
J
H
E
P
1
0
(
2
0
1
9
)
1
1
0

Published for SISSA by Springer

Received: August 28, 2019

Accepted: September 16, 2019

Published: October 8, 2019

How many fluxes fit in an EFT?

Stefano Lanza,a,b Fernando Marchesano,c Luca Martuccia,b and Dmitri Sorokina,b

aDipartimento di Fisica e Astronomia “Galileo Galilei”, Università degli Studi di Padova,
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1 Introduction

In the past few years, there has been a renewed interest in the conditions that quantum

field theories need to satisfy in order to be embedded into a fully-fledged theory of quantum

gravity, a line of research also known as the Swampland Program [1] (see [2, 3] for reviews).

Progress on this front is oftentimes achieved by testing different conjectures on Effective

Field Theories (EFTs) obtained from string theory compactifications, or by proposing new

conjectures based on their general features.

By definition, the Swampland Program is directly related to a good understanding of

the String Landscape, seen as the set of meta-stable vacua that one can obtain from string

compactifications. More importantly, it should determine the subset of vacua that can be

seen as arising from the same EFT. In this respect, the Swampland Distance Conjecture [4]

and refinements [5, 6] partially address this question, selecting a region of the space of

solutions based on field space distances. Nevertheless, most of the results along these lines

rely on constructions with at least eight supercharges, in which the vacua are continuously

connected in a moduli space of solutions. The case of 4d with minimal or no supersymmetry,

in which a potential is generated for the scalars of the compactification and the different

vacua are typically isolated from each other, is on the other hand less understood.

In this context, a particularly relevant class of vacua is the ensemble obtained from

compactifications with background fluxes [7, 8], from where we draw a great deal of our

intuition about several corners of the String Landscape. In this case a large set of iso-

lated vacua can be obtained from the same string theory construction, by simply scanning

through a lattice of quantized fluxes. It is however not clear whether one can capture this

whole ensemble of vacua in terms of a single EFT. In general, one would expect that this

problem is easier to address for 4d compactifications with an underlying N = 1 structure,

due to the better control that we have over them. Nevertheless, the traditional formu-

lations of 4d N = 1 supergravities, where the flux quanta appear as fixed parameters of

the superpotential and scalar potential, do not seem particularly suitable to answer this

question. Indeed, a 4d EFT capturing a flux ensemble should describe a scalar potential

with a multi-branched structure, with each branch corresponding to a different set of flux

quanta, and the possibility of jumping from one to another through membrane transitions.

Recently, it has been realized that such features are naturally incorporated in 4d EFTs

that include three-form potentials, with each of them corresponding to a different internal

flux. In particular, Lagrangians containing three-form potentials allow for a description of
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the multi-branched structure of flux-induced potentials in type II string compactifications

(see e.g. [9–12]) and of their relation to the discrete shift symmetries of the compactifi-

cation. Triggered by this fact, substantial progress has been made in formulating EFTs

that incorporate such non-propagating three-form potentials in N = 1 supergravity mul-

tiplets [13, 14], unveiling a rich structure that allows for a ‘dynamical’ description of flux

quanta, and in particular membrane-mediated transitions between different flux sectors.

One of the purposes of this paper is to generalize the analysis of [13, 14] by including

more general three-form multiplets, such that all flux-generated potentials known in the

string theory literature can be captured by means of an EFT Lagrangian. In the standard

formulation of 4d supergravity, such potentials arise from a superpotential that is given by

a set of integers (the flux quanta) multiplying a set of holomorphic sections in field space

(the periods), as in the archetypal example of [15]. The more general class of multiplets,

which we dub master three-form multiplets, are essentially defined in terms of the peri-

ods corresponding to each of the fluxes of the EFT, and provide a formalism overarching

previous examples of supersymmetric three-form Lagrangians.

As it turns out, within this more general scheme certain limitations of supersymmetric

three-form EFTs are exposed, more precisely the inability to treat as dynamical the whole

set of fluxes that we typically associate to a given string theory compactification. Such an

obstruction can be detected in a number of ways, like for instance from an upper bound

on the amount of three-forms in the EFT in terms of the number of fields that enter the

flux-induced superpotential.

A similar, a priori unrelated restriction is obtained by requiring the compatibility of

the three-form Lagrangian with the gaugings of p-forms by (p+1)-forms that appear in the

4d EFT, and that generalize the well-known Stückelberg mechanism. In short, those fluxes

that appear as gauging parameters cannot be treated as dynamical by the EFT. Each of

these p-form gaugings have their counterpart in terms of 4d extended objects ending on

each other, as 3-branes ending on membranes, membranes ending on axionic strings, and

axionic strings ending on particles. Therefore, the set of gaugings that one may consider

in a certain EFT will for instance depend on the spectrum of anomalous axionic strings

that it contains, which in turn depends on the approximate continuous shift symmetries

that are developed in certain regions of field space in a given string theory setup. Finally,

one can see that one class of gaugings, that of three-form potentials by four-forms, is the

4d EFT manifestation of the well-known tadpole conditions that ensure the consistency

of the compactification, to which fluxes typically contribute quadratically. Within our

framework, this particular gauging represents a generic obstruction to incorporate all the

fluxes of a given string theory construction, represented by a lattice Γ, as dynamical fluxes

in the 4d EFT. A given EFT will only be able to capture variations in a sublattice of

fluxes ΓEFT ⊂ Γ, while the remaining fluxes will be seen as fixed EFT data, specifying

the gauging parameters. More precisely, ΓEFT must be such that the tadpole condition

appears at most linearly on this sublattice. These differences between the string theory

and the EFT perspective are summarized in table 1 and figure 1.

We provide different examples of Γ and ΓEFT in type II, M-theory and F-theory com-

pactifications, and argue that the EFT limitations to treat all fluxes as dynamical matches
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String Theory EFT

Flux lattice Γ ΓEFT

Tadpole condition Quadratic Linear

Table 1. Main difference between the string theory and the 4d EFT perspectives. For each region

of field space in the string theory construction a different sublattice ΓEFT ⊂ Γ may be selected, but

the linear dependence of the tadpole condition on the EFT fluxes applies to all of them.

field space

Figure 1. EFT flux lattices at different regions in the field space of a string theory construction.

our expectations of which domain wall transitions are consistent with an EFT with a cer-

tain cut-off Λ. This distinction is particularly clear for the case of the weakly-coupled type

II setups, in which ΓEFT = {R-R fluxes} and the NS-NS fluxes are treated as fixed param-

eters of the theory. Indeed, in these cases the weak coupling regime selects 4d membranes

arising from D-branes wrapping internal cycles of the compact manifold as they are much

lighter than those coming from e.g. NS5-branes. Again, different perturbative regimes in

field space may select different sublattices ΓEFT, in agreement with the different hierarchy

of scales that holds on each of them, see e.g. the recent analysis in [16]. In fact, one may

extend this analysis to understand why even different choices of Γ are considered in oppo-

site regimes of the same class of constructions, like it is illustrated by the weak and strong

coupling regimes of type IIA compactifications.

Needless to say, this limitation of a single 4d EFT to capture the full spectrum of

flux vacua and the possible transition between them could be understood as a swampland

criterium. In this sense, a natural direction would be to combine it with further criteria,

in order to sharpen the set of conditions that EFTs describing flux compactifications must

obey. We briefly comment on some possibilities, leaving a more detailed analysis of this

direction for future work.

The paper is organized as follows: in section 2 we illustrate some of the main ideas

and results of this work by means of a familiar example: type IIB flux compactifications

with D3-branes. The formalism required to describe more general compactifications is

developed in section 3, where a three-form Lagrangians is constructed for a general 4d
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N = 1 supergravity EFT, focusing for simplicity on its bosonic sector. There we discuss,

in particular, the relation between the flux sublattice ΓEFT and the 4d gaugings involving

three-form potentials. The presence of the latter directly affects the physics of 4d extended

objects, as we analyze in section 4. Section 5 revisits the IIB setup from the viewpoint of

the general formalism, which we also apply to analyze more general F-theory constructions.

It also discusses how to understand the lattice ΓEFT in terms of the tension of the different

4d membranes, compared to the given EFT energy scales. The same applies to type IIA

compactifications with D6-branes and fluxes, as shown in section 6. Sections 7 provides,

by means of the superspace formalism, the fully supersymmetric formulation of the three-

form Lagrangian with gaugings, with the corresponding three- and two-form potentials

properly embedded into multiplets. Section 8 uses κ-symmetry to couple such multiplets

to 4d extended objects, building supersymmetric actions for them that are fixed by their

charge. We finally draw our conclusions in section 9.

Several technical details are given in the appendices. Appendix A provides a geometri-

cal interpretation of the kinetic matrix of the three-form potentials. Appendix B discusses

the super-Weyl invariant formalism and the associated bosonic Lagrangians used through-

out the paper. Appendix C describes the structure of the boundary terms that appear in

the manifestly supersymmetric actions of the main text.

2 Fluxes and p-form gaugings in string compactifications

In any string theory compactification to four dimensions, there are several p-forms that

appear in the 4d effective theory. Most of them arise from direct dimensional reduction

of the set of p-forms in the higher dimensional, supergravity description of the theory.

Typically, special attention is given to the 4d 0-forms aΣ, seen as axions, and to the

1-forms Aσ1 , seen as vector bosons specifying the 4d EFT gauge sector. Depending on

the discrete, topological data of the compactification, these two may be related via the

Stückelberg mechanism, so that they always appear in the combination

daΣ − kΣ
σA

σ
1 , (2.1)

with kΣ
σ ∈ Z. This in turn implies the invariance under the combined transformations

Aσ1 → Aσ1 + dΛσ, aΣ → aΣ + kΣ
σΛσ, that can be understood as a gauging of the 4d EFT.

More recently, it has been realized that the same kind of structure applies to higher

4d p-forms, and that the corresponding gaugings contain quite relevant information for the

4d EFT. In the following we would like to discuss the relevance of those gaugings involving

4d three-forms. As already pointed out in [9, 17, 18], some of these gaugings specify the

discrete shift symmetries of the scalar potential generated by fluxes. As we will now see, a

different kind of gaugings provide the 4d description of the consistency conditions known

as tadpole cancellation conditions. Moreover, taking both of these gaugings into account

constrains non-trivially the description of N = 1 EFTs with three-form potentials. We will

first illustrate these ideas in a simple class of type IIB compactifications, and then develop

the general formalism in the next section.
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2.1 Type IIB with O3-planes and fluxes

Let us consider a (warped) compactification of type IIB string theory on an orientifolded

Calabi-Yau background X = CY3/R, threaded by background three-form fluxes F3, H3.

For simplicity, we assume the orientifold involution R to be such that only O3-planes and

possibly D3-branes are present, avoiding the presence of O7-planes and D7-branes for now.

The presence of three-form fluxes generates a scalar potential for the axio-dilaton and

complex structure moduli, which is encoded in the well-known GVW superpotential [15]

W =
π

`5s

∫
X

Ω ∧ (F3 − τH3) , (2.2)

with `s = 2π
√
α′ and Ω the holomorphic (3, 0)-form on X. One may rewrite the above

expression in terms of the periods of the (3, 0)-form, that one may define as

M3
P ΠA(φ) =

π

`3s

∫
X

Ω ∧$A (2.3)

with MP the 4d Planck mass and $A ∈ H3
−(X;Z), A = 1, . . . , b−3 a cohomology basis of

closed integral three-forms. Using the freedom to change the normalization of Ω to fix one

of the periods to unity, say Π1 = 1, allows one to work with periods ΠA that depend on the

standard complex structure moduli φi, i = 1, . . . , h2,1
− [19]. In addition, the quantization

conditions for the three-form fluxes imply that in cohomology

F3 = `2s mA$
A , H3 = `2s hA$

A . (2.4)

with mA, hA ∈ Z. As a result, one obtains a superpotential of the form

W (φ) = M3
P (mA − τhA) ΠA(φ) , (2.5)

where φα = (τ, φi), α = 0, . . . , h2,1
− collectively denotes the axio-dilaton and the complex

structure moduli. Finally, the three-form flux quanta are not unconstrained, as they need

to satisfy the R-R tadpole condition

Q = Q̃bg + µD3 + IABmAhB = 0 , (2.6)

that guarantees the cancellation of D3-brane charge. Here Q̃bg accounts for the negative

O3-plane charge, µD3 is the number of space-time filling D3-branes and IAB = −IBA are

the intersection numbers

IAB ≡
∫
X
$A ∧$B . (2.7)

In this setup, the presence of three-form fluxes generate a scalar potential for the axio-

dilaton and complex structure moduli. As in [20], one may compute such scalar potential

from the superpotential (2.5), applying the standard N = 1 Cremmer et al. formula.

Alternatively, one may attempt to describe the potential in terms of the non-propagating

three-form potentials AA3 present in the 4d EFT, that would arise from the dimensional

reduction of the six-form potentials C6, B6 dual to the more familiar C2, B2 [21, 22]. The

advantage of this second strategy is that it allows, within a single EFT, for a systematic
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description of all the possible choices of flux quanta, of the different membrane-mediated

transitions between 4d vacua and of the discrete shift symmetries and multi-branched

structure of the flux-induced scalar potential [13, 14]. There are however certain limitations

to fully implement this approach, that are already manifest in the present setup.

Indeed, to see such limitations let us follow the general strategy in [13, 14] and interpret

the flux quanta NA = (mA, hA) as expectation values of zero-form “field-strengths”, which

are constant because of the Bianchi identities dNA = 0. Dualizing the NA’s to four-

form field-strengths FA4 = dAA3 via the standard procedure, one can relax the constraint

dNA = 0 and promote NA to real scalar fields yA. The Bianchi identities are then imposed

at the level of the equations of motion of a parent effective action which includes a term∫
dyA∧AA3 , where the AA3 ’s play the role of Lagrange multipliers. More precisely, focusing

on the φα sector, one starts with a parent action of the form

S = −
∫ (

1

2
M2

PKαβ̄ dφα ∧ ∗dφ̄β̄ +
1

2
TAByAyB ∗ 1 + dyA ∧AA3

)
(2.8)

with1

TAB(φ) = 2M4
P e

KRe
(
Kαβ̄DαΠAD̄β̄Π̄B

)
, (2.9)

being the matrix that specifies the scalar potential in terms of the flux quanta NA =

(mA, hA), with ΠA = (ΠA,−τΠA) being the periods corresponding to R-R and NS-NS

fluxes, respectively. In the above formulas we use the notation DαΠA ≡ ΠA
α +KαΠA, with

ΠA
α ≡ ∂αΠA and Kα ≡ ∂αK, and Kαβ̄ is the inverse of Kαβ̄ ≡ ∂α∂β̄K.

On the one hand, by integrating out the three-forms AA3 , one obtains that dyA = 0⇒
yA = NA and recovers an N = 1 Lagrangian with potential V = 1

2T
ABNANB. Notice that

yA can be interpreted as momenta conjugated to AA3 and then, in the quantum theory, get

quantized values. On the other hand, one may integrate out the scalars yA and get

∗FA4 = TAB(φ)yB , (2.10)

hence, assuming that TAB(φ) is invertible, one would obtain

S = −
∫
M

(
1

2
M2

PKαβ̄ dφα ∧ ∗dφ̄β̄ +
1

2
TAB F

A
4 ∗FB4

)
−
∫
∂M

TABA
A
3 ∗FB4 , (2.11)

namely, a dual Lagrangian in terms of complex scalar fields and three-form potentials.

It however turns out that in the case at hand the matrix TAB(φ) is not invertible for

any value of the moduli, as can be seen from the fact that the matrix DαΠA has complex

rank 1
2b
−
3 and so the real rank of TAB is b−3 . Notice that b−3 is also the number of real

scalars that are involved in the flux-induced scalar potential. Therefore, one may naively

interpret this obstruction as having a compactification with too many fluxes, as compared

to the number of scalars affected by them. As we will see in sections 3 and 7 this naive

intuition is sustained in compactifications that correspond to supersymmetric EFTs like

1For computing (2.9) we have used the no-scale structure of the remaining chiral sector (paramerizing

Kähler moduli, C4, C2 and B2 axions) which we do not explicitly keep track of.
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this one because, for a given number of scalars, the structure of supermultiplets implies a

maximal number of three-forms.

Based on this observation, one may attempt to solve the above problem by reducing

the number of scalars yA in (2.8) or, in other words, by reducing the number of fluxes

whose vacuum expectation value can be understood dynamically. More precisely, the above

discussion suggests that one should reduce the number of dynamical fluxes by half, and by

inspection of the matrix TAB one deduces that one possibility would be to retain the R-R

(or the NS-NS) three-form fluxes as dynamical. Rather than attempting either possibility,

we will turn to discuss an independent set of constraints restricting the set of dynamical

fluxes in the 4d effective field theory, namely the gaugings of the different p-forms present

in it. We will pay special attention to those gaugings related to the implementation of the

tadpole consistency condition from a 4d viewpoint, which we now turn to describe.

2.2 Tadpole conditions as three-form gaugings

In any 4d EFT description in which background fluxes are allowed to vary, there must

be a constraint implementing the consistency conditions that depend on them, such as

the tadpole consistency conditions. In the class of type IIB compactifications described

above, these amount to impose the condition (2.6), which guarantees the cancellation of the

total D3-brane charge along the compact internal manifold X. Given that such charge is

measured by the R-R four-form potential C4 to which a space-time filling D3-brane couples,

it is quite natural to consider the presence of such 4d four-form in the EFT and interpret

it as a Lagrange multiplier implementing the said constraint. That is, we may regard (2.6)

as the four-dimensional equation of motion of C4 arising as a result of the variation of the

following 4d coupling term in the action

Q
∫
C4 (2.12)

which is clearly invariant under the gauge transformation

C4 → C4 + dΛ3 . (2.13)

If we now promote our 4d EFT description to include dynamical fluxes via a parent

Lagrangian of the form (2.8), we necessarily need to modify the above coupling to∫ (
Qbg +

1

2
IAByAyB

)
C4 (2.14)

where for simplicity we have set Qbg = Q̃bg + µD3, and defined

I ≡

(
0 I

−I 0

)
. (2.15)

Notice that now the combined Lagrangian (2.8)+(2.14) is no longer gauge invariant un-

der (2.13), unless the three-form potentials simultaneously transform as

AA3 → AA3 − IAByB Λ3 , (2.16)
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or in other words they are gauged. This gauging is however problematic, in the sense that

compactness of the gauge symmetry would require yB to be an integer. Moreover, the

obvious generalization for the four-form field strengths

F̂A4 = dAA3 + IAByB C4 (2.17)

is not gauge invariant under the gauge symmetry (2.13)+(2.16): F̂A4 → F̂A4 −IABdyB∧Λ3.

Therefore we find again an obstruction to describe the 4d EFT in terms of the naive

three-form Lagrangian.

While this new obstruction is independent of the rank of TAB, it can be overcome by

the same sort of prescription. One may reduce the number of dynamical fluxes, and take

some of them to be fixed integers. Such non-dynamical fluxes will be the ones appearing

as gauging coefficients of the dynamical three-forms, for which an integer will replace yB
in (2.16), and as a result their field strengths will be gauge invariant. By direct inspection

of the matrix (2.15), it is easy to see that one can achieve this by, e.g., setting the R-R

fluxes as dynamical and the NS-NS fluxes as non-dynamical, or the other way round. Let

us for concreteness consider the former possibility. The four-form field strengths for the

R-R fluxes are

F̂A4 = dAA3 + IABhBC4 . (2.18)

They are clearly invariant under the gauge symmetry

C4 → C4 + dΛ3 ,

AA3 → AA3 − IABhBΛ3 .
(2.19)

Interestingly, the gauge invariant field strengths (2.18) can also be obtained by direct

dimensional reduction of 10d type IIB supergravity, expressed in terms of the R-R magnetic

potentials C4, C6 and C8. More precisely, they arise from expanding the gauge invariant

field strength

G7 = dC6 −H3 ∧ C4 (2.20)

over the basis of harmonic three-forms, as

C6 = −IAB AA3 ∧$B (2.21)

with IAB being the inverse of (2.7). Needless to say, one could also obtain a gauging in

which the roles of R-R and NS-NS fluxes are interchanged or mixed-up, by first applying

an S-duality or a more general SL(2,Z)-duality to (2.20) and then performing dimensional

reduction. Notice however that this operation takes us away from the perturbative type

IIB regime in which we are working. As we will now discuss, staying in the weak-coupling

regime creates an asymmetry between R-R and NS-NS fluxes, indicating which ones should

be dualized to three-forms.

2.3 The 4d hierarchy of gaugings

Our discussion so far has indicated an obstruction to dualize all the three-form fluxes

present in type IIB compactifications in terms of 4d three-forms. By direct inspection,
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we have indicated at least two possible simple choices of dualization. We may dualize

the set of R-R three-form fluxes and keep the NS-NS fluxes to a fixed value, or the other

way round. There should be however a simple criterion to discriminate between these

two choices, related by the SL(2,Z) symmetry of the setup which may also be exploited

to identify other choices. Indeed, let us consider the 4d membranes that couple to the

R-R and NS-NS three-form potentials. These are made of D5-branes and NS5-branes,

respectively, wrapping the internal three-cycles of the internal compact geometry. In the

weak coupling regime in which we are working, the 4d membranes that come from wrapped

NS5-branes are much heavier than those coming from wrapped D5-branes. This suggests

that the fluxes that should be treated as ‘dynamical’ in this region of field space are the

R-R fluxes, while the NS-NS fluxes should be seen as constants unrelated to any three-form

multiplet in the 4d EFT.

Rather than elaborating on this intuition, to be developed in section 5.3, let us turn

into a different criterion to discriminate between these two choices of dynamical fluxes.

