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Research 

On Division in Extreme and Mean Ratio 
and its Connection to a Particular Re-
Expression of the Golden Quadratic 
Equation x2–x–1 = 0 

Abstact. The golden quadratic 012 =−− xx , when re-expressed as 
618.1),1/(1)1)(( =−= xxx , can be interpreted as the algebraic 

expression of division in extreme and mean ratio (DEMR) of a line 
of length 618.1=x  into a longer section of length 1 and a smaller 
of length )1( −x . It can, however, also be interpreted as the 

formulation of the area of a golden rectangle of sides 618.1=x  and 
1, and as the system of equations constituted by xy = , 

and )1/(1 −= xy . Based on the well-known connection existing 
between the first two of these interpretations, the authors address the 
problem of finding out the thread connecting the golden rectangle 
with the system of equations referred to above. The results obtained 
indicate first that this system, like the golden rectangle, also carries in 
its geometry the essential traits of DEMR; and, second, that it 
implicitly subsumes the simpler rectangular geometry of its 
alternative interpretation. The process of developing these 
connections brought forward a heretofore apparently unreported 

golden trapezoid of sides 2and,,1, φΦ  . 

I. Introduction 

This number is no other but the ratio known as the aurea sectio, 
which has played such a role in attempts to reduce beauty of 
proportion to a mathematical formula.  

H. Weyl 

The golden ratio. It is in Euclid’s Elements where the first appearance/definition of 
the problem of “division in extreme and mean ratio” (abbreviated as DEMR), later 
to be known as the “golden section”, “golden ratio”, or “divine proportion”, can be 
found [Herz-Fischler 1998, vii; Livio 2003, 3]. There, this problem is discussed 
both from an area perspective: “To cut a given straight line so that the area of the 
rectangle contained by the whole line and one of the segments is equal to the area 
of the square on the remaining segment” [Euclid 1956, I, II, prop. 11, 402; Herz-
Fischler 1998, 1], as well as from a line sectioning approach [Euclid 1956, 2, VI, 
prop. 30, 267], a problem defined by Euclid as follows: A straight line is said to 
have been cut in extreme and mean ratio when, as the whole line is to the greater 
segment, so is the greater to the less” [Euclid 1956, 2, VI, def. 3, 188]. For a line of 
length x divided into a long section of length 1 and a short section of length 
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)1( −x , this condition can be expressed as )1/(11/ −= xx  or, through 

rearrangement, as 012 =−− xx . When this equation is solved, we get two 

irrational numbers as roots: 2/)51( +=x , and 2/)51( −=x , corresponding, 
respectively, to the rounded numbers 618.1=x , and 618.0−=x . The fact that 
length is the magnitude being considered here conveys physical significance only to 
the positive root. If so, to divide then a line of length 1.618 in extreme and mean 
ratio, two sections need to be produced out of it, one of length 1 and the other of 
length 0.618, numbers that bring compliance with the previously stated condition 
in the following form: 618.1618.0/11/618.1 == . We can now take any of those two 
segments and repeat with it the previous procedure. If the segment chosen for 
further division is that of length 1, we can then set up equation )1/(/1 xxx −= , 
with x now being the largest section into which a line of length 1 has to be divided 
to comply with the golden ratio. Solving it produces the following result: 

618.02/)51( =+−=x . If so, the shortest section will be of magnitude 0.382, and 
again, the golden ratio materializes in the number 1.618, as follows: 1/0.618= 
0.618/0.382=1.618. At least in principle, this procedure can be repeated ad 
infinitum, and every time, the mentioned ratios will invariable produce the 
number 1.618, or as expressed in a medieval edition of Euclid…”Whatever 
happens to one line divided according to EMR is proved to happen to every line 
likewise divided” [Herz-Fischler 1998, xx]. It is on reason of it quantifying the 
process of division in extreme and mean ratio that the number 1.618 is called the 
golden mean, or golden ratio. Even if several denominations are in use in the 
literature to designate it, here it will be represented with a capital Phi (Φ ), while 
for its inverse, 0.618, the symbol to be used is lower case phi (φ ). 

