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Abstract Scaling is an important measure of multi-scale
fluctuation systems. Turbulence as the most remarkable
multi-scale system possesses scaling over a wide range of
scales. She-Leveque (SL) hierarchical symmetry, since its
publication in 1994, has received wide attention. A num-
ber of experimental, numerical and theoretical work have
been devoted to its verification, extension, and modification.
Application to the understanding of magnetohydrodynamic
turbulence, motions of cosmic baryon fluids, cosmological
supersonic turbulence, natural image, spiral turbulent
patterns, DNA anomalous composition, human heart vari-
ability are just a few among the most successful examples.
A number of modified scaling laws have been derived in the
framework of the hierarchical symmetry, and the SL model
parameters are found to reveal both the organizational order
of the whole system and the properties of the most signif-
icant fluctuation structures. A partial set of work related to
these studies are reviewed. Particular emphasis is placed on
the nature of the hierarchical symmetry. It is suggested that
the SL hierarchical symmetry is a new form of the self-orga-
nization principle for multi-scale fluctuation systems, and
can be employed as a standard analysis tool in the general
multi-scale methodology. It is further suggested that the SL
hierarchical symmetry implies the existence of a turbulence
ensemble. It is speculated that the search for defining the
turbulence ensemble might open a new way for deriving sta-
tistical closure equations for turbulence and other multi-scale
fluctuation systems.
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1 Introduction

In 1994, She and Leveque [1] made the following proposal:
Fully developed turbulence may be characterized by a hier-
archy of fluctuation events with increasing intensities, and
these intensities are related to each other by a so-called hier-
archical symmetry, and the scaling properties are then com-
pletely determined by the scaling of the most intermittent
and intensive fluctuation structures. For homogenous isotro-
pic incompressible turbulence, by assuming the filamentary
structure for the most intermittent structure, it further yields
a formula for the scaling exponents of the pth-order velocity
structure function:

ζp = p/9 + 2

[
1 −

(
2

3

)p/3
]

, (1)

a formula known today as the She-Leveque (SL) scaling.
Later, it is shown that the proposed scaling corresponds
exactly to a random log-Poisson multiplicative process
[2,3], which stands as the simplest process with an infi-
nitely divisible property. This is the property that is crucial
for describing cascade as a stochastic process, so SL model
is often called Log-Poisson model.

Over the past fifteen years, the SL scaling has received a
widely spread attention; scholars from nearly forty nations
have discussed this work; their related papers have appeared
in more than one hundred different journals published all
over the world. A number of research work have been accom-
plished, which range from verification in experimental
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measurements and numerical simulations to applications in
explaining scaling in various physical systems. Many differ-
ent formulas of scaling law have been achieved following
SL theory (see Table 1). Are there common features among
the systems to satisfy the SL hierarchical symmetry? How is
the SL hierarchical symmetry analysis applied to such a vari-
ety of systems? These questions are addressed by the main
body of the material reviewed in this article. However, we
are always attracted to questions of more abstract form, such
as why the SL hierarchical symmetry is universal, and how
much it adds to our understanding of the nature of turbulence,
and finally, what might be the next significant step in our theo-
retical description of turbulence. We attempt to discuss those
questions as well, within our limited capability. The central
point to make is that, with increasingly abundant experimen-
tal and numerical data, accurate model of turbulence should
be attainable in the near future, if right theoretical concepts
arise.

2 The SL theory of hierarchical symmetry

The SL theory starts with the definition of a hierarchy of
fluctuation intensities. Let δ�ν denote the velocity increment
across a distance δ�ν = v(x +�)−v(x) and Sp(�) denote the
velocity structure function, Sp(�) = 〈|δ�ν|p〉. The hierarchy
is defined by

Fp(�) = Sp+1(�)

Sp(�)
; p = 0, 1, 2, .... (2)

The hierarchy covers a series of increasing intensities from
the mean (F0 = 〈|δ�v|〉) to the so-called most intermittent
structures, F∞(�) = lim p→∞ Fp(�). Note that the hierar-
chy covers both a range of scales and a range of intensities.
Kolmogorov [4] was the first to point out the importance of
multiple scales and gave a linear law for scaling exponents,
ζp = p/3 (K41); this linear scaling law is known to depart
from experimental results. The deviation is the well-known
problem of anomalous scaling of intermittency effects. The
SL theory emphasizes the integrity of multiple intensities
together with the multi-scale property. This integrity is rep-
resented by a hierarchical symmetry assumption, hereafter
referred to as the SL hierarchical symmetry:

Fp+1(�) = Ap Fp(�)
β F∞(�)1−β (3)

where β � 1 is a parameter and Ap is independent of �. This
assumption yields a general formula of the scaling exponents
ζp of the velocity structure function, Sp ∼ �ζp ,

ζp = γ p + C(1 − β p), (4)

where γ describes the singularity index of the most intermit-
tent structure: F∞(�) ∼ �γ , and C is its co-dimension.

Based on the assumption of the hierarchical symmetry
(3), she et al. [5–7] proposed a procedure called “β-test” and

“γ -test” to determine the parameters β and γ in the general
SL formula (4), since turbulence in different environment
may have different SL parameters while the hierarchical sym-
metry still holds. Eliminating F∞(�)1−β , one finds a scaling
relation

Fp+1(�)

F2(�)
= Ap

A1

(
Fp(�)

F1(�)

)β

, (5)

A log-log plot of Fp+1(�)/F2(�) versus Fp(�)/F1(�) with a
straight line implies that the SL hierarchical symmetry holds,
hence the data passed the β-test, the value of β can be read-
ily obtained from the slope, which measures how similar are
the scaling of the two successive HS intensities Fp+1(�) and
Fp(�). The limit β → 1 implies the absence of intermittency,
and all intensities are similar. This includes the Kolmogorov
1941 picture of turbulence with ζp = p/3. On the other hand,
the limit β → 0 implies that the most intermittent structures
are extremely outstanding, and completely detached from the
background fluctuations. The black and white picture of tur-
bulence by the β model [8] belongs to this category. A close
example is Burgers shocks whose energy spectrum is k−2

and whose scaling exponents are ζp = 1 for p > 1 [9,10].
Assuming extended self-similarity (ESS) [11], a property

that generally holds in multi-scale phenomena (ζ3 = 1), one
can show that the parameter γ defined by F∞(�) ∼ �γ is
determined by the relation

ζp − χ(p;β) = γ (p − 3χ(p;β)), (6)

where χ(p;β) = (1−β p)/(1−β3). The plot of ζp−χ(p;β)

vs p−3χ(p;β) yields a slope γ . γ is a measure of the degree
of singularity of the most intermittent structure F∞. If the
most intermittent structures were discontinuities, γ = 0. An
example of a weaker singularity is a velocity profile like
Brownian motion for which γ = 1/2. The larger γ is, the
weaker the singularity of the most intermittent structure is.
Kolmogorovs dissipative structure has γ = 1/3, less singu-
lar than shocks. The SL model has smoothly made a bridge
between the Kolmogorov turbulence and Burgers turbulence.