Such criterion is based on the additional gaugings that emerge in different regions of field

space, and that also involve three-form potentials. Indeed, at weak string coupling a shift

symmetry is developed for the R-R axion C0, and so it can be dualized into a 4d two-form

B2. Such two-form is nothing but the dimensional reduction of the R-R potential C8 dual

to C0 in 10d. By dimensional reduction of the corresponding gauge invariant field strength

in type II supergravity one obtains

G9 = dC8 −H3 ∧ C6 → dB2 + hAA
A
3 , (2.22)

which will be the combination invariant under the gauge transformation

AA3 → AA3 + dΛA2 ,

B2 → B2 − hAΛA2 ,
(2.23)

that appears in the 4d EFT. As pointed out in [9], this is a clear example of flux-induced

axion-four-form coupling hAC0dAA3 , dual to the above two-form gauging. In the same spirit

as in [17, 18], this gauging signals a discrete shift symmetry in the flux-induced potential,

that constrains its possible quantum corrections.

Alternatively, one may detect the above two-form gauging in terms of the extended

objects that appear in the 4d EFT. Indeed, let us consider a D7-brane wrapping the

internal manifold X, and therefore coupled electrically to B2. In the presence of internal

NS-NS three-form fluxes such D7-brane develops a Freed-Witten anomaly, that is cured

by D5-branes wrapping a three-cycle in the class Poincaré dual to hA$
A, and ending on

the D7-brane. From the 4d viewpoint, these are seen as a set of membranes ending on an

axionic string, combined into a well-defined object under the gauge transformation (2.23),

see e.g. [23, 24].

Clearly, this sector of the EFT treats differently R-R and NS-NS background fluxes,

as only the latter appear as gauging coefficients for B2. As such, the hA should be treated

as quantized constants. For instance, if one tried to promote these fluxes to dynamical

variables, the modified field strength Ĥ3 = dB2 + hAA
A
3 would be no longer invariant
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Gauging EFT quantity discrete data

dAσ1 − kσΛBΛ
2 D-term potential discrete gauge symmetries

dBΛ
2 − cΛAAA3 F-term potential discrete shift symmetries

dAA3 −QAI CI4 tadpole conditions torsional 3-brane charges

Table 2. Different gaugings in 4d and their related EFT quantities. Their compatibility requires

that the constraints kσΛc
Λ
A = cΛAQ

A
I = 0 are satisfied.

under (2.23), similarly to the field strength (2.17). In other words, compatibility with

invariance under (2.23) requires to treat the NS-NS fluxes as non-dynamical, while the

R-R fluxes can be dualized to 4d three-forms.

Notice that this asymmetry between NS-NS and R-R fluxes is a direct consequence of

the field space regime under consideration. In the type IIB weak-coupling limit, C0 develops

an approximate continuous shift symmetry, and therefore a corresponding 4d axionic string

is expected to exist. Such 4d string, which is nothing but the wrapped D7-brane above,

has necessarily 4d membranes attached to it. Therefore it does not make sense to include

the axionic string in the EFT without including the attached membranes as well, which in

this case couple to the three-forms arising from the R-R sector of the compactification.

Having chosen the NS-NS fluxes as fixed parameters, it is important to verify that the

different sets of gaugings in the theory are compatible with each other. In particular, the

gaugings (2.19) and (2.23) must be such that the three-forms participating in one must not

participate in the other. In the case at hand this is guaranteed by the property IABhAhB ≡
0. Microscopically, it is a consequence of the fact that d2

H ≡ 0, where dH = d − H∧ is

the twisted differential which appears in the democratic formulation of the R-R Bianchi

identites. Macroscopically, it implies that domain walls ending on the axionic string do not

affect the effective tadpole condition, as described below.

The two kinds of gaugings discussed above must be complemented with the more

familiar ones like the Stückelber mechanism (2.1), related to discrete gauge symmetries,

or rather the dual version that gauges one-forms by two-forms. The whole set of gaugings

that may be present in a 4d EFT and the compatibility conditions that they must satisfy

is summarized in table 2, together with familiar EFT quantities that they are associated

to. Finally, as each of these gaugings can be described in terms of integers, their presence

also contains more subtle, discrete data of the compactification. Microscopically, one may

understand these data as torsional factors in the group classifying the charges of 4d strings,

membranes and space-time filling branes [24], which in the case at hand amounts to the

twisted K-theory group [25]. In particular, the three-form gauging (2.18) determines the

K-theory group Zp for space-time filling D3-branes, with p = g.c.d.(IABhB).

In the case at hand, there are no gaugings regarding 4d one-forms, unless we include

metric fluxes affecting the sector of orientifold-even three cycles or the presence of space-

time filling D7-branes. In the latter case new non-trivial tadpole constraints will also

appear, which can be taken into account by considering the complete set of 4d four-forms

in the compactification.
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2.4 The dual three-form Lagrangian

Let us now proceed to construct the dual three-form Lagrangian taking account that we

should distinguish between dynamical and non-dynamical fluxes. Namely, we have

Γ = {(mA, hA)|mA, hA ∈ Z} = {NA} ,
ΓEFT = {(mA, 0)|mA ∈ Z} ,

(2.24)

where ΓEFT is the set of flux quanta that can be dualized to three-forms and that can be

dynamically generated in the 4d EFT. In our case ΓEFT can be identified with the R-R

fluxes mA. Given an initial flux background N bg
A = (mbg

A , h
bg
A ), the set of fluxes that is

accessible in the 4d EFT description is

ΓF ≡ ΓEFT +N bg =
{

(mA, h
bg
A )| mA ∈ Z, hbg

A fixed
}
, (2.25)

which is an affine sublattice of the flux lattice Γ. These sublattices are parametrized by

quotient elements [N bg] ∈ Γ/ΓEFT, which can be identified with the set of NS-NS fluxes hA.

With these definitions in mind let us proceed to describe the dual Lagrangian. First

notice that we may generalize (2.5) to

W (φ) = M3
PmAΠA(φ) + Ŵ (φ) (2.26)

where now the chiral fields φα comprise, in addition to (τ, φi), also Kähler moduli, two-form

and four-form axions. Ŵ contains the NS-NS flux dependence already present in (2.5) and

other possible contributions to the superpotential like e.g. those of non-perturbative origin:

Ŵ = −M3
P τhAΠA(φ) +Wnp. This piece of the superpotential can be treated as in [13, 14]

when dualizing the dynamical fluxes mA. In practice, this implies that the last two terms

in (2.8) are rewritten as the first two terms of the following Lagrangian

−
(

1

2
TAByAyB + yAΥA + V̂

)
∗1− dyA ∧AA3 +

(
Qbg +QAyA

)
C4 (2.27)

while the last term implements the D3-brane tadpole condition. Here QA = IABhB and

TAB ≡ 2M4
P e

KRe
(
KīDiΠ

AD̄̄Π̄
B + ΠAΠ̄B

)
, (2.28a)

ΥA = 2MP e
KRe

(
Kαβ̄DαŴ D̄β̄Π̄A − 3Ŵ Π̄A

)
, (2.28b)

V̂ =
eK

M2
P

(
Kαβ̄DαŴ D̄β̄Ŵ − 3|Ŵ |2

)
, (2.28c)

where as usual DαŴ ≡ Ŵα +KαŴ , and we have made use of the same no-scale structure

employed to obtain (2.9) — see footnote 1. Since TAB is now invertible, one can integrate

out the yA by solving their equations of motion as

yA = −TAB
(
∗F̂A4 + ΥA

)
, (2.29)
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with F̂A4 ≡ FA4 + QAC4. By inserting this back into (2.27) one obtains the following

three-form action

Sthree-forms =−
∫
M

[
1

2
TABF̂

A
4 ∗F̂B4 + TABΥAF̂B4 +

(
V̂ − 1

2
TABΥAΥB

)
∗1
]

+Qbg

∫
M
C4 +

∫
∂M

TAB(∗F̂A4 + ΥA)AB3 ,

(2.30)

where recall that the three-forms and their field strengths are associated only with the R-R

fluxes of the compactification. Their equations of motion read

d[TAB(∗F̂B4 + ΥB)] = 0 , (2.31)

and are solved by setting

TAB(∗F̂B4 + ΥB) = −mA (2.32)

with mA ∈ Z interpreted as the R-R background fluxes. Finally, by inserting this solution

into (2.30), one obtains the scalar potential

V =
1

2
TABmAmB +mAΥA + V̂ (2.33)

that reproduces the F-term scalar potential of type IIB flux compactifications. Notice

however that, in the present approach, one is describing a multi-branched scalar potential

within the same effective field theory. In addition one obtains a term of the form∫
M

(
Qbg +QAmA

)
C4 (2.34)

which, when integrating out C4, gives the linear tadpole condition Q̃bg +µD3 +QAmA = 0

to be imposed on the lattice of EFT fluxes.

3 Three-form potentials and gaugings in EFTs

In the previous section we have shown how higher order p-form potentials and their gaugings

by higher (p+1)-form potentials naturally arise in string compactifications and encode rel-

evant physical information. In general, it is important to understand how these ingredients

can be consistently incorporated into the low-energy EFT from a purely four-dimensional

perspective. In turn, this may allow one to identify the distinguishing patterns that char-

acterise the EFT of string theory models and hence, possibly, of more general quantum

gravity theories.

Moreover, we have seen how the presence of these gaugings may affect the low-energy

description of the set of fluxes in a given string compactification. Indeed, let us consider

a 4d string theory model characterized by a lattice Γ of quantized (ordinary, geometric or

non-geometric) fluxes threading the internal compactification space. By expanding them

in an appropriate basis, they can be identified by a set of quantized numbers NA, which

contribute linearly to the effective four-dimensional superpotential by terms of the form

NAΠA(Φ), where Φi denotes a set of chiral multiplets. From the discussion in the previous
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section and other string theory examples (see for instance [9–12, 26–29]) it is expected that

at least a sublattice ΓEFT ⊂ Γ of these constants can be promoted to expectation values

of (appropriate combinations of) four-form field strengths. By introducing an appropriate

basis of vAA for such sublattice, we can split NA as follows

NA = NAv
A
A +N bg

A (3.1)

and parametrize ΓEFT by the constants NA, while regarding the remaining N bg
A as back-

ground fluxes. We will then consider N = 1 supersymmetric EFTs characterized by a

superpotential of the form

W (Φ) = M3
PNAΠA(Φ) + Ŵ (Φ) , (3.2)

where ΠA ≡ vABΠB and Ŵ (Φ) contains the term M3
PN

bg
A ΠA(Φ) as well as other (typically

non-perturbative) contributions.

One of the aims of this paper is to generalize the discussion of the previous section

and show, from the purely four-dimensional perspective, how to select a flux sublattice

ΓEFT such that one can trade the constants NA for a set of dual field-strengths FA4 =

dAA3 . We will do it by streamlining and generalizing the recent constructions of four-

dimensional N = 1 EFTs involving three-form potentials AA3 [13, 14]. In this way we will

also identify the possible technical obstructions to this dualization, which should be taken

into account to constrain the choice of ΓEFT. For instance, as discussed in the previous

section, an obstruction will arise from implementing the tadpole constraints at the level of

the EFT. In this section we will show in general how, if ΓEFT is appropriately chosen, the

tadpole conditions acquire a clean four-dimensional description in terms of a gauging of the

potentials AA3 . We will also consider the analogous gauging of two-form potentials (dual

to axions) under gauge transformations AA3 → AA3 + dΛA2 . As seen in the last section and

also discussed in sections 5 and 6, in string models the charges specifying these gaugings

are typically defined by the ‘non-dynamical’ background fluxes N bg
A .2

In order to emphasize some key points, in this section we will mostly focus on the

relevant bosonic sector of these EFTs. The supersymmetric completion of these models will

be discussed in section 7 and the application to concrete string models will be considered in

sections 5 and 6. As we will see, while the discussion in this and section 7 is quite general,

the different string theory examples of sections 5 and 6 will exhibit some interesting common

features.

3.1 Preliminaries on the Weyl-invariant formulation

As in [13, 14], in order to describe the general formulation of EFTs with three-form poten-

tials, it is convenient to start from a super-Weyl invariant EFT (see [30] for an introduction

and appendix B for details), which is formally closer to the rigid supersymmetric case.3

2 Since the constants NA will be considered as dynamical variables, the physically independent choices

of N bg
A can be associated with the elements of the quotient Γ/ΓEFT. In particular, the gauging charges will

depend only on the equivalence class defined by N bg
A .

3Alternatively, one may also adopt the superconformal approach (see [31] for an introduction) but the

super-Weyl invariant formulation will allow use to couple branes in a manifestly supersymmetric way, see

section 8.
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Basically, one must extend the physical chiral multiplets Φi, i = 1, . . . , n, to a set of n+ 1

chiral multiplets Za that transform with weight 3 under super-Weyl transformations. The

connection with the ordinary formulation is then obtained by singling out a Weyl compen-

sator U by setting

Za = Uga(Φ) (3.3)

for some set of functions ga, and eventually gauge-fixing the Weyl compensator (see below).

Note that U has Weyl weight three, while Φi are inert under super-Weyl transformations.

As anticipated above, in this section we will focus on the bosonic sector. Hence, for the

time being we restrict consideration to the lowest components φi, u and za = uga(φ) of

the chiral multiplets Φi, U and Za, respectively.

The (super-)Weyl invariant EFT is specified by two functions: a holomorphic oneW(z)

and a real one K(z, z̄). These must satisfy the homogeneity conditions

W(λz) = λW(z) , K(λz, λ̄z̄) = |λ|
2
3K(z, z̄) . (3.4)

The ordinary superpotential and Kähler potential for the scalars φi are then obtained by

setting W (φ) ≡ M3
PW(g(φ)) and K(φ, φ̄) ≡ −3 log[−1

3K(g(φ), ḡ(φ))].4 In particular, in

our class of models we have

W(z) = NAVA(z) + Ŵ(z) , (3.5)

so that ΠA(φ) ≡ VA(g(φ)) and Ŵ (φ) ≡ M3
P Ŵ(g(φ)). By means of the homogeneity

properties (3.4), we can then make the following identifications

W(z) =
u

M3
P

W (φ) , K(z, z̄) ≡ −3|u|
2
3 e−

1
3
K(φ,φ̄) . (3.6)

Analogously, we have Ŵ(z) = u
M3

P
Ŵ (φ) and

VA(z) = uΠA(φ) , (3.7)

so that we can trade the homogeneous scalars za for the scalars (u, φi).

The formulas of the super-Weyl invariant EFT are formally quite analogous to those

of a rigid supersymmetric theory. One may interpret K as a sort of Kähler potential for

the za scalars with associated metric

Kab̄ ≡ ∂a∂b̄K . (3.8)

However, one should keep in mind that this metric is not positive-definite, with a negative

eigenvalue corresponding to the compensator u. The EFT contains a scalar potential which

has the form of a standard rigid supersymmetric one

V = Kab̄WaW̄b̄ = Kab̄(NAVAa + Ŵa)(NBV̄Bb̄ + Ŵ b̄) , (3.9)

where Kab̄ is the inverse of Kab̄.
4The holomorphic split za = uga(φ) introduced in (3.3) is not unique, since one may redefine u→ eh(φ)u

and ga(φ) → e−h(φ)ga(φ). In turn, under these redefinitions we have K → K + h + h̄ and W → e−hW .

Hence this ambiguity corresponds to the Kähler invariance of the ordinary formulation. On the other hand

notice that K and W, as well as VA and Ŵ introduced in (3.5) do not have this freedom and are uniquely

defined.
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We also recall that the Einstein-Hilbert term of the Weyl-invariant Lagrangian takes

the non-canonical form

− 1

6
KR , (3.10)

and that ordinary Poincaré supergravity can be recovered by imposing the (non-

holomorphic) gauge-fixing condition

u = M3
P e

1
2
K(φ,φ̄) , (3.11)

which sets K = −3M2
P, see (3.6), so that (3.10) reduces to the canonical Einstein-Hilbert

term 1
2M

2
PR. The potential (3.9) becomes the usual N = 1 potential

V =
eK

M2
P

(
KīDiWD̄̄W̄ − 3|W |2

)
(Einstein frame) (3.12)

and the VA’s can be identified with the standard normalized periods

VA = M3
Pe

1
2
KΠA (Einstein frame) . (3.13)

Finally, the potential (3.12) combines with the usual Einstein frame kinetic terms

M2
P

∫ (
1

2
R ∗1−Kī dφi ∧ ∗dφ̄̄

)
. (3.14)

Even though we may work directly with the Weyl-fixed formulation, in the rest of this

section we will mostly use the Weyl-invariant formulation and impose the Weyl gauge fixing

only at the very end. The reason is that we want to make clear the connection with the

supersymmetric extension of the following arguments, which will be discussed in sections 7

and 8 and are naturally formulated in the (super) Weyl-invariant framework. Furthermore,

the Weyl-invariant formulation has also a more superficial advantage of simplifying the

formulas and to be immediately adaptable to a rigid theory, in which W and K are the

ordinary (non necessary homogeneous) superpotential and Kähler potential.

3.2 Dual formulation with three-form potentials

Using the Weyl-invariant formulation, one may easily generalize the discussion of section 2.4

and outline, in bosonic terms, how to derive an EFT in which the constants NA are sub-

stituted by dynamical (although non-propagating) three-form potentials AA3 . In section 7

we will see how this procedure can be made manifestly supersymmetric, extending and

improving the strategy adopted in [13, 14].

As in section 2, the basic trick is to consider the constants NA as expectation values

of zero-form field-strengths, and then promote them to real scalar fields yA. Adding the

term
∫

dyA ∧ AA3 to the parent effective action, one may dualize the fluxes to four-form

field-strengths FA4 = dAA3 . Alternatively, treating the AA3 ’s as Lagrange multipliers, allows

one to impose the Bianchi identities dyA = 0 at the level of the equations of motion (a

similar trick was used e.g. in [32]).
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In our (Weyl-invariant) bosonic EFTs the NA’s only appear in the potential (3.9),

which can be rewritten in the form

V =
1

2
TABNANB +NAΥA + V̂ , (3.15)

where

TAB(z, z̄) ≡ 2 Re
(
Kab̄ VAa V

B
b̄

)
, (3.16a)

ΥA(z, z̄) ≡ 2 Re
(
Kab̄ŴaV

A
b̄

)
, (3.16b)

V̂ (z, z̄) ≡ Kab̄ ŴaŴ b̄ . (3.16c)

Hence, the relevant terms of the bosonic parent effective Lagrangian are

−
(

1

2
TAByAyB + yAΥA + V̂

)
∗1− dyA ∧AA3 . (3.17)

As mentioned above, we can integrate AA3 out, getting the equation of motion/constraint

dyA = 0, which is solved by setting yA = NA. Then, plugging yA = NA back into (3.17)

one gets back the original potential (3.15).

Before proceeding, let us comment on our choice of boundary conditions for the fields.

First of all, observe that one can rewrite the contribution to the effective action of the last

term in (3.17) in the form ∫
M
yAF

A
4 +

∫
∂M

yAA
A
3 (3.18)

where M is the four-dimensional spacetime. We choose the scalars yA to take (possibly

different) constant values yA|bd = Nbd
A on each connected component of the spacetime

boundary ∂M, while the three-form potentials AA3 are unconstrained. With this boundary

conditions, the terms appearing in (3.18) are gauge invariant. Furthermore, the form

of (3.18) makes it clear that: first, the scalars yA can be considered as momenta canonically

conjugated to the gauge fields; second, in a path-integral formulation the boundary term

in (3.18) fixes the asymptotic states to have definite momenta Nbd
A — see for instance [33].

Once we have fixed these boundary conditions, (3.18) becomes invariant under unrestricted

two-form gauge transformations

AA3 → AA3 + dΛA2 . (3.19)

Notice that for fixed Nbd
A , in order to have (step-wise) varying values of yA within a

connected space-time component, one needs the presence of membranes charged under the

three-form potentials AA3 . These will be introduced in section 4.

As a related specification, we will also assume the compactness of the two-form gauge

symmetries associated with the three-form potentials AA3 , which is expected in consistent

quantum gravity theories [34]. Quantum mechanically, this implies that the conjugate

momenta yA, and hence NA, can only take appropriately quantized values. This is in-

deed what happens in string compactifications, where the constants NA correspond to flux
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quanta and can be considered as components in an appropriate basis of an element of the

flux lattice ΓEFT. Correspondingly, the Wilson lines 1
2π

∫
AA3 are defined modulo elements

of the dual lattice Γ∗EFT. We will work with an integral basis, in which NA ∈ Z and
1

2π

∫
AA3 ' 1

2π

∫
AA3 + 1, although other choices would also be possible. Notice that this

viewpoint motivates, from a purely four-dimensional perspective, the quantization of the

constants NA — see also [14, 18].

We can now come back to (3.17) and proceed with the dualization. By integrating out

yA, we get the identification

FA4 = (TAByB + ΥA) ∗1 . (3.20)

If TAB is invertible, one can see this as fixing the yA as (z-dependent) functions of the

FA4 ’s. The invertibility of TAB is discussed in detail in appendix A and in particular it

requires that the number of three-forms is not bigger than twice the number of scalars za

appearing in the periods VA(z).

As follows from the discussion in appendix A, one may avoid invertibility issues by

adjusting the choice of the lattice ΓEFT of dualizable fluxes. Let us in particular assume

that we have chosen ΓEFT so that TAB admits an inverse TAB, as can be done in all

the concrete examples that will be discussed later on. Then (3.20) can be solved for

yB = −TAB(∗FA4 + ΥA), which inserted back into (3.17) gives the action

Sthree-forms =−
∫
M

[
1

2
TABF

A
4 ∗FB4 + TABΥAFB4 +

(
V̂ − 1

2
TABΥAΥB

)
∗1
]

+

∫
∂M

TAB(∗FA4 + ΥA)AB3 .

