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Edificio de Institutos de Paterna, Apartado 22085, E-46071 València, Spain
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Casilla 110-V, Valparáıso, Chile
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genuine at level d if it automatically forbids lower order neutrino masses without the use

of additional symmetries. We also briefly discuss how neutrino masses and angles can be

easily fitted in these high-dimensional models.
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1 Introduction

The Weinberg operator is the lowest dimensional non-renormalizable operator that one can

write down with only standard model (SM) fields [1]. It violates lepton number by two

units and thus, once the electro-weak symmetry is broken, Majorana neutrino masses are

generated. The observed smallness of the neutrino masses is then usually attributed to the

large value of the scale of lepton number violation (LNV), typically Λ ∼ (1014−1015) GeV.

This is the essence of the seesaw mechanism [2–12]. While simple and elegant, the large

mass scale involved in this argument makes direct tests of the classical seesaw impossible.

There exist, however, many possibilities to explain the smallness of the observed neu-

trino masses with lower LNV scales. For Majorana neutrinos one can write in general [13]

mν ∝ ε ·
(

1

16π2

)n
·
( v

Λ

)d−5
· v

2

Λ
. (1.1)

Here, v stands for the standard model vacuum expectation value (vev), d is the dimension

of the operator, n stands for the number of loops at which neutrino masses are generated.

ε expresses symbolically the additional suppression of lepton number violation that might
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Figure 1. The typical energy scales (Λ) for which a neutrino mass model with a given dimension

and number of loops (d, n) can explain correctly the observed sub-eV neutrino masses. Operators

start at d = 5, corresponding to the Weinberg operator. Energy ranges have been estimated using

average couplings 〈y〉 in the range of [0.01, 1].

arise in particular constructions, such as for example the inverse seesaw mechanism [14].

Finally, in addition, small Yukawa or scalar couplings, not shown explicitly in eq. (1.1),

could lead to smaller than expected neutrino masses.

Equation (1.1) can be used to estimate the typical scale Λ, for which the observed

neutrino masses could be explained for a given d and n. Figure 1 illustrates this estimate.

Here, O5 at tree-level corresponds to the classical seesaw mechanism. Note that for O5 at

tree-level (1-loop level) Yukawa couplings of order O(10−6) (O(10−3)) would be needed to

obtain a scale as low as Λ ' 1 TeV. In this figure we also show the estimated reach for three

colliders. The LEP line reflects that no electrically charged particle coupled to SM fermions

with masses below roughly 100 GeV can exist, after the negative searches performed at the

LEP collider [15]. The horizontal grey band indicates a very rough estimate of the reach

of the LHC: The lower edge of the band is a more conservative estimate (pair production

of charged particles), while the upper edge is roughly the reach of the LHC for particles

produced in s-channel diagrams and/or with colour. For d = 9 and larger one expects that

LHC experiments will cover an important part of the available parameter space of these

models. We also show as a dashed line a rough estimate of the reach of a hypothetical√
s = 100 TeV collider, here called FCC. Thus, neutrino mass models generated at d = 9

and higher should be testable in the near future. This simple argument forms the main

motivation for our current paper.

Here, we will study high-dimensional tree-level diagrams for Majorana neutrino masses.

We will treat systematically all possible topologies for the deconstruction of the d = 9,
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d = 11 and d = 13 operators. We will identify all the “genuine” diagrams, which for us

are those diagrams that can give the leading contribution to the neutrino mass matrix,

without the use of extra (discrete or flavour) symmetries. We will discuss this requirement

in more detail in section 2.3. Despite the large number of possible topologies, for d = 9

and d = 11 surprisingly only 4 models survive: 2 at d = 9 and 2 at d = 11. For d = 13 we

have found a total of 2 genuine diagrams and 6 models that can realize them.

Before presenting our analysis, let us briefly mention that, of course, many authors

have studied neutrino mass models beyond the simplest tree-level seesaw, for a recent

review see for example [16]. The Zee model [17], or the Zee-Babu model [11, 18, 19] are

early examples of 1-loop and 2-loop realizations of the Weinberg operator. A systematic

analysis of possible neutrino mass models at d = 5 and 1-loop can be found in ref. [13],

for a general analysis of d = 5 models at 2-loop see ref. [20]. For the 3-loop case, there

exist some well-known models in the literature [21, 22]; a complete study of 3-loop neutrino

masses at d = 5 can be found in ref. [23]. Neutrino masses at d = 7 level have also been

studied. A systematic analysis at tree-level was done in ref. [24]. At d = 7 tree-level there

is only one genuine (in our sense) tree-level neutrino mass model, which was first discussed

in ref. [25]; we will call it the BNT model below. A general analysis of d = 7 neutrino

masses at 1-loop order was recently presented in refs. [26, 27].

Then there are also some papers on d = 9 (and higher) neutrino mass models, see

refs. [28–33]. We will come back to these papers briefly in section 2, where we discuss the

main differences between their results and our present work. We mention in passing also

the model presented in ref. [34], which uses a scalar septet to construct a model giving

d = 13 neutrino masses at 1-loop. Note, however, that this model is not genuine in our

sense, since it uses a Z2 symmetry to eliminate the d = 5 seesaw contribution.

The rest of this paper is organized as follows. In section 2 we will set up our notation

and briefly discuss neutrino mass generation at lower dimensions. This is necessary to

clearly define what we mean by “genuine” models. Section 3 then contains the central

piece of our work. We explain our methods, discuss topologies and list and briefly discuss

the genuine models. In Section 4 we give a short conclusion. In the appendix we discuss

how experimental data on neutrino masses and mixing can be easily fitted with these

high-dimensional models.

2 Preliminaries

In this section we briefly go over some basic facts about d = 5 and d = 7 neutrino masses.

This will be useful later, when we discuss genuine higher dimensional models, since those

models can give the dominant contribution to the neutrino mass matrix only if d = 5 and

d = 7 contributions are absent. We will use the following notation. A SU(2)L multiplet

with hypercharge Y is denoted as RY , to which we add the superscript F or S for fermion

or scalar, respectively. Thus, for example 5F0 is a hypercharge-less fermionic quintuplet.