As a phenomenological theory, the SL model has two
important features. First, the hierarchical symmetry assump-
tion can be directly tested against the experimental and
numerical data, because it is formulated in terms of statistical
moments. This is in contrast with other random multiplica-
tive cascade (RMC) models, for which in the RMC is already
a strong assumption about the state of multi-scale fluctua-
tion field. Many physical systems (as we will see below)
have a limited range of excited scales and can hardly sup-
port a multi-stage cascade. Yet, the moments across scales
develop the SL hierarchical symmetry. Hence, the SL hier-
archical symmetry appears more fundamental than the cas-
cade scenario. The second property of the model is its direct
link, through the concept of the most intermittent structure,
to the geometrical aspect of turbulent structures, which is
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very unique among all intermittency models of turbulence.
This makes it particularly attractive as it is applied to study
other systems.

According to Kadanoff [12], “the SL scaling gives par-
tially empirical formulas for the probability of various sizes
of velocity fluctuations, and has become an important part
of the phenomenology of scaling”. In his review of intermit-
tency models, Sreenivasan [13] pointed out that most of the
models can be best cast in terms of multifractal formalism,
and the SL scaling model is “particularly interesting, pop-
ular, and potentially powerful”. While a certain degree of
popularity of the model is interesting, we are more attracted
to its universal nature, the hierarchical symmetry aspect.
In the following sections, we review its developments in
several areas, including experimental and numerical stud-
ies, and the application to magnetohydrodynamic turbulence,
highly compressible and supersonic turbulence in astrophysi-
cal environment and several other multi-scale systems.
Finally, we offer a theoretical discussion on the nature
of the hierarchical symmetry, namely the principle of self-
organization in multi-scale fluctuation fields and the exis-
tence of the so-called turbulence ensemble.

3 Experimental verifications of the hierarchical
symmetry

The publication of She and Leveque [1] has generated a great
interest from experimental, numerical and theoretical studies
on the hierarchical nature of turbulence. Several months after
the publication of SL94, Ruiz Chavarria et al. [14] conducted
experimental measurements in a wind tunnel for turbulence
generated with grids, in a wake behind a cylinder and in a jet
with Taylor microscale Reynolds numbers ranging from 200
to 800, and concluded that the hierarchical structure assump-
tion is valid for the fluctuation field of the energy dissipation
in all experiments. A year later, the same authors [15] claimed
that their data also confirm the existence of the hierarchical
symmetry for the velocity structure functions. They [16] have
also discovered that the temperature structure function dis-
plays a similar hierarchy. The following year, Camussi and
Benzi [17] concluded that the SL prediction was realized
in all cases, confirming that, within the experimental uncer-
tainty, the geometrical interpretation of β could be extended
to the transverse velocity components (see also Benzi et al.
[18,19] for more details). Leveque et al. [20] observed, in a
turbulent wake, that the moments of passive scalar energy dif-
fusion rate satisfy a similar hierarchical symmetry relation.
The evidences from all these classical experiments offer a
solid basis for the validity of the SL hierarchical symme-
try, and provides enough stimulation for continuous interests
later on further checks, modifications and applications.

Swinney’s group at the University of Texas at Austin has
conducted experimental studies of turbulence in the

Couette–Taylor flow and a rapidly rotating tank with variable
Rossiby numbers. The Couette–Taylor flow [24] reaches a
Reynolds number range of 2 × 103 < R < 106 with no
inertial range observed, but careful analysis of the velocity
structure functions using a systematic method of β-test and
γ -test [5], which is derived from the SL theory, showed that
the SL hierarchical symmetry is verified to a high quality, and
the SL parameter β ≈ 0.83, slightly smaller than the value
β ≈ 0.87 in free jets. This yielded an accurate indication of
greater intermittency in Couette–Taylor turbulence.

In 2003, Baroud et al. [23] made measurements of velocity
time series and of velocity field in a rotating annulus for
small Rossiby number of quasi two-dimensional flow to high
Rossiby number of fully three-dimensional flow. Over the
range of flows of different nature, the SL hierarchical sym-
metry is universally verified with different values of the SL
parameters. While the hierarchical similarity parameter β

showed very little difference, the singularity index of the
most intermittent structure γ varies from 0.18 in 3D (close
to isotropic turbulence) to 0.34 in 2D. The latter showed a
scaling close to Kolmogorov turbulence. See Fig. 1 for a
sketch of the results.

Experimental studies were also conducted at the Peking
University with a turbulent pipe flow and a turbulent mix-
ing layer. Zou et al. [21] analyzed velocity fluctuation data
in a pipe at a dozen distances from the wall ranging from
10 to 3000 in wall unit. They found that the SL hierarchical
symmetry is verified for all data, but the parameters β and γ

Fig. 1 Verification of the SL hierarchical symmetry by various turbu-
lence experiments: (�) velocity measurement at the center of a pipe (�)
near the wall of a pipe [21]; (�) longitudinal and (�) transverse velocity
structure function measured in a free shear flow [22]; (•) velocity mea-
surement in a Taylor–Couette flow at R = 69000 and (◦) at R = 540000
from [5]; (+) velocity measurements in rotating annulus at very small
Rossiby number (a fully 3D flow) and (×) at large Rossiby number
(a quasi-2D flow) from [23]. Lines a–h denote corresponding SL model
with different parameters, all satisfying the SL hierarchical symmetry.
Line i is the K41 prediction
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vary with the distance from the wall. The variation of β and γ

was shown to display a transition from the logarithmic region
to the center, which is interpreted to be associated with the
breakdown of large-scale organized structures.

Jiang et al. [22] conducted the simultaneous measure-
ment of two velocity components in a turbulent mixing layer,
which allows for the calculation of both longitudinal and
transverse velocity structure functions. They showed that
the hierarchical symmetry is universally valid for all the
measurements, at several space locations, and for two dif-
ferent upstream turbulence generation mechanisms. Interest-
ingly, the parameter β specifying similarity between weak
and strong vortices is shown to be universal for all structure
functions, and the other parameter γ of the singularity index
of the most intermittent structures vary. The most singular
structure is found to be related to the structure function asso-
ciated with the stream wise vortices. The results confirm that
coherent flow structures are responsible for anomalous scal-
ing; hence, the deviation from the normal scaling can be an
indicator of the development of flow structures and the SL
parameters have a sound correspondence with characteristic
flow structures.

A series of studies of Rayleigh–Bénard convection turbu-
lence have been done at the Chinese University of Hong Kong
(CUHK) by Xia’s and Ching’s group. Using experimental
data of Libchaber at the University of Chicago [25,26], Ching
and Kwok [27] found that local temperature dissipation in
high Rayleigh number convection satisfy a similar SL hier-
archy, and Ching [28] showed that the scaling behavior of
the temperature structure functions for length scales below
and above the Bolgiano scale are both well described by the
SL hierarchical symmetry. Both velocity fluctuations [29]
and temperature fluctuations [30] were confirmed to be well-
described by the SL hierarchical symmetry. Xia et al. [31]
made a direct multipoint measurements of the velocity and
temperature fields, and showed that in the central region,
velocity and temperature both have excellent SL scaling with
different model parameters.

Parts of the experimental results are shown in Fig. 1.
While the isotropic turbulence data for the longitudinal veloc-
ity structure function agree accurately with the original SL
formula, the data for transverse velocity structure functions
and for other inhomogeneous turbulence show the validity
of the SL hierarchical symmetry but with different model
parameters. It can be concluded that the experimental mea-
surements give a firm verification of the SL hierarchical sym-
metry which is universally valid.

