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1 Introduction

A sigma model on a homogeneous space is a quantum field theory whose degrees of freedom

are maps from some p-dimensional worldvolume Σp to a target space which is a homoge-

neous space G/H and whose dynamics is described by a G-invariant action. Such models

are ubiquitous in physics. As examples, in p = 1 we find many exactly-solvable models in

quantum mechanics [1] (e.g. particles moving in uniform magnetic fields and rigid bodies),

while p ≥ 3 covers all cases in which only some subgroup H of a dynamical symmetry

group G is linearly realized in vacuo, leading to the appearance of Goldstone bosons in

the low-energy effective theory. These find applications in particle physics (e.g. the chiral
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lagrangian [2] and composite Higgs models [3]), condensed matter (e.g. fluids [4] and super-

fluids [5]) and cosmology (e.g. galileons [6]). In between, in p = 2, we find many interesting

examples of conformal field theories and string theories. In short, such sigma models are

everywhere.

Given a system with such degrees of freedom, it is desirable to find all of the possible

G-invariant terms that may appear in the action. One construction of such action terms

was given by Callan, Coleman, Wess, and Zumino [7]. It requires additional structure in

the form of a metric on the worldvolume together with a G-invariant metric on G/H.1

But it has been known for some time that there exist other G-invariant terms, which are

topological in the vague sense that they do not require either metric.

Our goal here is to provide a more-or-less rigorous classification of such topological

terms. In order to achieve this goal, we shall need to make some assumptions. In the

present work, the assumptions, in a nutshell, are that the degrees of freedom of the theory

can be replaced by p-cycles on G/H and that the action is obtained by integrating (possibly

only locally-defined) differential forms on G/H over the cycles. The first assumption allows

us to use the power of de Rham’s theorem in the classification, whilst the second one

guarantees that the action is manifestly local.

These assumptions (which we shall make precise in section 3) are strong ones, but they

nevertheless lead to a classification which includes many of the known topological terms.

The terms that result are topological in the precise sense that the only additional structure

required to define them is that of an orientation on the worldvolume.

Ultimately, we find that the possible terms come in one of two types, whose names hark

back to prototypical examples. The first type of terms, which we call Aharonov-Bohm (AB)

terms,2 are classified by a quotient (by some subspace) of the pth de Rham cohomology of

G/H. The action for a given term is obtained straightforwardly by integrating any p-form

in the given cohomology class on p-cycles. The need to take a quotient accounts for the

fact that not all such forms lead to distinct values for the integrand of the path integral,

which we write, in unconventional units where h = 1, as e2πiS and which we call the action

phase. Specifically, we take the quotient by the integral classes (defined as those whose

integral over every cycle is an integer). At least when G is connected, G-invariance of the

action is automatic.

The second type of terms, which we call Wess-Zumino (WZ) terms, are classified by a

subspace of the closed, integral (p+1)-forms on G/H. The action is not so straightforward

in this case, requiring us to integrate locally-defined forms of degree p, p− 1, . . . , 0 (which

are constructed from the original (p+ 1)-form, call it ω, via Čech cohomology) over p, p−
1, . . . , 0-chains (which are constructed from the original p-cycle by subdividing and taking

boundaries). The need to take a subspace arises from the requirement that the action be

G-invariant. Expressed at the level of the globally-defined (p+ 1)-form ω, this requirement

turns out to be rather subtle, and is one of the main results of this paper: at least when G

is connected, we will show that G-invariance requires that the closed p-forms ιXω be exact,

1We note in passing that such a G-invariant metric does not necessarily exist.
2The epithet ‘theta terms’ is common in the literature.
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for all vector fields X ∈ g that generate the G action on G/H. This requirement, which we

call the Manton condition (for reasons that we will explain in section 2), is stronger than

that which one might näıvely have guessed, namely that the (p+ 1)-form be G-invariant.

These WZ terms are so called because they include, as a special case, the term of the

same name arising in the chiral lagrangian describing low-energy hadronic physics. Many

readers will, no doubt, be familiar with the construction of that term given by Witten [8].

Thus, in order to orient the reader, and to motivate the need for the formalism we shall

develop, we now briefly review that construction.

Witten’s construction is based on homotopy arguments, as follows. If the pth homotopy

group of G/H vanishes, then any worldvolume homeomorphic to a p-sphere is the boundary

of a (p + 1)-ball in G/H. Then, one can write a topological action as the integral of the

closed, integral, globally-defined (p + 1)-form ω over this ball. Requiring the (p + 1)-

form to be closed and furthermore integral guarantees that the resulting action phase is

independent of the choice of ball (since any two balls bounding the same worldvolume

taken with opposite orientation define a cycle, such that the difference in the action is an

integer). Finally, requiring G-invariance of the (p + 1)-form guarantees invariance of the

action, without any need to worry about the more subtle Manton condition we described

above.

