unit balls and the

volume form µ are invariant under the actions of the Berwald parallel transports. Therefore,
∇ẋ(a)µ = limb→a(τ ∗

x(a)x(b)(µx(b))−µx(a))/(b−a) = 0. The identities gi j |k = 0 and µ|k = 0
combined with the Leibniz rule yield the desired identity gi j |k = 0. The proof is concluded
by the above argument.

This proof can be completed also in a more direct way. In fact, equation gi j |k = 0 implies
that the parallel transports τx(a)x(b): Tp(M) → Tq(M) are isomeries with respect to the
Euclidean metrics defined by gi j (x) on the tangent spaces. Since the Euclidean isometries
fixing the origin are linear, also these transports must be linear. Then, also the connection
must be linear. For if X1(t) and X2(t) are parallel vector fields along a curve, then also
αX1(t) + β X2(t) are parallel, for all α, β ∈ R. Thus, by Eq. 1,

Gi
r (x(t), αX1(t) + β X2(t)) = αGi

r (x(t), X1(t)) + βGi
r (x(t), X2(t)) (5)

holds. That is, Gi
r (x, X) = Xs Gi

rs(x), meaning that the connection is linear. 
�
By this theorem, regular Berwald metrics can be characterized by the Landsberg prop-

erty. Non-Berwald solutions appear just under weaker conditions. We propose investiga-
tions of Finsler metrics having Berwald parallel Finsler densities µ, i.e., satisfying µ|k = 0
(or, equivalently, gi j gki | j = 0). In the 2D case, these metrics are still Berwald. Construc-
tions and classifications in the higher dimensions are important parts of this problem. These
manifolds have the remarkable property that the integral of µ on the unit balls by means of
µ defines a volume form ω(p) on the base Mn , which is also parallel (i.e., ω|k = 0 holds)
with respect to the Berwald connection. This means that the Berwald parallel transports are
volume preserving both with respect to µ and ω. In other words, there is a canonical
Berwald parallel volume form, ω, on the base manifold, which do not exist, a priori, on
general Finsler manifolds. If they exist, they are uniquely determined upto constant factors.
It is an interesting question, if the existence of a non-trivial Berwald parallel volume form ω

on the base manifold implies the equation µ|k = 0. Or else, there is a much wider class of
Finsler manifolds which allow such canonical volume forms on the base manifold. A char-
acterization for the latter metrics is that the elements, α, of the Berwald holonomy group Hp

at an arbitrarily fixed point p ∈ Mn are volume preserving regarding the canonical invariant
measures defined on the linear space Tp(Mn). This condition is equivalent to det α∗(y) = ±1,
for all α ∈ Hp and y ∈ Tp(Mn). Integral geometric investigations [1,2] are also suggested
on these manifolds.
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