4 Numerical verifications of the hierarchical symmetry

During the past four decades, significant progress has been
made using computer simulation as an aid to our under-
standing of the rich physics of turbulence, and numerical

simulation now becomes an irreplaceable tool for the study of
turbulence. Massive dataset enable more detailed and accu-
rate statistical analysis. After the publication of the original
work, a number of researchers have used their data to verify
the hierarchical symmetry and the scaling exponents.

4.1 Velocity fluctuations

From a high-resolution direct numerical simulations (DNS)
of 3D Navier–Stokes turbulence with normal viscosity and
hyper viscosity, Cao et al. [32] found that relative scaling
exponents are in very good agreement with the prediction of
the SL model (see Fig. 2). Sreenivasan et al. [33] found that
the low-order relative scaling exponents exhibit unambigu-
ous departures from the Kolmogorov 1941 theory and agree
very well with the SL model (see Fig. 2). Chen and Cao [34]
have proposed a modified model within the framework of the
SL hierarchical symmetry, which reads

ζp = 2

9

[
1 −

(
7

9

)p/3
]

. (7)

Grossmann et al. [35] also conducted a study of intermit-
tency for longitudinal and transversal structure functions in
numerical simulations of the Navier–Stokes turbulence with
Reλ = 110. They concluded that longitudinal and trans-
versal fluctuations obey different types of hierarchies of the
moments within the SL model, and the SL hierarchy

Fig. 2 Verification of the SL hierarchical symmetry by direct numer-
ical simulations. Several sets of scaling exponents of longitudinal (L)
and transversal (T) velocity structure function are shown: (ball) tera-
scale computation of weakly compressible turbulence using IBM Blue
GeneL system with 1, 8563 grids and 32,768 processors [36]; (yellow
filled-◦) 5123 simulation of incompressible NS turbulence (Rλ ∼ 181)
from [32]; (◦) low-order scaling exponents from [33]; (•) 3003 DNS
simulation of decaying turbulence (Rλ ∼ 250) from [37]; (⊕) scaling
exponents of transverse velocity structure function from [38]. Two lines
correspond to the origin SL model [1] and a general version of the SL
model with parameters proposed in [3]
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parameter β shows small dependency on the order of the
moment. If credible, their results imply that the SL hierar-
chical symmetry holds only approximately. More studies are
needed for clarifying this sensitive issue.

Boratav and Pelz [37] also carried out a detailed study
on the difference between the longitudinal and transversal
velocity structure functions using the direct numerical sim-
ulations of an unforced flow starting from a high-symmetry
initial condition by Kida [39]. While comparisons to several
intermittency models and experiments are carried out, special
focus is given to the SL model. With freely adjusting param-
eters, the SL model gives good predictions for all the scal-
ing values. Later, using his data at higher resolution (3003)
and at higher Reynolds number (Rλ ∼ 250), Boratav [38]
reported that the original SL model predictions are in very
good agreement with longitudinal scaling exponents and the
transverse scaling exponents deviate further away from the
K41 scaling and they compare well with the SL model using
C0 = 2.326 and β = 0.57. Additional discussion also can be
found in [40]. All the results suggest that the SL hierarchical
symmetry is universally valid for all the numerical data.

The most recent report comes from a group of scientists
at the ASC FLASH center at the University of Chicago, who
have produced the largest weakly compressible, homoge-
neous isotropic turbulence simulation to date, and obtained
a dataset of very high quality. Among their initial scientific
results has the clear claim: “analysis on the data show sup-
port for new theories of turbulent structure”, namely the the-
ory of the SL hierarchical symmetry and the SL scaling for-
mula [36]. Specifically, they noted that: “As is easily seen,
Kolmogorovs 1941 theoretical prediction deviates systemat-
ically from both Benzis experimental analysis and our simu-
lation. In contrast, the more recent theory of She and Leveque
is in close agreement with both experiment and simulation”
(see Fig. 2).

4.2 Passive scalar fluctuations

Using the framework of the SL hierarchical symmetry,
Leveque et al. [20] developed a model for the scaling of a
mixed structure functions 〈|δ�vδ�θ

2|p〉 describing dynamics
of passive scalar. Based on an assumption about sheet-like
dissipative structures (see [41,42]), they predicted a scaling
formula, which reads


p = p

9
+ 10

9

[
1 −

(
2

5

)p/3
]

. (8)

When compared to experimental measurements from a
turbulent wake behind a cylinder, they found excellent agree-
ment(see Fig. 3). This prediction agrees also with the numer-
ical results of Watanabe and Gotoh [43] of passive scalar
statistics in homogeneous turbulence (see Fig. 3).

Fig. 3 Verification of the SL hierarchical symmetry for scaling of the
passive scalar structure function: (ball) numerical scaling exponents
for mixed velocity-scalar correlations in stationary homogeneous tur-
bulence at Rλ = 427 and Pλ = 427 from high-resolution simulations
[43]; (

⊕
) experimental scaling exponents for mixed velocity-scalar

correlations in heated cylinder turbulence with Rλ 
 300 from [20];
(◦) experimental scaling exponents for temperature in Rayleigh–Bénard
thermal turbulence from [31]; (cyan filled-◦) experimental scaling expo-
nents for temperature in heated turbulence with 130 < Rλ < 470 from
[16]. Two lines correspond to a variant of the SL model for passive
scalar due to Leveque et al. [20] and due to He et al. [45]

It is interesting to note that Ruiz-Chavarria et al. [16]
demonstrated experimentally that the model of hierarchy
does not apply directly to the temperature structure functions.
This drives Chen and Cao to develop bi-variate log-Poisson
model [44]. He et al. [45] made a further improvement on
a hierarchical model for joint moments of the passive scalar
dissipation and the velocity dissipation, and calculated the
scaling exponents of the passive scalar structure functions,
which reads

z p = 3 − p

36
− 2

(
3

4

)p/6

−
(

1

2

)p/2

+γ

[
1−

(
3

4

)p/6

−
(

1

2

)p/2

+
(

3

4

)p/6(1

2

)p/2
]

. (9)

This formula agrees with the experimental results (see
Fig. 3). This work is a significant breakthrough in the frame-
work of the SL hierarchical symmetry; it shows the necessity
of introducing multiple hierarchies into the physical systems
as the complexity rises. Future studies in this direction should
clarify the nature of hierarchy as the principle of the self-
organization.

5 Hierarchical symmetry in magnetohydrodynamic
turbulence

Magnetohydrodynamic (MHD) is an important physical sys-
tem with applications in many areas, including the motions of
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plasma in thermonuclear fusion reactor, the steel casting pro-
cess in metallurgy industry, the power generation in propel-
ler device, the electrolyte process in chemical industry, and
the astrophysical applications of star’s interior motion, solar
wind, interstellar medium and molecular clouds, and so on.
From a physical point of view, MHD of electrically conduct-
ing fluids involves more complexity because of the coupling
to the electromagnetic force, and MHD turbulence displays
both multi-scale behavior and the spatial anisotropy due to
the magnetic field. Dynamical variables include both veloc-
ity v and magnetic field B, and equations include both the
Navier–Stokes equations for fluid and Maxwell’s equation
for electromagnetism. This complexity gives a particular fer-
tile ground for one to appreciate the value of the SL hier-
archical symmetry in modeling the macroscopic statistical
behavior.