The golden rectangle. According to Greenberg: “The number… 2/)51( +  was 
called the golden ratio by the Greeks, and a rectangle whose sides are in this ratio is 
called a golden rectangle” [Greenberg 1980, 28]. Zippin, on the other hand, 
defines the shape of the golden rectangle in terms of the previously stated golden 
ratio preserving property of division in EMR: “If one cuts a square away from it 
then the rectangle that remains has exactly the same shape as the original rectangle. 
By ‘same shape’ we mean that the ratio of shorter side to longer side is the same, 
i.e., that the two rectangles are similar” [Zippin 2000, 75]. The existence of this 
procedure allowing for the replication of the original rectangle into similar 
rectangles, has led Zippin to dub this quadrilateral the “self perpetuating golden 
rectangle” [Zippin 2000, 76]. These two traits associated to every geometrical 
figure quoted as ‘golden’ in the relevant literature – a) contiguous sides conforming 
to the golden ratio; and b) The existence of a self replicating mechanism – appears 
to be the standards against which any new claim of “goldenness” has to be 
measured.  
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Golden polygons. The irregular polygons commonly referred to as “golden” in the 
refereed literature and/or books on the subject, are the following: 

– The two isosceles triangles subsumed by the regular pentagon [Huntley 
1970, 24; Kappraff 1991, 87; Sharp 2002].  

– A right triangle referred to by Sharp as Escher’s Golden Section triangle 
[Sharp 2002]. 

Let us note in this regard that the sole appearance of  Φ or φ  in a given figure 
does not automatically convey the ‘golden’ qualifier, as above understood. 
Consider, for example, the rectangle with sides Φ  and φ . Notwithstanding the 
fact that these are golden numbers, this rectangle cannot be considered golden 
because its sides do not conform to the golden ratio. 

In addition to irregular polygons, a golden conic section [Huntley 1970, 65] 
and a golden polyhedron are found in the literature [Huntley 1970, 96]. A 
discussion of these falls, however, beyond the scope of this paper.  

II. Argument 

Antecedents. In the course of a parallel research project involving symmetry, our 
student research group became aware of the fact that different geometries may arise 
when a given equation is re-expressed in a number of algebraically equivalent 

forms. For example, the golden quadratic: 012 =−− xx , as written, can be 

interpreted as a system composed of 12 −−= xxy  and 0=y . When expressed in 

any of the following forms, however, 1)1() =−xxa ; )1(\1)1)(() −= xxb ; 

xxc /1)1)(1() =− ; 1) 2 =− xxd ;  1) 2 += xxe ; the interpretation changes, 
respectively, to (a) the formulation of the area of a rectangle of sides x , and )1( −x ; 
(b) either the formulation of the area of a rectangle of sides x  and 1, or the system 
composed of  xy = , and )1/(1 −= xy ; (c) either the formulation of the area of a 
rectangle of sides )1( −x  and 1, or the system consisting of equations 1−= xy  and 

xy /1= ; (d) the system composed of xxy −= 2  and 1=y , and finally, (e) the 

system composed of 2xy =  and 1+= xy . This realization led our student research 
group to inquire about the connection existing, if any, between those different 
geometries. The first step in this endeavor, the subject matter of this paper, deals 
with identifying the connection existing between the alternative interpretations 
contained within case (b) described above.  