Given the elegance of this construction, and the simplicity of the resulting condition

for G-invariance, the reader might wonder why one should bother to instead use our more

cumbersome construction of a WZ term (in terms of locally-defined forms).

Witten’s approach has, in our opinion, two limitations. The first of these is that,

because of the use of homotopy arguments, it is valid only for worldvolumes that are

homeomorphic to Sp. But, it is clear that we might want to consider worldvolumes of

other topology. As Witten himself noted [9], the dynamics of the chiral lagrangian in

the background of a skyrmion requires us to define the theory on Sp−1 × S1. Similarly,

in condensed matter, we might wish to employ periodic boundary conditions, giving rise

to a toroidal topology; in cosmology, we might wish to consider a Universe of non-trivial

topology. In fact, if one believes in quantum gravity, one can make a compelling argument

that a physical theory should be defined on worldvolumes of arbitrary topology (subject

to the requirement that they admit the necessary structures, such as spin, that are present

in nature). To accommodate this, we switch to homology and provide a construction of

topological terms that is valid on worldvolumes of arbitrary topology (subject only to the

requirement that they admit an orientation, such that we can integrate differential forms).

The second limitation of Witten’s approach is that (in the homotopy language of

Witten) it works only if the map from the p-dimensional worldvolume to the target is

homotopic to the constant map. If not, one cannot define a (p + 1)-ball on which to

integrate the (p + 1)-form. It does not work, for example, for worldlines homeomorphic

to S1 on the torus, as we shall see in section 2. Switching to homology already allows

a significant generalization of Witten’s approach, in that it allows us to consider p-cycles

that are the boundary of an arbitrary (p + 1)-chain. Thus, we are free to consider a

worldvolume which is not bounded by a ball, but rather by some more general manifold

with boundary. Even then, the homological version of Witten’s construction only goes
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through when the pth singular homology of G/H vanishes, such that every p-cycle is a

boundary. But switching to homology and allowing locally-defined forms allows us to

construct and classify topological terms that can be defined on all cycles even when G/H

has non-vanishing pth singular homology, as we describe in section 5.1. In the general case,

we will prove that G-invariance of WZ terms requires the full Manton condition.

In the special case of our classification where the homological version of Witten’s

construction goes through, namely when the pth homology of G/H vanishes, there are

significant simplications: in this case, our classification shows that not only are there no

AB terms, but also the Manton condition reduces to requiring G-invariance of the form.

Moreover, we show in section 5.1 that the WZ term defined in terms of local forms is, in

this special case, indeed equal to that prescribed by Witten’s construction. In this case,

the space of topological terms is classified straightforwardly by the space of closed, integral,

G-invariant (p+ 1)-forms on G/H.

Despite the generality of our classification, the reader might be forgiven for thinking

that topological terms are the exception rather than the rule, in the sense that they appear

only sporadically in sigma models of physical interest. In fact, they occur in all of the

examples of sigma models that we mentioned in the first paragraph of this Introduction (cf.,

e.g., [10–13]). They are thus, arguably, almost as ubiquitous as sigma models themselves.

The outline of the paper is as follows. In the next section, we seek to familiarize

the reader with AB and WZ terms through a series of (mostly well-known) examples of

both types of term from quantum mechanics. These examples shall, taken together, draw

out all the important features of our classification. In section 3, we discuss the technical

assumptions required, along with their physical justification. In sections 4 and 5 we derive

the classification of AB and WZ terms, and describe a number of quantum field theory

examples relevant for physics. In section 6, we discuss how one may compute the space of

topological terms for a given G/H and compare with earlier partial classifications [14, 15].

Section 7 concludes the discussion.

2 An invitation: examples from quantum mechanics

For an example of an AB term, consider quantum mechanics (such that p = 1), with G = R
and H = Z, such that G/H ∼= S1. We can think of this as a particle constrained to move

on a circle (in R2, say), with dynamics that is invariant under translations around the

circle.3 Now suppose, as in the AB effect, that a solenoid pierces the centre of the circle.

The dynamics remains translationally-invariant, and the solenoid couples to the particle

via the magnetic vector potential 1-form A = bdx (where x ∈ R/Z, x ∼ x + 1, provides

us with a coordinate on the circle, and b ∈ R). Avoiding the homological intricacies for

now, we may write the topological action term simply as the integral of the pullback of

A over the particle’s worldline. For a worldline beginning and ending at the same point,

but wrapping the circle n times, the action is given by bn and corresponds (after we have

3This set-up also describes the motion of a rigid body in a plane, in which case the AB term can be

thought of as assigning anyonic character to the rigid body, in that the wave function acquires an arbitrary

phase under a complete rotation.
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multiplied by the factor 2π in our normalization of the path integrand) to the AB phase

acquired by the wavefunction of the particle during its evolution. Shifting b → b + m

for any integer m doesn’t change this phase, and so the couplings b and b + m describe

the same physics.4 Thus, the topological terms for quantum mechanics on S1 are seen to

be in one-to-one correspondence with R/Z ∼= U(1). The same result is obtained in our

homological classification. Moreover, since all 2-forms vanish on S1, we find that there are

no WZ terms in this example.5

The prototypical (although, as we shall see, not the simplest) example of a WZ term

in quantum mechanics arises for a particle moving on S2 in the presence of a magnetic

monopole at the centre of the sphere. The physics is rotationally-invariant, so we take