Traditional MHD turbulence theory adopted an
Iroshnikov–Kraichnan (IK) view [46,47], which emphasizes
its Alfvén wave nature. This theory assumes isotropy of the
energy cascade in Fourier space, and predicts a unity scaling
for the 4th-order structure function (ζ4 = 1). This view has
received many criticisms, and it became quite clear [48] that
small-scale eddies can not be free from the influence of the
magnetic field [49]. A number of attempts have been made
to apply the models of hydrodynamic turbulence such as the
log-normal model, β-model, p-model and so on, to MHD
turbulence, but until the appearance of the SL scaling law,
the success had been very limited.

Grauer et al. [50] pioneered the use of the concept of SL
hierarchical symmetry in the study of the MHD turbulence.
Introducing the Elsässer variable z± = v ± B and using
the two basic assumption of the SL model, namely the hier-
archical symmetry and the most intermittent structure, they
showed that the scaling of the structure functions is given by

ζp = p/8 + 1 − (1/2)p/4. (10)

This formula free of any adjustable parameter stems from
the assumption that the most intense fluctuation structure is
the current sheet with dimension two. This is an important
breakthrough, as it shows that the original SL theory con-
tains physical elements generalizable to multi-scale systems
other than the hydrodynamic turbulence, and the SL hier-
archical symmetry is more general. It was interesting that
the above prediction found good agreement with the mea-
sured exponents by Burlaga [51] from solar wind. Grauer
et al. [50] clearly stated that “the results were sufficiently
encouraging to stimulate future numerical, experimental and
observational efforts, in order to subject the adaption of
the She-Leveque theory to a more stringent test”. Soon, the
same scaling exponent formula was derived by Politano
et al. [52].

Further major progress was achieved owing to the
development of high-resolution 3-D incompressible MHD

simulations. Müller and Biskamp [53,54] reported the direct
observation of sheet-like structures, and at the same time
noticed that the energy spectrum is close to Kolmogorov’s
prediction (which predicts ζ3 = 1), rather than the IK the-
ory (which predicts ζ4 = 1). They then modified the earlier
Grauer analysis [50] and predicted a new scaling formula for
the scaling:

ζp = p/9 + 1 − (1/3)p/3. (11)

Here again, the 2D sheetlike dissipative structures are
assumed. This formula predicts, in particular, the value of
the energy spectrum, ζ2 � 0.7, which is more consistent
with the solar wind data. The scaling (11) has become one
of the most popular formula in MHD turbulence.

In 2003, Müller and Biskamp [55] made a summary about
the development of the phenomenological MHD turbulence
models and the comparison with results of experimental mea-
surements and direct numerical simulations. It is clear that the
SL hierarchical symmetry has become the foundational con-
cepts in those successful models of the two-point structure
functions. They described also an excellent story of how to
make a good combined effort from both phenomenology and
data of numerical simulation to increase the physical under-
standing of the MHD turbulence. This is illustrated with a
careful analysis of the anisotropic effect of the magnetic field
in both decaying and forced MHD turbulence without and
with a mean magnetic field [56]. This anisotropy is casted
into a one-parameter family of scaling formula

ζp = p/g2 + 1 − (1/g)p/g. (12)

This expression was found in very good agreement with the
results of the numerical simulations at different conditions
[57]; hence, an interesting “g-class” of multi-scale phenom-
ena are discovered.

The above analysis focuses on the Elsässer field (z±), the
other two fields (velocity v and magnetic field B) are equally
important physically. Cho et al. [58] carried out a detailed
analysis on a 3D numerical simulations of driven incom-
pressible MHD turbulence with a moderately strong exter-
nal magnetic field, and this work has attracted a great deal
of attention owing to its abundant statistical measures for
MHD turbulence. A local frame of reference defined by the
magnetic field is added in addition to the global Eulerian
frame of reference. They [58] showed that the velocity struc-
ture functions in the plane perpendicular to the local mean
magnetic field is quantitatively described by the original She-
Leveque formula (1), while those parallel to the field were 1.5
times higher. This is consistent with the idea that eddies are
stretched along the directions of the local magnetic field, and
once this enhanced effect is taken into account, the similarity
between hydrodynamic and MHD turbulence reappears.
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It is interesting [59,60] to note the scaling exponents in
the local frame for the magnetic field B, ζ

B,local
p , followed

the Müller formula (11) at small p, but tended to level off at
large p. This means that magnetic field is more intermittent
than velocity. On the other hand, the scaling exponents calcu-
lated in the global frame is in good agreement with the Müller
formula (11). In fact, in both local and global measurements,
a rule is found to always hold, namely, the exponents for the
Elsässer variables z± lie between those for the velocity and
magnetic fields:

ζ B
p < ζ z

p < ζv
p . (13)

These results can be understood in the framework of the
SL hierarchical symmetry. First, we conclude that the most
intense dissipative structures for magnetic field contain dis-
continuous jumps, which is more singular than the other two
fields. In addition, both the measurement in the global frame
and the Elsässer field contain a mixture of fluctuations, all
of which satisfy the SL hierarchical symmetry. This explains
the reason why the Müller formula (11) gives an overall good
description.

MHD turbulence, on one hand, has more complex prop-
erties than hydrodynamic turbulence. The studies discussed
above show that the SL hierarchical symmetry has been
instrumental in deriving qualitative and quantitative under-
standing of the statistical properties of the MHD turbulence.
On the other hand, the needs for understanding more com-
plex physics than in the hydrodynamical turbulence offer a
ground for the further development of the SL model. Some
classical results following SL hierarchical symmetry in MHD
turbulence have been shown in (Fig. 4).

6 Hierarchical symmetry in astrophysics

Motions of fluids in astrophysical environments typically
extend to a wide range of scales, and intermittency seems to
be their essential features. Knowledge about heating, momen-
tum transfer, interaction with cosmic rays, radio waves and
other processes require a good understanding of the statisti-
cal dynamics of fluids. The existence of intermittency vio-
lates the self-similarity of motions across scales, and it is
an important question how to extrapolate the properties of
a fluid obtained computationally with relatively low resolu-
tion to the actual astrophysical situations. Furthermore, the
astrophysical environment provides a unique laboratory in
which theoretical concepts can be tested with observations
and large-scale computations. As we will show below, the
concept of the hierarchy and the most intermittent structure
is found to be instrumental in explaining observational data
at astronomical scales, and in providing theoretical founda-
tion for future theory of large-scale structure formation in the
universe and of star formations.

Fig. 4 Verification of the SL hierarchical symmetry in MHD turbu-
lence: (•) observational results from solar wind from [50]; (©) com-
putational results of 3D MHD turbulence from [53]; (�) computational
results of 3D MHD turbulence in the global frame from [61]; (�)
computational results of 3D anisotropic MHD turbulence from [56];
(�) computational results of 2D stationary MHD turbulence from [62];
(�) computational results of 3D MHD turbulence in a local frame from
[58]; (�) computational results of 3D decaying MHD turbulence from
[61]; (×) computational results of 3D compressible MHD turbulence
from [63]; (�) computational results of scaling of magnetic field of 3D
decaying MHD turbulence from [61]). Four lines correspond to four
models, all satisfying the SL hierarchical symmetry: SL94 [1], IK94
[50], MB00 [53], and MB03 [55] respectively

6.1 Intermittency of cosmic baryon fluid

The motion of cosmic baryon fluid is important to the large-
scale structure formation of the universe. In the intergalactic
medium, the cosmic baryon fluid is compressible and dom-
inated by the gravitation of dark matter, and the nonlinear
stage of its evolution is crucial to the formation of lumi-
nous objects. The dynamics of its velocity fields are gov-
erned by the Burgers equation driven by the random force of
the gravity of dark matter. The state of cosmic baryon fluid
consists of strong sheet-like shock structures as the main dis-
sipative structures which display strong intermittency effects
and non-Gaussian behavior [64].

