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Abstract We study the dynamics of the non-classical correlations for few atom systems in the presence
of strong interactions for a number of recently developed adiabatic state preparation protocols. We show that
entanglement can be created in a controlled fashion and can be attributed to two distinct sources, the atom–atom
interaction and the distribution of atoms among different traps.

1 Introduction

Correlations between quantum particles are responsible for many properties of advanced solid state systems
which cannot be derived from single particle behaviour [1]. Recently these correlations were also recognised as
a resource in quantum information and metrology, where they have to be deliberately created and engineered [2].
However, quantum correlations are known to be fragile, and preparing entangled states with high fidelity is
often a difficult task [3,4].

The Hilbert space of interacting few or many particle systems becomes more complex and crowded, and
preparing quantum states in such systems has an additional degree of complexity. However, over the last two
decades, systems of ultracold atoms have been developed where control over almost all internal and external
degrees of freedom is possible. By today, ground state systems of a handful of particles can be deterministically
prepared in laboratories [5], and dynamical control of their center-of-mass degree of freedom is possible using
time-dependent electromagnetic fields [6]. The interaction between these ultracold atoms is usually short-range
and for many species so-called Feshbach resonances exist, that can be used to adjust the interaction strength [7].

One possible strategy for controlling interacting few atom systems is to generalise known single particle
protocols. Out of these, one class that allows for high fidelities are adiabatic techniques, where the evolution
follows one specific eigenstate at all times. For the control of the centre-of-mass of single particles, these
are know as spatial adiabatic passage techniques [8] and they have recently been shown to be applicable to
interacting systems [9,10]. However, up to now no investigation has been undertaken that studies the dynamics
of the non-local correlations during the adiabatic process and in this article we will show how the behaviour
of the entanglement can be understood for a few selected but representative protocols.

Our presentation is structured as follows. In Sect. 2 we introduce the one-dimensional atomic system we
study, and in Sect. 3 we present the spatial adiabatic passage processes we will consider. In Sect. 4 we study
the behaviour of the quantum correlations during these adiabatic processes, and conclude in Sect. 5.
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2 One-Dimensional Quantum Gas Model

Recent experimental progress in cold atomic systems has allowed to create highly controllable few atom
systems, that are effectively trapped in lower dimensions [5]. One can therefore realise systems that correspond
to model Hamiltonians that can be studied exactly with analytical as well as numerical tools. One example, and
a good approximation to real experiments, are systems of N interacting atoms trapped in a one dimensional
geometry, where the interaction potential is assumed to be point-like. The Hamiltonian for such a system is

Ĥ =
N∑

j=1

[
− h̄2

2m

∂2

∂x2
j

+ V (x j , t)

]
+ g

∑

k> j

δ(x j − xk), (1)

where m is the mass of the atoms and the interaction strength is quantified by the coupling constant g, which
can be related to the three-dimensional scattering length [11]. The position of each atom is described by x j
and the time-dependent trapping potentials for the different spatial adiabatic passage protocols used below,
V (x, t), are given by piecewise harmonic oscillators of identical frequency ω, that have a time-dependent
position. In what follows we will use natural units where h̄ = m = ω = 1.

The use of harmonic traps allows us to quantify the interaction strength in terms of the ground state energy
of two atoms in a harmonic trap, Eg , through the relation [12]

g = −2
√

2Γ (1 − Eg/2)

Γ ((1 − Eg)/2)
. (2)

In the non-interacting limit (g = 0) this leads to Eg = 1, corresponding to the ground state energy of two
non-interacting atoms in a harmonic trap (twice the ground state energy of a single atom). On the other hand,
in the strongly interacting limit (g → ∞, also known as the Tonks–Girardeau case), this gives Eg = 2, which
corresponds to the sum of energies of the ground and first excited states. As a finite range of Eg accounts for
all repulsive interaction strenghts, we will plot our results below against Eg rather than g.

In the following we will solve the time-dependent Schrödinger equation for the two-particle Hamiltonian
by exact numerical integration, and quantify the entanglement inherent in the system by calculating the von-
Neumann entropy given by [2]

S = −
∑

i

λi ln λi , (3)

where the λi are the eigenvalues of the reduced single particle density matrix

ρ(x, x ′) =
∞∫

−∞
Ψ ∗(x, x2)Ψ (x ′, x2)dx2, (4)

and Ψ (x1, x2) is the two-particle wavefunction at a fixed point in time.

3 Spatial Adiabatic Passage

Spatial adiabatic passage (SAP) techniques [8] are a specific class of adiabatic methods that allow to manipu-
late the center-of-mass state of single particles in inhomogeneous potentials. They have been experimentally
demonstrated recently [13], making them an attractive quantum state engineering tool. In their first incarna-
tion [14] they were developed as a direct translation of the well-known STIRAP technique in optics [15].
However, atomic systems offer access to more degrees of freedom, which have allowed to derive significant
extensions, such as using systems of interacting particles.