G/H = SO(3)/ SO(2) ∼= S2. The electromagnetic field strength is a closed 2-form pro-

portional to the area form on S2 and may be given, in spherical polar co-ordinates, by

F = B
4π sin θdθ ∧ dφ. This is the globally-defined form of degree p+ 1 = 2 that appears in

our classification. Since F is not exact, we cannot write it as the exterior derivative of a

globally-defined 1-form A. At best, we can write it in terms of 1-forms AN = B
4π (1−cos θ)dφ

and AS = B
4π (−1− cos θ)dφ, which are singular on S2, but locally well-defined on an open

cover consisting of sets UN and US , excluding the South and North poles respectively.

Dirac obtained his famous quantization condition B ∈ Z (which is equivalent to requiring

that F be an integral form) by requiring that AN − AS = B
2πdφ be a well-defined gauge

transformation on UN ∩ US ∼= S1 × R. To write the action for a worldline that traverses

multiple open sets, requires, as noted by Wu & Yang [16], contributions not just from

integrating the different 1-forms on segments of the worldline where they are well-defined,

but also requires contributions from evaluating 0-forms (corresponding to Dirac’s gauge

transformations) at points where we switch between 1-forms.

This prototypical example is indicative of the general story for WZ terms. In gener-

alizing, we adapt ideas of Alvarez [17] to a rigorous homological context. Thus, we use

a good cover on S2, namely an open cover (containing at least 4 open sets) in which not

only the sets themselves, but also their (finite) intersections, are contractible. Rather than

integrate on a worldline, we integrate on a 1-cycle which has been sufficiently subdivided

that its constituent chains are contained in individual open sets. As we will see, the twin

requirements of adding contributions from 0-forms and the quantization condition arise

explicitly from the desire that the action phase be invariant under diffeomorphisms of the

worldvolume that preserve orientation, meaning that the definition of the topological term

requires only the structure of an orientation on the worldvolume.

The example of the Dirac monopole has two special features which do not generalize

to arbitrary p and arbitrary G/H. The first of these is that the coefficient of a WZ term

does not have to take integer values, in general, even though the (p + 1)-form must be

integral. For a counterexample, consider what is arguably the simplest example of a WZ

4As a check, in the presence of a kinetic term
∫
dt
2
ẋ2 in the action, the spectrum of the Hamiltonian is

given by Ek (b) = 1
2

(k − b)2, k ∈ Z, which is indeed invariant under b→ b+m.
5A variant of this example, in which we replace R/Z ∼= SO(2) ∼= S1 by O(2)/O(1) ∼= S1 illustrates the

subtleties that can occur when G is disconnected. Invariance under O(2) restricts 2b ∈ Z, such that the

space of AB terms is reduced to Z/2Z.

– 5 –



J
H
E
P
0
9
(
2
0
1
8
)
1
5
5

term, which arises for a particle moving in a plane. We thus take G = R2 and H the

trivial subgroup, with dynamics that is invariant under translations. A uniform magnetic

field perpendicular to the plane corresponds to a closed, translationally-invariant 2-form

F = Bdx∧dy, with B ∈ R. This form is exact, since we can write it as dA, with A = Bxdy.

As a result, its integral over any (p + 1)-cycle is zero by Stokes’ theorem and so it is an

integral form for all B ∈ R.6 This topological term, when added to the canonical kinetic

term for a particle on the plane, yields the Landau levels in quantum mechanics.7

The second feature of the Dirac monopole example which does not generalize is as

follows. The action (or rather the action phase, which is the physical object) must be

G-invariant. For G/H = SO(3)/ SO(2) it turns out that SO(3)-invariance of the 2-form F

is enough to guarantee invariance of the action phase. But in general this is a necessary

but not sufficient condition; the loophole arises because the action phase for WZ terms

cannot, in the general case where there are non-trivial p-cycles, be expressed directly in

terms of the (p + 1)-form appearing in the classification, but rather is expressed in terms

of derived, locally-defined p, p − 1, . . . 0-forms. The upshot is that we need the stronger

condition given earlier.

As ever, a simple example, namely quantum mechanics on the torus, serves to illustrate

the point. To this end, let us modify our previous G = R2 example, now setting H = Z2,

such that G/H ∼= T 2. Explicitly, at the level of co-ordinates, we identify x ∼ x + 1

and y ∼ y + 1. By analogy with the R2 example, one might think that there exists

an R2-invariant WZ term corresponding to the closed, translationally invariant 2-form

F = Bdx ∧ dy, provided we choose B ∈ Z so that the integral of F over a fundamental

cycle on the torus T 2 is an integer.