A hidden connection made visible. Two questions propel this work: In which way 
does DEMR, whose algebraic expression is the golden quadratic, permeate the 
geometries of the different re-expressions of such an equation? and What 
connection can possibly exist between a golden rectangle of sides 618.1=x and 1, 
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and the graph of an equilateral hyperbola unfolding around the vertical asymptote 
1=x , and intersected by the straight line xy = ?  In regard to this last question, 

the fact that the simpler of these two geometries is that of the golden rectangle led 
us to re-formulate the second question in the following terms: Does the graphical 
solution of the system xy = , )1/(1 −= xy  subsume in any way the said golden 
rectangle of sides 618.1=x  and 1, and area 618.1)1)(618.1()1)(( ==x ?  

The first step taken in our endeavor to answer these questions was to make the 
geometry of this system explicit by graphing it. This graph is depicted in fig. 1.  

 

Fig. 1. Graphical solution for the system xy = and ( )11 −= xy . The projection 

of diagonal OD on the coordinate axes materializes on them the DEMR process for a 
line of length 1.618. 

Once done, and for the reason previously advanced regarding the requirement of 
positive numbers for the lengths of the sides of the golden rectangle, we decided to 
concentrate our attention on the first quadrant portion of this graph. This proved 
to be a good decision because in looking at it, we became immediately aware of the 
fact that the two numbers quantifying the sides and consequently the area of this 
golden rectangle – 1 and 1.618 – appeared as the coordinates of the intersections of 
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the line xy =  with, first, the vertical asymptote 1=x , and second, with the first 
quadrant portion of the graph of )1/(1 −= xy . These two intersections, labeled H 
and D, define, in turn, two 45° diagonals: OH and OD. In pondering the 
significance of these diagonals, we eventually realized that when projected on the 
coordinate axes they reproduced DEMR in its entirety with a line of length 1.618 
and its golden sections of lengths 1 and 0.618. At difference of the well known fact 
that the length of the sides of the golden rectangle are in golden ratio, here we 
found DEMR as a whole.  

Having found the answer to the first of the two questions propelling this work, 
we continued pondering about the stated diagonals. The fact that those were 45° 
diagonals, combined with the fact that any such diagonal implies a square, 
prompted us to draw the squares OAHG and OBDF and, by extension, square 
HCDE, as depicted in fig. 2.   

 
Fig. 2. Squares OBDF, OAHG and HCDE, implicitly present in fig. 1 through 
diagonals OD, OH and HD, have been explicitly depicted here.  Their 
superimposition on fig. 1 brings forward a polygonal richness not apparent in their 
absence.  Among the figures bound by square OBDF we find golden rectangles 
OBCG and OAEF, identical to that associated with the alternative interpretation of 
this system, as well as golden trapezoids OBCH and OHEF 
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Once those squares were drawn, an unexpected geometrical richness came to life. It 
was in this polygonal richness bound by square OBDF that we found, in the form 
of polygons OBCG and OAEF, the golden rectangle of sides 1.618 and 1, 
associated to the alternative interpretation of this particular re-expression, 
confirming our original suspicion that the complex geometry of xy = , )1/(1 −= xy  
does implicitly subsume the simpler alternative interpretation.  

In a Platonic sense, intersections H and D, of respective coordinates (1, 1) and 
( )ΦΦ, , as well as diagonals OH and OD defined by them and constituting the 
origin of the argument unfolding here, can be considered as shadows on the surface 
of the graph hinting at a reality richer in forms and complexity. This reality 
becomes apparent when the source of those shadows, squares OAHG and OBDF, 
are drawn on the graph.  

As further elaboration on this connection, we should observe that the areas of 
both of these golden rectangles OBCG and OAEF, can be expressed, just as the 
area of the golden rectangle of the alternative interpretation, as the product: )1)((x , 
with 618.1=x . Thus, the area of the golden rectangle OAEF can be formulated as 
the product of sides OF and OA. The facts that these sides are respectively 
quantified by the x  coordinate of intersection D, 618.1=Dx , and 1, allows us to 
write its area as ( )( ) 618.11 =Dx . The area of golden rectangle OBCG, on the other 
hand, can be expressed as the product of sides OB and OG, quantified respectively 
by the y  coordinate of  intersection  D, 618.1=Dy , and 1. The fact that DD xy =  
allows us in turn to write the area of this rectangle as ( )( ) 618.11 =Dx  