In the following we will consider three different SAP protocols related to the transport of particles between
traps, creation of spatial noon states, and splitting of clouds of atoms in a well defined way. The basic idea
behind SAP is to identify an eigenstate of the system that is a superposition of the given initial state and the
desired final state and then change the relative weight of these two states by adjusting the external potential
adiabatically. We will briefly review the required states in the following.
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3.1 Single Particle SAP

To coherently transport a single atom from one trapping potential to another, SAP considers a setup consisting
of three trapping potentials. In our case, we will model them by harmonic oscillators of equal frequency (see
Fig. 1a). Assuming that the atom is in the centre-of-mass ground state in the left trap, and that the evolution is
adiabatic, one can reduce the system to considering only the lowest band, i.e. the three ground states in each
trap, |φL〉, |φM〉, and |φR〉. Using these states as a basis, the three-mode Hamiltonian can then be written as [8]

H3M = − 1

2

⎛

⎝
0 JLM 0

JLM 0 JMR
0 JMR 0

⎞

⎠ , (5)

where the Ji j describe the tunnel-couplings between neighbouring traps and the coupling between the outermost
traps has been neglected as the tunnelling strength decays exponentially with distance. The ground state energy
in each of the traps has been renormalised to zero. Transporting the atom to the trap on the right hand side can
then be done by realising the existence of an eigenstate of the system of the form |D(θ)〉 = cos θ |φL〉−sin θ |φR〉,
which is the celebrated dark state. The mixing angle is given by tan θ = JLM/JMR, and one see that adjusting
the individual tunnelling couplings can allow to switch a state from initially being located on the left hand
side to finally being located on the right hand side by changing the mixing angle from zero to π/2. This leads
to the counter-intuitive coupling sequence SAP and STIRAP are famous for, as this is achieved by moving
the traps such that initially JLM � JMR, while at the end JLM 	 JMR. In the same vein it is also possible to
create a superposition state between the left and the right hand side trap, by adjusting the final mixing angle to
be θ = π/4, as |D(π/4)〉 = (|φL〉 − |φR〉)/√2. This can be achieved by symmetrically separating the traps,
keeping JLM = JMR.

3.2 Interacting Particles Transport and noon States

Due to the absence of strong decay channels in ultracold atomic lattice setups, the Hamiltonian in (5) can be
generalised to interacting systems by making use of the possibility to create repulsively bound pairs [18]. In this
case, {|φi 〉} correspond to states where the two atoms are in the same trap, i.e. |φL〉 = |2 0 0〉, |φM〉 = |0 2 0〉,
|φR〉 = |0 0 2〉, and the tunnelling couplings Ji j will be given by their co-tunnelling amplitudes [9,19–24].
However, the analogy between the two systems (single particle/interacting pair) requires an interaction strong
enough such that the repulsively-bound pair is decoupled from states where the atoms are separated, but not
so strong that they are coupled to higher excited states [9].

This analogy allows to extend all single-particle SAP protocols to atom pairs, by performing the exact
same trap movements as one would in the single atom case. For instance, the atom pair can be transported
between the left and right traps by tuning θ between zero (|D(0)〉 = |2 0 0〉) and π/2 (|D(π/2)〉 = |0 0 2〉),
see Fig. 1a. More interesting, however, is the creation of a superposition by leaving the mixing angle at π/4,
as this creates a noon state where the atom pair is in a superposition between the left and the right trap (see
Fig. 1b)

|D(π/4)〉 = 1√
2
(|2 0 2〉 − |0 0 2〉) ≡ |noon〉. (6)

noon states are entangled states in which the macroscopic state of N bosons is in a superposition of two
distinct modes. Such states have been generated for up to five photons [16] with promising applications in
quantum technologies such as quantum sensing and quantum metrology [17]. While generally states involving
more than two particles are more valuable for different applications, the two-particle state we discuss is its
smallest version of a noon state. However, an extension of the above process to larger particle numbers are
straightforward through higher-order co-tunnelling terms [10].

3.3 Particle Separation

While the above many-particle protocols are direct analogues of the single-particle settings, SAP techniques
can also be used to split a cloud of interacting atoms and, in particular, separate a fixed number of particles from
the initial state [10]. This, however requires a slightly more complex setup, as redistributing the particles will
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Fig. 1 a Sketch of the SAP transport process. b Sketch of the noon state generation process. c, d Fidelity of the transport/noon
generation as a function of the interaction energy Eg . e, f von Neumann entropy at the start (blue) and end (orange) of the
transport/noon generation process as a function of Eg . Thicker data points represent parameter values where the fidelity is above
98%. g, h Time evolution of the von Neumann entropy during transport/noon generation for Eg = 1.2 (blue) and Eg = 1.4
(orange)

lead to changes in the interaction energy which will affect the resonance conditions. To recover the resonance
one can, for example, implement different onsite energy offsets for each trapping potential.