But, in this example, translation invariance of the 2-form is not enough to guarantee

a translationally invariant action. To see the problem, consider a cycle representing a

worldline that wraps the y-direction once at some constant x = x0, on which we may try

to use the locally-well-defined vector potential A = Bxdy. But integrating this 1-form over

the cycle yields action phase e2πiBx0 , which is not invariant under (all) translations in the

x-direction. In fact, there is no choice of local 1-forms that yield a translationally-invariant

action for all cycles.

The absence of a WZ term in this example is confirmed by our classification, because

the stronger (necessary and sufficient) condition for G-invariance is violated: the interior

product of the 2-form with the vector field ax∂x + ay∂y induced on T 2 by the action of the

Lie algebra is a closed, but not exact form. Indeed, ιax∂x+ay∂y(Bdx∧dy) = axBdy−ayBdx
(where ι denotes the interior product), which is not exact on T 2 unless ax = ay = 0.

The curious fact that quantum mechanics on the torus does not admit a translation-

ally invariant magnetic field was noticed long ago by Manton [18, 19]; we thus call the

generalization of the condition for G-invariance of the action phase (which we derive in

6For an even more trivial example, note that an AB term, which can be thought of as a WZ term with

vanishing (p+ 1)-form, will never have a quantized coefficient.
7This example also makes it clear that even exact (p + 1)-forms can lead to topological terms with

physical effects and so the classification of WZ terms for general G/H should involve closed forms rather

than cohomology classes, as is oft assumed elsewhere.
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section 5.2) to arbitrary p and G/H the Manton condition.8 As we shall see in section 5.4,

the Manton condition even has consequences at the level of classical physics.

3 Formalism

A classification of topological terms requires a concrete mathematical starting point, which

we now describe, and seek to justify. We assert, on very general physical grounds, that we

may equip both the worldvolume and the target space with a smooth structure and insist

that the maps between them be smooth. Indeed, our experimental apparatus may only be

set up, and measurements may only be performed, with finite precision; the mathematical

description of what happens on scales beyond this precision is metaphysics rather than

physics, and we are free to choose it to be as smooth as we like, without loss of generality.

We may also assume, without loss of generality, that Σp is connected. Indeed, discon-

nected components of Σp may be considered as completely decoupled and so to compare

actions on them is to stray once more into the realm of metaphysics.

We also assume, now with loss of generality, that Σp is orientable and we choose an

orientation on it. Doing so allows us, for example, to integrate differential p-forms on

Σp, to obtain objects that are invariant under the group, O, of orientation-preserving

diffeomorphisms of Σp. Thus, such objects require only the existence of an orientation

structure on the worldvolume. We define, correspondingly, a topological term as one that

requires only this structure and so is invariant under O.9

In fact, we will not define our topological terms by integrating p-forms on Σp. The

reason is that we wish to bring to bear the power of de Rham’s theorem, which requires

us to integrate not on manifolds, but on smooth singular chains.10 To enable us to do so,

we make one further assumption on Σp, which is that it is closed (i.e. compact without

boundary). This assumption requires some discussion. Whilst worldvolumes that are not

closed are certainly physically reasonable, one finds in many examples that it suffices to

work on closed worldvolumes. In the path-integral approach to quantum mechanics (for

which p = 1), for example, one computes the action phase for all worldlines beginning at

some initial point in the target and ending at some final point. But what is physical is not

the action phase, but rather the relative difference in the action phase between any two

worldlines. So we can formulate things equivalently by fixing one worldline and appending

it to all other worldlines (with its orientation reversed and smoothing out the endpoints),

making closed worldlines that are all orientation-preserving diffeomorphic to S1.

8We note that, according to our classification, quantum mechanics on the torus does admit topological

terms in the form of AB terms (which vanished on R2), given by integrating any linear combination of the

closed forms dx and dy over cycles.
9This is in accordance with Atiyah’s axioms for topological quantum field theory [20]. The functorial

axiom, which is needed for locality, is automatically satisfied here because the action is expressed in terms

of an integral of a local lagrangian (albeit one supported on chains of various degrees).
10We recall that a smooth singular p-simplex on G/H is a map from the standard simplex ∆p ⊂ Rp to

G/H that extends to a smooth map in a neighbourhood of ∆p. A p-chain (we drop the qualifier ‘smooth

singular’ henceforth) is an element of the free Abelian group on (equivalently a formal finite sum of) such

simplices and one defines a boundary operator ∂ on chains that lowers p by one and is such that ∂2 = 0. A

p-cycle is a chain without boundary and a p-boundary is a cycle that bounds some (p+ 1)-chain.
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Similarly, when we move to quantum field theory (p > 1), we often find that the

boundary conditions associated to a given physical situation allow us to assume closure.