2.1 Tree level d = 5 and d = 7

The d = 5 Weinberg operator can be generated at tree-level in exactly three different

ways [35]. In the literature these are known as seesaw type-I, type-II and type-III. Type-

– 3 –
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Figure 2. The genuine tree-level diagram for d = 7 [25]. At least two beyond-the-SM particles are

needed for higher dimensional operators.

I is the standard contribution due to right-handed neutrino νR (or 1F0 in our notation).

The Majorana mass term for νR is the origin of lepton number violation. Type-III seesaw

replaces 1F0 by 3F0 [12], which is a field usually denoted as Σ in the literature. Finally, for

type-II seesaw one introduces 3S1 ≡ ∆. In this latter case, the presence of both the Yukawa

coupling L∆L and the scalar coupling H∆†H, leads to lepton number violation.

At d = 7 one already finds five different topologies [24]. However, one of these can

not lead to any renormalizable neutrino mass model, while for three more topologies the

diagrams always contain necessarily one of the d = 5 seesaw mediators. The only diagram

for which the d = 5 tree-level seesaw is absent without the need of additional symmetries

was first discussed in ref. [25]. This model contains two new particles, 3F1 and 4S3/2, as

shown in figure 2.

A few comments might be in order at this point. As figure 2 indicates, two Weyl

fermions are actually needed to generate the diagram: 3F1 and its vector partner 3F−1.

Without the mass term m3F1
3F1 3F−1 there would not be any source of lepton number viola-

tion in the model and, thus, no Majorana masses for the light, active neutrinos could be

generated. We have therefore shown this mass insertion explicitly in figure 2. In many of

the diagrams in the rest of this paper, on the other hand, for a more compact presentation,

we do not explicitly show the vector partners. However, we stress that in all of our tree-

level models all exotic fermions must necessarily be of vector-type or Majorana fermions.

Also, while at d = 5 one new particle is sufficient for each of the three seesaws, at d = 7

we already need two different fields (three if one counts the vector fermion as two distinct

Weyl fermions) for a genuine model.

2.2 1-loop d = 5 and d = 7 diagrams

The authors of ref. [13] systematically analyzed all 1-loop d = 5 topologies. In total, there

are 6 topologies, but only two of them (called T-1 and T-3) can yield genuine models in our
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Figure 3. The four genuine 1-loop d = 5 neutrino mass diagrams [13]. In the top panel we show

the T-1-i diagram on the left and the T-1-ii diagram on the right. In the bottom panel, the T-1-iii

diagram on the left and the T-3 diagram on the right.

sense. These lead to four different diagrams, shown in figure 3. T-1-ii corresponds to the

diagram of the well-known Zee model [17], an example for T-3 is the scotogenic model [36].

Note also that in all 1-loop diagrams at least two beyond-the-SM fields are needed.

In contrast to tree-level diagrams, discussed above, for 1-loop diagrams the represen-

tation and hypercharges of the internal particles are not uniquely fixed. Since both L and

H are SU(2)L doublets, the two internal particles they meet in a trilinear vertex must

transform as (N)
S/F
Y and (N+1)

S/F
Y±1/2, for some unconstrained N and Y .1 This leads to

a series of possible models at 1-loop, if one allows for larger SU(2) representations and

hypercharges.

At d = 7 1-loop one finds already 48 different topologies, from which, however, only

8 can lead to genuine models [26]. The analysis of ref. [26] shows that there is only one

diagram in which the largest internal representation can be as small as a triplet, while

there are a further 22 diagrams, with at least one quadruplet. We will not repeat here all

the diagrams for brevity and instead show in figure 4 just two examples.

Figure 4 shows on the left the model with only triplets, while the diagram on the right

is an example of a model with exactly one quadruplet. The exotic particles external to

1Although less important for us, we mention that differently from the tree-level realizations, internal

particles in the loops can also be coloured. In analogy to what happens for the SU(2) quantum numbers,

since L and H are both colorless, the two internal particles which they meet in a trilinear vertex must

transform as R and R̄ under SU(3)C , with R being arbitrary.
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Figure 4. Two examples for genuine 1-loop d = 7 diagrams. These examples have been chosen

since they contain the smallest representations, for which genuine 1-loop d = 7 diagrams can be

constructed.

the loop in these example models are 3F1 (left diagram) and 4S3/2 (right diagram). These

two particles can not be present in 1-loop d = 7 models at the same time, otherwise

one generates the d = 7 tree-level diagram of the BNT model. Again, as in the case of

d = 5 1-loop, one can build series of models allowing for larger representations and/or

hypercharges for the particles in the loop. Also, from the fact that H and L have fixed

quantum numbers, one can derive a set of conditions on the possible combinations of

representations and hypercharges for the internal particles. The exact conditions, however,

depend on the type of diagram under consideration. Note that most 1-loop d = 7 diagrams

need five new particles (more, if one counts the vector partners of the fermions as extra

degrees of freedom), although for special values of the quantum numbers four new fields

are enough.

2.3 Genuineness

In this subsection we want to discuss our concept of “genuineness” for neutrino mass

models in somewhat more detail. In short, we consider a model genuine at dimension

d, if all lower dimensional contributions are automatically absent, without the need for

additional symmetries beyond those of the standard model group.

However, one aspect of higher-dimensional neutrino mass models needs to be consid-

ered first. There is a single ∆L = 2 neutrino mass operator of dimension d, which is always

of the following form:2

Od ∝ LLHH(H†H)(d−5)/2 , (2.1)

2Invariance under SU(2) forces the operator dimension d to be odd. Note also that Od in eq. (2.1)

contains d− 1 ≡ 2n doublets of SU(2), and in general the product of multiple doublets is expected to have

many independent contractions. Indeed, it seems that the number of singlets in the product of 2n doublets

is given by the Catalan numbers C(n) ≡ (2n)!/ [(n+ 1)!n!], hence for d = 13 (i.e. n = 6) we might had

expected 132 different contractions of the SU(2) indices. Yet, we note that there is a single Higgs field, so

all (d− 1)/2 copies of H must be contracted symmetrically; the same is true for the (d− 5)/2 copies of H∗.