To determine these offsets, let us assume that we have initially N atoms in the left trap, |N 0 0〉. This means
that the two possible states after separating n atoms in the other traps are given by |N −n n 0〉 and |N −n 0 n〉,
and therefore the energy shifts of the middle and right trap should be of the size of the interaction energy
difference between having the N atoms in the same trap or separated in N − n and n in different traps [10].

After applying these two onsite shifts, the three states above therefore form a degenerate triplet, {|φi 〉}, and
one can apply the SAP procedure to it. In this case, however, the tunnelling amplitudes are in general given
by the n-particle co-tunnelling rates. For this work, and without loss of generality, we start from |2 0 0〉, as
it is sufficient to demonstrate the different processes that are involved in the entanglement dynamics. Since
only a single particle should move from the left to the right trap, the same positioning sequence for the atom
transport can be used to drive the system adiabatically into |1 0 1〉.

4 Non-classical Correlations

In the following we will examine the development of the entanglement inherent in the system during the
processes outlined above. While one might naively think that the entropy, and therefore the entanglement,
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has to be conserved in an adiabatic process, this is not true during a dynamics where access to a number
of degenerate states become available. In fact, we will show that the entanglement present stems from two
different origins, with one being the inter-particle interaction and the other the distribution of the particles
between the traps.

4.1 Transport

The first case we study is SAP transport for a pair of particles, sketched in Fig. 1a. With the two particles
initially in the left trap we simulate the SAP trap movement system and calculate the fidelity of the process,
i.e., the occupation of state |0 0 2〉. The results are shown in Fig. 1c as a function of the interaction strength.
Since the dark state only exists in the absence of band crossings [9], the process is only successful over a finite
range of interaction energies between about 1.1 and 1.5. Outside of this range of interactions, level crossings
appear which decrease the process fidelity, with the only exceptions being the non-interacting case and the
Tonks–Girardeau limit. In the non-interacting case the transport of the two atoms becomes independent. In
the Tonks–Girardeau limit, the interacting bosons can be mapped onto non-interacting fermions, and the SAP
process can be decomposed into two independent processes, one for each single particle.

The values of the von Neumann entropy before and after the transport process are shown in Fig. 1e, over
the full range of interaction strengths. We are only interested in the entropy for system parameters where the
transport fidelity is perfect, i.e. the process is fully adiabatic, which corresponds to the values represented by
a thicker curve. One can see that the entropy increases with increasing interaction [25], however, when the
transport process works, it has the same value at the beginning and end of the process. This can be easily
understood by realising that the initial and the final state are mirror images of each other, |2 0 0〉 and |0 0 2〉.

However, looking at the time evolution of the entropy during the SAP transport process, Fig. 1g, one can
see that the entropy actually increases and decreases during the process, at the time when all three trapping
potentials are strongly coupled. While this might at first be surprising, it is easy to understand this increase
half-way through the process, as the system is in a superposition between the degenerate initial and the final
state.

In fact, the maximal increase is found to be exactly ln 2 when the superposition is completely symmetric.
This corresponds to the moment where the mixing angle is π/4, resulting in an instantaneous noon state. If we
were to separate the traps symmetrically at that point, the noon superposition would remain and the process
would end with the atoms in this entangled state. This is the next case we study.

4.2 noon State Preparation

The creation of a noon state is sketched in Fig. 1b, and the fidelity of the process for different interactions is
shown in Fig. 1d. One can see from Fig. 1c, d that the noon state process achieves high fidelities in the same
interaction range as the transport, i.e., for those interaction strengths which allow to avoid level crossings [9].
This is unsurprising, as the noon state generation is fundamentally half a transport process. However, as the
final state is now a superposition between two traps (the left most and the right most ones), the final entropy,
and therefore entanglement, increases as compared to the initial value, see Fig. 1f, h. It is interesting to note
that the increase is independent of the interaction strength, and only depends on the distribution of the particles
between the different traps. In fact, the final density matrix is made from an equal superposition of states in
the left and right trap and the entropy from this property is therefore Sdist = −2

( 1
2 ln 1

2

) � 0.69.
It is also important to note that the noon preparation process does not succeed in either the non-interacting

case or the Tonks–Girardeau limit. This is because, as in the transport case and due to the dynamics of the
two atoms becoming independent, no new entropy between the particles can be generated. This is trivial to
see in the non-interacting case. In the Tonks–Girardeau limit, the two-particle state already has some intrinsic
entropy, but it remains unchanged due to the mapping of the atom dynamics to that of non-interacting fermions.