(3.21)

One can then easily check that the variational principle for an unconstrained AA3 is well

defined thanks to the presence of the boundary term in (3.21) and that the corresponding

equations of motion are

d[TAB(∗FA4 + ΥA)] = 0 , (3.22)

which are solved by setting

TAB(∗FA4 + ΥA) = −NB . (3.23)

Upon inserting this solution into (3.21), one gets back the potential (3.15). Again, the

presence of the boundary term in (3.21) is crucial, since it gives a non-vanishing contribution

to the action. Notice also that the above arguments justifying the quantization of NA still

hold, up to replacing the role of yA with −TAB(∗FB4 + ΥB).

The terms (3.21) provide the contribution of the gauge three-forms to the bosonic dual

Lagrangian. In particular, from (3.16a) we see that the kinetic matrix TAB is completely

determined by the data defining the scalar sector of the theory. In order to highlight

the physical content of this action, let us gauge fix the Weyl symmetry as explained in

section 3.1. Then the inverse of the kinetic matrix TAB takes the following form

TAB = 2M4
P e

KRe
(
KīDiΠ

AD̄̄Π̄
B − 3ΠAΠ̄B

)
. (3.24)
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We then see that the kinetic matrix TAB is completely determined by the Kähler potential

K(φ, φ̄) and the periods ΠA(φ). This fact is essentially due to supersymmetry, as it will

be clearer later on.

After Weyl-symmetry fixing, ΥA and V̂ defined in (3.16) become

ΥA = 2MP e
KRe

(
KīDiŴ D̄̄Π̄

A − 3Ŵ Π̄A
)
, (3.25a)

V̂ =
eK

M2
P

(
KīDiŴ D̄̄Ŵ − 3|Ŵ |2

)
. (3.25b)

The complete bosonic Einstein frame effective action is obtained by summing (3.14)

and (3.21), and taking into account (3.24) and (3.25). We emphasize that, assuming a

non-degenerate TAB, the above formulas are completely general and hold for any Kähler

potential K, periods VA and superpotential term Ŵ . For instance, they reproduce as par-

ticular sub-cases the bosonic sectors of the supersymmetric EFTs constructed in [13, 14],

as we now discuss by looking at two special cases. In the following formulas we could easily

include a non-vanishing Ŵ , but for clarity we set Ŵ = 0.

Linear superpotential. The simplest non-trivial possibility is realized if the number k

of three-forms AA3 , A = 1, . . . , k, is at most equal to the number n+1 of complex scalars za,

a = 0, . . . , n (which include the Weyl compensator) and the matrix VAa (z) have maximal

rank k. We can then choose ‘adapted’ coordinates za = (zA, z̃α) such that VA(z) ≡ zA and

the homogeneous superpotential takes the form W = NAz
A. It is clear that the scalars z̃α

play the role of spectators in the three-form description. (A similar comment holds, more

generically, whenever VA does not depend on some set of scalars z̃a.) Hence, we can restrict

to the case k = n + 1, the generalization to k < n + 1 being obvious. In the terminology

of [13], this case corresponds to the single three-form multiplets — see section 7.1 below.

One may isolate the compensator u by setting z0 = u and zi = uφi, with i = 1, . . . , n,

so that Π0 = 1 and Πi = φi. Then, before dualization, the superpotential takes the form

W = M3
P(N0 +Niφ

i). For instance, we will encounter this kind of superpotential when we

will discuss M-theory compactifications on G2-holonomy spaces in section 6.3.

Having set Ŵ = 0 for simplicity, the corresponding three-form action (3.21) reduces to

Sthree-forms =− 1

2

∫
M
TAB F

A
4 ∗ FB4 +

∫
∂M

TABA
A
3 ∗ FB4 , (3.26)

where the kinetic matrix TAB is the inverse of TAB as defined in (3.24). This can be most

readily computed by observing that DiΠ
0 = Ki and DiΠ

j = δji + φiKj .

Maximally non-linear case. We now consider the opposite case k = 2n+ 2, in which

the number of three-forms AA3 is twice the number of complex scalars za, and we are still

assuming VAa be of maximal rank. Locally in field space, we can make a field-redefinition

such that

VA(z) ≡

(
za

Ga(z)

)
. (3.27)
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By the homogeneity of Ga(z), we can also write Ga = Gabzb. This case corresponds to the

double three-form multiplets of [13] — see also section 7.1 below. As we will see, it appears

in the description of weakly-coupled type II compactifications.

Having set Ŵ = 0, the three-form action takes again the form (3.26) with TAB the

inverse of (3.24). Again, for any given Kähler potential K, TAB can be straightforwardly

computed. Alternatively, one may start from the Weyl-invariant formulation, in which

TAB takes the simpler-looking form (3.16a) with

VAb (z) ≡

(
δab
Gab(z)

)
. (3.28)

This case was also examined in [14], where the kinetic matrix for gauge three-forms was

computed, assuming the chiral fields za to be homogeneous coordinates describing a special

Kähler manifold.

3.3 Tadpoles and three-form gaugings

As we discussed in section 2.2 with the type IIB string example, in general, the choice of

a sublattice ΓEFT is also forced by incorporating into the effective theory the non-trivial

tadpole conditions present in string theory compactifications. Indeed, there one often

encounters linear or quadratic tadpole conditions for the full lattice Γ of internal fluxes

NA. These may be given by a set of constraints of the form

QI ≡
1

2
IABI NANB + Q̃AI NA + Q̃bg

I = 0 , (3.29)

where the index I labels the different tadpole conditions, IABI = IBAI defines a symmetric

pairing between the fluxes NA, Q̃AI NA stands for a possible linear contribution of fluxes to

the tadpoles, and Q̃bg
I denote some background ‘charge’ that needs to be cancelled by the

flux contribution. In string theory the last contribution is typically generated by orientifolds

or curvature corrections. The contribution to QI of possible dynamical space-filling branes

will be more explicitly discussed in section 4.

Since we are interested in dualizing only the flux sublattice ΓEFT labelled by NA, it is

convenient to use the splitting (3.1) and define

IABI ≡ vAAvBB IABI , (3.30a)

Qbg
I ≡ Q̃

bg
I +

1

2
IABI N

bg
A N

bg
B , (3.30b)

QAI ≡ vAAQ̃AI + IABI vAAN
bg
B . (3.30c)

We can then rewrite the condition (3.29) as follows

QI ≡ Qbg
I +

1

2
IABI NANB +QAI NA = 0 . (3.31)

We would now like to understand how to dualize the constants NA to three-forms by

taking into account (3.31). As a first step, it is convenient to impose (3.29) at the level

– 19 –



J
H
E
P
1
0
(
2
0
1
9
)
1
1
0

of the four-dimensional equations of motion, by adding the following coupling to a set of

four-form potentials CI4

QI
∫
CI4 , (3.32)

which is clearly invariant under the gauge transformations

CI4 → CI4 + dΛI3 . (3.33)

Let us now try to run the dualization prescription described in the previous subsection.

We should promote the constants NA to real scalar fields yA and to add the last term

in (3.17) to the Lagrangian. The coupling (3.32) should then be replaced by∫ (
Qbg
I +

1

2
IABI yAyB +QAI yA

)
CI4 (3.34)

Clearly, (3.34) breaks the gauge invariance under (3.33), which should be re-installed. A

general way to restore a symmetry is the Stückelberg trick, which in the considered case

amounts to introducing the following Stückelberg gauge transformations of the three-form

potentials

AA3 → AA3 − (IABI yB +QAI )ΛI3 . (3.35)

Indeed, it is easy to see that in this way the variations of (3.34) and of the last term

in (3.17) under (3.33) precisely cancel each other.

This is however not the end of the story, because the contribution IABI yB to the charge

that defines the three-form gauging (3.35) is not a constant. This not only introduces con-

sistency issues regarding the compactness of the three-form gauge symmetry, but actually

results in an obstruction to the dualization procedure, basically because the yA should

eventually be expressed in terms of gauge invariant field-strengths of AA3 , which should in

turn define their own charges under (3.33).

The only apparent way to get out of this impasse is to choose the lattice ΓEFT of fluxes

to be dualized so that the induced pairings defined in (3.30a) vanish

IABI = 0 . (3.36)

In other words, ΓEFT must be isotropic with respect to all the pairings IABI entering the

tadpole conditions (3.29). With such a choice, the tadpole conditions (3.31) become linear

QI = Qbg
I +QAI NA = 0 , (3.37)

and one no longer encounters any obstruction to dualize the constants NA. Indeed, the

term (3.34) reduces to ∫ (
Qbg
I +QAI yA

)
CI4 , (3.38)

and (3.35) becomes a well-defined gauge symmetry

AA3 → AA3 −QAI ΛI3 . (3.39)
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Upon integrating out yA from the resulting parent Lagrangian one gets the dual action.

This can be obtained from the three-form action (3.21) by adding the term

Qbg
I

∫
CI4 , (3.40)

and replacing FA4 = dAA3 with the field-strengths

F̂A4 ≡ FA4 +QAI C
I
4 (3.41)

which are gauge invariant under (3.39).5

Finally, we observe that one may further restrict ΓEFT to an affine sublattice which

identically solves (3.37). Then, the corresponding three-form description would not require

any four-form potential. However, as we will discuss in section 4, the formulation with

potentials CI4 allows one to discuss tadpole-changing configurations with 3-branes ending

on membranes.

3.4 Axions and two-form gaugings

Suppose now that we are in (typically asymptotic) region of the field space in which the

theory develops a set of approximate axionic symmetries. We may single out a correspond-

ing set of complex fields tΛ with periodicity tΛ ' tΛ + 1 such that the approximate shift

symmetry is described by a constant shift of the axions aΛ ≡ RetΛ. The EFT can be

approximated by an EFT in which the axions are dualized to two-form potentials BΛ
2 , with

field-strengths HΛ
3 = dBΛ

2 . Manifest supersymmetry then requires that Im tΛ are traded

for their ‘conjugated’ real fields

lΛ ≡ −1

2

∂K
∂ImtΛ

. (3.42)

Here we are adopting the Weyl-invariant formulation, in which lΛ have Weyl dimension 2.

The EFT is then specified by a kinetic function F(z, z̄, l) which is obtained by Legendre-

transforming K:

F = K + 2lΛImtΛ . (3.43)

It is natural to consider a Stückelberg gauging of BΛ
2 under the two-form gauge sym-

metries AA3 → AA3 + dΛA2 :

BΛ
2 → BΛ

2 − cΛ
AΛA2 , (3.44)

where cΛ
A should be appropriately quantized constants. For instance, by normalizing the

two-form potentials so that the Wilson lines 1
2π

∫
BΛ

2 have periodicity one, we must require

that cΛ
A ∈ Z. One then constructs the modified field-strengths

ĤΛ
3 ≡ HΛ

3 + cΛ
AA

A
3 , (3.45)

5As a check, one can rederive the tadpole condition in the dual formulation, by extremizing the action

with respect to CI4 . One gets the equations Qbg
I − TABQ

A
I (∗F̂B4 + hB) = 0, which indeed reduce to (3.37)

after having solved the AA3 equations of motion by setting TAB(∗F̂B4 + hB) = −NA.
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which substitute HΛ
3 = dBΛ

2 in the EFT. Note that the gaugings (3.44) and (3.39) are

mutually consistent only if

cΛ
AQ

A
I = 0 . (3.46)

For instance, this condition guarantees that the modified field-strengths (3.45) are invariant

under both (3.44) and (3.39).

As will be explained in section 7.2, one can perform this gauging in supersymmetric

way, in which the two-forms BΛ
2 are embedded in linear multiplets. The corresponding

Weyl-invariant bosonic action is discussed in detail in appendix B.3 — see equations (B.36)

and (B.37). In the same appendix, it is also explained how to pass to the Einstein frame

EFT, which is better described in terms of the Legendre transform

F (φ, φ̄, `) = K + 2`ΛImtΛ with `Λ ≡ −1

2

∂K

∂ImtΛ
, (3.47)

of the ordinary Kähler potential K(φ, φ̄, Imt). In the Einstein frame, we can make the

identification

lΛ = M2
P `

Λ (Einstein frame) . (3.48)

Notice that the new scalars `Λ are dimensionless. In the Einstein frame, the bosonic part

of this EFT action has the following form (see appendix B.3)

Sbos = M2
P

∫ (
1

2
R ∗ 1− Fī dφi ∧ ∗dφ̄̄ +

1

4
FΛΣd`Λ ∧ ∗d`Σ

)
+

1

4M2
P

∫
FΛΣ ĤΛ

3 ∧ ∗ĤΣ
3 +

∫ (
i

2
Fı̄Σ dφ̄ı̄ ∧ ĤΣ

3 + c.c.

)
+ Sthree-forms ,

(3.49)

where the three-form action has the same form as (3.21), with

TAB ≡ 2M4
P e

F̃ Re
(
F īDiΠ

AD̄̄Π̄
B − (3− `ΛF̃Λ)ΠAΠ̄B

)
, (3.50a)

ΥA ≡ 2MP e
F̃Re

[
F ī

(
D̄

¯̂
W +

i

2
M3

PFΛc
Λ
BD̄Π̄

B + iM3
PFΛ̄c

Λ
BΠ̄B̄

)
DiΠ

A

− (3− `ΛF̃Λ)

(
¯̂
W +

i

2
M3

PFΛc
Λ
DΠ̄D

)
ΠA − iM3

PF̃Λc
Λ
BΠ̄B̄ΠA

]
, (3.50b)

V̂ ≡ eF̃

M2
P

F ī
(
DiŴ −

i

2
M3

PFΛc
Λ
ADiΠ

A − iM3
PFΛic

Λ
AΠA

)
×
(
D̄

¯̂
W +

i

2
M3

PFΛc
Λ
BD̄Π̄

B + iM3
PFΛ̄c

Λ
BΠ̄B̄

)
− (3− `ΛF̃Λ)

eF̃

M2
P

∣∣∣∣Ŵ − i

2
M3

PFΛc
Λ
AΠA

∣∣∣∣2 −M4
Pe

F̃FΛΣc
Λ
Ac

Σ
BΠAΠ̄B

−MPe
F̃

[
−icΣ

BF̃ΣΠB

(
¯̂
W +

i

2
M3

PFΛc
Λ
AΠ̄A

)
+ c.c.

]
. (3.50c)

It is instructive to anticipate also what happens if one dualizes the linear multiplets

back to the chiral multiplets associated with the complex scalars tΛ. In practice, it is easier

to also simultaneously dualize the field strengths FA4 back to the constants NA. Using za to
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denote the other complex fields including the Weyl compensator, one gets a supersymmetric

EFT with homogeneous superpotential of the form (3.5), with Ŵ replaced by

Ŵ ′(t, z) = −cΛ
A tΛVA(z) + Ŵ(z) . (3.51)

Correspondingly, the Einstein-frame superpotential takes the form

W (φ, t) =M3
PNAΠA(φ) + Ŵ ′(φ, t)

with Ŵ ′(φ, t) ≡ −M3
P c

Λ
A tΛΠA(φ) + Ŵ (φ) .

(3.52)

One may then extend in an obvious way the formulas of section 3.2 in order to include also

the chiral fields tΛ and dualize the constants NA back to three-form potentials AA3 , and with

Ŵ substituted by Ŵ ′. As we will see, most of the perturbative superpotentials of string/M-

theory compactifications can be described by the first two terms of the superpotential (3.52)

and can be interpreted as generated by the supersymmetrization of the gaugings (3.44) of

the dual two-form potentials BΛ
2 .

As in section 2.3, the gauging of three-forms by four-forms and the gauging of two-

forms by three-forms will coexist with other gaugings, that appear in the presence of vector

multiplets. These can be either expressed as the familiar Stückelberg gauging (2.1) or as its

magnetic dual gauging of a one-form by a two-form. If one expresses all of them in terms of

the latter, the complete set of gaugings of the EFT will be similar to the content of table 2.

The gaugings involving 4d gauge bosons as well as their supersymmetrization have been

largely studied in the literature. Although generically present in string compactifications,

they will not play any particular role in our discussion and we will not further consider them.

3.5 The EFT duality group

In general, there may exist a duality group of transformations which acts on the flux

lattice Γ as well as on the EFT fields. Hence, in a traditional EFT depending on fixed

non-vanishing fluxes NA, part or all of the duality group is explicitly broken.

Suppose now that NA is split as in (3.1) and consider a duality subgroup Gdual that

leaves N bg
A unchanged, hence acting only on the constants NA. By using our EFT formu-

lation in terms of three-forms, the constants NA are traded for dynamical three-forms AA3 .

In such a formulation Gdual acts as an actual symmetry group of the action, which is only

spontaneously broken.

More concretely, given a homogeneous Kähler potential K(z, z̄) and a superpoten-

tial (3.5), a class of dualities are given by isometries za → z′a which leave K(z, z̄) and

Ŵ(z) invariant and act linearly on the periods

VA(z)→ VA(z′) = RABVB(z) . (3.53)

In the presence of non-vanishing flux quanta NA, the superpotential (3.5) is clearly not

invariant under such a transformation, which may be regarded as a ‘spurionic’ symmetry

if NA transform in an opposite way: NA → N ′A = (R−1)BANB.6 Recalling the procedure

6Notice that, by imposing the Weyl-fixing and splitting the homogeneous periods VA as in (3.13), the

periods ΠA may transform linearly only up to a pre-factor, which should then be compensated by a Kähler

tranformation of K.
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followed for constructing the three-form formulation, or more directly from explicit formulas

like (3.21), with (3.24) and (3.25), or (3.49), with (3.50), it is clear that the three-form

theory is exactly invariant under the duality transformation provided that the three-form

potentials transform as follows,

AA3 → A′A3 = RABA
B
3 . (3.54)

Such a symmetry is spontaneously broken once a certain vacuum sector specified by (3.23)

is selected.

Another class of possible duality transformations appear in the models with superpo-

tentials of the forms (3.52). These are associated with the integral shifts tΛ → tΛ +nΛ, with

nΛ ∈ Z, and are explicitly broken, even though the explicit breaking may be compensated

by shifting NA to N ′A = NA + cΛ
AnΛ. To analyze this case, let us consider the correspond-

ing Weyl-invariant EFT with three-forms AA and chiral fields (za, tΛ). By extending the

formulas (3.16) in order to include the chiral fields tΛ in an obvious way and to replace Ŵ
with Ŵ ′ as defined in (3.51), it is immediate to check that a shift tΛ → tΛ + nΛ induces

the shifts ΥA → ΥA−nΛc
Λ
BT

AB and V̂ → V̂ −nΛc
Λ
Bh

B + 1
2nΛnΣc

Λ
Ac

Σ
BT

AB. It follows that

the three-form action (3.21) is exactly invariant under such transformations. Hence, also

in this case, the duality transformations are proper symmetries of the three-form action,

which are only spontaneously broken by the choice of a vacuum sector. Notice that, on the

one hand, the same conclusion would hold also in the presence of corrections depending

on e2πikΛtΛ , with kΛ ∈ Z, which break the continuous shift symmetries, but preserve the

discrete ones. On the other hand, in absence of such corrections, one may make a further

step and dualize the chiral fields tΛ to the linear multiplet bosons (lΛ,BΛ
2 ). In the resulting

formulation the original shift symmetries are traded for the compact gauge symmetry of

the two-form potentials BΛ
2 .

4 Effective strings, membranes and 3-branes

Having at hand a general EFT with two-, three- and four-form potentials, it is natural

to introduce strings, membranes and 3-branes which minimally couple to them. In fact,

the presence of strings and membranes of any charge would be compatible with the com-

pleteness conjecture [35] for these extended objects. The extension of the completeness

conjecture to 3-branes is less obvious since, as we will see, they have somewhat pecu-

liar properties.

Membranes and strings will be treated as effectively fundamental, in the sense that

one cannot ‘resolve’ their microscopic structure at the low-energy EFT level. It will be

assumed that the EFT admits a parametrically controlled regime in which their tensions

are high enough, so that they can be treated semiclassically. This indeed happens in our

examples of sections 5 and 6.

On the other hand 3-branes are more peculiar, since they have trivial dynamics in

four dimensions. However, they may end on membranes and, since they contribute to

the tadpole conditions, they can introduce interesting changes thereof. Furthermore, in
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stringy motivated EFTs, 3-branes may support non-trivial (typically gauge) sectors, which

can change as one crosses a membrane where 3-branes end.

Let us start from the strings. Their inclusion as ‘fundamental’ objects of the EFT

assumes the existence of a regime with an (approximate) symmetry under constant shifts

of the axions aΛ ≡ RetΛ. A string carrying a set of charges eΛ couples to the dual two-

forms BΛ
2 as usual through a WZ-term of the form eΛ

∫
C B

Λ
2 , where C denotes the string

world-sheet, which induces a non-trivial monodromy tΛ → tΛ +eΛ around C. Of course, the

string will couple to the metric through a (generically field-dependent) tension. In a general

non supersymmetric EFT, the tension of the string could be completely unrelated to its

charges eΛ. In the supersymmetric cases, instead, as we will discuss in detail in section 8, a

local fermionic worldvolume kappa-symmetry completely fixes the relation between them,

and makes the strings BPS objects that preserve half supersymmetry of the bulk. As a

result, the complete bosonic string action is given by

Sstring = −
∫
C

d2ζ
∣∣eΛl

Λ
∣∣√− deth+ eΛ

∫
C
BΛ

2 (Weyl invariant),

= −M2
P

∫
C

d2ζ
∣∣eΛ`

Λ
∣∣√− deth+ eΛ

∫
C
BΛ

2 (Einsten frame).