And it is not complicated to see that for a given d, there is always one — and only one — contraction with

this property; all the others are therefore identically 0. See also ref. [37].
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with the SU(2) indices of each pair LH outside the brackets contracted with the anti-

symmetric real tensor εab, and each pair H†H inside the brackets contracted with the

δab tensor.

The very same operators will always lead to lower order loop models:3

1

Λ(d−4)
LLHH(H†H)(d−5)/2 → 1

16π2

1

Λ(d−6)
LLHH(H†H)(d−7)/2 (2.2)

In the SM, where there is only one Higgs doublet, such loops can not be forbidden by

postulating some symmetry.4 One can straightforwardly estimate that such a loop con-

tribution will become more important than the tree-level one if (Λ/v) >∼ 4π. This means

Λ <∼ 2 TeV is required for the d-dimensional tree-level contribution to dominate over the

(d− 2) dimensional 1-loop one. Since this is unavoidable in the SM, d ≥ 7 tree-level model

of neutrino mass must have new particles below 2 TeV, otherwise loop contributions will

dominate the neutrino mass matrix. Note that this “upper limit” is more stringent than

the estimates for the typical scales Λ shown in figure 1.

In loop calculations usually there appear both finite and infinite loop integrals. How-

ever, in a renormalizable theory, infinite contributions are canceled by counter-terms, im-

plying that there are lower order contributions to the same operator. Thus, all models

with diagrams requiring renormalization are not genuine in our sense. On the other hand,

diagrams associated to finite loop integrals only, can lead to genuine models. One should

distinguish two different scenarios: Models in which lower order contributions are absent

automatically, and models which forbid lower order contributions with the help of an extra

symmetry. We consider only the former class of models genuine.

Let us discuss the second scenario with one concrete and well-known example: the

scotogenic model [36]. Here, the right-handed neutrino is assumed to be odd under a Z2

and a new scalar doublet (odd under the Z2 as well) is added to the model. Thus, there is no

d = 5 tree-level contribution from the SM Higgs and the 1-loop contribution can dominate.

The resulting 1-loop integral is finite and thus, technically, no tree-level neutrino mass term

is needed. Let us stress that while we do not consider such a construction to be “genuine” in

our sense, such neutrino mass models are of course perfectly valid and phenomenologically

interesting models.

However, we also want to mention that such a construction relies on the assumption

that the new scalars in these models do not acquire a vacuum expectation values. Of

course, adding some discrete symmetry to the model does not guarantee, by itself, the

absence of a vev. Rather, a non-zero vev for the exotic scalar(s) would break the discrete

symmetry spontaneously, leading to an unwanted tree-level neutrino mass term and thus

usually (but not always) vevs are to be avoided. This can be achieved with an appropriate

choice of parameter values in the scalar potential. (In the scotogenic model essentially it

3Diagrammatically, this does not mean that one can close every pair of H,H∗ external lines. However,

there will always be at least one such pairs of lines which can be closed.
4For this reason, the authors of ref. [24] considered a two-Higgs doublet extension of the SM. Assigning

different charges to the two doublets under a new Zn makes it possible to forbid loop contributions. Note,

however, that these additional symmetries are spontaneously broken by the doublet vevs.
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Figure 5. One example of a “non-genuine” d = 9 diagram, to the left. Connecting the two

quadruplet scalars, as shown on the right, leads to a 1-loop diagram at d = 5.

corresponds to imposing the condition that the mass squared parameter of the new scalar

doublet is positive, µ2
D > 0.)

For concreteness, let us now consider a particular example model for a d = 9 tree-level

diagram. The model presented in ref. [29] contains two new fields: 4S1/2 and 5F0 . This

model is non-genuine in our definition.5 The model generates a d = 9 tree-level diagram,

see figure 5 on the left, via the four scalar vertex λ4(4S1/2)†HHH†.6 Connecting the two

quadruplet scalars via a quartic interaction λ5(4S1/2)†(4S1/2)†HH allows one to draw the

1-loop d = 5 diagram on the right. The loop integral is finite, just as in the scotogenic

model. Assuming the masses of 4S1/2 and 5F0 to be roughly of order Λ the ratio of the

contributions of the two diagrams can be estimated as

R(tree/loop) ∝ λ2
4

λ5

(vSM
Λ

)4
, (2.3)

i.e. the tree-level will be less important than the loop for scales Λ bigger than roughly

Λ ' 600
√
λ4/(λ5)1/4 GeV. Note that, since 4S1/2 contains one doubly charged component,

the LHC searches on same-sign dileptons [38] should apply. Thus, one can estimate that

the current lower limits on the mass of 4S++ should be in the range of roughly [500,650]

GeV, depending on the final state lepton generation [27].

Similar comments apply to the models presented in refs. [28, 30–32]. Reference [28]

introduces 5F1 , 4S3/2 and 4S1/2. The model has a 1-loop diagram of type T3, just as in

the example of ref. [29] discussed above. Reference [30] introduces the idea of a “cascade

seesaw”. Essentially here the author discusses that models such as [29] can be generalized

to yield d = 9, d = 13 and higher, by using larger and larger multiplets. References [31, 32]

discusses different seesaw models at d = 7 and d = 9. However, this analysis considers only

one exotic fermion (and two new scalars) in each model. None of the models in refs. [31, 32]

is genuine in our sense.

5The same model was discussed also in ref. [33].
6λ4 will lead to an induced vev for 4S1/2 even if the mass squared parameter m2

S4
is positive.
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3 Classification and results

The basic steps in the procedure are similar for d = 9, d = 11 and d = 13. At each d we first

generate all possible topologies via a computer code based on known algorithms — for clear

and self-contained explanations on how this can be done see [39, 40]. Here, we will only

mention briefly the main idea. What we call a topology is what is known as a (undirected)

graph to mathematicians, and it consists on some number of vertices connected among

themselves by (undirected) edges. There is the obvious way of iteratively generating all

graphs with n vertices by adding one vertex to all graphs with one less vertex, in all

possible ways. However, this procedure generates many equivalent/isomorphic topologies.

Checking whether two graphs are isomorphic is a well known problem, which can be time

consuming. In order to avoid doing these checks as much as possible, one can instead use a

more targeted recipe which generates all graphs with a given degree sequence (the degree

of a vertex i is the number of edges connected to it, and the ordered sequence of numbers di
constitutes the graph’s degree sequence; for example the topologies in figure 5 have degree

sequences 443311111111 and 4331111). We used this latter approach [39, 40], even though

a more naive one would probably also be feasible for the rather simple, tree-topologies

under consideration.