In taking a closer look at fig. 2, we can see that the geometric richness contained 

by square OBDF of side Φ  and area of 2Φ  includes a variety of  golden polygons, 
as well as some Φ -figures (figures in which even if some or all of their sides have 
Φ -related dimensions, not all of those contiguous conform to the golden ratio). 
Among them we find: (a) the two previously mentioned golden rectangles, OBCG 
and OAEF of sides [ ]1,Φ  and area Φ ; (b) two golden rectangles, ABCH and 
GHEF of sides [1,φ ]; (c) several Φ -polygons: trapezoids ABDH and GHDF of 

sides [ 1,2,, φφ Φ ]; isosceles triangles HCD and HDE of sides [ 2,, φφφ ] and, 

finally, (d) golden trapezoids OBCH and OHEF of sides [ 2,,1, φΦ ]. Note that 
unlike trapezoids ABDH and GHDF, in OBCH and OHEF all the contiguous 
sides that can possibly be in golden ratio, three sides in total, conform to it. The 
area of each of these trapezoids is equal to 2/1−Φ , which can also be written as 

2/1+φ   or as 2/)( φ+Φ . This last expression allows us to realize that each of those 
trapezoids is bounded by two golden rectangles of consecutive dimensions: OBCG 
and ABCH, and as such can be considered as the golden polygon arising in the 
intermediate step of transiting from one to the other when, instead of removing the 
square OAHG from OBCG to produce ABCH, we remove as a first step the 
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isosceles right triangle OHG. This realization leads us to the replication 
mechanism of the golden trapezoid shown in Figure 3. With the golden trapezoid 
OBCH as a starting point, we proceed to remove from it triangles OAH and JCH 
in order to generate trapezoid ABJH. From it we in turn remove triangles KJH and 
LBJ to produce trapezoid ALJK, and so on ad infinitum. The zigzag spiral 
characteristic of these replication mechanisms is apparent in the figure. 

Let us now make clear that when it is stated that those golden trapezoids have 
been up to date unreported as such, it is meant unreported as golden figures. 
Certainly, those trapezoids can be found in Euclid [1956, III, xiii, 447] and Zippin 
[2000], among others. No reference qualifying these as ‘golden’ has been found in 
the relevant literature.  

It should be recognized that in figures such as a right triangle or the golden 
trapezoids discussed above, the number of contiguous sides complying with the 
golden ratio is subject to fundamental restrictions originating in their own 
geometry. For example, if a, b, and c are the sides of a right triangle with a and b 
conforming to the golden ratio, it can then be shown through a very simple 
exercise in elementary trigonometry that due to the connection established between 
them by Pythagoras’s theorem, no two other sides can conform to it. These same 
considerations apply to the golden trapezoids here being introduced. This is the 
reason behind the fact that in these golden trapezoids only three contiguous sides 
conform to the divine proportion. 

 
Fig. 3. The removal of isosceles right triangles OAH and JCH from trapezoid OBCH 
produces similar trapezoid ABJH.  If from it triangles KJH and LBJ are now 
removed, similar trapezoid ALJK appears and so on, ad infinitum.  In any of these 
golden trapezoids, the contiguous orthogonal sides are in golden ratio 



 

100  IÑIGUEZ, ET AL. – On Division into Extreme and Mean Ratio 

III. Conclusion 

The results herein obtained indicate that the golden quadratic embeds the 
geometries of its different representations with the traits of division in EMR. When 
the re-expression )1/(1)1)(( −= xx  is seen as the system of equations xy = ,  

)1/(1 −= xy , it was found that its geometry not only projects on the coordinate 
axes the process of DEMR in it entirety, it also implicitly subsumes the simpler 
rectangular geometry of its alternative interpretation.  
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