(4.1)

where ζi are world-sheet coordinates and hij denotes the induced metric (the world-volume

indices i, j = 0, 1 should not be confused with the indices of the physical bulk chiral fields

φi). Hence, in the Einstein frame, the field-dependent string tension is

Tstring = M2
P

∣∣eΛ`
Λ
∣∣ . (4.2)

Let us now consider membranes. They are characterized by a set of charges qA which

define their minimal coupling to the three-form potentials qA
∫

ΣA
A
3 , where Σ is the mem-

brane world-volume. This coupling modifies the equation of motion (3.22) by a delta-

function localized on Σ, hence sourcing a jump NA → NA + qA. As the flux quanta NA,

the membrane charges qA must be appropriately quantized.

By generalizing the results of [14, 36], in section 8 we will show that also the (field

dependent) tension of the membranes is completely fixed by kappa-symmetry in relation

to the three-form coupling. As a result, the bosonic part of the membrane effective ac-

tion reads

Smem = −2

∫
Σ

d3ζ
∣∣qAVA∣∣√− deth+ qA

∫
Σ
AA3 (Weyl invariant),

= −2M3
P

∫
Σ

d3ζ e
1
2
K
∣∣qAΠA

∣∣√− deth+ qA

∫
Σ
AA3 (Einstein frame).

(4.3)

From the Nambu-Goto term of this action one can deduce that in the Einstein-frame the

membrane tension is

Tmem = 2M3
P e

1
2
K
∣∣qAΠA

∣∣ . (4.4)

Notice now that, in the presence of a two-form gauging (3.44), if cΛ
AeΛ 6= 0 the string

WZ-term is not invariant under the gauge transformation AA3 → AA3 + dΛA2 . However, one
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can cure this anomaly by attaching to the string one or more open membrane(s) (such that

∂Σ = C) with charges

qA = cΛ
AeΛ . (4.5)

As it will be clearer from our examples, in string theory this effect is associated with the

Freed-Witten anomaly — see for instance [12, 24].

Analogously, the gaugings (3.39) make anomalous the membrane WZ-terms if QAI qA 6=
0. In turn, these anomalies can be cancelled by introducing open 3-branes. A 3-brane

contributes to the effective action by a WZ-term

µI

∫
S
CI4 . (4.6)

One can cancel the anomaly by choosing

µI = QAI qA , (4.7)

and a 3-brane world-volume S with boundary ∂S = Σ. Notice that the 3-brane charges µI
contribute to the background charges Qbg

I , and hence to the tadpole conditions, which can

then vary (stepwise) in space in the presence of open 3-branes. Differently from the string

and membrane WZ-terms, we will see that the extension of (4.6) to the supersymmetric case

can be made kappa-symmetric without the need of the contribution of a tension-dependent

Nambu-Goto term.7

One can consider more general networks of 3-branes, membranes and strings.8 By

adapting the results of [39, 40], in section 8 we will show that the combined effective actions

for these brane networks can be made manifestly supersymmetric and kappa-symmetry

invariant. Furthermore, the above branes can support some world-volume fields, in addition

to the embedding ones (and their supersymmetric partners). It would be interesting to

understand how to incorporate them in a supersymmetrically controlled way, but this is

beyond the scope of present work.

5 Type IIB models

The above class EFTs can be immediately applied to describe all known classes of string/M-

theory flux compactifications to four dimensions, which share a GVW-like [15] superpo-

tential of the form NAΠA(φ). As shown in section 2, many general features of these EFTs

are well illustrated in type IIB flux compactifications with O3-planes, which we now revisit

from the vantage point of the general formalism developed in section 3.

5.1 Weakly coupled IIB models

Let us again consider the simplest IIB (warped) compactifications on an orientifolded

Calabi-Yau 3-fold X = CY3/R. As in section 2 we only consider the presence of O3-

planes and D3-branes, while more general F-theory compactifications will be considered in

7Actually, when the Nambu-Goto term is included, the 3-brane becomes a ‘Goldstino brane’ [37, 38] on

which the local supersymmetry is only non-linearly realized.
8See e.g. [23] for string theory realizations of such configurations in terms of D-brane networks.
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subsection 5.4. The effective superpotential takes a similar form as in (2.2)

W =
π

`5s

∫
X

Ω ∧ (F3 − τH3) , (5.1)

with Ω the holomorphic (3, 0)-form on X. However, we are now adopting the confor-

mally invariant formulation used in [41, 42] in which Ω is dimensionless and with a fixed

normalization,9 which is compatible with the discussion of section 3.

Again, the fluxes parametrizing the 2b−3 -dimensional lattice Γ are given by NA =

(mA, hB). The sublattice

ΓEFT = {R-R three-form fluxes} , (5.2)

satisfies the conditions of i) being maximally isotropic10 with respect to the pairing (2.15)

and ii) have dimension smaller than twice the number of complex fields (including the Weyl

compensator) entering the superpotential (5.1). At a purely technical level, other choices

would also be possible. However, as we will discuss in section 5.3, the choice (5.2) is the

sensible one in an EFT perturbative regime defined at large volume and weak string cou-

pling.

In the Weyl-invariant formulation the relevant periods are

VA(z) =
π

`3s

∫
X

Ω ∧$A , (5.3)

where za, a = 0, . . . , h2,1
− are homogeneous coordinates parametrizing the complex structure

moduli and the Weyl compensator. We may choose a symplectic basis of internal three-

forms $A to write VA(z) in the form (3.27) and identify the superconformal chiral fields

za with the standard projective coordinates for the complex structure moduli [19]. We

may then go to the Einstein frame as described in section 3.1, and write the effective

superpotential in the form (3.5)

W (φ) = M3
P

[
mAΠA(φ)− τ hAΠA(φ)

]
, (5.4)

recovering the expression (2.5). Notice that (5.4) has precisely the structure (3.52)

(with tΛ → τ , cΛ
A → hA and Ŵ = 0) of an effective superpotential generated by a

two-form gauging.

Applying the general discussion of section 3 one recovers that this class of type IIB

compactifications admits an EFT in which the internal R-R quanta mA are not frozen,

but are traded for a set of three-form potentials AA3 . One must also include one four-form

potential C4 in the EFT, which gauges the three-forms AA3 with charges QA ≡ IABhB,

cf. (3.30c). We then have a three-form gauge symmetry acting as (2.19). Finally, the axio-

dilaton τ can be dualized to a real scalar ` and two-form potential B2, which is gauged

under AA3 → AA3 + dΛA2 , with charges cA = hA, that is as in (2.23).

9Fixed such that 2π
`3s

∫
Σ

Ω gives the tension of an effective membrane obtained by wrapping a calibrated

D5-brane [43] on a 3-cycle Σ.
10One can see that any isotropic sublattice ΓEFT must have at most dimension b−3 . Indeed, by writing

IAB in a symplectic basis of three-forms $A, IAB can be recognized as a metric of signature (b−3 , b
−
3 ).
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The resulting EFT is completely specified by the Kähler potential, the periods ΠA and

the charges QA ≡ IABhB and cA ≡ hA. These charges are determined by the NS-NS fluxes

hA, consistently with choosing hA as non-dynamical, and satisfy the consistency condition

QAcA = 0. To sum up, we arrive at an EFT in which one half of the original fluxes have

been traded for dynamical three-form potentials, while the other half have become the

charges of two- and three-form gaugings.

Let us now discuss the microscopic origin of the possible effective branes which couple

to such p-form potentials. First, there can be 3-branes, which are nothing but D3-branes.

By neglecting the matter that they can support, they reduce to the effective 3-branes of

section 4. They couple to the R-R four-form CRR
4 , which is known to have a non-closed

contribution which precisely cancels the contribution of the DBI part of the D3-brane

action. A remaining closed ∆CRR
4 (d10∆CRR

4 = 0) with four external legs can be identified

with the four-form potential C4 appearing in the EFT by ∆CRR
4 = `4s

2πC4. Hence, a D3-

brane produces the effective topological coupling
∫
S C4, which is of the form (4.6). Notice

that the sign of the charge of the effective 3-brane is assumed to be positive. The negative

sign would correspond microscopically to an anti-D3-brane. In that case there would be no

cancellation between the DBI and WZ parts, which would correspond to a goldstino brane

contribution [37, 38].

A membrane coupling to the three-form potentials AA3 with charges qA corresponds to

a D5-brane wrapping an internal 3-cycle Σ Poincaré dual to qA ω
A ∈ H3

−(X,Z). In order

not to break supersymmetry, Σ must be a special Lagrangian cycle [43, 44], giving a corre-

sponding effective tension 2π
`3s

∫
Σ Ω = 2 qAVA(z) = 2 e

K
2 qAΠA(φ), in agreement with (4.3).

These D5-branes suffer from a Freed-Witten anomaly if 1
`2s

∫
ΣH3 = hAqBIAB 6= 0, but this

can be cured by allowing µD3 = qAhBIAB = qAQ
A D3-branes to end on them. This indeed

coincides with the effective anomaly cancellation mechanism described in section 4.

5.2 Gauged linear multiplet formulation

In the above picture, we have considered the R-R flux quanta mA in (5.4) as dynamical

and generated by gauge three-forms, leaving the NS-NS quanta hA frozen, which then

contribute to the superpotential of the three-form EFT by a term −τhAΠA(φ). However,

following section 3.4, we can take a step forward and understand this contribution as the

gauging of a single linear multiplet. This will also provide an explicit example of the

procedure outlined in section 3.4.

For the sake of clarity, consider the unwarped Kähler potential [20, 45]

K = − log(2Imτ)− 2 log VE +Kcs , (5.5)

where Kcs is the Kähler potential of the complex structure moduli and VE the internal

Einstein-frame volume, measured in string units. One can explicitly check that, in the large

Imτ and large VE limit, the warped Kähler potentials of [42, 46] are well approximated

by (5.5). Furthermore, for simplicity, we assume that h1,1
− = 0, so that VE does not carry

any implicit dependence on the axio-dilaton.
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First, we dualize the axio-dilaton τ to the scalar component ` of a linear multiplet by

using (3.47)

Imτ =
1

2`
. (5.6)

The field metric is then determined by the Legendre transform of (5.5), that is

F = log `+ 1− 2 log VE +Kcs . (5.7)

Owing to the block diagonal structure of the metric, the Lagrangian (3.49) gives

Sbos = M2
P

∫ (
1

2
R ∗ 1− FMN̄ dϕM ∧ ∗dϕ̄N̄ − 1

4`2
d` ∧ ∗d`

)
− 1

M2
P

∫ (
1

4`2
Ĥ3 ∧ ∗Ĥ3

)
+ Sthree-forms +Qbg

∫
C4 .

(5.8)

Here we have collectively denoted the complex structure and (complexified) Kähler moduli

by ϕM = (φi, tα̂), with i = 1, . . . , h2,1
− and α̂ = 1, . . . , h1,1

+ . The field strength Ĥ3 is gauged

as in (3.45), with the charges cΛ
A → hA, that is

Ĥ3 ≡ H3 + hAA
A
3 . (5.9)

Furthermore, as stated above, the tadpole condition is dynamically implemented by in-

cluding the last term in the Lagrangian (5.8), with Qbg = Q̃bg + µD3 and by replacing the

four-form field strengths FA4 by their gauged versions:

F̂A4 = dAA3 +QAC4 = dAA3 + IABhBC4 . (5.10)

The potential is fully encoded in the three-form part of the Lagrangian, which is still

in the form (3.21), with

TAB = 2M4
Pe

F̃ Re
(
Kī

csDiΠ
AD̄̄Π̄

B + ΠAΠ̄B
)
,

ΥA = −
M4

Pe
F̃

`
Im
(
hBK

ī
csD̄̄Π̄

BDiΠ
A − hBΠ̄B̄ΠA

)
,

V̂ =
M4

Pe
F̃

4`2
(
hAhBK

ī
csDiΠ

AD̄̄Π̄
B + hAhBΠAΠ̄B

)
,

(5.11)

as it can be easily computed from the general formulas (3.50).

Finally, we may consider a string coupled to the linear multiplet ` dual to τ , say

of charge e = 1. This has tension Tstring = M2
P` and corresponds to a D7-brane wrap-

ping the entire compactification space X. As discussed in section 2.3, this D7-brane is

FW-anomalous whenever H3 is non-trivial. However, the anomaly can be corrected by

attaching to it a D5-brane wrapping an internal 3-cycle Σ dual to H3. The corresponding

effective membrane has charges qA = hA, which, in turn, implies the identification of the

gauge invariant field strength (5.9), again in agreement with the expected four-dimensional

condition derived in section 4.
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5.3 Compatibility with EFT cut-offs

In the above description, we have observed how the tadpole conditions and low-energy

supersymmetry force us to treat the internal fluxes in a nondemocratic way. In particular,

the main feature of the above EFT with three-form potentials AA3 is that the internal R-R

fluxes can actively participate in the dynamics, jumping among different values through

membranes, while the NS-NS fluxes are kept fixed. At the same time, notice that the

perturbative type IIB regime Imτ � 1 at which we are working generates a hierarchy

between the energy scales associated with R-R and NS-NS fluxes. We would now like to

argue that these two features are correlated with each other, and the combined picture is

compatible with the standard features of a low-energy EFT.

Setting an EFT cut-off. In general, to characterize an EFT we may fix a (moduli-

independent) UV cut-off scale ΛUV. In the model at hand, it is natural to set an upper

bound on ΛUV with the KK-scale mKK: ΛUV ≤ mKK. By approximating the internal

string-frame metric in a simple factorized form, one can obtain the following estimate of

mKK in Planck units (dropping 2π’s and O(1) numerical factors for simplicity):

mKK '
1

ρ2 Imτ
MP . (5.12)

Here we have introduced the volume modulus

ρ ≡ V
1
3

s , (5.13)

where Vs is the string-frame volume of the internal space, measured in string units. Fur-

thermore, we require ΛUV to be somewhat bigger than the mass scale mφ induced on the

moduli by the flux potential. This mass scale is of the same order as the flux-induced

mass for the axio-dilaton, or equivalently of the three-forms involved in the corresponding

hA-induced Stückelberg gauging. A direct computation shows that

mφ '
|h|‖Π(φ)‖
ρ3 Imτ

MP , (5.14)

where |h| represents the typical hA flux quanta and ‖Π(φ)‖2 schematically denotes a con-

tribution of the form eKcsKī
csΠA

i ΠB
j , eKcsΠAΠB, . . . We assume that these terms are all of

the same finite order. Therefore the above requirements

mφ . ΛUV . mKK , (5.15)

translate into the following EFT condition on Imτ and ρ:

ρ2 Imτ .
MP

ΛUV
.

ρ3 Imτ

|h|‖Π‖
, (5.16)

which specifies the region depicted in figure 2.

From these conditions we obtain the following minimal and maximal values of ρ and

Imτ respectively, allowed by the EFT bounds (5.12)

ρmin ' |h|‖Π‖ , Imτmax '
1

|h|‖Π‖

(
MP

ΛUV

)
. (5.17)
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Figure 2. Region of validity of the EFT specified by (5.16).

Hence, if the combination |h|‖Π‖ entering the estimate of mφ in (5.12) is moderately large,

the conditions (5.16) guarantee the geometric regime. Furthermore, by taking ΛUV �MP,

Imτ can reach very large values. On the other hand, we will take

Imτ ≥ Imτmin , (5.18)

for any Imτmin which should be large but much smaller than MP/ΛUV, so that

ρ2
max =

1

Imτmin

(
MP

ΛUV

)
(5.19)

is large too.

Hierarchies of membranes. Let us now consider the formulation of this system in

terms of three-form potentials and ask whether it is compatible with the above EFT picture.

As discussed above the non-trivial dynamics of the three-form description corresponds to

discrete flux transitions ∆mA mediated by membranes of charges qA = ∆mA. An estimate

of the gravitational energy scales involved in such transitions is provided by TmemM
−2
P ,

where Tmem is the tension of the corresponding membranes. It then follows that the set of

membranes included in an EFT with a given cut-off ΛUV must satisfy

Tmem

M2
P

. ΛUV . (5.20)

From this viewpoint, a sensible choice of EFT flux lattice ΓEFT ⊂ Γ should correspond to

a set of membranes that satisfy (5.20), for some choice of ΛUV within the range (5.15).

Let us consider the set of type IIB membranes made up from D5-branes and NS5-branes

wrapping special Lagrangian three-cycles on the compact manifold X, which correspond

to the R-R and NS-NS fluxes of the full flux lattice Γ, respectively. One can use (4.4)

to evaluate our R-R membrane tension, and that the tension of the NS-NS membrane on

the same three-cycle is Imτ times larger. Assuming small internal warping and using the

effective Kähler potential (5.5) we obtain

T RR
mem

M2
P

' |q|‖Π‖
ρ3(Imτ)2

MP ,
T ∨mem

M2
P

' |q
∨|‖Π‖
ρ3Imτ

MP , (5.21)
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where T RR
mem and T ∨mem stand for the tensions of R-R and NS-NS membranes, respectively,

and q and q∨ for their corresponding vector of quanta. From here it is easy to see that

T RR
mem

M2
P

' |q|
|h|Imτ

ρmin

ρ
mKK ,

T ∨mem

M2
P

' |q
∨|
|h|

ρmin

ρ
mKK , (5.22)

and so both kinds of membranes satisfy the condition (5.20) for ΛUV ' mKK in the large

volume, weak coupling region in which we are working. In fact, as we will discuss in 6.3,

one can see (5.20) with ΛUV ' mKK as a definition of the compactification flux lattice Γ.

It is also obvious that in this region of field space R-R membranes are much lighter

than NS-NS membranes, because T RR
mem/T ∨mem ' (Imτ)−1 � 1. This relation provides a

simple energetic justification of our choice (5.2) of the sublattice ΓEFT of fluxes, versus an

alternative choice of isotropic sublattice. One may then wonder to which cut-off scale does

this choice of EFT flux lattice correspond to. For this notice that

T RR
mem

M2
P

' |q|
|h|Imτ

mφ ,
T ∨mem

M2
P

' |q
∨|
|h|

mφ . (5.23)

Therefore, the energetic condition including R-R membranes and leaving out the NS-NS

membranes is
Tmem

M2
P

. mφ . (5.24)

In other words, for this class of type IIB compactifications the choice of EFT flux

lattice (5.2) corresponds to (5.20) with a cut-off scale ΛUV just above mφ. One may in-

terpret this as follows. In the three-form effective field theory, the fluxes that are fixed to

background values N bg already set a mass scale mφ for the otherwise moduli of the com-

pactification, and in particular for the gauged linear multiplets. The lattice of dynamical

fluxes then corresponds to those membranes whose flux-transition scales are small com-

pared to mφ, and do not change significantly the flux-induced mass spectrum. Therefore,

with the above three-form potential formulation, one should be able to describe a mini-

landscape of flux vacua in which the flux-induced masses are kept at a given scale. Notice

that, since mφ is a moduli-dependent quantity, this will in practice restrict the region of

field space that our EFT can access. In fact, (5.24) will select a bounded region of the

initial EFT lattice ΓEFT, given by
|q|
|h|Imτ

. 1 , (5.25)

setting a region of validity of the EFT description within ΓEFT. Notice that such region

will have a minimal radius set by |h| Imτmin. Therefore for large values of this quantity

one may effectively work with a lattice of fluxes.

Interestingly, a very similar condition to (5.25) is obtained by considering an effective

string of charge e coupled magnetically to τ . Indeed, by using (5.5) and the general

formulas (4.2) and (3.47), we can evaluate its tension

Tstring = |e|M2
P ` '

|e|M2
P

Imτ
, (5.26)
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which agrees with what one gets by wrapping a probe D7-brane on the complete internal

space. The condition11

Tstring

M2
P

. 1 (5.27)

reads exactly as (5.25) for q = eh membranes. Recall however that this is exactly the

number of R-R membranes that should be attached to the otherwise anomalous string.

This matching of conditions can be interpreted as the fact that including the axionic

strings coupled to τ in the EFT is energetically equivalent to including the R-R membranes

attached to them, as expected from the consistency of the approach.

As a final remark, notice that the consistency of an EFT including semiclassical mem-

branes and strings also requires that

Tmem

Λ3
UV

& 1 ,
Tstring

Λ2
UV

& 1 . (5.28)

In the IIB models under consideration, from (5.21) and (5.26) we obtain the estimates

Tmem

Λ3
UV

' |q|‖Π‖
ρ3(Imτ)2

(
MP

ΛUV

)3

,
Tstring

Λ2
UV

' |e|
Imτ

(
MP

ΛUV

)2

, (5.29)

One can then check that, in the above range of Imτ and ρ, (5.28) are always satisfied.

That is, in this parametric regime the effective membranes and strings never become light

enough to cause a breakdown of the EFT — see also [16] for a detailed discussion of energy

scales in various perturbative regimes of simple concrete models.

To sum up, we have shown that this class of string models exhibits a natural self-

consistent selection mechanism of the sublattice ΓEFT ⊂ Γ, dictated by the parametric

regime one is working at. Of course, different parametric regimes would select different sub-

lattices ΓEFT within Γ. An infinite family of different possible choices is obviously obtained

by applying a IIB SL(2,Z) duality transformation, which ‘rotates’ the choice of three-forms

AA3 , background fluxes, and the corresponding electric and magnetic membranes.12 These

other choices naturally arise in the broader context of F-theory compactifications, which

we now turn to discuss.