Once these are obtained, we find all diagrams simply by labeling each line as a fermion

or a scalar in all possible ways, and ensuring that one obtains fermion-fermion-scalar,

scalar-scalar-scalar and scalar four-point vertices only. From these (large) lists of diagrams

one can construct all models by searching for every allowed combination of L, H and H†

in the outer legs of the diagrams.

From these lists we then eliminate every model, which is non-genuine in our definition.

This is achieved in several steps, many of which can be automatized (we have written

a Mathematica code for this purpose). The correctness of this code was cross-checked by

visual inspection for all d = 9 and d = 11 models. For d = 13 we cross-checked by hand that

the models that were listed as genuine by the code did indeed not lead to lower dimensional

neutrino masses. The basic idea behind this code is the following. Assume, for example,

that one starts with excluding models which do lead to tree-level neutrino masses at d = 5.

One could simply cross from the list of models all those that contain the fields 1F0 , 3F0 or

3S1 . To do so, however, it is not necessary to calculate all the quantum numbers of the

fields inside the diagrams. It is sufficient to realize that, for example, if a combination of

fields such as HL or LL appear at the extreme end of a diagram, this is equivalent to the

existence of 1F0 /3F0 or 3S1 in the diagram. Similarly, all conditions for d = 7 and higher

(and also for loops) can be reformulated as a search for combination of fields that form

certain groups after cuts into the diagrams. We have found that programming these cuts is

simpler than calculating the quantum numbers for all fields and then eliminating unwanted

fields on a case-by-case basis.

We will not show all possible topologies and diagrams here for brevity. However, the

complete lists can be found at renatofonseca.net/high-dim-neutrino-masses.php.

– 9 –
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T1 T2 T3

T4 T5 T6

T7 T8 T9

T10 T11 T12

T13 T14 T15

T16 T17 T18

Figure 6. The 18 topologies at d = 9 level that can give renormalizable diagrams.

3.1 Dimension 9 (d = 9)

We start the discussion with d = 9. Figure 6 shows all 18 topologies from which one can

build valid neutrino mass diagrams with renormalizable vertices only. There is one more

topology (not shown), with 8 external lines and no loops, but it requires three 4-point

vertices, hence it will lead only to non-renormalizable models. The 18 topologies which

we do show generate a total of 66 diagrams. However, all except four topologies lead only

– 10 –
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Figure 7. The two genuine diagrams at d = 9.

to diagrams that necessarily have a tree-level neutrino mass at either d = 5 or d = 7.

Diagrams from two more topologies will always also generate 1-loop d = 5 diagrams hence,

in the end, only topologies T1 and T5 yield diagrams that are genuine in our sense. But not

all diagrams obtained from T1 and T5 are genuine either; the only ones which are genuine

can be seen in figure 7.

Consider first the diagram on the left hand side of figure 7. It contains only three new

fermions, 3F1 , 4F1/2 and 5F0 , together with their vector partners, and no exotic scalar. This

is the minimal genuine model at d = 9. Its Lagrangian is given by:

L = LSM + LYuk + Lmass, (3.1)

where
LYuk = Yν L · 3F1 H† + Y 34 3F−1 · 4F1/2H + Y34 3F1 · 4F−1/2H

†

+ Y 45 4F1/2 · 5
F
0 H

† + Y45 4F−1/2 · 5
F
0 H

(3.2)

and

Lmass = M33F1 3F−1 +M44F1/24
F
−1/2 +M55F0 5F0 . (3.3)

The light neutrino mass can be estimated in seesaw approximation (for one generation) as:

mν ' Y 2
ν Y

2
34Y

2
45

v6
SM

M2
3M

2
4M5

(3.4)

For masses of the order of O(1−2) TeV, Yukawas of the order of (0.03−0.04) will reproduce

the scale of the atmospheric neutrinos, mν '
√

∆(m2
Atm) ' 0.05 eV. For a more detailed

fit of neutrino masses and angles, see the appendix.

The diagram on the right hand side of figure 7 contains two exotic scalars and two

exotic fermions. We give only the part of the Lagrangian relevant for the calculation of the

neutrino mass,

L ∝ λ4HHH(4S3/2)† + µ33
S
0HH

† +m2
4|4S3/2|

2 +m2
3|3S0 |2

+ Y5LL · 5F−14
S
3/2 + Y454

F
−1/2 · 5

F
1 H

† + Y4LL · 4F1/2(3S0 )†

+M515F−15
F
1 +M44F−1/24

F
1/2.

(3.5)

Again in seesaw approximation and for one generation we can roughly estimate the size of

the neutrino mass generated by this model as,

mν ' Y5LY4LY45λ4
µ3v

6
SM

M51M4m2
4m

2
3

. (3.6)
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Figure 8. The two genuine diagrams at d = 11. Note that the fields on the right-hand side diagram

always produce the diagram on the left-hand side.

With all mass parameters equal to 1 TeV, µ3 = M51 = M4 = m4 = m3 = 1 TeV, and for

λ4 = Y5L = Y4L = Y45 = O(10−2) this gives roughly 0.3 eV. A more detailed description

on how all neutrino data can be fitted in this model is deferred to the appendix.

3.2 Dimension 11 (d = 11)

At d = 11 we find 92 topologies, which generate a total of 504 diagrams. It is not very

instructive to discuss in detail all the topologies and diagrams, as the methodology for

eliminating non-genuine models is the same as for the d = 9 case. The only two genuine

diagrams are shown in figure 8, and they are based on very similar models. The diagram

on the right contains five new particles, four of which are also present in the diagram on

the left. Thus, the model for the right diagram always produces also the diagram on the

left. Unsurprisingly, at d = 11 genuine diagrams require at least four different beyond-SM

particles and large representations: At least two different quintuplets are needed and the

model shown in the right diagram of figure 8 requires in addition a sextuplet.