Consider, for example, a Euclidean quantum field theory living on the usual Rp, which is

certainly not compact. Nevertheless, the requirement that the non-topological part of the

action be finite typically forces the quantum fields living on it to tend to a common value ‘at

infinity’, so that we can consider the corresponding worldvolume to be a sphere, Sp, with

orientation. Alternatively, we may wish to consider quantum dynamics in the background

of some topologically stable object such as a soliton, in which case the Euclidean theory

may be considered as a product of spheres. As another example, in doing condensed matter

physics we might wish (e.g. in studying crystals) to employ periodic boundary conditions

in space, in which case the worldvolume may be taken to be an oriented torus, T p.

The upshot of all these assumptions on the worldvolume is that it defines a fundamental

class, [Σp], as follows. The (connected) worldvolume Σp has pth homology isomorphic to

Z and [Σp] is defined to be a generator thereof. Now, the fundamental class is O-invariant

and so provides us with a natural object on which to try to define an action (phase) for a

topological term.

There exists a natural way to define such an action: take a p-form on Σp and integrate

it on any fundamental p-cycle (that is, a p-cycle in the fundamental class). The p-form,

being a top-degree form, is necessarily closed, and so, by Stokes’ theorem, our definition is

independent of the choice of cycle, resulting in an action that is well-defined on [Σp].

Moreover, there is a natural source of suitable forms: we take any p-form on G/H

(which need not be closed) and pull it back to Σp via the map φ : Σp → G/H that defines

the field configuration in the quantum field theory. We can, completely equivalently, define

the action by instead integrating the original form on G/H on the cycle on G/H that is

obtained by pushing-forward a cycle in [Σp] to a cycle in G/H, where the push-forward is

defined by taking the maps σ : ∆p → Σp defining the constituent simplices of the cycle in

[Σp] and composing with the map φ.

We thus arrive at a formulation of the dynamics in terms of p-cycles and p-forms on

G/H. We now wish to modify this in 2 ways. The first way amounts to a restriction on

the possible dynamics: we insist that the action be defined on all cycles in G/H, not just

on the subset that can be obtained via the push-forward map. We insist on this restriction

because it allows us to use de Rham’s theorem. In particular, we shall make frequent use

of the following results:

A differential p-form has vanishing integral over every


p-chain

p-cycle

p-boundary

 iff. it


vanishes.

is closed.

is exact.


(3.1)

The second modification amounts not to a restriction, but rather to a generalization of

the dynamics. To wit, we allow the p-forms on G/H to be only locally well-defined. That

is, a ‘form’ may consist of distinct pieces, each of which is defined only on a single set, Uα
say, of an open cover. In doing so, we must revise our definition of the action, since the
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definition we just gave cannot be used for cycles in G/H that intersect multiple open sets.

A way forward is found by using the subdivision operator (a standard object in algebraic

topology [21]) to replace the original cycle by a new cycle whose constituent simplices are

contained in single sets in the cover. One may then try to define an action by integrating

the locally-defined forms on the simplices where they are well-defined, but this leads to an

ambiguity in the following way: suppose that subdivision results in a simplex contained in

a double intersection Uα ∩Uβ of sets. Then there exists a choice of locally-defined p-forms

which we could integrate on the simplex.

To remove this ambiguity requires a modification of the action, which we shall discuss

in detail in section 5. We end up with an action written in terms of integrals of locally-

defined p, p − 1, p − 2, . . . , 0-forms on chains of corresponding degree, in such a way that

the action is well-defined on every cycle in G/H. Moreover, as we show in section 5, the

definition leads to a well-defined action on [Σp], ergo an O-invariant of the worldvolume.

Our further assumptions regarding the target space G/H are few. The group G may

be an arbitrary Lie group and H any closed subgroup thereof.11 Neither G nor H need

be compact or connected, in general, and we will see that there exist plenty of interesting

physical examples where these conditions do not hold.12 Nevertheless, since we have argued

that the worldvolume may be taken to be connected and the map Σp → G/H to be smooth,

we may freely take G/H to be connected, if we wish.13

In what follows, we will see that it is possible to arrive at a straightforward condition

for invariance of topological terms under the subgroup of G consisting of elements that

are continuously connected to the identity. The extra conditions that must be imposed for

elements of G that are disconnected from the identity are somewhat subtle for both AB

and WZ terms. We will therefore assume throughout the paper that G is connected, and

postpone our discussion of the case of disconnected G to Apppendix C.

We now discuss the two types of terms arising in our classification, beginning with the

rather simpler AB terms.

4 Aharonov-Bohm terms and their classification

Since we are defining our action on p-cycles, it obviously makes sense to start by considering

integrating p-forms, albeit only locally-defined ones. It will be helpful to divide our analysis

into two cases, namely in which the local p-forms are, or are not, closed. The closed case

corresponds to the AB terms, which we discuss in this section; the other case corresponds

to the WZ terms, which we discuss in section 5.