He et al. [65] conducted detailed numerical studies of
this turbulence field, and concluded that velocity fluctuations
in the scale larger than the Jeans length “can be extremely
well described by She-Leveque’s universal scaling formula”.
Its scaling is in excellent agreement with a modified SL
scaling formula with C = 1 and β3 = 1/3. Here again, a sim-
ple argument that assumes sheet-like structures as the dom-
inant emergent structure allows the authors to determine
quantitatively the scaling exponents. Liu and Fang [66] con-
ducted further studies on the mass density field of the cosmic
baryon fluid, and found that its scaling is also “extremely
well described by the SL hierarchy”, and that “all the pre-
dictions given by the SL model, including the hierarchical
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relation, the order dependence of the intermittency expo-
nent, the moments, and the scale-scale correlation, are in
good agreement with the results given by hydrodynamic sim-
ulations of the standard cold dark matter model”. The mea-
sured parameter β ′ = 0.69 ± 0.02 happens to be in perfect
agreement with the predicted parameter β = (1/3)1/3 ≈
0.69, which illustrates the power of the theory.

More recently, Lu et al. [67] studied the non-Gaussian
nature of the mass density field of neutral hydrogen fluid,
which can be studied using Lyα absorption spectrum. Using
high resolution and high signal over noise data of quasars Lyα

absorption spectrum, they show that all the non-Gaussian
features predicted by the SL hierarchy, including the hier-
archical relation, the intermittent exponents, the ratios of
different moments, and the scale-scale correlation, are con-
sistent with observed data [67]. In addition, careful compar-
ison shows that the log-normal model predicts too strong
non-Gaussianity at high orders, in sharp contrast with the SL
model.

The first interesting message delivered from the above
study is that turbulence of cosmic baryon fluid behaves simi-
larly with respect to the form of the self-organization, i.e., the
hierarchical symmetry. This is intriguing, since the SL model
seems to give both the hydrodynamic turbulence and the com-
pressible cosmic baryon fluid a satisfactory description of
the scaling. Not only several theoretical predictions agree
with the experimental and numerical findings, the variation
of model parameters yields also insight about the physical
properties of the system. For instance, it provides an excel-
lent example that the intermittent behavior of the velocity
fluctuations can be independent of the details of the dissi-
pative processes. The fact that the parameter β decreases
with the decrease of redshift indicates that the field is more
“homogeneous” with respect to the hierarchy at earlier time
of the expansion, but becomes more “intermittent” at later
time [66]. It implies also that the characteristic emergent
structures of the density fluctuations are more singular at
later stage of the expansion.

Generally speaking, using the SL hierarchical symmetry
theory, the authors mentioned above are able to conclude that
the clustering of the cosmic baryon fluid in gravitational field
of an expanding universe has to be self-similarly hierarchical
in the scale free range. So, the hierarchical symmetry seems
to be a general form of the self-organization of nonlinear
multi-scale systems, which implies the existence of a well-
defined statistical ensemble and will play an important role
in the future development of quantitative theory. Since above
the Jeans length is the scale for the formation of the lumi-
nous objects, the characterization of the scaling behavior is
important to the dynamical and thermodynamical evolution
of structure formation. In particular, the redshift dependence
of the scaling behavior would be useful for understanding
the evolution of cosmic clustering.

6.2 Supersonic turbulence for star formation

Supersonic turbulence is ubiquitous in the interstellar
medium and plays an important role in star formation, which
occurs primarily inside cold interstellar clouds and is believed
to be controlled by driven supersonic magnetohydrodynamic
turbulence. The process of star formation begins with super-
sonic turbulent motion of the interstellar gas which develops
shocks that interact with each other and with the turbulent
flow, and this results in the emergence of rather complicated
density structures. This process of turbulent fragmentation
leads to creation of complicated density structures and sets
the initial conditions for the collapse of small Jeans-unstable
cores, which then leads to star formation. Thus, the under-
standing of supersonic turbulence is crucial for a satisfactory
theory of star formation.

Boldyrev [68,74] suggested a Kolmogorov–Burgers
model for supersonic turbulence which contains sheetlike
shocks as the primary dissipative structure. He followed
closely the ideas of the SL model and predicted a new scaling
formula for the velocity structure functions:

ζp/ζ3 = p/9 + 1 − (1/3)p/3. (14)

This formula happens to be the same as that obtained by
Müller and Biskamp [53] for incompressible MHD turbu-
lence, but the two systems are widely different physically and
one finds an evidence of a general university class. A specific
outcome of Boldyrev’s theory is the prediction of the veloc-
ity power spectrum in the inertial range to be Ek ∼ k−1.74,
a result known to be Larson’s law from earlier observation.
This is a remarkable outcome, because it links the most sin-
gular turbulent structures (sheet) with the exponent of the
turbulent energy spectrum, which are previously unrelated.
It is made possible only under the phenomenology of the
SL hierarchical symmetry. The theoretically predicted expo-
nents of the first four structure functions, namely 0.42, 0.74,
1.21, and 1.40, are in excellent agreement with the results
of a large-scale simulation, which are 0.42, 0.74, 1.20, and
1.38, respectively (see Fig. 5).

Padoan et al. [69] studied the statistical property of the
integrated intensity images of Taurus and Perseus molecu-
lar cloud complexes. They demonstrated that the moments
satisfy the SL hierarchical symmetry, and the normalized
scaling exponents of the structure functions are very close to
those of the velocity in supersonic turbulence. This is taken
as a direct evidence that the density fluctuation fields of the
molecular cloud follows a hierarchical structure of the veloc-
ity fluctuations in supersonic turbulence and that turbulence
plays an important role in the fragmentation of cold interstel-
lar clouds. It motivated the authors [75] to propose a unified
theory of the velocity scaling in compressible and super-
Alfvenic turbulence for a wide range of sonic Mach number,
MS . They found that under the She-Leveque formalism, the
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Fig. 5 Confirmation of the SL hierarchical symmetry in several astro-
physical applications: (◦) observational results for Tuarus molecular
cloud images from [69]; (�) computational results of velocity scaling
of cosmic baryon fluid from [65]; (♦) computational results for Orion
molecular cloud from [70]; (+) computational results for interstellar
medium from [71]; (⊕) observational results for solar corona images
from [72]; (ball) computational results for interstellar medium from
[73]. The solid line correspond to modified SL model by Boldyrev [74]

only model parameter, the Hausdorff dimension of the most
intense dissipative structures, can be linked to the sonic Mach
number. The latter can be inferred from observations, and the
derived Hausdorff dimension appears to be very reasonable
and is believed to be an important property characterizing
the interstellar clouds. Here, as a phenomenological theory,
the SL model is able to yield a meaningful relation between
two important physical parameters.

Very recently, Pan et al. [76] conducted a detailed study of
the dissipative structure in numerically simulated supersonic
turbulence at a Mach number 6. In addition to the evidence
showing the applicability of the SL model to supersonic tur-
bulence, they verified that the SL parameters characterizing
the most intense dissipative structures carry a precise phys-
ical meaning. They developed a general method to directly
measure those parameters, and the application of the method
provides a validity test of the physical interpretation of the
model. The measured SL parameters are in good agreement
with the ones used for describing the scaling. The success-
ful application of the SL model to supersonic turbulence has
been made extremely convincing [76].