Again, we write down only the part of the Lagrangian relevant for estimating the

neutrino mass,

L ∝ λ555
S
−25

S
1HH + λ535

S
−13

S
0HH + µ615

S
1 6S−3/2H + µ625

S
−26

S
3/2H

+ µ33
S
0HH

† +m2
3|3S0 |2 +m2

51 |5
S
1 |2 +m2

52 |5
S
2 |2 +m2

6|6S3/2|
2

+ YνL · 3F1 H† + Y33
F
−1 · 3F−15

S
2 +M33F−13

F
1 .

(3.7)

A simple estimate for the neutrino mass from the left diagram in figure 8 gives:

mν ' Y 2
ν Y3λ55λ53

µ3v
8
SM

M2
3m

2
3m

2
52
m2

52

(3.8)

For a new physics scale of Λ = 1 TeV and all dimensionless couplings order 0.05 one finds

again a neutrino mass of order 0.3 eV. As is also the case for the second of our d = 9

models, the dimensionful scalar coupling µ3 can be a source of additional neutrino mass

suppression. For µ ' 100 keV and all dimensionless couplings O(1) (Λ = 1 TeV) one finds

mν ∼ O(0.1) eV.
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Figure 9. The two genuine diagrams at d = 13 can be realized in a total of 6 models. It is possible

to have either a 5F
0 or a 7F

0 in the middle. Furthermore, two extra models are obtained from the

top diagram by rearranging appropriately the external H’s and H†’s and replacing either one or

both of the internal 4F
3/2 correspondingly by a 4F

1/2. Note also that these two extra models (not

represented above) with the field 4F
1/2 need 7F

0 in the middle of the diagram in order to be genuine.

A straightforward calculation shows that the diagram on the right gives a neutrino

mass of roughly the same numerical value, if (µ61µ62)/m2
6 ' λ55. Thus, the diagram on

the left is the dominant one, if either µ61 or µ62 (or both) are very small relative to the

new physics scale Λ. On the other hand, for λ55 � 1 the opposite situation is found.

3.3 Dimension 13 (d = 13)

At d = 13 there are 576 topologies and 4199 diagrams. One has to delete not only all

models that lead to a tree level d = 5, d = 7, d = 9 and d = 11 diagram, as well as a 1-loop

d = 5 or d = 7 diagram, but also all models with a 1-loop d = 9 diagram. The last cut

drastically reduces again the list of genuine models: without it nearly 50 different diagrams

remain, while after this cut only 2 genuine tree-level diagrams at d = 13 remain.

Figure 9 shows the two remaining genuine diagrams. Unsurprisingly, more fields and

larger representations are needed in these diagrams. The largest representation is now

a SU(2)L septet. There is a total of six model variations that one can find for these

two diagrams. In addition to the four models shown, one can construct two more model

variations for the first diagram (top row): Replace either one or both of the 4F3/2 by a 4F1/2
(rearranging H and H† correspondingly). Note that the models with 4F1/2 are only genuine

with a 7F0 .

Let us discuss first briefly the models corresponding to the diagram in the top row.

These models contain only new fermions, but no exotic scalars, and are very similar to each

other. The models shown contain five new fermions. As mentioned above, there are two

more variations containing a 4F1/2. Comparing these fermion-only models with the simplest

d = 9 model, one sees that higher dimensional fermion-only diagrams (d = 17, 21 etc.)

could be straightforwardly found, following the same construction principles.
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We will not write down the complete Lagrangian for these d = 13 models for brevity.

The neutrino mass is estimated for these models to be of order mν ' Y 10 v10

Λ9 , where Y

stands symbolically for the Yukawa couplings in the diagrams and we assumed for simplicity

that all masses are of order Λ. Yukawa couplings now have to be of order O(0.3) (with

Λ = 1 TeV) for a neutrino mass mν ' (0.1− 0.2) eV.

The remaining d = 13 models in the bottom row of figure 9 need four exotic fields,

one of them needs to be an exotic scalar. Again, a fermionic septet is the largest SU(2)L
representation. Since in these models, some of the Yukawa couplings from the fermion-

only models are replaced by four-point scalar couplings, slightly smaller couplings, say

O(0.2), are needed here to achieve mν ' (0.1−0.2) eV. We close this subsection by stating

again that all d = 13 models can easily fit all measured neutrino mass squared differences

and angles.

3.4 A short discussion of phenomenological aspects

In this paper we are mostly concerned in classifying neutrino mass models. For complete-

ness, however, in this section we add a brief discussion of the phenomenology of these

models. For brevity, we will focus on only two aspects. First we discuss the running of the

gauge couplings. Then, we turn to collider physics.

3.4.1 Running of gauge couplings

A common feature of all genuine tree-level neutrino models identified in the previous sec-

tions is that large SU(2)L multiplets are required in order to avoid lower dimensional

contributions to the neutrino mass matrix. Adding new SU(2)L multiplets to the standard

model changes the running of the gauge couplings. Since our tree-level models do not add

any beyond the standard model (BSM) coloured fields, the value of the SU(3)c coupling

constant is not affected.

Figure 10 shows the running of the inverse of g2
2 as a function of energy for six different

models. These are the two+two genuine models with d = 9 and d = 11, plus two more with

d = 13. Note that we found six d = 13 genuine neutrino mass models: the two considered in

figure 10 contain the multiplets 50
F (the variants with 70

F exhibit an even stronger running

of g2). In appendix B we give the β coefficients at 1-loop and 2-loop for these models. The

numerical results shown in figure 10 assume that the new states have all masses of roughly

m ∼ 2 TeV. For each model we show two different cases: (i) the running when only one

copy of the exotic fermions is present and (ii) with three copies of exotic fermions. In all

cases we use only one copy for the exotic scalars. This choice is motivated by the fact that

standard model fermions come in three generations, but the neutrino mass fit in several of

the models could be done with only one copy of the exotic fermions. Running is stronger,

of course, with more fermions. Thus, one can understand our choice as representing the

extreme cases, that could be realized.