11It is then a theorem that G/H admits the structure of a smooth manifold with a smooth transitive

action of G.
12There are also interesting physical examples where G is modelled on an infinite-dimensional manifold

and so is not, strictly speaking, a Lie group. A prototype is given by a perfect fluid, which may be

described, both classically [22] and quantum mechanically [4], as a sigma model in which G contains the

group of volume-preserving diffeomorphisms of the manifold on which the fluid flows.
13Lest there be any confusion, we remark that neither G nor H need be connected, even when G/H is,

cf. O(n+ 1)/O(n) ∼= Sn or SO(n+ 1)/O(n) ∼= RPn.
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For the AB terms, it turns out that we can, without loss of generality, take the closed

p-form to be not just locally, but globally defined (the proof of this is technical and requires

the formalism of section 5, so we postpone it to appendix A).

Thus, let A be a closed, globally-defined p-form on G/H. Define a topological action,

evaluated on a generic worldvolume Σp, by its integral over a p-cycle z in G/H which is

the push-forward of a cycle in [Σp]:

S[z] =

∫
z
A. (4.1)

This integral vanishes for any exact form by (3.1), and so only depends on the de Rham

cohomology class of A. Since any two fundamental cycles differ by a boundary, and any

p-boundary in the source pushes forward to a p-boundary in the target, then by (3.1)

every fundamental cycle yields the same action (4.1), because A is closed. Hence, (4.1) is

well-defined on the fundamental class [Σp], and is therefore O-invariant.

The action for AB terms has 3 other special properties, none of which will hold for WZ

terms. The first is that, by the Poincaré lemma, an AB term is locally exact; like a total

derivative in the lagrangian, it therefore gives no contribution to the classical equations of

motion, such that its effects are purely quantum-mechanical. The second is that it gives

no contribution to perturbative Feynman diagrams (for p > 2). The third property is that

the AB terms only yield non-trivial action phase when G/H admits p-cycles that are not

p-boundaries, i.e. when the pth homology is non-vanishing.

Having identified the source of AB terms, namely closed, global p-forms, we now

consider their classification.

4.1 Classification

Generally, we shall need to check three things when we classify the possible topological

terms, which we refer to as consistency, invariance, and injectivity. In more detail, the

notions are as follows:

• consistency: we have prescribed that the action must be defined on every p-cycle in

G/H. If we are constructing an action from differential forms that are only locally

defined on open sets, we must ensure there are no ambiguities where sets overlap.

Moreover we must check that the action is well-defined on the fundamental class after

we pull back to the source;

• invariance: the action must be G-invariant;

• injectivity: näıvely, every coupling g that appears in an action is just a real number

(though consistency may force it to be an integer). But if two different numbers lead

to the same value of e2πiS on all possible cycles, then the physics will be the same.

So we need to check that the space of couplings injects to the space of action phases.

We have defined an AB term as the integral of a globally-defined p-form over any cycle

in G/H, and so there are no ambiguities pertaining to the integration of local forms. We
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have shown above that such an integral is well-defined on [Σp], and therefore O-invariant.

The integral (4.1) thus defines a consistent topological action. Moreover, an AB term is

invariant under G, if (as we are assuming for the present purposes) G is connected. To see

this, consider an infinitesimal G transformation, generated by vector field X on G/H. The

action (4.1) varies by

δXS[z] =

∫
z
LXA =

∫
z
dιXA =

∫
∂z
ιXA =

∫
0
ιXA = 0, (4.2)

where LX is the Lie derivative. In the second equality, we applied Cartan’s homotopy

formula, LX = dιX + ιXd, together with dA = 0, and in the third equality we applied

Stokes’ theorem. Finally, ∂z = 0 because z is a cycle.

The vector fields X define, via their integral curves, an action of the subgroup of G

given by the image of the exponential map, exp : g→ G. So (4.2) implies invariance under

the action of exp(g) ⊂ G. Unfortunately, the exponential map is not surjective in general,

even when G is connected. It is, however, a theorem that any element g of a connected

group G can be written as a product of a finite number of elements in exp(g). Hence, an

AB term is invariant under the action of the connected group G, for any closed p-form A.14

It remains to check injectivity. To do so, note that if (and only if) two p-forms A and

B differ by a form that is integral, i.e. such that
∫
z(A − B) ∈ Z for any p-cycle z, then

the corresponding action phases exp(2πi
∫
z A) and exp(2πi

∫
z B) will agree on all p-cycles.

We saw this explicitly in the example of quantum mechanics on S1 in section 2. Thus, we

must take the quotient

Hp
dR(M,R)/Hp

dR(M,Z), (4.3)

of the real de Rham cohomology with respect to its subgroup of integral classes to define

the space of physically inequivalent AB terms.

We remark that the set of inequivalent AB terms thus obtained has the structure of an

Abelian Lie group. This is no accident, in that it accords with one’s physical expectation

that two topological actions can be added (in either order) to make a third action which

is also topological, &c., and also that small enough changes in the values of the couplings

should be physically indetectable. The same structure will be present on the set of WZ

terms, and we will have occasion to exploit it in what follows.