5.4 Moving to F-theory

In the previous examples we have seen how, in a weak-coupling regime with only O3-

planes and D3-branes, there is a natural choice of the isotropic sublattice ΓEFT ⊂ Γ. In

more general flux compactifications, the choice of ΓEFT is less obvious. This is indeed what

happens if D7-branes wrapping holomorphic surfaces are present [43, 47] and we include

their world-volume fluxes into Γ, or we go to a strongly coupled F-theory regime. In order

to illustrate this point let us consider an F-theory compactification on a smooth elliptically

11The quantities (5.20) and (5.27) measure the strengths of the gravitational energy scales associated

with membranes and strings, which should be small in EFT units set by the cut-off scale ΛUV. ΛUV does

not appear in (5.27) since strings are codimension-two and have logaritmic backreaction.
12One should take into account that VE is invariant under IIB SL(2,Z) dualities, and the Vs = (Imτ)−

3
2 VE

is not.
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fibred Calabi-Yau four-fold Y — see [48–50] for reviews. We can then identify Γ with

the lattice of ‘transversal’ fluxes G4 ∈ H4(Y ;Z)T [51],13 that is, whose Poincaré dual 4-

cycle has vanishing intersection number with any pair of divisors of Y . By introducing an

appropriate basis of transversal cocycles αA = H4(Y ;Z)T, we can expand

G4 = NA αA , (5.30)

and introduce the symmetric pairing

IAB ≡
∫
Y
αA ∧ αB . (5.31)

The D3-charge tadpole condition then takes the form (3.29), with Q̃bg = − 1
24χ(Y ), where

χ(Y ) is the Euler characteristic of Y . Furthermore, the flux-induced superpotential is

given by

W(z) = NAVA(z) with VA(z) ≡ π

`6M

∫
Y

Ω4 ∧ αA , (5.32)

where Ω4 is the (dimensionless) holomorphic (4,0)-form on Y and `6M is the M-theory Planck

length. The chiral fields za (a = 0, . . . , h3,1) parametrize Y -complex structure moduli and

the overall Weyl compensator.

Let us now pick an isotropic sublattice ΓEFT ⊂ Γ. By splitting NA as in (3.1), and

defining VA(z) ≡ vAAVA(z), we can write the superpotential (5.32) in the form

W(z) = NA VA(z) + Ŵ(z) with Ŵ(z) ≡ N bg
A V

A(z) . (5.33)

Notice that, by making an Hodge decomposition of H4(Y ;C)T, one realises that the pair-

ing (5.31) has signature (2 + h2,2
T , 2h3,1). Then the dimension of any maximal isotropic

sublattice ΓEFT ⊂ Γ is at most 2h3,1. This means there are always enough complex scalars

za to allow for a supersymmetric dualization of the flux quanta NA spanning ΓEFT to

three-form potentials AA3 .

As a concrete example, leaving a more detailed discussion of other settings to the future,

we can consider the model spelled out in [53], for which dim Γ = 23320, h3,1 = 3878,

h2,2
T = h2,2 − 2 = 15562. In this case, following our general prescription, one would

obtain an EFT with dim ΓEFT = 7756 three-form potentials AA3 and dim(Γ/ΓEFT) = 15564

non-dynamical fluxes. The 7756 three-form potentials may be accommodated, together

with the Weyl compensator and 3877 = h3,1 − 1 of the Y -complex structure moduli, into

3878 double three-form multiplets. Notice that there does not appear any ‘natural’ choice

of the sublattice ΓEFT and of the Y -complex structure modulus which is excluded from

these double three-form multiplets. Analogously, differently from what we observed in the

previous subsection, there is no obvious hierarchy between the energy scales of the potential

and the membrane tensions.

It is instructive to observe how such ‘democracy’ is removed by going to weak coupling.

In this limit, the total amount of fluxes 23320 splits into 2 × 300 bulk R-R plus NS-NS

13For smooth elliptically fibered Calabi-Yau four-folds there is no half-integral correction to the flux

quantization [52].
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three-form fluxes and 22720 D7-brane fluxes, while the moduli za include the overall Weyl

compensator, the axio-dilaton τ , 149 bulk complex-structure moduli, and 3728 D7-brane

geometric moduli. The 149 complex-structure moduli and the Weyl compensator can

combine with 300 R-R bulk fluxes into double three-form multiplets, as we did in the

previous subsections. The axio-dilaton τ can again be dualized to a linear multiplet which

is gauged, with charge defined by the 300 NS-NS fluxes. The 7756 − 300 = 7456 D7-

brane fluxes in ΓEFT, can then be accommodated, together with the D7-brane moduli,

into other 3728 double three-form multiplets. The remaining 15264 D7-brane fluxes stand

non-dynamical and contribute to Ŵ in (5.33).

Leaving a more detailed study of the three-form formulation of the EFT for general

F-theory compactifications — as well as their weak-coupling limits — to the future, we

close this section by briefly discussing the microscopic origin of the three-form gauging

AA3 → AA3 −QAΛ3 with QA = IABvAAN
bg
B , (5.34)

see (3.39) and (3.30). This can be understood from the perspective of the dual M-theory

compactified to three dimensions on an elliptically fibred Calabi-Yau four-fold Y and the

derivation is similar to the weakly-coupled IIB case discussed in section 2.2. One can start

from the eleven-dimensional Bianchi identity

dF7 −
1

2
F4 ∧ F4 = (M2-brane charge) . (5.35)

By appropriately reducing F7, F4 and the corresponding potentials to three dimensions

one gets a set of gauge-invariant three-forms which are dual to the F-theory field-strengths

F̂A4 = dAA3 +QAC4 — we leave the details to the reader. These are gauge invariant under

C4 → C4 + dΛ3 provided that AA transform as in (5.34). In the weak-coupling limit, this

generalizes the gauging of three-forms discussed in the previous subsections by including a

sector supported on the D7-branes.

6 Type IIA models

IIA orientifold models are in many aspects similar to the IIB models considered above.

We will then be briefer and concentrate on the distinguishing features. Let us start by

reviewing the standard EFT of these models, see for instance [11, 54–57], in a form which

can be immediately upgraded to an EFT including three-form potentials. We start from an

internal space of the form X = CY3/R, where R refers to an O6-involution. Assuming for

the moment that there are no D6-branes, the spectrum contains b−2 chiral fields φi, which

include Kähler structure and internal B2 moduli, and b+3 chiral fields tΛ, which combine the

internal CRR
3 axions, the complex structure moduli and the dilaton. In the large volume

limit, we can identify

φi =
1

`2s

∫
Ci

(B2 + iJ) , tΣ =
1

`3s

∫
S+

Λ

(CRR
3 + ie−φReΩ) , (6.1)

where Ci and S+
Λ provide a basis of odd 2-cycles and even 3-cycles respectively. It is

natural to combine the fields φi with the Weyl compensator u into b−2 + 1 chiral za, a =
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0, . . . , b−2 , with

z0 ≡ u , zi ≡ uφi . (6.2)

On the other hand, at weak string coupling, it will be convenient to keep using tΣ ' tΣ + 1

as elementary fields with vanishing Weyl dimension.

In general we can write the relevant periods VA in the form (3.27), where we can locally

set Ga = ∂aG(z), with G(z) being the degree-two homogeneous prepotential associated with

the underlying special geometry. In the large-volume limit we can set

G(z) = − 1

6z0
κijkz

izkzk +
1

2
aab z

azb +O(e2πiφ) , (6.3)

where κijk are triple-intersection numbers and the terms aabz
azb and O(e2πiφ) encode the

possible perturbative and non-perturbative α′-corrections, respectively. Away from the

large volume limit, G(z) can have a more general form.

We are now in position to write the flux-induced superpotential. For generality, we in-

clude the effect of all kinds of (standard, geometric and non-geometric) fluxes. This will also

make more manifest similarities and differences with respect to the IIB models discussed

above. At weak coupling or, more precisely, in the Im tΣ � 1 regime, the homogeneous

superporpotential can be written in the form [12, 41, 54, 58, 59]

W = NAVA(z)− cΛ
A tΛVA(z) , (6.4)

where NA, A = 1, . . . , 2 + 2b−2 , represent the contribution of the internal R-R fluxes, while

cΛ
A encodes the remaining NS-NS ordinary, geometric and non-geometric fluxes. More

explicitly, by using the natural large volume splitting za = (z0, zi), we can decompose

VA(z) = (z0, zi,G0,Gj) and correspondingly

NA = (ea,m
a) = (e0, ei,m

0,mj) , (6.5)

with e0, ei,m
j ,m0 representing the R-R 6-, 4-, 2- and 0-form fluxes respectively. We can

then decompose the NS-NS fluxes into

cΛ
A = (cΛ

0 , c
Λ
i , c

Λ0, cΛj) ≡ (hΛ, ωΛ
i , R

Λ, QΛj) , (6.6)

where hΛ counts the H3 flux quanta, while ωΛ
i , R

Λ, QΛj represent the geometric and non-

geometric fluxes — see for instance [57, 60–62].

6.1 Three-form formulation

The superpotential (6.4) looks very similar to the IIB superpotential (5.4), with the differ-

ence that τ is replaced by the b−3 fields tΛ and the IIB fluxes hA are replaced by the fluxes

cΛ
A. Also the number of tadpole conditions changes, since we now have b−3 conditions

QΛ ≡ IABNAc
Λ
B +QΛ

bg = 0 , (6.7)

where QΛ
bg represents the (negative) D6-charge carried by the O6-planes and IAB represents

the natural anti-symmetric Mukai pairing between even cohomology classes. These can be
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written in the form (3.29) (with Q̃AI = 0) by making the index change (. . .)I → (. . .)Λ,

grouping the fluxes into NA = (NA, c
Λ
B) ∈ Γ and correspondingly decomposing

(IΛ)AB ≡

(
(IΛ)AB (IΛ)ADΘ

(IΛ)CΣ
B (IΛ)CΣ

D
Θ

)
=

(
0 δΛ

ΘI
AD

−δΛ
ΣI

CB 0

)
. (6.8)

We can now apply our general prescription to promote the above EFT to a theory

with three-form potentials. First of all, we must select the isotropic sublattice ΓEFT ⊂ Γ

of fluxes that will be dualized to three-forms. As anticipated by the above notation, a

possibility is to take

ΓEFT = {sublattice of R-R fluxes NA}. (6.9)

In the weak-coupling limit Im tΛ � 1 this choice is also natural from the energetic point

of view, for reasons similar to those discussed in subsection 5.3. We can then pass to a

description in terms of 2 + 2b−2 three-forms AA3 . These are part of the double-three form

multiplets of the same kind introduced already in [13], which are completely defined by the

periods VA(z).

At the three-form level, the tadpole conditions are implemented by introducing b−3
four-form potentials C4Λ ' C4Λ + dΛ3Λ, gauging the three-forms as in (3.39). In the

present case such gauging reads

AA3 → AA3 −QΛAΛ3Λ , (6.10)

and the tadpoles are implemented by adding a term like

QΛ
bg

∫
C4Λ , (6.11)

cf. (3.40). These correspond to the choice of background fluxes N bg
A = (0, cΛ

B). Indeed, the

charges QΛA can be computed by inserting (6.8) into (3.30c), obtaining

QΛA = IABcΛ
B . (6.12)

Furthermore, with the choice (6.9) it is clear that the superpotential (6.4), once Weyl-

fixed, takes precisely the form (3.52) (with Ŵ = 0). This means that in the three-form

formulation we can dualize the b−3 chiral fields tΣ into linear multiplets gauged under the

three-form gauge symmetry AA3 → AA3 + dΛA2 . The gauging acts on the linear multiplet

two-forms BΛ as in (3.44), where the charges are as in (6.6). Hence, we see that all

the three-form and two-form charges originate from the NS-NS fluxes, which we have

chosen as non-dynamical fields. Furthermore, since IAB = −IBA, from (6.12) it is clear

that these charges automatically satisfy the constrain (3.46), which in the present case

reads cΛ
AQ

ΣA ≡ 0.14

14The gauging activated by the internal H3 flux quanta hΛ can be understood from a ten-dimensional

viewpoint as in the IIB models considered in section 5. The gaugings induced by the other NS-NS geometric

and non-geometric fluxes follow by the same duality chain which motivates their introduction — see for

instance [61, 63–65].
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We then see that, as in the weakly-coupled IIB models of section 5.1, the EFT is

completely specified by the periods VA(z), the Kähler potential (or rather, as we saw in

section 3.4, by its Legendre transform) and by the gauging charges assigned by the internal

NS-NS fluxes. The ten-dimensional origin of the effective membranes and strings that can

be coupled to the three-forms AA3 and the two-form BΛ
2 is the completely analogous ‘mirror’

counterpart of the IIB ones discussed in section 5.1 and can be easily worked out.

6.2 Inclusion of the open string moduli

The D6-brane moduli sector can also be introduced without many difficulties. Let us for

simplicity turn off the geometric and non-geometric fluxes, restricting Γ so that

ωΛ
i = RΛ = QΛj = 0 , (6.13)

in order to deal with proper Calabi-Yau orientifold compactifications. The chiral moduli

χα ' χα + 1 of a D6-brane wrapping a special Lagranian 3-cycle S (including D6 and

image D6) combine Wilson lines and geometric moduli, both labelled by α = 1, . . . , b−1 (S).

These couple to the bulk moduli through a contribution to the superpotential [66, 67]. In

our Weyl-invariant notation, this contribution takes the form15

WD6 = −nαa χαza . (6.14)

Here nα0 ∈ Z correspond to the D6-brane world-volume flux quanta, which take values

into H2
−(S;Z) and are then also labelled by α = 1, . . . , b−1 (S). The remaining quantized

coupling constants are given by the intersection numbers nαi =
∫
S ωi ∧ η

α, where ωi is

the basis of H2
−(X;Z) used to identify the complexified Kähler moduli φi, while ηα is

the basis of H1
−(S) used to identify the world-volume moduli χα [66]. Comparing (6.14)

with (3.51), it is clear that also the coupling (6.14) can be interpreted as produced from a

two-form gauging of the linear multiplets dual to the world-volume chiral fields χα. To be

more precise, let us denote by B̂α2 the corresponding two-form potentials and split AA3 into

(Aa3, Ã3a), in correspondence with the decomposition (3.27). Then, (6.14) corresponds to

a gauging B̂α2 → B̂α2 − nαaΛa2 under the transformation Aa3 → Aa3 + dΛa2. Notice that this

implies that the fluxes nαa must be treated as non-dynamical in the EFT. This fits well with

the observation made in [12] that the matrix TAB becomes non-invertible in the presence

of such fluxes.

Notice that each D6-brane (including its image) wrapping S also contributes to the

tadpole charges QΛ introduced in (6.7) by a term µΛ which identifies the Poincaré dual

cohomology class [S] ∈ H3(X;Z)+.16 The D6-branes may end on D8-branes wrapping the

entire internal space, providing an example of effective 3-brane/membrane system described

in section 4. However, the presence of a D-brane moduli sector as for instance the one

described above, complicates the formulation of the EFT in terms of effective 3-branes,

15In the presence of metric fluxes D6-branes also develop superpotentials quadratic in χα, see e.g. [68].
16The restriction of the internal H3 three-form to S must be trivial in cohomology. This implies that

µΛ must satisfy the condition ĨΛΣµ
ΛhΣ = 0, where ĨΛΣ is the appropriate intersection number between

3-cycles. As pointed out in [69], this guarantees the gauge invariance of the flux superpotential.
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which now contain adjoint matter. We will not try to address this interesting issue in the

present paper, leaving the inclusion of non-trivial sectors supported on the effective branes

to the future.

6.3 Scale estimates and strong coupling

As already stressed several times, the choice of ΓEFT ⊂ Γ is not unique but depends on

the perturbative regime in which one is computing the EFT. In fact, different perturbative

regimes may be actually characterized by different choices of the larger Γ itself. This effect

is exemplified by moving from the weak to the strong coupling regime of the above IIA

models because, from the effective supergravity viewpoint, we perceive them as different

classes of flux compactifications.

Weak coupling. In order to have a reasonable control over the microscopic structure,

let us again consider a purely Calabi-Yau setting with flux lattice Γ restricted by (6.13).

Furthermore, for simplicity, we will ignore the possible presence of mobile D6-branes. One

may then repeat an analysis similar to that of section 5.3, starting from our EFT formulas

obtained by using the explicit form of the Kähler potential and of the relevant periods.

However, the upshot can be more easily understood from a simple estimate of the appro-

priate scales. Let us follow the schematization introduced in [70], isolating the moduli

ρ ≡ V
1
3

s , σ ≡ 1

gs
V

1
2

s . (6.15)

which have diagonal kinetic terms

− 3

4
M2

P

∂µρ∂
µρ

ρ2
−M2

P

∂µσ∂
µσ

σ2
, (6.16)

and denoting the remaining moduli with χα. The effective potential can then be written

in the form [70]

V = M4
P

[
A3(χ)

ρ3σ2
+

∑
n=0,2,4,6

An(χ)

ρn−3σ4
+
AD6(χ)−AO6(χ)

ρ3σ3

]
, (6.17)

where A3(χ) comes from the NS-NS internal flux and then scales as |h|2. In the weak-

coupling limit gs � 1 the first term of (6.17) dominates and one gets the following estimate

of the moduli mass

mφ '

√
A3(χ)

ρ3σ2
MP =

gs

ρ3

√
A3(χ)MP , (6.18)

which agrees with its IIB counterpart given in (5.14). The Kaluza-Klein mass scale mKK

can again be estimated by (5.12). Hence, the arguments leading to (5.16) (with Imτ = 1
gs

)

can be applied to the IIA case as well.

The membranes charged under the R-R fluxes NA come from Dp-branes wrapped

along internal (p − 2)-cycles (with p ≥ 2) and generate jumps of the internal R-R n-form

fluxes, with n = 8 − p. On the other hand, a jump in the NS-NS fluxes hΛ is generated
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by a membrane obtained by wrapping an NS5-brane along an internal 3-cycle. For the

corresponding tensions T (n)
mem and T ∨mem, respectively, one can easily estimate

T (n)
mem '

g2
s A(n)(χ)

ρ
1
2

(n+3)
M3

P , T ∨mem '
gsA∨(χ)

ρ3
M3

P , (6.19)

where A(n)(χ) and A∨(χ) scale linearly with the corresponding membrane charges |q(n)|

and |q∨|. We then see that, in the limit gs → 0 with V
1
3

s fixed, there is a clear hierarchy

T (n)
mem � T ∨mem. Furthermore, we have that

T (n)
mem

M2
P

' gs

ρ
1
2

(n−3)

|q(n)|
|h|

mφ ,
T ∨mem

M2
P

' |q
∨|
|h|

mφ , (6.20)

and so the condition (5.24) is satisfied for a parametrically large fraction of R-R membranes

at sufficiently weak coupling, while it essentialy excludes the NS-NS membranes. Therefore,

once again the criterion (5.24) matches the choice of EFT flux lattice, cf. (6.9).

Strong coupling. It is also clear that as we move to strong coupling, such hierarchy

changes. Take first the case of moderately strong coupling gs ' 1 and apply it to (6.19).

Then, one sees that

T (0)
mem

M2
P

' A
(0)(χ)

ρ
3
2

MP ' A(0)(χ)ρ
1
2 mKK > mKK . (6.21)

This shows that the effective membranes charged under m0 (alias, the Romans mass) violate

the EFT condition (5.20), with ΛUV ' mKK. This fact is just a manifestation of the usual

strong coupling obstruction for massive IIA, see for instance [71] for a recent discussion.

In our language, we can interpret this result as stating that those membranes for which
Tmem

M2
P
> mKK not only do not correspond to elements of ΓEFT, but in fact must be excluded

from the larger flux lattice Γ. This is to be expected, in the sense that if one works in the

10d supergravity approximation such flux lattice is defined at the compactification scale,

being different for each compact manifold.

Notice that, with the choice (6.13) and excluding the Romans mass from Γ, the flux

contribution to the tadpole conditions (6.7) disappears, and so does the obstruction to

dualize all the remaining fluxes to three-form potentials. Even though we do not know

how to compute the Kähler potential and therefore the EFT at gs ' 1, the structure of

the three-form multiplets is dictated just by the holomorphic periods, and so it is expected

to enjoy some protection mechanism against perturbative corrections. One can then apply

our general procedure and dualize all remaining fluxes to three-form potentials, and work

out the details of the resulting description from the above formulas. In short, the fluxes

(ei,m
j) are dualized into three-form potentials (Ai3, Ã3j) which can be accommodated into

b−2 double three-form multiplets, while the remaining fluxes e0 and hΛ can be dualized to

three-form A0
3 and Â3Λ which are part of single three-form multiplets.
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M-theory regime. We finally consider the very strong coupling regime gs � 1, in which

the IIA description is no longer suitable and one must rather formulate the setup in terms

of M-theory compactifications. The eleven-dimensional M-theory metric ds2
11 is related to

the IIA string frame metric ds2
10 by

ds2
11 = e−

2
3
φds2

10 + `2Me
4
3
φ(dy + C1)2 , (6.22)

where y ' y + 1 and we have chosen a parametrization such that the M-theory Planck

length `M coincides with the string length, `M ≡ `s. We can consider a limit in which the

internal seven-dimensional space X̂ is large in natural `M-units, VM � 1. For simplicity,

we also assume that X̂ is approximately isotropic and homogeneous. Then, from (6.22) we

get the relations ρ = V
3
7

M and gs = 〈eφ〉 = V
3
14

M = ρ
1
2 . The estimates (6.19) can then be

expressed in terms of ρ only:

T (n)
mem '

A(n)

ρ
1
2

(n+1)
M3

P , T ∨mem '
A∨

ρ
5
2

M3
P . (6.23)

In the M-theory regime, with metric (6.22), the KK-scale becomes

mM
KK =

MP

ρ
3
2

. (6.24)

and therefore we obtain that

T (n)
mem

M2
P

' A(n)ρ
1
2

(2−n)mM
KK ,

T ∨mem

M2
P

' A(n)ρ−1mM
KK . (6.25)

Hence, in the geometric regime ρ� 1, both T (0)
mem and T (2)

mem violate the KK scale condition
Tmem

M2
P

. mKK. According to our criterion above the corresponding fluxes, namely the

Romans mass and the IIA R-R two-form fluxes, must not be included. Notice that the

latter correspond, from the M-theory perspective, to geometric fluxes that vanish on G2-

holonomy spaces.