As the figure shows, for all models Landau poles appear in g2 below the grand uni-

fication scale (GUT). This affirms again our supposition that all these high dimensional

neutrino mass models really have to be considered as low-energy constructions. The energy

at which the Landau poles appear varies strongly from model to model. For d = 13 and
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Figure 10. Running of the (inverse of) the gauge coupling g2 for six of the eight different genuine

neutrino mass models we have found: two at d = 9, plus two at d = 11 and six at d = 13 (in this

last case, we do not show the running for the two models with a fermion septet). For a summary of

the fields in each model shown here, see appendix B. Continuous lines are for a single copy of each

exotic fermion representation, while the dashed lines show the running of g2 for three families. In

all cases Landau poles appear below the Planck scale, assuming a new physics scale of 2 TeV.

three generations, the blow-up of the gauge coupling would occur as low as 10 TeV. Finally,

we mention that we have checked that in all cases the running of gY is less strong, than

the one we show for g2. For this reason, only g2 is shown in figure 10.

3.4.2 Collider physics

A detailed study of all possible production and decay channels for each of the models,

presented above, is beyond the scope of this paper. Instead, here we will concentrate on

the most promising signals for the exotic fermions. This choice is motivated by the fact

that all models discussed do introduce some exotic fermions, while exotic scalars appear

only in some of the models. We will add, however, some comments on exotic scalars at the

end of this section.

We have implemented our first d = 9 model in SARAH [41, 42]. Using Toolbox [43], the

implementation can be used to generate SPheno code [44, 45], for the numerical evaluation
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Figure 11. Example Feynman diagrams for the production of exotic fermions appearing in our high-

dimensional neutrino mass models. Here, f stands symbolically for a fermion from the multiplets

3F
1 , 4F

1/2, 4F
3/2, 5F

0 , 5F
1 , 6F

1/2, 6F
3/2 or 7F

0 .

500 1000 1500 2000 2500

10
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-1

10
0

10
1

10
2
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3

M [GeV]

σ
[f
b
]

pp → (5 ++ + 5 --)

pp → (4 ++ + 4 --)

pp → (3 ++ + 3 --)
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Figure 12. Cross sections for pair production of doubly charged fermions at the LHC for
√
s =

13 TeV, to the left. To the right, associated production of fermions, f+f0 for f from 3F
1 , 4F

1/2 or 5F
0 .

of mass spectra and observables. Production cross sections for the different fermions are

then calculated using MadGraph [46].

As we have argued in section 2.3, the new particles of our high-dimensional neutrino

mass models should not be heavier than very roughly m ∼ 2 TeV, otherwise the tree-

level diagram(s) will not give the dominant contribution to the neutrino mass matrix. A

natural question to ask then is, whether LHC searches will be able to cover this mass range

completely, once sufficient luminosity has been accumulated.

Figure 11 shows some example Feynman diagrams for production of exotic fermions.

Here, f stands symbolically for any fermion from the multiplets 3F1 , 4F1/2, 4F3/2, 5F0 , 5F1 ,

6F1/2, 6F3/2 or 7F0 . Numerical example cross sections for pair production of f++f−− and

associated production of f+f0 are shown in figure 12 as a function of the fermion mass.

These cross sections are for the LHC with a
√
s = 13 TeV. The cross sections are calculated

for 3F1 , 4F1/2 and 5F0 , assuming there is no mixing between the multiplets. Cross sections

for fermions from the multiplets 4F3/2 and 5F1 are slightly larger than the ones shown in the

figure. Note that the smallest cross sections are found in all cases for 3F1 .

The plots show that the cross sections for pair production and associated productions

are similar for smaller values of the masses, while the pair production cross sections are
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Figure 13. Example Feynman diagrams for the decays of exotic fermions appearing in our high-

dimensional neutrino mass models.

much larger than associated production for the largest values of masses shown. For this

reason, one expects in general more stringent constraints on these fermions will come from

searches for pair produced fermions. As figure 12 shows, pair production cross sections are

nearly independent of the SU(2)L quantum numbers for the largest masses. In all cases,

the pair production cross section is larger than 10−2 fb for masses up to m = 2 TeV. Recall

that this corresponds to roughly 30 events for the high-luminosity LHC (HL-LHC), albeit

before cuts.

A number of different decay channels exist for the doubly charged fermions, in prin-

ciple. However, the most important decay for the lightest doubly charged fermion is

f++ →W+l+α , where α = e, µ, τ . The relative branching ratios to the different SM lepton

generations depends on the unknown Yukawa couplings. The total final state from pair-

produced f++f−− is then either two opposite-sign charged leptons plus four jets, tri-lepton

with missing energy plus two jets or multilepton plus missing energy. From the hadronic

decays of the W the mass of the doubly charged fermion can be reconstructed. However,

multilepton searches might lead to more stringent lower limits on the exotic fermion mass,

due to lower backgrounds. The CMS collaboration has recently published a search based

on multi-lepton final states [47]. From the analysis presented in [27] one can estimate that

this search implies a lower limits on the mass of f++ of very roughly [500,750] GeV. The

range in this interval is due to the large uncertainty in the branching ratio for the different

final state lepton generation. Given that the results of [47] are based on 35.9/fb, we expect

that the full statistics of the high-luminosity LHC will be sufficient to reach sensitivities

up to or in excess of m ∼ 2 TeV. To obtain exact numbers would require a MonteCarlo

simulation of all backgrounds, which is beyond the scope of this paper.

From the theoretical point of view, however, instead of deriving only limits, it would

be more interesting to establish lepton number violation experimentally. For this, we have

to turn to associated production. Here, we have to consider the decays of f+ and f0, see

figure 11. f+ can decay to either l+α +Z0, l+α + h0 or ν +W+. Since we can not determine

experimentally the lepton number in events with missing energy, we are not interested in

the final state ν+W+, and only the decays Z0 → hadrons or h→ bb̄ should be considered

when estimating the total number of events. f0 can decay to l±α + W∓ and the decay to

both charges of leptons should occur with (nearly) equal branching ratios,7 as indicated

7At tree-level Br(f+ → l+α + W−)= Br(f+ → l−α + W+), but for complex Yukawa couplings, small

departures from equality are expected to occur at 1-loop level.
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in figure 13. The total signal then consists of proton-proton collisions producing the final

state f+f0 → l+α l
±
β + 4j, which in the like-sign channel will demonstrate the existence

of lepton number violation. If we require 10 events before cuts in both the like-sign and

opposite-sign dilepton channels, optimistically we could expect to have sufficient sensitivity

at the HL-LHC for masses up to m ∼ 1.6, 1.8 and 2.0 TeV for the triplet, quadruplet and

quintuplet fermions. Since this estimate is based only on total cross sections and does not

take into account neither cuts nor backgrounds, it should be taken with a grain of salt.