We now give 3 more examples of AB terms in field theory, namely the CPN model and

a model exhibiting T -duality in p = 2, and the minimal composite Higgs model in p = 4,

where we point out the existence of a new topological term.

4.2 Examples

4.2.1 The 2-d CCCPN model

Consider a p-dimensional sigma model on complex projective space, CPN , which may be

realised as a homogeneous space with G/H = U(N + 1)/(U(N)×U(1)). Its pth homology

14For a slicker proof, one may simply note that the action of the connected component of G takes cycles

into homologous cycles; it then follows immediately that the AB term is invariant, because the integral of

a closed form over a cycle depends only on the homology class of the cycle.
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(with integer coefficients) is given by Z for p even between 0 and 2N , and vanishes otherwise.

The corresponding real cohomology groups are equal to R or 0.

The model with p = 2 is well studied in physics, particularly at large N , where various

simplifications occur [23, 24]. Recall that CPN may be parametrized by N + 1 projective

co-ordinates, that is, a set of complex numbers zi ∈ C, i = 1, . . . , N + 1, together with

the constraint
∑
z∗i zi = 1 and the U(1) equivalence zi ∼ eiαzi. The second de Rham

cohomology H2
dR(CPN ,R) = R has a single generator, which we can take to be the Kähler

form, i
2dz

i ∧ dz̄i in our co-ordinates. Hence, there is an AB term for any choice of N ,

obtained by integrating a 2-form proportional to the Kähler form over 2-cycles in CPN .

Taking the quotient by the subgroup of forms that are integral, the space of topological

terms is given by R/Z ∼= U(1).

This term is often called a ‘theta term’ in the literature, because it is a close analogue

of the theta term in QCD. Indeed, the constraint
∑
z∗i zi = 1 and the equivalence relation

zi → eiαzi can be enforced in field theory via a lagrange multiplier λ(x) and a U(1) gauge

field A(x), respectively. If one just has the quadratic kinetic term plus the theta term in

the lagrangian, one can integrate out the zi in the (Gaussian) path integral to obtain a

theory involving only the fields A(x) and λ(x). If one then takes the large N limit15 of the

resulting effective lagrangian the theory reduces to that of a dynamical gauge field with

the usual theta term of electromagnetism in p = 2, studied by Schwinger and others as a

two-dimensional model for real-world QCD [25].

4.2.2 T -duality on the torus

Suppose that p = 2 and that G/H = (R/Z)2 ∼= T 2. Since H2
dR(T 2,R) = R, our classifi-

cation indicates that there is an AB term given by the integral of a form proportional to

the translationally-invariant volume form on G/H. This will result in a non-trivial action

phase only when the worldvolume has itself the topology of a 2-torus, so let us suppose

that this is the case. We thus have a model with maps from a worldsheet T 2 to a target T 2

with a topological AB term with values in R/Z. Adding the usual two-derivative kinetic

term results in a model exhibiting T -duality, in which the topological term plays a key rôle,

pairing up with the geometric area of the torus to make a complex parameter which gets

interchanged under T -duality with the complex structure parameter of the torus.

4.2.3 The 4-d minimal composite Higgs model

For a final example, consider the minimal composite Higgs model (MCHM) [26] in p = 4,

in which the electroweak hierarchy problem is ‘solved’ by postulating that the Standard

Model Higgs field emerges (as a composite pseudo Nambu Goldstone boson) from some

strongly-coupled dynamics whose form at high energies is unspecified, but which can be

described at low energies by a sigma model with target space G/H = SO(5)/ SO(4) ∼= S4.

Since H4
dR(S4,R) = R, and H4

dR(S4,Z) = Z, there is an AB term given by the integral

of a 4-form proportional to the volume form on S4. The space of inequivalent topological

action phases is thus, yet again, R/Z = U(1). While a topological term (of WZ type) is

15CP∞ plays a special role in mathematics too: it is the Eilenberg-Maclane space K(Z, 2).
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known to exist in a non-minimal composite Higgs model with G/H = SO(6)/ SO(5) [27]

(see section 5.5.2), this topological term in the minimal model has not been noticed so far

in the literature, to our knowledge.

We postpone a fuller discussion of the resulting phenomenology to [28]. For now, we

remark that, while the low-energy effects are expected to be very small, the fact that the

term violates both P and CP may nevertheless lead to interesting effects. We will see

more examples of topological terms in composite Higgs models in section 5.5.2, when we

consider WZ terms.