Several other numerical studies have delivered the same
message, which have been shown in Fig. 5. Using large-scale
high-resolution simulations, Avillez and Breitschwerdt [71]
studied the generation and dissipation of interstellar turbu-
lence, and showed that the scalings of the structure functions
are consistent with the SL model of supersonic turbulence,
where energy is dissipated mainly through shocks. Kiss-
mann et al. [73] also performed numerical simulations for

turbulence in the interstellar medium, and found that the
dissipative structures quantitatively follow the SL model.
Kritsuk and Norman [77] have studied the scaling relations
in more complex multiphase interstellar medium with turbu-
lence induced by thermal instability. Due to phase transition
and radiative cooling, such multiphase turbulence tends to be
more intermittent, and the Hausdorff dimension of the most
singular dissipative structures can be as high as 2.3. The SL
model needs to be generalized in the multiphase medium,
where one may find interesting new consequences on the
dynamics behavior of molecular clouds and on star forma-
tion.

In summary, turbulence is self-organized around the most
intermittent structure, and the form of the self-organization
is the hierarchical symmetry. Supersonic turbulence provides
abundant evidence to support this vision. Hierarchical clus-
tering is a common feature of all star-forming regions [78],
and the hierarchical structures of turbulent fluctuations may
be its origin. However, the development is far from being
complete yet, but it appears to be promising for a self-
consistent treatment of turbulence in the complex scenarios
encountered in star-forming clouds.

7 Hierarchical symmetry in other multi-scale systems

The SL hierarchical symmetry addresses principally the issue
of scaling which is one of the most sensitive measures for
multi-scale systems. The theory is a specific example of mul-
tifractal models á la Frisch and Parisi [79], but is signifi-
cantly different from other specific multifractal models such
as β-model [80], p-model [81], random-β model [82], in
that the SL model is developed around a symmetry and a
most significant structure of the field, rather than an abstract
multiplicative cascade process. The connection to physical
structures is the principal reason why the SL model is pop-
ular around astrophysicists, and why the SL model is also
applicable to a variety of other systems where the cascade
picture is not so obvious.

A variety of nonlinear systems with multi-scale fluctua-
tions have been found to exhibit the hierarchical symmetry.
Spatio-temporally chaotic spiral patterns [83], the diffusion-
limited aggregates [84], a fluctuating luminosity field of
nature images [85,86], a nucleotide density variation along
DNA sequences [87–89], climate variations [90,91], etc. is a
short list from several dozen published examples. We focus
the discussion on a subset of those mentioned above.

Throughout the examples, we will illustrate a point,
namely, using the hierarchical symmetry, the global property
of a multi-scale fluctuating field can be extracted and syn-
thesized, and the SL parameters often , if not always, give a
quantitative description of the global statistical property of
the system.
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7.1 Spatiotemporal chaos

Spatiotemporally developed chaotic spiral patterns are
intriguing structures in macroscopic systems driven far from
thermodynamic equilibrium. The Belousov–Zhabotinsky
(BZ) chemical reaction-diffusion system [92] is found to dis-
play similar patterns as those found in biological systems
such as cardiac muscle tissue [93,94]. Experimental studies
reveal a series of transitions from one type of spiral turbu-
lence to another, and between spiral turbulence and ordered
spiral waves [83]. But the characterization of spatiotempo-
rally chaotic states had not been satisfactory due to the large
numbers of degrees of freedom. Liu et al. [6] investigated
this problem based on the SL theory.

The main idea is that any statistically sustained state of
spatiotemporal patterns/chaos involves fluctuations across
scales which are generally describable in terms of the hierar-
chical symmetry. The application of the hierarchical symme-
try analysis requires a good definition of statistical moments
or structure functions. Liu et al. [83] applied the method of
so-called β-test and γ -test [5] using the following interme-
diate variables,

G(x, y) =
√(

∂ f

∂x

)2

+
(

∂ f

∂y

)2

, (15)

where f (x, y) is the chemical concentration in the BZ reac-
tion experiment. Then using a multi-scale random variable,

ε� = 1

l2

x+l∫
l

y+l∫
y

G(x, y)dxdy, (16)

one can define the structure function, Sp(l) = 〈ε p
� 〉. Detailed

calculation using experimental data and that of the numer-
ical simulation of the two-dimensional complex Ginzberg–
Landau equation [6,7] (which yields similar spiral patterns)
showed that the hierarchical symmetry is very well observed.
Furthermore, the parameter β gives a quantitative description
of the degree of heterogeneity of the patterns. For large β

close to one, the system appears to be orderly homogeneous
(pure spirals) For smaller β, the system noticeably contains
a mixture of ordered spirals and disordered waves, and thus
appears to be heterogeneous. The smallest β is observed to
be associated with the appearance of overwhelmingly disor-
dered and intermittent state which can be characterized as
fully developed spatiotemporal chaos.

Spatiotemporal chaos such as the spiral turbulence does
not display a substantial cascade as hydrodynamic turbu-
lence. Nevertheless, nonlinear interaction spreads excitations
across a certain range of scales and fluctuations spread over
a certain range of intensities. The successful application of
the SL theory suggests that the hierarchical symmetry is a
principle which is valid for general nonlinear systems with

spatiotemporal disordered across scales. This is the reason
why the SL parameter β gives a sound description of the
state of chaos.

7.2 Natural images

Natural monochrome images which possess a very rich set of
geometrical structures need to be described in terms of mul-
tiscaling relations. The SL hierarchical symmetry is again
proved to be a principle that is found very useful for char-
acterizing the statistical property of natural images. Turiel
et al. [85] pioneered a study in this direction. A random vari-
able representing the local fluctuation of luminosity εr , called
local edge variance, is shown to resemble the local energy
dissipation in turbulent flows, and the moments satisfying
the scaling relation 〈ε p

r 〉 ∝ r τp are shown to obey the SL
hierarchical symmetry, which yields a scaling formula of the
SL type,

ρp,q = 1 − β p − (1 − β)p

1 − βq − (1 − β)q
. (17)

This formalism enables the above authors to achieve a
decomposition of pixels of the image into fractal compo-
nents [95] and to gave a precise measure of their informa-
tional relevance [86]. Recently, applying the method to the
analysis of satellite meteorological images, Grazzini et al.
[96] found that the temperature distribution and a synthetic
graylevel distribution are both consistent with the prediction
of the hierarchical symmetry. Furthermore, a most singular
manifold (MSM) analogous to the most intermittent structure
in the original SL formulation is defined and used to charac-
terize the image. The fractal dimension and the singularity
exponent of the MSM are found to determine all the multi-
fractal properties. In this application, the SL theory becomes
a standard tool in the so-called multi-scale methodology (see
Fig. 6).

7.3 DNA sequences

DNA is a one-dimensional array of texts of nucleotides, but
contains the most of, if not all, information about the life sys-
tem. It is intriguing to develop statistical tools to capture the
information at a global level. The SL hierarchical symmetry
has become such a tool of multi-scale methodology.