The flux lattice Γ in this regime is parametrized by the former type IIA fluxes e0, ea and

hΛ. In M-theory language, e0 is identified with the internal G7-flux over the entire X̂, while

ea, h
Λ recombine into the flux quanta nI of G4 ∈ H4(X̂;Z). The associated membranes

correspond to M2-branes and M5-branes on 3-cycles, respectively. On the other hand,

the chiral fields z0, zi and tΛ recombine into b3(X̂) + 1 chiral fields z0, ẑI (including the

Weyl compensator), which combine the M-theory C3-axions and the moduli of the G2-

holonomy associative three-form. The (restricted form of the) superpotential (6.4) can

then be uplifted to the superpotential

W = e0z
0 + nI ẑ

I . (6.26)

See, for example, [72] for a discussion on the EFT of M-theory flux compactifications on G2

spaces, and [73] for a recent discussion to more general IIA/M-theory compactifications.

Interestingly, with this restricted choice of Γ there are no tadpole conditions, and so

in principle one may take ΓEFT = Γ. More precisely, one can see that (e0, nI) can be

– 41 –



J
H
E
P
1
0
(
2
0
1
9
)
1
1
0

dualized to three-form potentials A0
3, A

I
3 which can be incorporated, together with z0 and

ẑI respectively, in the single three-form multiplets defined in section 3.2. One may then

see if this choice is compatible with the hierarchy of corresponding membrane tensions.

By using the Kähler potential of [72] in the one-modulus case, one can obtain a simple

estimate mφ ∼MPρ
− 5

2 of the scaling behaviour of the moduli masses. One then finds that

T (6)
mem

M2
P

' ρ−1mφ ,
T (4)

mem

M2
P

' T
∨

mem

M2
P

' mφ . (6.27)

Therefore, to set ΓEFT = Γ one must take a cut-off scale such that mφ � ΛUV . mM
KK.

As a result, the corresponding EFT has the attractive feature of including flux transitions

that change significantly the masses of the would-be moduli, unlike in previous examples.

While this is a perfectly consistent low-energy effective action, it does not incorporate

anomalous axionic strings in its spectrum of fundamental extended objects, as well as

the associated gauging of the two-forms dual to the corresponding axions. Indeed, such

strings are given by M5-branes wrapping four-cycles of the compactification manifold. If

the integral of the internal four-form flux does not vanish over the M5-brane, a Freed-

Witten anomaly will be generated on its worldvolume [74], which will then be cured by

M2-branes ending on the corresponding 4d axionic string. In terms of the EFT Lagrangian,

we will have a series of non-trivial gaugings of the 4d two-forms dual to the C3-axions by

the three-form potential A0
3 coupling to the M2-branes. On the other hand, the gauging

coefficients are nothing but the four-form fluxes nI and, by the reasoning of section 3.4,

we could adopt the dual description in terms of two-forms, in which the four-form fluxes

are considered as part of the background fluxes N bg
A and specify the two-form gaugings.

In this case, we identify ΓEFT with the one-dimensional lattice parametrized by e0.

It seems that this class of compactifications allow for two different, complementary

descriptions in terms of the three-form Lagrangians of section 3. Either we describe a

4d EFT containing b3 + 1 classes of membranes, or we have an EFT with one class of

membranes and one anomalous strings. It would be interesting to consider further examples

of compactifications of this sort, and to understand whether the obstruction we find in

incorporating all of these ingredients simultaneously is fundamental or can be overcome by

adopting some so far unknown alternative scheme.

7 Supersymmetric three-form actions

In the following we will show that the bosonic EFTs described in section 3, and then

the string theory models of sections 5 and 6 admit a manifestly supersymmetric extension,

featuring, what we dub, master three-form multiplets. As anticipated in section 3.1, we will

use a super-Weyl invariant superspace formulation, whose main features are summarized

in appendix B. There should exist also an equivalent superconformal formulation, but the

superspace approach will allow us to naturally couple to these EFTs strings, membranes

and 3-branes in a manifestly supersymmetric way.

We start from the ordinary formulation for the n+1 homogeneous chiral multiplets Za

introduced in section 3.1. The corresponding supersymmetric effective Lagrangian takes
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the form17

L =

∫
d4θ EK(Z, Z̄) +

(∫
d2Θ 2E W(Z) + c.c.

)
. (7.1)

For convenience, let us remind the form of the superpotential

W(Z) = NAVA(Z) + Ŵ(Z). (7.2)

By expanding (7.1) in components and integrating out all auxiliary fields one gets the

potential (3.9), which was the starting point to dualize the constants NA to three-form

potentials in section 3.2. Let us now see how this dualization can be performed at a

manifestly supersymmetric level, generalizing the strategy followed in [13, 14].

In order to streamline the presentation, the following formulas will be written in rigid

superspace. Hence, in (7.1) we will set E = 1 = 2E and, strictly speaking, the formulas will

hold for a rigid theory for n+ 1 chiral superfields Za, with (non-necessarily homogeneous)

general super- and Kähler potentials W(Z) and K(Z, Z̄), with W(Z) of the form (7.2).

However, since we are using a super-Weyl invariant approach, all the steps can be im-

mediately generalized to the locally supersymmetric case. One must just appropriately

covariantize all the quantities, recall that the homogeneous chiral multiplets Za can be

split as in (3.3) into n physical chiral multiplets Φi and one compensator U , and restrict to

homogeneous W(Z) and K(Z, Z̄). These are related to the standard Einstein-frame super-

and Kähler potentials W (Φ) and K(Φ, Φ̄), and one goes to the Einstein frame formulation

as outlined in section 3.1. In appendix B we collect some comments and formulas about

superspace and super-Weyl invariance, which may be useful to translate from global to

local Einstein-frame supersymmetry.

7.1 Master three-form multiplets from duality

As a starting point, we observe that the three-form potential AA3 can be identified as a

component of a real superfield PA. The two-form gauge transformations (3.44) complete

to the following superfield gauge transformations

PA → PA +RA , (7.3)

where RA are arbitrary real linear multiplets (such that D2RA = D̄2RA = 0), which

contain the gauge two-form parameters ΛA
2 . More precisely, the component expansion of

PA reads18

PA = pA + iθρA − iθ̄ρ̄A + iθ2s̄A − iθ̄2sA + θσmθ̄(∗AA3 )m (7.4)

+ iθ2θ̄

(
χ̄A +

i

2
σ̄m∂mρ

A

)
− iθ̄2θ

(
χA +

i

2
σm∂mρ̄

A

)
+

1

2
θ2θ̄2

(
dA − 1

2
2pA

)
,

17We mostly adopt the conventions of [75]. The main difference is that for the bosonic formulas involving

differential forms we keep using the more standard conventions of ordinary differential geometry, reviewed

for instance in [76]. See footnote 21 for more details.
18Strictly speaking, the component expansions (7.4) and (7.5) hold for multiplets of rigid supersymmetry,

with the components of the corresponding superfields defined by taking the Dα and D̄α̇ derivatives of

the latter. In locally supersymmetric theories the components of a multiplet are defined by acting on the

corresponding superfield with curved covariant derivatives Dα and D̄α̇. See [30, 75] for the definition of the

components of real multiplets in the locally supersymmetric case and [14] for the definition of superspace

real potentials containing gauge three-forms.
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while the component expansion of the real linear superfields is

RA = rA + iθηA − iθ̄η̄A +
1

2
θσmθ̄ε

mnpq∂[nΛApq]

+
1

2
θ2θ̄σ̄m∂mη

A − 1

2
θθ̄2σm∂mη̄

A − 1

4
θ2θ̄22rA .

(7.5)

This shows that, at the component level, the gauge transformation (7.3) incorporates (3.44),

and furthermore pA → pA+lA and ρA → ρA+ηA. Hence, AA3 appearing in (7.4) can indeed

be interpreted as a three-form potential while the components pA and ρA are not physical

and may be set to zero by imposing a Wess-Zumino gauge. The only gauge-invariant

degrees of freedom contained in PA are the complex scalars sA, the Weyl fermions χA and

the real scalars dA. Together with the field-strengths

FA4 ≡ dAA3 (7.6)

they can be combined in the chiral superfield [77]:

SA ≡ − i

4
D̄2PA = sA +

√
2θχA +

1

2
θ2(∗FA4 + idA) + . . . (7.7)

Hence, we can interpret each PA as an elementary three-form multiplet and SA as its

field-strength multiplet.

We can now repeat, at a superspace level, the dualization procedure described in

section 3.2. As a first step, one promotes the constants NA appearing in the superpo-

tential (3.5) to chiral superfields XA, whose lowest components contain as real parts the

scalar fields yA. The parent Lagrangian can then be obtained by replacing the second term

in (7.1) (with 2E = 1) with

2

∫
d4θ PAImXA +

[ ∫
d2θXAVA(Z) +

∫
d2θ Ŵ(Z) + c.c.

]
. (7.8)

Ignoring for a moment a subtle role of boundary terms discussed in appendix C, we observe

that the PA appear linearly in the action and can then be integrated out exactly. Indeed,

their equations of motion are ImXA = 0 which, for XA being chiral, has the unique solution

XA = NA , (7.9)

with NA real constants.19 It is then clear that, by plugging (7.9) back into (7.8), we

get the original theory with the superpotential (7.2). As in the bosonic case discussed

in section 3.2, the well-defined variation principle for PA and the gauge invariance of the

action under (7.3) are ensured by taking as boundary conditions XA|bd = NA.

We can now make the crucial step to get the dual formulation. Since the chiral multi-

plets XA appear linearly, they can be integrated out too. This produces the constraints

VA(Z) = − i

4
D̄2PA ,

19Of course, the discussion of section 3.2 on the quantization of the constants NA extend to the complete

supersymmetric case.
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which are the superspace analog of the bosonic (3.20) and the same ones appearing in the

definition (7.7) of the field-strength multiplets SA. We therefore dub as master three-form

multiplets those constrained chiral multiplets which satisfy these conditions. Denoting

them by Za, we set

VA(Z) ≡ SA (7.10)

and then, by plugging Za = Za into the parent Lagrangian, we get the dual effective

Lagrangian ∫
d4θK(Z, Z̄) +

(∫
d2θ Ŵ(Z) + c.c.

)
+ Lbd , (7.11)

where Lbd collects the boundary terms, whose structure is described in appendix C.

We see that the bulk terms of the effective Lagrangian (7.11) depend on the field-

strength multiplets SA only through the master multiplet Za. In order to better understand

the constraints (7.10) and the structure of the Za’s, let us expand (7.10) in components.

By using (7.7) and the analogous expansion

Za = za +
√

2 θψa + θ2fa + . . . (7.12)

we see that (7.10) translates into

VA(z) = sA , (7.13a)

VAa (z)ψa = χA , (7.13b)

VAa (z)fa =
1

2

(
∗FA4 + idA

)
. (7.13c)

Here (7.13a), (7.13b) and the real part of (7.13c) simply fix sA, χA and dA in terms of

za, ψa and fa. The key nontrivial condition is provided by the real part of (7.13c), which

constrains the fa’s to depend in a specific way on the field-strengths FA4 = dAA3 . In

other words, part of fa’s should be considered as composites of FA4 and not as auxiliary

fields anymore.

We can be more precise about this latter point, in parallel with the discussion on

the invertibility of the three-form kinetic matrix TAB of appendix A. For fixed za, the

number of (za-dependent) linear combinations of field-strengths FA4 that appear in fa

through (7.13c) is given by the rank of the matrix (VAa , V̄Ab̄ ). Hence, the incorporation of

k three-forms AA3 into Za is non-degenerate only if k = rank(VAa , V̄Ab̄ ). Clearly, this can

happen only if k ≤ 2(n + 1), where n + 1 is number of complex scalars za. We then find

the same conditions as obtained by imposing the invertibility of TAB.

By appropriately covariantizing the above formulas, integrating out the auxiliary fields

and Weyl-fixing the theory to the Einstein frame, one can get the component action with

the physical fields, now including also the three-form potentials AA3 . Appendix B contains

some details about this procedure, showing in particular how the bosonic action discussed

in section 3.2 is recovered.

A few comments are in order:
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• The dualization procedure is independent of K and Ŵ, which are completely arbitrary.

Furthermore, one can easily include spectator multiplets without affecting it. In

particular, spectator chiral multiplets may be considered as the part of the Za that,

because of some degeneracy of the matrix VAa , are not affected by the constraint (7.10)

— see page 21 for an example.

• The important distinguishing features characterising the way in which the three-

form multiplets enter the EFT are encoded in the periods VA(z). Notice that the

periods VA(z) are part of the ‘holomorphic’ structure characterizing the EFT and

as such are expected to be protected quantities. After appropriate covariantization

to local supersymmetry, this holomorphic structure is manifest in the Weyl-invariant

formulation and becomes hidden after Weyl-fixing to the Einstein frame.

• It may be practically convenient to use the physical fields za, ψa and AA3 in the effec-

tive action. Since the constrain (7.10) is manifestly supersymmetric, the component

effective action is guaranteed to be supersymmetric as well. However, one should

keep in mind that za, ψa and AA3 are supersymmetrically related only through the

non-linear constraint (7.10).

• The boundary term Lbd in (7.11) plays a key role in the duality, since it non-trivially

contributes to the action. This should be perhaps clearer from the bosonic discussion

of section 3.2.

• The invariance under the EFT dualities which acts linearly on the periods, observed

at the bosonic level in section 3.5, immediately extends to the complete superspace

formulation. In particular, combining (3.53), (7.10) and (7.7) it is clear that the

elementary three-form multiplets PA must transform as the periods under the du-

ality: PA → RABP
B. The supersymmetric lagrangian (7.11) is then automatically

invariant under such duality tranformations.

In general, an explicit solution of the constraint (7.10) may be non-obvious. We now

discuss two extreme cases, corresponding to the two cases of bosonic EFTs considered in

section 3.2, in which an explicit solution actually exists at the superspace level. In these

cases (7.10) reduces to the single and double three-form multiplets discussed in [13, 14].

The single three-form case. Suppose for instance that k = n + 1, so that we can

identify the indices, e.g. A = a. Assuming the non-degeneracy of VAa , locally in field space

one can make a field redefinition Va(Z)→ Za, so that the original superpotential contains

the linear term NaZ
a. In this case the constraint (7.10) reduces to

Za ≡ Sa = − i

4
D̄2P a . (7.14)

That is, the master multiplets Za can be directly identified with the field-strength mul-

tiplets of the elementary three-form multiplets P a. In such a case, (7.11) reduces to the

Lagrangian for elementary three-form multiplets (plus possible spectators).
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The double three-form case. Suppose now that k = 2n + 2. By a field-redefinition,

we may (locally in field space) set

VA(Z) ≡

(
Za

Gb(Z)

)
, PA ≡

(
Pa

P̃b

)
. (7.15)

The constraint (7.10) then splits as follows:

Za = Sa ≡ − i

4
D̄2Pa , (7.16a)

Ga(Z) = S̃a = − i

4
D̄2P̃a . (7.16b)

Assume now that we can write Ga(Z) = Gab(Z)Zb, which is indeed the case in the lo-

cally supersymmetric case by the homogeneity of VA, with invertible Mab ≡ ImGab. By

substituting the first condition into the second, we get

D̄2
[
Gab(Z)Pb − P̃a

]
= 0 . (7.17)

Hence, the above constraints can be explicitly solved by setting

Gab(Z)Pb − P̃a ≡ −2Σa , (7.18)

where Σa is an arbitrary complex linear multiplet, i.e. such that D̄2Σa = 0. We can then

invert (7.18) into

Pa = −2MabImΣb , P̃a = −2Im(ḠabMbcΣc) . (7.19)

That is, we can consider Σa as elementary superfields. By using the first of (7.19)

into (7.16a) we get the following explicit form of the master three-form multiplets

Za =
i

2
D̄2
(
MabImΣb

)
, (7.20)

and by plugging this into (7.11) we recover the double three-form multiplet Lagrangian

constructed in [13, 14].

Notice that the definition of the three-form constraints (7.16) is invariant under

possible symplectic/duality-like transformations, and makes manifest the duality prop-

erties of the double three-form multiplets of [13, 14]. In particular, in the case of spe-

cial Kähler structures, the constraints (7.16) do not require the existence of a special

geometry prepotential.

7.2 Tadpole and three-form gauging

In section 3.3 it was explained how to implement flux tadpole conditions of the form (3.29)

at the EFT level. One must split the complete set of fluxes NA characterizing the EFT as

in (3.1), where N bg
A denote some non-dynamical background fluxes, while NA are the fluxes

that will eventually be dualized to dynamical three-forms potentials. Then the quadratic

tadopole conditions (3.29) become linear in NA, as in (3.37), and can be implemented by
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coupling the theory to four-form potentials CI4 in the EFT and gauging the potentials AA3
as in (3.39) under the three-form gauge transformations (3.33). In this section we discuss

the supersymmetric completion of this mechanism.

The four-form potentials CI4 can be regarded as components of chiral superfields ΓI [77]:

CI4 =
1

2
Im(D2ΓI)| dx0 ∧ dx1 ∧ dx2 ∧ dx3 , (7.21)

and the gauge transformations (3.33) and (3.39) admit the following supersymmetric

completion

ΓI → ΓI +
1

4
D̄2ΞI , (7.22a)

PA → PA −QAI ΞI , (7.22b)

where ΞI3 are real superfield which admit an expansion similar to (7.4), with AA3 replaced by

ΛI3. The first term of (7.8), which appear in the parent Lagrangian, is not gauge-invariant

anymore and must then be supplemented by

i

∫
d2θ ΓI(QAI XA − Q̃bg

I ) + c.c. , (7.23)

where Q̃bg
I and QAI are defined in (3.30). Notice that indeed the ΓI equations of motion,

combined with the solution (7.9) of the PA equations of motion, imply the tadpole condi-

tion (3.37). One can then integrate XA out, getting a dual theory for the three-form multi-

plets which is formally identical to (7.11). The only difference is that the constraints (7.10)

defining the master three-form multiplet Za must be modified into

VA(Z) = ŜA ≡ SA − iQAI ΓI , (7.24)

which are invariant under the gauge transformations (7.22). The chiral superfields ŜA de-

fined in (7.24) provide the multiplets containing the modified field-strengths F̂A4 introduced

in (3.41). Hence, by expanding the supespace action in components and integrating the

auxiliary fields, one gets formally the same action for za, ψa, with FA4 replaced by F̂A4 . This

is discussed in appendix B at the bosonic level. The resulting bosonic Lagrangian indeed

coincides with the bosonic theory obtained in section 3.3.

7.3 Gauged linear multiplets and axion monodromy

Suppose now that the spectator sector contains a number of real linear multiplets LΛ (such

that D2LΛ = D̄2LΛ = 0), which have the component expansion like (7.5):

LΛ = lΛ + . . .+ θσmθ̄(∗HΛ
3 )m + . . . (7.25)

where, as in section 3.4, HΛ
3 = dBΛ

Σ. It is well known [78] that these linear multiplets can

be dualized to a set of chiral multiplets TΛ = tΛ + . . . and that the resulting EFT will be

symmetric under constant shift of the axions aΛ ≡ Re tΛ, which are dual to the two-form

potentials BΛ
2 .

– 48 –



J
H
E
P
1
0
(
2
0
1
9
)
1
1
0

As in section 3.4, we would instead like to reconsider the linear/chiral multiplet du-

ality in presence of a two-form gauging of the form (3.44). This admits the following

supersymmetrization

LΛ → LΛ − cΛ
AR

A , (7.26)

where RA are the linear multiplets introduced in (7.5) that define the gauge transforma-

tions (7.3). One can then construct the gauge-invariant real superfields

L̂Λ ≡ LΛ + cΛ
AP

A , (7.27)

which satisfy the modified ‘Bianchi identity’

− i

4
D̄2L̂Λ = cΛ

AS
A , (7.28)

and provide the supersymmetric completion of the gauge-invariant field-strengths (3.45).

Ignoring for the moment tadpole conditions, in order to include the above gauged linear

multiplets we can generalize (7.11) to

L =

∫
d4θF(Z, Z̄, L̂) +

(∫
d2θ Ŵ(Z) + c.c.

)
+ Lbd , (7.29)

where F(Z, Z̄, L̂) is a (real) kinetic function which substitutes the Kähler potential K in

presence of linear multiplets, and the Lbd can be computed using the procedure explained

in appendix C. Starting from the superspace Lagrangian (7.29) one can in principle obtain

its component form straightforwardly — see appendix B, which focuses on the bosonic

components.

We can now combine the dualization described in section 7.1 and the standard lin-

ear/chiral duality [78] to relate (7.29) to a description in terms of ordinary chiral multi-

plets only. As a first step, one must relax the constraint (7.28) and complete the parent

Lagrangian which was used in section 7.1 as follows:

L =

∫
d4θF(Z, Z̄, L̂) + 2

∫
d4θ PA

(
ImXA + cΛ

AImTΛ

)
−2

∫
d4θ L̂ΛImTΛ

+

[ ∫
d2θXAVA(Z) +

∫
d2θ Ŵ(Z) + c.c.