Before closing this section, we want to briefly comment on other fermions, not explicitly

covered in this numerical calculation. We have chosen to discuss fermions, because all our

models contain at least one new fermion. In fact, 3F1 appears in the majority of the models

that we have discussed. As figure 11 shows for pair production, the most important quantity

(apart from the fermion mass) is the fermion charge. Thus, triply charged fermions, such as

appear in the multiplets 4F3/2, 6F1/2 and 7F0 will have larger cross sections and LHC searches

should be able to establish even stronger limits on models containing these particles.

Finally, we briefly comment on the exotic scalars. Scalars have roughly a factor 4

smaller cross sections than fermions with the same mass and quantum numbers. Generally

one would thus expect the reach of the LHC to be worse than for fermions. However, the

large scalar multiplets that appear in some of our constructions will have highly distinctive

final states. An example from pair produced scalars would be 4 charged leptons with

4 W ’s. Even larger multiplicities can easily occur. Such states should have negligible

standard model backgrounds, thus partially compensating for the smaller cross sections.

It would be interesting to estimate the LHC reach more quantitatively and we plan to do

so in a future publication.

4 Conclusions

We have discussed the systematic deconstruction of the d = 9, d = 11 and d = 13 neutrino

mass operators at tree-level. We have found all genuine neutrino mass tree-level diagrams

for these operators. The word “genuine” here refers to those diagrams which provide the

dominant contribution to the neutrino mass matrix, assuming no extra symmetries beyond

the standard model ones. Very few genuine models can be constructed, despite the fact

that the number of possible topologies increases rapidly with the dimension of the operator:

With renormalizable vertices, one can build 18 topologies and 66 diagrams at d = 9 level;

these numbers increase to 92 topologies and 504 diagrams at the d = 11 level, and finally

at d = 13 one finds 576 topologies and 4199 diagrams. From all of these, we find only 10

genuine models: 2 models at d = 9 and d = 11 each, and 6 models at d = 13.

We have discussed how our definition of a genuine mass model requires that all these

high-dimensional models use large SU(2)L representations. For example, both of the two

d = 9 models require quadruplets and quintuplets. On the other hand, for some d = 13

models scalar septets are needed. These high-dimensional models require not only larger

representations but also more of them: Three new particles are sufficient for one of the

two d = 9 models, while for d = 11 (d = 13) already four (five) exotic fields are needed.

Thus, models become necessarily more baroque with larger dimensions. This fact, together
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with the rather low new physics scale required by the high dimensionality of the operators,

makes these models testable at accelerator experiments and also in searches for lepton

flavour violation. We therefore plan to return to a study of the phenomenology of these

models in a future publication.
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A Neutrino mass and angle fits

In the main text we gave simple estimates for the typical parameter choices that generate a

neutrino mass scale large enough to explain the atmospheric neutrino oscillations. However,

in all the models presented in this paper it is actually easy to fit all angles and masses

simultaneously. For the current status of oscillation data see, for example, the recently

updated global fit [48]. In this appendix we briefly discuss how tree-level neutrino mass

models can be fitted to oscillation data.

We can divide all models discussed in the main text into just two classes: (i) models

in which only one type of exotic fermion couples to the outside leptons, for example the

d = 9 model shown in figure 6 on the left. And, (ii) models in which two different fermions

can couple to the leptons, for example the d = 9 model in figure 6 on the right.

We start with case (i). First, recall that neutrino oscillations require at least two neu-

trino masses to be non-zero. For models of case (i) there will be one non-zero neutrino

mass for each copy of exotic fermions coupling to the leptons. Assuming there are three

copies of these exotic fermions one can then use a slight modification of the well-known

Casas-Ibarra parametrization [49] that makes it possible to fit neutrino data for an ordi-

nary seesaw (d = 5 tree-level). In the simplest seesaw, the light neutrino mass matrix is

approximately given by

mν = −mT
D(M̂R)−1mD, (A.1)

where mD is the Dirac mass term for neutrinos and M̂R is the diagonal matrix of the heavy

neutrino eigenvalues. Diagonalizing the light neutrino mass matrix with a matrix VL and

solving eq. (A.1) for mD one finds [49]

mD = i

√
M̂RR

√
m̂νV

†
L (A.2)
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R is a matrix of three complex angles, with RTR = 1, left undetermined when solving

eq. (A.1). VL contains the measured neutrino angles and Dirac CP-phase δ and m̂ν is the

diagonal matrix of the light neutrino eigenvalues.

The derivation of eq. (A.2) relies on the fact that in the standard model augmented

with a simple seesaw one can always perform a basis change, such that MR, the mass

matrix for the right-handed neutrinos, is diagonal. In the higher dimensional neutrino

mass models, discussed in this paper, for the effective neutrino mass, see eq. (A.1), we have

to replace MR by a product of matrices. For example for the d = 9 model one finds:

M−1
R →M−1

eff = M̂−1
3 mT

34M̂
−1
4 mT

45M̂
−1
5 m45M̂

−1
4 m34M̂

−1
3 . (A.3)

Basis changes can be used to diagonalize the vector-like mass terms — but not the “Dirac”-

like mass terms mij at the same time. Meff is a complex symmetric matrix and can be

diagonalized with a matrix U , containing in general 3 angles and 3 phases. For arbitrary

choices of the parameters entering the various matrices in eq. (A.3) one can find U nu-

merically and then use eq. (A.2) to determine the correct choice of mD, using the simple

replacement: √
M̂R → U †

√
M̂eff . (A.4)

For other models of the same type the form of Meff may change, but the procedure for the

neutrino fit is completely analogous.