A locally averaged density over a window of size L is
defined as,

ρ I
L = 1

L

L∑
i=1

δ I
ui

, (18)

where I denotes the nucleotide, I = A, T, G and C. ρ I
L

typically displays multi-scale fluctuations with statistical
property dependent on L . Thus, the structure functions,
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Fig. 6 Confirmation of the SL hierarchical symmetry in applications
to natural images and DNA sequences: (•) computed ESS exponents
ρ(p, 2) of R, G or B in RGB image systems from [86]; (◦, + and �)
computed ESS exponents ρ(p, 2) of l, α and β in lαβ image systems
from [86]; (�) computed ESS exponents ρ(p, 2) of A from E.coli DNA
sequences from [87]; (⊕ and ball) computed ESS exponents ρ(p, 2) of
A and G from T. pal DNA sequences from [88]. Five curves correspond
to modified SL scaling due to Turiel et al. [85] and Ouyang et al. [88]

SI
p(L) = 〈(ρ I

L)p〉, are introduced to describe this multi-scale
variation. Using the sequence of E-coli complete genome,
Wang et al. [87] reported the first evidence that the SL hier-
archical symmetry holds for all I; furthermore, based on the
measurement of the SL parameters, they showed that the
G, C density distributions are less intermittent than that of
A, T, which is in accordance with their chemical property
(three chemical bonds versus two). Later, Ouyang et al. [88]
extended the analysis to DNA sequences of all categories
(from bacterial to human) and showed that the relative scal-
ing of SI

p(L) for all I is accurately described by a variant of
the SL model:

ζp/ζ2 = (1 − β)p − (1 − β p)

(1 − β)2 , (19)

and the variation of β describes the evolution category of the
genome and measures its organizational complexity. Com-
pared to earlier statistical analysis using the energy spectrum,
entropy or frequency distribution of k-tuples, the SL analy-
sis reveals an organizational order of the genome at a higher
level, which has been shown in Fig. 6.

Furthermore, Ouyang et al. [89] used the SL analysis as a
tool to study the origin of the intermittent fluctuations in ρ I

L ,
and identified the lateral transfer of genomic material as the
main source of the abnormal base composition. Remarkably,
after a detailed analysis carried out for over one hundred bac-
teria, archaea, virus, yeast, and human genome sequences,
Ouyang et al. [89] showed that the SL parameter β is a char-
acteristic measure of the genome, which reveals an intriguing
link to evolutionary events of genetic material transfer.

7.4 Human heart variability

Recent studies [97] indicated that human heart variability
(HRV) exhibits a very high degree of complexity, and the
degree of the complexity varies between the healthy and the
pathological state. It is thus important to develop measures
that are capable for characterizing the multi-scale complex-
ity of HRV. Again, the SL hierarchical symmetry finds its
application for develop a method of analysis.

Ching et al. [98] reported substantial evidence for the exis-
tence of the SL hierarchical symmetry in both healthy and
diseased HRV, and this immediately allows the authors to
model the multifractal HRV in terms of only two param-
eters, C and β, and to go beyond the general multifractal
framework for more quantification of the HRV analysis. In
particular, Ching et al. [98] discovered a relation between the
two parameters,

C ≈ 0.2β/ ln(1/β). (20)

This empirical law seems to be universal and is capable of
describing both healthy and congestive heart failure data.
Moreover, the diseased HRV shows noticeable tendency of
divergent increase of the value of C, implying the potential
in diagnosis of congestive heart failure based on the charac-
teristics derived from the SL hierarchy.

In summary, the SL hierarchical symmetry allows one to
model the multifractality of HRV and make conjecture to
the heart beat dynamics responsible for the multifractal scal-
ing, which achieves an understanding beyond the traditional
phenomenological description of multifractal HRV.

8 Future development: self-organization and turbulence
ensemble

8.1 Principle of self-organization from chaos to turbulence

Throughout the examples we discussed in this article, we
would like to argue that self-organization is a key concept.
Often, it appears so abstract to any practical use, but a deep
thinking tells us that it is fundamental to the success of the
SL description.

A classical example that illustrates the development of the
ideas of self-organization is the Rayleigh–Bénard thermal
convection. At small temperature differences between two
horizontal plates or at small Rayleigh numbers, the fluid is at
rest and the thermal motion is of Brownian type, which drives
a conductive heat flux. At this stage, there is no self-organized
macroscopic motion. As the temperature difference increases
or at higher Rayleigh numbers, convective motions occur
from instabilities and nonlinear saturation mechanism. This
is the first set of macroscopic self-organization which is
described mathematically by a set of amplitude equations
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Table 1 Classical HS scaling
models Year Authors Formula

1994 She and Leveque [1] ζp = p
9 + 2

[
1 −

(
2
3

)p/3
]

1995 She and Waymire [3] ζp = γ p + C(1 − β p)

1994 Dubrulle [2]
ζp
ζ3

= (1 − �)
p
3 + �

1 − β
(1 − β p/3)

1994 Grauer et al. [50]
ζp = p

8 + 1 −
(

1
2

)p/4

1995 Politano and Pouquet [52]

1995 Cao and Chen [34] ζp = 9
2

[
1 −

(
7
9

)p/3
]

1998 He et al. [45] z p = 3 − p
36 − 2(3

4 )p/6 − (1
2 )p/2

+γ
[
1 − (3

4 )p/6 − (1
2 )p/2 + (3

4 )p/6(1
2 )p/2

]
1998 Turiel et al. [85]

ρp,2 = (1 − β)p − (1 − β p)

(1 − β)2
2004 Ouyang et al. [88]

1999 Leveque et al. [20] ζp = p
9 + 10

9

[
1 −

(
2
5

)p]
2000 Müller and Biskamp [53]

ζp = p
9 + 1 −

(
1
3

)p/3

2002 Boldyrev [68]

2001 Biskamp et al. [99]
ζp
ζ3

= 4
15 p + 1

3

[
1 −

(
2
5

)p/3
]

2003 Müller and Biskamp [56] ζp = p
g2 + 1 −

(
1
g

)p/g

2004 Haugen et al. [100]
ζp
ζ3

= p
9 + C

[
1 −

(
1 − 2

3C

)p/3
]

2008 Liu and Fang [66] K p = −γ
p(1 − β2) − (1 − β2p)

1 − β

2009 Lu et al. [67] ξp = −αp − γ [p − (1 − β p)/(1 − β)]

arising from the asymptotic analysis on the continuum field
equations.

Soon, as the Rayleigh number further increases, the con-
vective cells break and more fluctuations occur, and
the motion becomes temporally chaotic and spatially dis-
ordered. As the spatial disorder increases, the asymptotic
amplitude equations cease to be valid, and the thermal con-
vection as a dynamical system enters to a phase space of
large dimension. In other words, the macroscopic self-orga-
nization needs to find a new set of variables that are different
from the ones used in the amplitude equations.

Note that the amplitude equations or the dynamical sys-
tem equations for such system as thermal convection are the
mathematical form of the self-organization. The role of the
self-organization, at this stage, is hidden in the derivation
of the amplitude equations, evidenced by the fact that the
functional form of the amplitude equations are surprisingly
universal and valid for a surprisingly large domain of the
parameters, far from the critical point. The principle of this
self-organization can be better understood in terms of the

preservation of symmetry, which played a central role in the
derivation of equations.

The development of turbulence in the Rayleigh–Bénard
convection increases drastically the amount of disorder.
When following the traditional dynamical system approach,
one encounters a large number of bifurcations, each of which
is associated with a symmetry-breaking. The continuing
attempts using macroscopic variables in the dynamical sys-
tem theory meet huge obstacles, and new ideas about the
self-organization are needed.