4.3 Particle Separation

The final SAP process we study is the separation of a particle pair between different sites [10], sketched in
Fig. 2a. The fidelity of the process, shown in Fig. 2b, is close to 1 as long as the interaction is above a certain
threshold to ensure a band separation between the dark state and other bands [10].
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Fig. 2 a Sketch of the particle separation process. b Fidelity of the scheme as a function of the interaction energy Eg . c Time
evolution of the von Neumann entropy during the particle separation process for Eg = 1.4 (blue) and Eg = 1.6 (orange). d von
Neumann entropy at the start (blue) and end (orange) of the separation process as a function of Eg . Thicker data points represent
those values where the fidelity is above 98%

The dynamics of the entropy during the particle separation process for Eg = 1.4 and Eg = 1.6 are shown
in Fig. 2c. The non-zero entropy of the initial states is due to the interaction-induced entanglement. As the
system follows the dark state, the entropy increases until it reaches S(|1 0 1〉) ≈ 0.69, which corresponds to
the entanglement purely due to the distribution of two indistinguishable particles between the wells. Since the
particles end up in different traps, the contribution of the interaction to the entanglement has become negligible
[26], and in Fig. 2d we show that the final entropy of the |1 0 1〉 state is indeed independent of the interaction
strength in the initial |2 0 0〉 state. Note that the final value of the entropy is the same as the entropy increase
in the case of the noon state preparation described above.

5 Conclusions

We have shown that the dynamics of the non-classical correlations during a spatial adiabatic passage process
can be simply understood by considering the two kinds of entropy: that due the interaction between the atoms
and that due to the distribution of the atoms between the traps. States where the two atoms are in the same
trap, i.e., |2 0 0〉, have a von Neumann entropy which increases with the interaction Sint(Eg), ranging from
zero in the non-interacting case (where the wavefunction is separable), to ln 2 in the Tonks–Girardeau limit.
In this limit, due to the fermionisation of the atoms, states where the two atoms are in the same trap can be
seen as them occupying the two lowest energy eigenstates. The superposition due to the (anti)symmetrisation
of the wavefunction, yields an entropy of ln 2.

The other contribution to entropy is due to the distribution of the atoms between different traps. For instance,
states such as |101〉 are unaffected by the interaction, but have a constant von Neumann entropy of Sdist = ln 2
(see “Appendix”). Moreover, noon states, such as (6), will have both contributions, as the atoms occupy states
where they interact, while they are in a superposition occupying different sites, Snoon = Sint(Eg) + Sdist.

A summary of the effects of the SAP processes we have studied on the von Neumann entropy is shown
in Fig. 3. All processes start in state |2 0 0〉, and thus with entropy Sint(Eg). The transport process creates
transitory entanglement before returning to its initial value, whereas the noon state creation process allows to
lock this additional entanglement in. In the separation process, the interaction entropy goes to zero while Sdist
is created as the atoms appear in separate traps.

Although we have only studied two-particles processes above, the fundamental processes identified can
straightforwardly be extended to systems with more particles (which, unfortunately, become numerically
intractable). For a splitting process with an initial cloud of N particles in the left trap |N 0 0〉, a maximum
value of the entropy around ln 2 is achieved when the cloud is evenly split, |N/2 0 N/2〉, for N even, or split
into | N+1

2 0 N−1
2 〉 for N odd. A noon state (|N 0 0〉 − |0 0 N 〉)/√2, will also have an entropy of ln 2. If

processes are designed that lead to a distribution of the atoms over more than two traps, such as |1 1 1 1 . . .〉
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Fig. 3 Von Neumann entropy of states |200〉 (green), |101〉 (orange), and |noon〉 (blue) as a function of the interaction energy
Eg . The arrows represent the changes in entropy during the spatial adiabatic passage processes studied in Sect. 4

or (|N 0 0 0 . . .〉 + |0 N 0 0 . . .〉 + |0 0 N 0 . . .〉 + . . .)/
√
N , the entropy would be given by ln N , and in the

second case also the interaction entropy.

Appendix: Von Neumann Entropy Due to Atom Distribution

The von Neumann entropy associated with a state where atoms are in different traps can be calculated by
writing the state in the atomic basis as |101〉 = 1√

2
(|L〉1|R〉2 + |R〉1|L〉2), which results in a reduced density

matrix for each atom ρ1 = 1
2 (|L〉〈L|+ |R〉〈R|). As ρ1 is a diagonal matrix, the von Neumann entropy is given

by S = − 1
2 ln 1

2 − 1
2 ln 1

2 = ln 2.
Analogously, the noon state defined in (6), |noon〉 = 1√

2
(|L〉1|L〉2 − |R〉1|R〉2), results in the same

reduced density matrix, and thus also has a von Neumann entropy of ln 2.
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