]
,

(7.30)

with TΣ a chiral superfield and L̂Λ must be considered as an unconstrained real superfield.

Notice that this Lagrangian is invariant under (7.3), as it should. On the one hand, if we

integrate out TΛ we get the constraint (7.28), so that we can write LΛ as in (7.27), with LΛ

being linear multiplets. We may then integrate out XA to get (7.10) and obtain (7.29). On

the other hand, starting back from (7.30) and integrating out PA, one gets the identification

XA = NA − cΛ
ATΛ (7.31)

for constant NA. One may then integrate out L̂Λ to get a Lagrangian for the chiral

multiplets Za and TΣ, with superpotential

W(Z, T ) = NAVA(Z)− cΛ
A TΛVA(Z) + Ŵ(Z) , (7.32)
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and Kähler potential

K = F − 2L̂ΛImTΛ . (7.33)

Here L̂Λ’s must be considered as the functions of the chiral multiplets obtained by inverting

ImTΛ =
1

2

∂F
∂L̂Λ

. (7.34)

We may now dualize back NA to four-form field strengths, as in the previous sections. The

resulting Lagrangian takes the form∫
d4θK(Z, Z̄, T, T̄ ) +

(∫
d2θ Ŵ ′(T,Z) + c.c.

)
+ Lbd , (7.35)

where Za are master multiplets, we have introduced

Ŵ ′(Z, T ) ≡ −cΛ
ATΛVA(Z) + Ŵ(Z) , (7.36)

and Lbd is given by (C.2) and (C.3), with Ŵ(Z) replaced by Ŵ ′(Z, T ) in (C.3). In

some circumstances, we may also regard cΛ
A as flux quanta, which may be dualized to

corresponding four-form field-strengths. In our string theory examples of section 5 and 6,

cΛ
A can be associated with various kinds of ordinary, geometric and non-geometric fluxes.

It is clear that the effect of the gauging (7.26) is dual to the appearance of the mixed

term cΛ
A TΛVA(Z) in the superpotential (7.32). This term breaks the shift-symmetry under

constant real shifts

TΛ → TΛ + nΛ (7.37)

On the other hand, if nΛ ∈ Z, that is, (7.37) are multiple of the axionic periods of TΛ,

then (7.37) can be reabsorbed by the shift NA → NA + cΛ
AnΛ, hence exhibiting an axion

monodromy structure. In the corresponding formulations in terms of three-form multi-

plets, these spurionic symmetries are upgraded to proper symmetries, as anticipated at

the bosonic level in section 3.5. Indeed, the shift (7.37) induces a shift ∆Ŵ ′ = −nΛc
Λ
AVA,

whose contribution to the Lagrangian (7.35) is exactly cancelled by the variation of the

boundary term Lbd.

8 Supersymmetric 3-branes, strings and membranes

In supersymmetric theories branes can be described by an embedding of the brane bosonic

world-volumes to superspace. In this way one can construct quite generic brane actions

which however preserve supersymmetry only at the non-linear level, hence spontaneously

breaking the complete bulk supersymmetry. Having a brane that locally preserves part of

the bulk supersymmetry strongly constrains the form of the action. As we show in this

section, this is what happens also in our models, in which we can couple strings, mem-

branes and 3-branes to the bulk two-, three- and four-form potentials. As anticipated in

section 4, the corresponding supersymmetric actions are completely fixed by their charges.

In particular, this fixes the field-dependence of their tensions.

In order to avoid ambiguities, in the following we will abandon the sloppy rigid-

superspace notation adopted so far, going back to the more precise fully curved super-

space notation.
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8.1 Effective super 3-branes

Let us start from the 3-branes. Such objects do not have a standard brane dynamics in

four dimensions and are then qualitatively different from membranes and strings. However,

as discussed in section 4 they can end on membranes and lead to interesting tadpole-

changing effects.20

Let us consider the bosonic WZ term (4.6). This admits the following

supersymmetrization

µI

∫
S

CI
4 , (8.1)

where S denotes the 3-brane world-volume which is embedded in superspace and defines

the pull-back of the integrated super four-form21

CI
4 = Eb ∧ Ea ∧ Ēα̇ ∧ Ēβ̇σ̄ab α̇β̇ΓI+Eb ∧ Ea ∧ Eα ∧ Eβσab αβΓ̄I

−1

6
Ec ∧ Eb ∧ Ea ∧ Ēα̇εabcdσdαα̇DαΓI +

1

6
Ec ∧ Eb ∧ Ea ∧ Eαεabcdσdαα̇D̄α̇Γ̄I

+
i

96
Ed ∧ Ec ∧ Eb ∧ Eaεabcd

(
(D2 − 24R̄)ΓI − (D̄2 − 24R)Γ̄I

)
, (8.2)

where ΓI are the chiral superfields introduced in section 7.2. This is the unique closed

(but not exact) super four-form which has the bosonic four-form potential CI4 as bosonic

component. This property implies that, as long as S has no boundary, the WZ-term (8.1)

is left invariant under any superdiffeomorphism. Hence, it certainly does not spontaneously

break any bulk supersymmetry.

One may try to add a supersymmetric Nambu-Goto like term, associated with a ten-

sion for the 3-brane. In presence of such a term, the 3-brane would become a ‘goldstino

brane’ [37, 38], realizing supersymmetry only non-linearly and hence always spontaneously

breaking it completely. Even though such contributions could be important in string com-

patifications, for instance in presence of microscopic anti-branes, the resulting EFT becomes

quite unconstrained [38] and one probably needs to work it out case-by-case or understand

some other organizing principle. We emphasize that, at the effective four-dimensional level,

nothing seems to correlate the sign of charges µI with the presence of a goldstino brane

term in the action. This is in contrast with what happens in typical string compactifica-

tions, in which such correlation is quite universal and the EFT supersymmetry is linearly

realized only for specific signs of the µI ’s. It would then be interesting to see whether such

correlation could be understood at the EFT level only.

Postponing these interesting problems to the future, in this paper we just consider

contributions of the form (8.1) to the EFT and no additional goldstino brane terms. The

20Typically, 3-branes also support dynamical world-volume fields. For simplicity, in this paper we will

not consider this possibility.
21We use the following definition of superspace exterior derivative: given a super p-form Ap, its exterior

derivative is given by dAp = (−)pdWBAp, where dWB is the exterior derivative used in [75]. In this way,

the exterior derivative of the lowest component Ap ≡ Ap|θ−θ̄=0 is the usual bosonic one — see footnote 17.

Furthermore, given the embedding of a (p+ 1)-dimensional bosonic manifold Σp+1 into superspace, we use

orientation conventions such that Stokes’ theorem reads
∫

Σp+1
dAp =

∫
∂Σp+1

Ap.
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signs of the µI charges can be then considered as free discrete parameters to be fixed by

matching with the microscopic supersymmetric models.

The action (8.1) is basically topological and then, apart from contributing to the total

four-form charge QI by µI , does not seem to have much physical content. However, as

discussed in section 4, things become more interesting if we allow the world-volume S to

have non-trivial boundary ∂S. In section 4 we have discussed, at the bosonic level, how to

use these open 3-branes to cancel the potential anomalies of membrane. In the following

subsection we will see that this mechanism can indeed be made manifestly supersymmetric.

8.2 Effective supermembranes

We now show how to supersymmetrically add membranes by extending the results of [14].

A membrane couples to the bosonic three-form potentials AA3 through a bosonic WZ-term

qA
∫

ΣA
A
3 , where Σ denotes the membrane world-volume and qA its charges. This WZ-term

can be supersymmetrized by promoting the bosonic embedding of Σ to an embedding in

the complete superspace and by completing AA3 to the super three-forms

AA
3 =−2iEa ∧ Eα ∧ Ēα̇σaαα̇PA +

1

2
Eb ∧ Ea ∧ Eασab αβDβPA

+
1

2
Eb ∧ Ea ∧ Ēα̇σ̄abβ̇ α̇D̄β̇P

A

+
1

24
Ec ∧ Eb ∧ Eaεabcd

(
σ̄dα̇α[Dα, D̄α̇]PA + 8GdPA

)
,

(8.3)

where PA are the (appropriately covariantized) real superfields introduced in section 7.1.

Notice that the lowest component of AA
3 is indeed AA3 . The super three-forms AA

3 are de-

fined up to a gauge transformation, but their super field-strengths FA
4 = dAA

3 are uniquely

determined in terms of the composite chiral multiplets SA defined in (7.7) — see appendix

D of [14].

By itself, the resulting WZ-term spontaneously breaks all four generators of the bulk

N = 1 supersymmetry, which always shifts the fermionic world-volume fields defined by

the embedding. The usual strategy to overcome this problem is to add a term to the

WZ-term such that the resulting action enjoys a fermionic gauge symmetry, the so-called

κ-symmetry. This redundancy allows part of the bulk supersymmetry transformations to

induce unphysical world-volume fermionic shifts and then to be locally preserved. In the

present case, this requirement fixes the following form of the membrane action

Smem = −2

∫
Σ

d3ζ |qAŜA|
√
− det h + qA

∫
Σ

AA
3 , (8.4)

where ζi denote some local coordinates on Σ and hij ≡ ηabE
a
i E

b
j , with Eai the pull-back

of the bulk super-vielbein to Σ. By using (8.3) and the local supersymmetry counterpart

of (7.4), keeping only the lowest bosonic components, one reduces (8.4) to (4.3).

Postponing for the moment the discussion of κ-symmetry, we first recall that superfields

ŜA appearing in (8.4) have been defined in (7.24) and are gauge-invariant under the three-

form gauge transformations (7.22). Hence, the first Nambu-Goto-like term appearing on

the r.h.s of (8.4) is manifestly gauge invariant as well. On the other hand, the WZ-term
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appearing in (8.4) is generically invariant under the super-form completion of three-form

gauge transformations (3.39) only if qAQ
A
I = 0. (Notice also that in such a case the

combination qAŜ
A appearing in (8.4) reduces to qAS

A.) This supersymmetric completion

is given by

C4
I → C4

I + dΛI
3 , (8.5a)

AA
3 → AA

3 − qAQAI ΛI
3 , (8.5b)

with

ΛI
3 =−2iEa ∧ Eα ∧ Ēα̇σaαα̇ΞI +

1

2
Eb ∧ Ea ∧ Eασab αβDβΞI

+
1

2
Eb ∧ Ea ∧ Ēα̇σ̄abβ̇ α̇D̄β̇ΞI

+
1

24
Ec ∧ Eb ∧ Eaεabcd

(
σ̄dα̇α[Dα, D̄α̇]ΞI + 8GdΞI

)
.

(8.6)

At this point the open 3-brane mentioned at the end of the previous subsection come to the

rescue. Indeed, the bosonic discussion of section 4 extends immediately to the superspace

level by using the super-form gauge tranformations (8.5). Hence, the membrane anomaly

can be cancelled by attaching to it an open 3-brane of charges µI = QAI qA.

Let us now pass to the κ-symmetry. In this section we adopt the standard notation [75]

in which the superspace coordinates are denoted by zM , which should not be confused with

the bulk complex fields za! The κ-tranformation is defined by

δzM (ζ) = κα(ζ)EMα (z(ζ)) + κ̄α̇(ζ)EMα̇(z(ζ)) , (8.7)

where the local fermionic parameter κα(ζ) (with κ̄α̇(ζ) ≡ κα(ζ)) satisfies the projection

condition

κα = − qAŜ
A

|qAŜA|
Γαα̇κ̄

α̇, (8.8)

and

Γαα̇ ≡
iεijk

3!
√
− deth

εabcdE
b
iE

c
jE

d
k σ

a
αα̇. (8.9)

In the non-anomalous case qAQ
A
I = 0, the invariance of the action (8.4) follows imme-

diately from the proof given in [14]. In the case qAQ
A
I 6= 0, the same proof shows that (8.4)

is not invariant anymore, but rather produces a non-vanishing contribution .

qAQ
A
I

∫
Σ
δzM ιMCI

4 (8.10)

However, the open 3-brane that need to be attached to membrane in order to cancel its

three-form anomaly comes to the rescue once again. Indeed, it is sufficient to extend δzM (ζ)

to the 3-brane world-volume in an arbitrary way. By using the condition µI = qAQ
A
I and

the fact that CI
4 is closed (8.7), it is then easy to see that the corresponding variation of the

3-brane topological action (8.1) localizes on its boundary Σ and perfectly cancels (8.10).
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8.3 Effective superstrings

We finally consider strings. The logic will be completely analogous to the membrane

case, hence we will proceed more quickly. The following results can be easily justified by

appropriately adapting and extending the results of [39, 40, 79].

By imposing κ-symmetry and the appropriate WZ-coupling to the bulk two-form po-

tentials BΛ
2 , one arrives at the following unique action for a string of charges qΛ

−
∫
C

d2ζ|eΛL̂
Λ|
√
− det h + eΛ

∫
C

BΛ
2 , (8.11)

where L̂Λ are defined in (7.27), and BΛ
2 is a super-two-form whose field-strength super-

three-form HΛ
3 is given by

HΛ
3 = dBΛ

2 = − 2iEa ∧ Eα ∧ Ēα̇σaαα̇LΛ

+
1

2
Eb ∧ Ea ∧ Eασab αβDβLΛ +

1

2
Eb ∧ Ea ∧ Ēα̇σ̄abβ̇ α̇D̄β̇L

Λ

+
1

24
Ec ∧ Eb ∧ Eaεabcd (σ̄dα̇α[Dα, D̄α̇] + 8Gd)LΛ .

(8.12)

This is the unique closed super-three-form that can be constructed from the linear mul-

tiplets and that has HΛ
3 = dBΛ

2 as the lowest component [79]. It is also clear that (8.11)

reduces to (4.1) once we restrict to the bosonic components.

The κ-transformation is given by (8.7) with κα satisfying the projection condition

κα = − eΛL̂
Λ

|eΛL̂Λ|
Γα

βκβ , (8.13)

with

Γα
β ≡ 1

2
√
− det h

εijEai E
b
j (σab)α

β . (8.14)

The invariance of the string action under the bulk gauge transformations (7.26) and world-

sheet κ transformations holds in a way similarly to the membrane case. Namely, if eΛc
Λ
A = 0,

then the string action (8.11) is invariant under both kinds of transformations. If eΛc
Λ
A 6= 0,

it is not, but both anomalies can be cancelled by attaching to the string an open membrane

with charges qA = eΛc
Λ
A. The combined action for the membrane and the string will be

invariant under κ-transformations whose parameters are subject to two projections (8.8)

and (8.13) implying that this system may in general preserve the maximum of 1/4 bulk

supersymmetry.

Clearly, the above actions can be combined to obtain supersymmetric effective actions

for more complicated networks of 3-branes, membranes and strings, like those considered

in e.g. [23, 24]. A detailed treatment of these more involved configurations is left for

future work.

9 Conclusions

In this work we have extended the construction of 4d supersymmetric three-form La-

grangians initiated in [13, 14] to accommodate, from an EFT viewpoint, the most general
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superpotentials found in string theory compactifications with fluxes. The key technical

development is the inclusion of a more general class of three-form multiplets, dubbed mas-

ter multiplets, defined in terms of the periods entering the flux-induced superpotential

in its Weyl-invariant formulation — see sections 3 and 7. As a direct application one

can construct the κ-symmetric actions for 4d extended objects like 3-branes, membranes

and strings, which have a tension-to-charge ratio in agreement with dimensional reduction

expectations — see sections 4 and 8.

This improvement can be easily combined with other important ingredients that appear

in three-form Lagrangians, like the different p-form gaugings encoding discrete, topological

data of the EFT. A relatively familiar kind of gauging is that of a two-form potential by

a three-form [17, 18, 80–82]. This gauging appears in certain compactification regimes in

which a continuous shift symmetry is developed at the level of the chiral field kinetic terms,

but is broken at the level of the superpotential. In other words, this gauging signals the

presence of an axion in the EFT superpotential [9], which translates into a multi-branched

effective scalar potential. In terms of 4d defects, this feature manifests as the presence of

an anomalous axionic string, in which certain membranes must end to cure the anomaly.

This is however not the only kind of gauging involving three-forms. As we have shown,

implementing the tadpole conditions of a string compactification at the EFT level results

in gaugings of three-form potentials by four-forms. Indeed, the presence of 4d four-forms

has so far been essentially ignored from the EFT viewpoint, but it is easy to see that each

of these forms is related to a different tadpole condition of the compactification. As for the

previous gaugings, there is a counterpart of their presence in terms of 4d defects, this time in

terms of certain anomalous membranes, in which 3-branes must end to cure their anomaly.

There is a consistency condition ensuring the compatibility of both kinds of gaugings, which

prevents extended objects that are boundaries to have boundaries themselves.

Bringing all these ingredients together, one finds several obstructions to dualize to

three-forms the whole set of fluxes appearing in the superpotential. More precisely, if Γ

describes the lattice of compactification fluxes, one needs to select a sublattice ΓEFT of

‘dynamical’ fluxes, that can then be dualized to a set of three-form multiplets. As a result,

the corresponding EFT is only able to describe membrane-mediated flux transitions within

ΓEFT, unlike one may have initially thought. The elements of the quotient Γ/ΓEFT are to

be thought as fixed discrete parameters, and in order to vary them one should change the

EFT itself.

In this framework, the obstructions to identify ΓEFT with Γ are a priori all different,

and arise independently from each of the three EFT ingredients mentioned above:

– Supersymmetry : the number of dynamical fluxes must be such that n + 1 ≤
dim ΓEFT ≤ 2n + 2, where n is the number of chiral fields entering the superpo-

tential terms generated by the dynamical fluxes. This comes from the upper and

lower bound on the number of three-forms per scalar in master multiplets.

– Tadpoles : fluxes typically contribute to tadpole conditions quadratically, by means

of symmetric bilinear forms II . To implement tadpoles as three-form gaugings, ΓEFT

must be an isotropic sublattice of Γ with respect to each of these parings. As a result,
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at the level of the EFT tadople cancellation appears as a set of linear conditions on

the dynamical fluxes.

– Axion-monodromy : in certain regimes of the compactification anomalous axionic

strings appear at low energies, which means that membranes can nucleate holes in

their worldvolume [23, 24]. At the EFT level it makes sense to include the two-forms

coupled electrically to the strings, together with a gauging encoding the anomaly.

The gauging parameters will be fluxes that cannot belong to ΓEFT.

We have applied these criteria to different instances of string compactifications. In each

of them we have compared the most natural choice of ΓEFT solving the above obstructions

with the spectrum of membrane tensions. We have found that, in all cases, one can

choose an EFT cut-off scale ΛUV such that ΓEFT is selected as the sublattice of membranes

satisfying
Tmem

M2
P

. ΛUV , (9.1)

so that the notion of dynamical flux acquires a more precise energetic meaning. Particularly

interesting are weakly-coupled type IIB orientifold compactifications, where ΛUV lies just

above the mass scale induced by NS-NS three-form fluxes, and ΓEFT is given by the lattice

of R-R membranes, parametrically lighter than their NS-NS counterparts. Another very

illustrative example is type IIA compactifications, where one can see that, due to the

spectrum of membrane tensions, even the definition of Γ changes as one goes from the

weakly-coupled to the M-theory regime.

In fact, the condition (9.1) does not select the full sublattice ΓEFT, but a large region

whose vectors have their norm bounded from above. This is reminiscent of certain EFT

criteria like the Swampland Distance Conjecture and generalizations thereof [4–6], which

claim that the same EFT should be valid only up to displacements of a maximal distance

in field space. Indeed, intuitively one expects that flux transitions with larger norms in

ΓEFT correspond to jumps between vacua related by larger displacements in field space.

Therefore, the SDC implies that the whole ΓEFT should not be accessible to a single EFT,

in agreement with our scheme. We leave a more detailed discussion of how our results

combine with this and other conjectures of the Swampland Program for the future.

Our findings can be applied and generalized in different directions. For instance, one

interesting technical development would be to include world-volume matter supported on

the effective 3-branes, membranes and strings that we have considered. Such a matter

content is expected from the string theory constructions, like 4d gauge bosons and adjoint

chiral fields on 3-branes, and it would be interesting to see how the EFT treats this sector

upon membrane-mediated transitions that change the number of 3-branes. Moreover, the

presence of world-volume matter would allow for the study of possible novel swampland

criteria, along the lines of [83].