Turbulent Rayleigh–Bénard convection have two remark-
able features. The first is the appearance of multi-scale fluc-
tuations which are neither regular nor random. The second
is the appearance of thin plumes which has attracted much
attention, but has offered little in quantitative understanding
of the system. Until now, these two aspects have not been
satisfactorily reconciled and incorporated into a single theo-
retical framework.

Note that the existence of scaling for various structure
functions (absolute or relative) is, by itself, a proof for the
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self organization, because the scaling dictates the way how
moments change with scales and how small-scale eddies
are related to large-scale ones. However, the SL hierarchi-
cal symmetry enriches the content of the self-organization of
multi-scale systems in a specific way; it reveals the fact that
various fluctuation intensities are “hierarchically”-organized
so that high intensities become increasingly more coherent,
and this organization follows a specific rule. This is a new
form of the self-organization principle, which assembles the
whole set of multi-scale fluctuations into a single ensemble,
which will be referred to as the turbulence ensemble and will
be discussed in detail in the next subsection.

What is the center of the self-organization as turbulence is
fully developed? According to the SL hierarchical symmetry,
the only characteristic structure of a fully turbulent system is
the most intermittent structure, under certain physical con-
ditions to be specified. No other weaker fluctuation struc-
tures are special among themselves. This is a statement of
symmetry, and is a statement about the principle of the self-
organization. All fluctuations can be thought to be linked,
with respect to the statistical ensemble, like “buckles” in a
“chain”; all “buckles” are inseparable parts of the system, but
only the one at the end of the “chain”, the most intermittent
structures, play a special role. The SL hierarchical symmetry
is the “chain”, and the center of the chain is the most inter-
mittent structure, which is plume in the Rayleigh–Bénard
convection, filament in isotropic incompressible turbulence,
shock-sheet in the interstellar medium, and current sheet in
incompressible MHD, etc. Without the chain, the rare events
play no special role; hence, the SL hierarchical symmetry
is, in our view, the new form of the symmetry and of the
self-organization!

8.2 SL hierarchical symmetry and turbulence ensemble

The central problem in the study of turbulence is always to
find a set of equations that determine its macroscopic/statis-
tical property. In order to find a suitable set of equations, a
series of concepts need to be created, among which we pos-
tulate a “turbulence ensemble”. This is, in our view, a crucial
stage for determining the role of statistical average of hydro-
dynamic fluctuation variables, before developing a cohesive
statistical description of turbulence.

The turbulence ensemble is the ensemble which contains
the most, if not all, relevant fluctuations quantified with well-
defined probabilities and by a restricted set of parameters.
The existence of this ensemble heavily relies on the princi-
ple of the self-organization; the validity of the SL hierarchical
symmetry provides it with a solid base. The existence of this
ensemble is in no conflict with the fact that turbulence is in a
non-equilibrium state with driven flux in both scale space (in
terms of cascade) and physical space (when inhomogeneity is
important) by nonlinear interaction. The presence of the flux

implies that the turbulence ensemble is very different from
the thermal equilibrium ensemble, but its existence suggests
a well-defined set of probability distributions which can be
determined with a limited number of parameters, and con-
sequently a well-defined set of relations between the mean,
variance, and other high-order moments.

The SL hierarchical symmetry, although waiting for fur-
ther theoretical justification, stands as the simplest candidate
of such ensemble. The successful application of the SL model
implies that the turbulence ensemble may be described, to a
good approximation, by a hierarchical similarity parameter β

and the singularity index of the most intermittent structure γ

(or the co-dimension C). In more realistic non-homogeneous
turbulence involving non-trivial spatial transport, the exis-
tence of the turbulence ensemble would change the way to
derive the closure equations. In particular, with well-defined
relations between low-order and high-order moments owing
to the hierarchical symmetry, a set of equations that closely
mimic the Navier–Stokes dynamics may not be impossible,
and traditional ad hoc phenomenological closure assump-
tions may be avoided.

The importance of the turbulence ensemble manifests in
ways to unambiguously evaluate statistical averages and to
establish dynamical balances (and new equations) for a set
of statistical variables. The tremendous obstacle lied before
the closure problems of turbulence seems to be the lack of
a faith for the existence of the turbulence ensemble and the
lack of a firm searching for its form. While extensive efforts
have been devoted to the accurate measuring of statistical
correlations and to the search for the form of turbulent struc-
tures, we are still far from being able to determine the set of
key variables and correlations that are sufficient for describ-
ing the variations of the statistical mean quantities and/or
large-scale dynamics. It has even become less clear which is
the set of dynamical variables crucial to describing turbulent
structures (see [101] for a recent attempt) and their dynam-
ics. The concept of the turbulence ensemble and its principle
of the self-organization indicate a need for rethinking about
the question.

In fact, the theory of SL hierarchical symmetry and the
future theory of the turbulence ensemble sends out a new
message, that is, a quantitative description of the turbulence
ensemble requires descriptions at several different levels.
First, at a grand self organizational level is the hierarchical
symmetry parameter β; then, at a sub organizational level is
the multi-scale behavior of the most intermittent structures
described in terms of the singularity index γ ; and finally,
at the geometrical level is the co-dimension parameter C
of the most intermittent structure. The recognition of this
multi-level description is at the heart of the SL theory, which
provides a new basis for the description of the turbulence
ensemble, and for future turbulence models of engineering
purpose.
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Theoretical concepts relating the SL-related turbulence
ensemble to the resolution of the closure problem are being
developed at the Peking University by our group and termed
“structure ensemble dynamics” (SED) approach to turbu-
lence closure. The SED approach consists in analyzing the
spatial variations of various correlations functions by closely
following the Navier–Stokes dynamics under the multi-scale
constraint such as the hierarchical symmetry. We will com-
municate the finding in the near future.

8.3 SL hierarchical symmetry analysis as a general
multi-scale methodology

As we have indicated above, the SL hierarchical symmetry
is a general principle which supports the self-organization
of multi-scale fluctuation systems; it is the topological con-
straint of the “chain” behind the whole set of two-point statis-
tical correlations. When fluctuations develop across a range
of scales and across a range of intensities, such a constraint
is unavoidable if the whole ensemble must sustain with the
most intermittent structures as the only characteristic struc-
ture in the ensemble. We have collected a fairly large set of
examples for making a convincing point. There should exist
more multi-scale fluctuation systems like the ones mentioned
in this articles, which deserve a close look and examination
regarding the validity of the SL hierarchical symmetry. We
believe that the recognition of the SL hierarchical symmetry
would enhance the level of their description, and the para-
meters should, in general, improve our understanding.

In this regard, we propose to develop the SL hierarchical
symmetry analysis as part of the general multi-scale meth-
odology. We stress that an important feature of the SL hier-
archical symmetry is that it can be tested directly using the
structure function data from either experiments and numeri-
cal simulations; hence the SL hierarchical symmetry analysis
may become a standard tool in the multi-scale methodol-
ogy for all multi-scale, multi-intensity phenomena. Another
important feature is its direct link to the geometrical prop-
erty of the multi-scale fluctuation systems. Once the SL hier-
archical symmetry is confirmed through the β-test [5], the
structure function data can be used to further determine the
property of the most intermittent structures. This informa-
tion is central to the whole multi-scale fluctuation system,
and should be used for quantification of the global property.
We speculate that it will become a standard measure for most
multi-scale fluctuation systems.
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