For case (ii) one can do a neutrino fit using only one copy of each of the two exotic

fermions coupling to leptons. Let ~h1 and ~h2 be the two Yukawa vectors coupling exotic

fermions to standard model leptons in any given model of this type. Then, schematically,

one finds a neutrino mass matrix given by:

(mν)αβ = c(h1
αh

2
β + h1

βh
2
α) (A.5)

Here, c is a constant with dimension of mass. For example, in the d = 9 model shown

on the right of figure 7, c is given by c = Y45λ4
µ3v6SM

M51M4m2
4m

2
3
. The matrix in eq. (A.5) has

determinant zero. Thus, it can solved analytically using only quadratic equations. Let |~hi|
be the absolute value of the vector ~hi. Then the two non-zero of eigenvalues eq. (A.5) are

given by:

mν2,3 = c
(
~h1 · ~h2 ∓ |~h1||~h2|

)
. (A.6)

Neutrino angles, on the other hand, depend only on ratios of entries in the Yukawa vectors.

Although also the eigenvectors can be found analytically, neutrino angles are fitted most

easily numerically. We calculate mν from the measured ∆m2
ij and θij . Then, for any

choice of the parameters entering c, we can choose one entry in the two Yukawa vectors

freely, say for example h1
1, and numerically solve five entries of the matrix in eq. (A.5) for

five independent entries in mν . Note that, since c itself can contain small parameters (for

example, all of Y45, λ4 and µ3 can be small), one needs to check that the resulting Yukawa

vectors have entries which are perturbative.

We close this short appendix with a comment. In certain limits, the two types of

models can be fitted with both procedures described above. For example, a model in class
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(ii) could have 3 copies of both exotic fermions. If ~h1 ∝ ~h2 for the three pairs of vectors,

one can also use the modified Casa-Ibarra procedure to find solutions fitting all data.

B RGEs and β-coefficients for the different models

Ignoring the minor contribution from Yukawa couplings, the renormalization group equa-

tion for the gauge couplings can be written at 2-loop order as:

dgi
dt

= bi
g3
i

(4π)2
+Bij

g3
i g

2
j

(4π)4
(B.1)

For the Standard Model, using the ordering U(1)Y ,SU(2)L and SU(3)c, the coefficients

are the following:

b =

(
41

10
,−19

6
,−7

)
and B =

 199
50

27
10

44
5

9
10

35
6 12

11
10

9
2 −26

 . (B.2)

In section 3.4.1 we have shown numerical results for the running of g2 for six different

model variants, two models each at d = 9, d = 11 and d = 13. Here, for convenience, we

repeat the particle content of those six models and give their 1- and 2-loop renormalization

group running coefficients (note that those involving SU(3)c, i.e. b3, B3i and Bi3, are the

same as in the SM). We considered the cases where the number of copies n of each new

fermion representation is either 1 or 3.

Model-I, d = 9 (new fields: 3F
±1, 4F

±1/2, 5F
0 ):

b =

(
73

10
,
77

6
,−7

)
and B =

 433
50

261
10

44
5

87
10

2261
6 12

11
10

9
2 −26

 [n = 1] (B.3)

b =

(
137

10
,

269

6
,−7

)
and B =

 901
50

729
10

44
5

243
10

6713
6 12

11
10

9
2 −26

 [n = 3] (B.4)

Model-II, d = 9 (new fields: 4S
3/2, 5F

±1, 4F
±1/2, real 3S

0 ):

b =

(
107

10
,

113

6
,−7

)
and B =

 407
10

1647
10

44
5

549
10

3671
6 12

11
10

9
2 −26

 [n = 1] (B.5)

b =

(
203

10
,

353

6
,−7

)
and B =

 2791
50

3267
10

44
5

1089
10

9851
6 12

11
10

9
2 −26

 [n = 3] (B.6)
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Model-I, d = 11 (new fields: 3F
±1, 5S

2 , 5S
1 , real 3S

0 ):

b =

(
23

2
,

13

2
,−7

)
and B =

 1307
10

3771
10

44
5

1257
10

1129
2 12

11
10

9
2 −26

 [n = 1] (B.7)

b =

(
163

10
,
71

6
,−7

)
and B =

 6967
50

4059
10

44
5

1353
10

3899
6 12

11
10

9
2 −26

 [n = 3] (B.8)

Model-II, d = 11 (new fields: 3F
±1, 5S

2 , 6S
3/2, 5S

1 , real 3S
0 ):

b =

(
71

5
,

37

3
,−7

)
and B =

 4361
25

3303
5

44
5

1101
5

3601
3 12

11
10

9
2 −26

 [n = 1] (B.9)

b =

(
19,

53

3
,−7

)
and B =

 4577
25

3447
5

44
5

1149
5

3857
3 12

11
10

9
2 −26

 [n = 3] (B.10)

Model-I, d = 13 (new fields: 3F
±1, 4F

±3/2, 5F
±1, 6F

±1/2, 5F
0 ):

b =

(
189

10
,

99

2
,−7

)
and B =

 226
5

1008
5

44
5

336
5 1596 12
11
10

9
2 −26

 [n = 1] (B.11)

b =

(
97

2
,

929

6
,−7

)
and B =

 3191
25

2997
5

44
5

999
5

14329
3 12

11
10

9
2 −26

 [n = 3] (B.12)

Model-II, d = 13 (new fields: 4S
3/2, 5F

±1, 6F
±1/2, 5F

0 ):

b =

(
111

10
,
251

6
,−7

)
and B =

 1022
25

936
5

44
5

312
5

4480
3 12

11
10

9
2 −26

 [n = 1] (B.13)

b =

(
43

2
,

257

2
,−7

)
and B =

 1409
25

1971
5

44
5

657
5 4305 12
11
10

9
2 −26

 [n = 3] (B.14)

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] S. Weinberg, Baryon and lepton nonconserving processes, Phys. Rev. Lett. 43 (1979) 1566

[INSPIRE].

– 22 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevLett.43.1566
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,43,1566%22


J
H
E
P
1
2
(
2
0
1
8
)
0
6
6

[2] P. Minkowski, µ→ eγ at a rate of one out of 109 muon decays?, Phys. Lett. 67B (1977) 421

[INSPIRE].

[3] T. Yanagida, Horizontal symmetry and masses of neutrinos, Conf. Proc. C 7902131 (1979)

95 [INSPIRE].

[4] M. Gell-Mann, P. Ramond and R. Slansky, Complex spinors and unified theories, Conf. Proc.

C 790927 (1979) 315 [arXiv:1306.4669] [INSPIRE].
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