Moreover from our results it follows that, in appropriate parametric regimes, three-

forms, membranes and strings are in fact needed to provide the complete low-energy EFT of

flux compactifications. More traditional formulations with fixed flux quanta can only access

part of the low-energy dynamical phenomena. The price to pay for this more complete
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description is that the EFT cut-off scale ΛUV must be fixed at a certain energy range

compatible with ΓEFT. We have found that, in several instances, such cut-off scale lies just

above the flux-induced mass scale. It is thus natural to wonder about the phenomenological

features of this EFT, and in particular about the physics that can be extracted from the sub-

ensemble of vacua dynamically connected through membrane nucleations within ΓEFT. One

may for instance ask whether, having the cut-off scale as low as mflux, physical observables

like the cosmological constant, Yukawa couplings, soft terms, etc. vary significantly along

this EFT landscape or not. Then, for those couplings that are effectively scanned over by

the EFT, one may attempt to see if any physically relevant information can be extracted

from a statistical analysis [8, 84]. In fact, it could well be that these three-form EFTs give us

a simple framework to understand how the statistical method of analysis of vacua and the

Swampland Program intertwine with each other. If that was the case, they could become

crucial for developing a new scheme to extract predictions out of string theory vacua.
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A Geometrical meaning of three-form kinetic matrix

In section 3.2 we have shown that the kinetic matrix of the three-forms AA3 , with index

A = 1, . . . , k, is given by

TAB ≡ 2Re
(
Kab̄VAa V̄Bb̄

)
, (A.1)

where VA(z) are homogeneous periods, which depend holomorphically on the homogeneous

fields za (including the Weyl compensator), with index a = 0, . . . , n, and Kab̄ is the inverse

of the hermitian metric Kab̄.
Let us now decompose eiθVA(z), where eiθ is an arbitrary phase, into real and imagi-

nary parts

eiθVA(z) = XA + iYA XA,YA ∈ R . (A.2)
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By holomorphy eiθVAa = 2XAa and then we can rewrite (A.1) in the form

TAB ≡ 4
(
Kab̄XAa XBb̄ +KābXAā XBb

)
. (A.3)

In section 7.1 we have also seen that the periods VA(z) define the homogeneous embedding

sA = VA(z) , (A.4)

into the field-space parametrized by the complex fields sA which appear in the elementary

three-form multiplets as in (7.4) and (7.7). The fields sA parametrize a k-dimensional

complex planeMS ' Ck and Re(eiθsA) parametrize a k-dimensional real subplaneMX ⊂
MS , with MX ' Rk. Then the real functions XA(z) define a map from the field space

MZ parametrized by za to MX :

ι :MZ →MX . (A.5)

We arrive at the following interpretation of TAB. 4Kab̄ defines a metric on the contan-

gent bundle T ∗MZ . Then TAB represent the push-forward of this metric to the cotangend

bundle T ∗MX restricted to the image of (A.5). Since dimRMZ = 2n+ 2, it is clear that

TAB has at most rank 2n + 2 and can then be non-degenerate only if k ≤ 2n + 2. More

precisely, if k ≤ 2n+2 then the rank of TAB is given by the rank of the matrix
(
∂XA
∂xa ,

∂XA
∂ya

)
,

where xa + iya ≡ za and TAB is invertible if and only if this rank equals k. By using the

holomorphicity of VA(z), we can write it in the following alternative ways

rank(TAB) = rank
(
ReVAa , ImVAb

)
= rankC

(
VAa , V̄Ab̄

)
. (A.6)

The formula (A.6) allows us to write the invertibility condition rank(TAB) = k in terms of

the periods.

B Super-Weyl invariant Lagrangians

Throughout this work, we have extensively used the super-Weyl invariant formalism [85, 86]

(for a review see e.g. [30]). Here we provide a very brief summary on how to construct super-

Weyl invariant Lagrangians in supergravity for the cases of interest of string/M-theory

models here considered. After showing, in section B.1, how to recover the usual Lagrangian

with only chiral multiplets from the super-Weyl invariant approach, in section B.2 we

illustrate how to extract the bosonic components of Lagrangians which embed both chiral

and linear multiplets. Finally, in section B.3 we present the derivation of the full bosonic

Lagrangian which embeds three-form multiplets as well as gauged linear multiplets.

B.1 With only chiral multiplets

Consider a set of N dimensionless chiral multiplets Φi, whose bosonic components are

Φi = {φi, F iΦ} , with i = 1, . . . , n , (B.1)
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where φi are the lowest component complex scalar fields and F iΦ are the highest component

auxiliary complex scalar fields. At the core of the super-Weyl invariant formalism is the

introduction of an unphysical, chiral compensator U , which we choose to transform as

U → e−6ΥU (B.2)

under super-Weyl transformations. We recall that these act on the super-vielbeins as [85]

EaM → eΥ+ῩEaM , EαM → e2Ῡ−Υ

(
EαM −

i

4
EaMσ

αα̇
a D̄α̇Ῡ

)
. (B.3)

where (a, α) are flat superspace indices, M = (m,µ) are curved indices and Υ is an arbitrary

chiral superfield parameterizing the super-Weyl transformation. Instead the dimensionless

superfields Φi are invariant under super-Weyl tranformations. Combining Φi and the com-

pensator U , we introduce new chiral superfields Za

Za = {za, F aZ} with a = 1, . . . , n+ 1 , (B.4)

where za and F aZ are understood to be functions of the components of Φi and U and

transforming as U under super-Weyl transformations. In order to isolate the physical

fields, we assume that we can single out the compensator U as

Za = Uga(Φ) , (B.5)

where ga are functions of the physical fields only and are inert under super-Weyl

transformations.

The most general supergravity Lagrangian that we can build out of the Za multiplets is

L =

∫
d4θ EK(Z, Z̄) +

(∫
d2Θ 2E W(Z) + c.c.

)
(B.6)

where K(Z, Z̄) is the kinetic potential andW(Z) the superpotential. Additionally, however,

we require that they satisfy the following homogeneity conditions

K(λZ, λ̄Z̄) = |λ|
2
3K(Z, Z̄) , W(λZ) = λW(Z) , (B.7)

with λ an arbitrary chiral superfield.

In order to recover the ordinary Kähler potential K(Φ, Φ̄) and superpotential W (Φ),

we isolate the compensator U as

K(Z, Z̄) = |U |
2
3 e−

1
3
K(Φ,Φ̄) , W(Z) = U W (Φ) , (B.8)

where K(Φ, Φ̄) ≡ −3 log
[
−1

3K(g(Φ), ḡ(Φ̄))
]

and W (Φ) ≡ W(g(Φ)). Such homogeneity

properties of K and W make the Lagrangian (B.6) manifestly invariant under super-Weyl

transformations. In particular, (B.3) implies that

E → e2Υ+2ῩE , d2Θ 2E → e6Υd2Θ 2E . (B.9)
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Indeed, the Lagrangian (B.7) is also independently invariant under Kähler transfor-

mations. In fact, the split (B.5) is clearly not unique, since we may redefine

U → eh(Φ)U , ga(Φ)→ e−h(Φ)ga(Φ) . (B.10)

with h(Φ) an arbitrary holomorphic function of Φi. In turn, this redefinition corresponds

to an ordinary Kähler transformation

K(Φ, Φ̄)→ K(Φ, Φ̄) + h(Φ) + h̄(Φ̄) , W (Φ)→ e−h(Φ)W (Φ) . (B.11)

The bosonic components of the Lagrangian (B.6) acquire a very simple form

e−1Lbos = −1

6
KR−Kab̄Dµz

aD̄µz̄b +Kab̄faf̄ b + (Waf
a + c.c.) . (B.12)

Here we have redefined

fa ≡ M̄za − F aZ (B.13)

and introduced the U(1)-covariant derivatives

Dµz
a = ∂µz

a + iAµz
a with Aµ =

3i

2K
(Ka∂µzb −Kb̄∂µz̄b) . (B.14)

The auxiliary fields fa may be easily integrated out from (B.12), leading to the Lagrangian

e−1Lbos = −1

6
KR−Kab̄Dµz

aD̄µz̄b −Kab̄WaW̄b̄ . (B.15)

In order to pass to the Einstein frame, we isolate the compensator u ≡ U |θ=θ̄=0 and gauge-

fix the super-Weyl invariance by setting

u = M2
P e

1
2
K(φ,φ̄) ⇒ K = −3M2

P . (B.16)

For simplicity, in the following formulas we will set MP = 1 (an eventual dependence on the

Planck mass may be easily reinstated by dimensional analysis). Exploiting the homogeneity

properties (B.8), along with the condition (B.16), we arrive at the gauge-fixed Lagrangian

e−1Lbos =
1

2
R−Kī∂µφ

i∂µφ̄̄ − eK
(
K ̄iDiWD̄̄W̄ − 3|W |2

)
, (B.17)

with a canonically normalized Einstein-Hilbert term and where the last term is nothing

but the well-known Cremmer et al. potential [87].

B.2 With chiral and linear multiplets

Now consider, along with the chiral superfields (B.4), the linear multiplets

LΛ = {lΛ,HΛ
3 = dBΛ

2 } , with Λ = 1, . . . ,M , (B.18)

with lΛ real scalar fields andHΛ
3 real field strengths of gauge two-forms BΛ

2 . These transform

under the super-Weyl transformations as LΛ → e−2Υ−2ῩLΛ. The most general Lagrangian

that we can build out of the chiral multiplets (B.4) and linear multiplets (B.18) is

L =

∫
d4θ E F(Z, Z̄, L) +

(∫
d2θ 2E W(Z) + c.c.

)
. (B.19)
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As in (7.33), the kinetic function F(Z, Z̄, L) is related to the kinetic function K(Z, Z̄, ImT )

of the dual chiral formulation by the Legendre tranform

F(Z, Z̄, L) = K + 2LΛImTΛ (B.20)

with LΛ = −1
2

∂K
∂ImTΛ

. In analogy with (B.8), F and W satisfy the homogeneity conditions

F(λZ, λ̄Z̄, |λ|
2
3L) = |λ|

2
3F(Z, Z̄, L) , W(λZ) = λW(Z) , (B.21)

with λ an arbitrary chiral superfield.

The bosonic components of (B.19) can be extracted by using the method explained

in [75]22

e−1Lbos = − 1

6
F̃ R−Fab̄Dµz

aD̄µz̄b +
1

4
FΛΣ∂µl

Λ∂µlΣ +
1

4 · 3!
FΛΣHΛ

µνρHΣµνρ

+

(
i

2 · 3!
FāΣε

µνρσHΣ
νρσDµz̄

a + c.c.

)
+ Fab̄faf̄ b + (Waf

a + c.c.)
(B.22)

where we have redefined the auxiliary fields as in (B.13) and defined F̃ = F − lΛFΛ. Now,

the U(1)-covariant derivative is given by

Dµz
a = ∂µz

a + iAµz
a ,

with Aµ =
3

2(F̃ − F̃ΛlΛ)

[
i(F̃a∂µza − ¯̃Fā∂µz̄a) +

1

3!
F̃ΛεµνρσHΣνρσ

]
.

(B.23)

The integration of the auxiliary fields fa is immediate and gives

e−1Lbos = −1

6
F̃ R−Fab̄Dµz

aD̄µz̄b +
1

4
FΛΣ∂µl

Λ∂µlΣ +
1

4 · 3!
FΛΣHΛ

µνρHΣµνρ

+

(
i

2 · 3!
FāΣε

µνρσHΣ
νρσDµz̄

ā + c.c.

)
−Fab̄WaW̄b̄

(B.24)

In order to fix the super-Weyl invariance, it is convenient to introduce a function F (φ, φ̄, `)

which is the Legendre transform of the Kähler potential K(φ, φ̄, Imt) related to the dual

kinetic function K as in (B.8), that is:

F (φ, φ̄, `) = K + 2`ΛImtΛ (B.25)

with `Λ = −1
2

∂K
∂ImTΛ

. More directly, the variables (za, lΛ) are related to the new variables

(u, φi, `Λ) by

za = uga(φ) , lΛ = |u|
2
3 e−

1
3
F̃ (φ,φ̄,`)`Λ , (B.26)

where

F̃ ≡ F − `ΛFΛ . (B.27)

(Notice that it equals K.) The direct relation between F and F is somewhat convoluted

and is given by:

F(z, z̄, L) = −3|u|
2
3 e−

1
3
F̃

(
1− 1

3
`ΛFΛ

)
. (B.28)

22We refer to [88, 89] for the definition of the components of the linear multiplet in supergravity.
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Notice that, after the above field redefinitions, the dual kinetic function K can be identified

with F̃ = −3|u|
2
3 e−

1
3
F̃ and indeed the Einstein frame condition (B.16) now becomes

u = e
1
2
F̃ (φ,φ̄,`) ⇒ F̃ = −3 . (B.29)

We finally arrive, after integrating out the auxiliary fields f̃a, at

e−1Lbos =
1

2
R− Fī∂φi∂̄φ̄̄ +

1

4
FΛΣ

(
∂µ`

Λ∂µ`Σ +
1

3!
HΛ
µνρHΣµνρ

)
+

{
i

2 · 3!
Fı̄Σε

µνρσHΣ
νρσ∂µφ̄

ı̄ + c.c.

}
− eF̃

[
F ̄iDiWD̄̄W̄ − (3− `ΛF̃Λ)|W |2

]
(B.30)

where the Kähler covariant derivatives are now given by

Di = ∂i + F̃i . (B.31)

The Lagrangian (B.30) matches with that of [45] and is a generalization of the Lagrangian

computed in [88] in presence of a single linear multiplet.23

B.3 With chiral and gauged linear multiplets

Finally, let us consider the more general case where some chiral superfields are endowed with

gauge three-forms, namely they are constrained as in (7.10), and also linear multiplets are

present. The linear multiplets can also be gauged by the three-form potentials as in (7.26).

The most general Lagrangian including these ingredients (plus other hidden multiplets) is

given by (7.29). However, in order to obtain its expression in bosonic components, it is

convenient to start from the parent Lagrangian (7.30). After integrating out TΣ from (7.30),

we arrive at a parent Lagrangian of the form24

L =

∫
d4θ EF(Z, Z̄, L̂) +

(∫
d2Θ 2E Ŵ(Z) + c.c.

)
+

[∫
d2Θ 2E XAVA(Z) +

i

8

∫
d2Θ 2E (D̄2 − 8R)(XA − X̄A)PA + c.c.

]
.

(B.32)

We recall that XA is a chiral superfield, with bosonic components {xA, F (X)
A } and VA are

homogeneous of degree one as in (3.7). The homogeneity properties for F and Ŵ are the

same as in (B.21).

23This kind of supergravity Lagrangians with both chiral and linear multiplets can also be obtained by

using the tensor calculus in the superconformal approach. Our Lagrangian (B.30) matches with the one

obtained in this alternative way. We are grateful to Ruben Monten and Toine Van Proeyen for discussions

on this point.
24With respect to (7.30), we have slightly modified the way in which the (anti-)chiral projectors and

Grassmannian integrations appear. See [13, 14, 90] and appendix C for more details about singling out this

particular combination of projections and integration.
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The bosonic components of the Lagrangian (B.32) are

e−1Lbos = − 1

6
F̃ R−Fab̄DzaD̄z̄b +

1

4
FΛΣ∂µl

Λ∂µlΣ +
1

4 · 3!
FΛΣĤΛ

µνρĤΣµνρ

+

(
i

2 · 3!
FāΣε

µνρσĤΣ
νρσDµz̄

ā + c.c.

)
+ Fab̄faf̄ b + FΛΣc

Λ
Ac

Σ
BVAV̄B

+

{
− i

2
FΛc

Λ
AVAa fa − iFΛbf

bcΛ
AVA + Ŵaf

a + c.c.

}
+

[(
F

(X)
A − M̄xA

) (
−sA + VAa za

)
+ xAVAa F aZ −

i

2
xAd

A

− 1

2 · 3!e
εµνρσ∂µxAA

A
νρσ − xARe(M̄sA) + c.c.

]
,

(B.33)

where now ĤΛ
µνρ = HΛ

µνρ+cΛ
AA

A
µνρ and with the same covariant derivative as (B.23), modulo

the replacement HΛ → ĤΛ.

We now proceed as follows. First, we integrate out the real auxiliary fields dA, which

constrain xA to be real, and F
(X)
A , identifying VA(z) = sA as in (7.13a). Then, (B.33)

becomes

e−1Lbos = − 1

6
F̃ R−Fab̄DzaD̄z̄b +

1

4
FΛΣ∂µl

Λ∂µlΣ +
1

4 · 3!
FΛΣĤΛ

µνρĤΣµνρ

+

(
i

2 · 3!
FāΣε

µνρσĤΣ
νρσDµz̄

ā + c.c.

)
+ Fab̄faf̄ b + FΛΣc

Λ
Ac

Σ
BVAV̄B

+

{
− i

2
FΛc

Λ
AVAa fa − iFΛbf

bcΛ
AVA + Ŵaf

a + c.c.

}
+

[
xAVAa fa −

1

2 · 3!e
εµνρσ∂µxAA

A
νρσ + c.c.

]
.

(B.34)

Then, we further integrate out the auxiliary fields fa of the chiral multiplets Za via

f̄ b = −Fab̄
(
xAVAa −

i

2
FΛc

Λ
AVAa − iFaΛc

Λ
EVE + Ŵa

)
(B.35)

and, subsequently, the real Lagrange multipliers xA. We then arrive at the super-Weyl

invariant Lagrangian

e−1Lbos = − 1

6
F̃ R−Fab̄DzaD̄z̄b +

1

4
FΛΣ∂µl

Λ∂µlΣ +
1

4 · 3!
FΛΣĤΛ

µνρĤΣµνρ

+

(
i

2 · 3!
FāΣε

µνρσĤΣ
νρσDµz̄

ā + c.c.

)
+ e−1Lthree-forms ,

(B.36)

where the three-form Lagrangian Lthree-forms can be recast as in (3.21), with

TAB(z, z̄) ≡ 2 Re
(
F b̄a VAa V̄Bb̄

)
, (B.37a)

hA(z, z̄) ≡ 2Re

[
F b̄a

(
¯̂Wb̄ +

i

2
FΛc

Λ
BV̄Bb̄ + iFΛb̄c

Λ
F V̄ F̄

)
VAa
]
, (B.37b)

V̂ (z, z̄) ≡ F b̄a
(
Ŵa −

i

2
FΛc

Λ
AVAa − iFΛac

Λ
EVE

)(
¯̂Wb̄ +

i

2
FΛc

Λ
BV̄Bb̄ + iFΛb̄c

Λ
F V̄ F̄

)
−FΛΣc

Λ
Ac

Σ
BVAV̄B . (B.37c)
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We can now proceed to gauge-fixing the super-Weyl invariance by following the same

procedure described in the previous subsection. After having imposed the Einstein frame

condition (B.29), we arrive at

e−1Lbos =
1

2
R− Fī∂φi∂̄φ̄̄ +

1

4
FΛΣ

(
∂µ`

Λ∂µ`Σ +
1

3!
ĤΛ
µνρĤΣµνρ

)
+

{
i

2 · 3!
Fı̄Σε

µνρσĤΣ
νρσ∂µφ̄

ı̄ + c.c.

}
+ e−1Lthree-forms ,

(B.38)

where the three-form Lagrangian has the same form as (3.21) with

TAB ≡ 2eF̃ Re
(
F īDiΠ

AD̄̄Π̄
B − (3− `ΛF̃Λ)ΠAΠ̄B

)
, (B.39a)

hA ≡ 2eF̃Re

[
F ī

(
D̄

¯̂
W +

i

2
FΛc

Λ
BD̄Π̄

B + iFΛ̄c
Λ
F Π̄F̄

)
DiΠ

A

− (3− `ΛF̃Λ)

(
Ŵ +

i

2
FΛc

Λ
DΠ̄D

)
ΠA − iF̃Λc

Λ
F Π̄F̄ΠA

]
, (B.39b)

V̂ ≡ eF̃F ̄i
(
DiŴ −

i

2
FΛc

Λ
ADiΠ

A − iFΛic
Λ
FΠF

)(
D̄

¯̂
W +

i

2
FΛc

Λ
BD̄Π̄

B + iFΛ̄c
Λ
F Π̄F̄

)
− (3− `ΛF̃Λ)eF̃

∣∣∣∣Ŵ − i

2
FΛc

Λ
AΠA

∣∣∣∣2 − eF̃FΛΣc
Λ
Ac

Σ
BΠAΠ̄B

+ eF̃
[
icΛ
F F̃ΛΠF

(
¯̂
W +

i

2
FΛc

Λ
AΠ̄A

)
+ c.c.

]
. (B.39c)

C Boundary terms and component actions

As stressed in [13, 91, 92], the actions which contain gauge three-forms AA3 should be

properly equipped with boundary terms. These are necessary to set a consistent varia-

tional principle for the gauge three-forms, with the gauge invariant boundary conditions

δFA4 |bd = 0. In [13, 14] it was shown how to compute these boundary contributions from

the Lagrangian term (7.8). To this end let us rewrite it as∫
d2θXAVA(Z) +

i

8

∫
d2θD̄2(XA − X̄A)PA + c.c. (C.1)

After imposing (7.10) and using (7.7), the Lagragian (C.1) becomes a pure boundary term

Lbd = − i

8

(∫
d2θD̄2 −

∫
d2θ̄D2

)
XAP

A + c.c. (C.2)

In this formula XA should be regarded as composite chiral superfields determined by the

equations of motion of Za obtained from (7.1) and (7.8)

XAVAa (Z) =

(
1

4
D̄2Ka(Z, Z̄)− Ŵa(Z)

)
. (C.3)

In order to explicitly show the structure of the boundary terms in (C.2), let us only consider

the bosonic components. Then, (C.2) reduces to

Lbd =
1

8
σnαα̇∂n

{
[Dα, D̄α̇]

(
XAP

A
)}

+ c.c. (C.4)
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where it is understood that the components are evaluated at θ = θ̄ = 0 and all fermionic

fields are set to zero. These are manifestly boundary terms, but they include many more

terms in addition to those which are necessary for the correct definition of the variational

problem with respect to the three-forms AA3 . The only relevant terms are those which

explicitly include AA3 in the boundary Lagrangian contained in the θ-expansion (7.4) of PA

Lbd =
1

8
σnαα̇∂n

(
XA[Dα, D̄α̇]PA

)
+ c.c. = −∂n

[
ReXA(∗AA3 )n

]
, (C.5)

because these are the only ones which do not trivially vanish at the boundary. By rein-

serting the model-dependent explicit expression for XA in (C.3)

XAVAa (Z) = −Kab̄(z, z̄)f̄ b̄ − Ŵa(z) , (C.6)

we may fully re-express the boundary contributions in terms of the known EFT quantities.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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