5 Wess-Zumino terms and their classification

Now we turn to topological terms corresponding to p-forms on G/H that are not closed,

which we call WZ terms. In this case, one cannot capture all such terms by requiring the

p-form A to be globally defined. Nevertheless, even if A is only locally defined, consistency

demands that dA (which is now non-zero) is globally defined. Perhaps the easiest way to

see this is to take the classical limit. One finds that dA appears directly in the classical

equations of motion, and so should be well defined everywhere on G/H for the classical

limit to exist. Thus, a useful starting point for constructing a WZ term is a globally-defined

(p+ 1)-form ω on G/H. Such a form is necessarily closed since, at least locally, ω = dA.

To see the kind of restrictions we will have to place on ω, it is helpful to first consider

the special case when A is itself globally defined, and then return later to the general

case. If A is globally defined, then ω is exact, and we can define an O-invariant, and thus

topological, action simply by integrating A over p-cycles.16 In this case, the p-form A can

be regarded as a lagrangian for the theory, but we shall see that when A is only locally

defined, there is no well-defined notion of the lagrangian.

To be G-invariant, we must require
∫
z(L
∗
g − 1)A = 0 for all p-cycles z. By (3.1), this

is true iff. (L∗g − 1)A is exact, for all g. In other words, the ‘lagrangian’ A may be ‘quasi-

invariant’, in the sense that it shifts by a total derivative under the symmetry.17 It follows

that the (p+ 1)-form ω is strictly invariant, (L∗g − 1)ω = 0, because the exterior derivative

commutes with pullback. As we mentioned in section 2, the Landau problem on R2 is an

example of this special case.

Now let’s go back to the general case, where A need only be locally defined. In other

words, we suppose that ω is not exact. We choose an open cover {Uα} of our target space,

such that A is well defined on each open set, taking value Aα on Uα. Given such a collection

{Aα} of local p-forms, it is no longer obvious, a priori, how to write down an action phase

e2πiS[z] for each p-cycle z in G/H, which is consistent, let alone G-invariant. If it is the case

that the worlvolume cycle z is in fact a boundary, z = ∂b, then one can follow Witten’s

construction and integrate a G-invariant (p+ 1)-form ω directly over the (p+ 1)-chain b to

16Note that, unlike for the Dirac monopole example, there is no quantization condition on the coefficient of

ω in this case, because exactness implies that its integral is zero over any (p+1)-cycle (so ω is automatically

an integral form).
17We note that, in general, it is meaningless in general to try to define a WZ term, as others have done,

as a term in the lagrangian that shifts by a total derivative under the action of G; in general, as we have

just remarked, there is no lagrangian!
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obtain a manifestly G-invariant action [8]. If not, we must deal with local forms directly

(and there is certainly no well-defined notion of a lagrangian). We do so, following Wu &

Yang [16] and Alvarez [17], by writing a topological action phase in terms of contributions

on the open sets in our cover, and on finite intersections thereof.

We shall again need to make sure that the action phase so defined satisfies our triumvi-

rate of criteria, namely consistency, invariance, and injectivity. For WZ terms, consistency

leads to the quantization condition (specifically, the requirement that ω be an integral

(p+ 1)-form), as we explain using tools borrowed from Čech cohomology and sheaf theory

in section 5.1; invariance leads to the Manton condition, which we derive in section 5.2;

injectivity follows straightforwardly, as we show in section 5.3. Together, these restric-

tions define the appropriate subspace of closed (p + 1)-forms that are, as claimed in the

Introduction, in one-to-one correspondence with G-invariant WZ terms on G/H.

5.1 Consistency and the quantization condition

We now describe (in a very simplistic way; for more details, see [29]) the elements of Čech

cohomology and sheaf theory that we need.

We assign, to each open set U ⊂ G/H, an abelian group F(U); we will, according to

our needs, variously take F(U) to be the smooth q-forms, Λq(U), on U , or constant maps

U → R, or constant maps U → Z.18 Every smooth manifold (and thus every G/H) admits

a good cover, U = {Uα}, namely an open cover satisfying the additional property that the

open sets Uα, and all finite intersections (where we define Uα0∩Uα1∩· · ·∩Uαp := Uα0α1...αp)

thereof, are contractible. For example, Rn has a good cover with 1 open set, S1 has a good

cover with 3 open sets, and S2 has a good cover with 4 open sets.19 The utility of a good

cover is that we can use the Poincaré lemma on the open sets and their finite intersections.

Given a good cover U we define a Čech p-cochain on U with values in F to be an element

of the group

Čp(U ,F) =
∑

α0<α1<···<αp
F(Uα0α1...αp). (5.1)

Thus ω ∈ Čp(U ,F) may be characterized by the set of values {ωα0α1...αp ∈ F(Uα0α1...αp)}
that it takes on the (p + 1)-fold intersections.20 The Čech coboundary operator δp :

Čp(U ,F)→ Čp+1(U ,F) is defined via its action on ωα0α1...αp by

(δω)α0α1...αp+1 =

p+1∑
i=0

(−1)iωα0...α̂i...αp+1 , (5.2)

18The objects F thus defined are, in fact, examples of presheaves, but we will sidestep the technicali-

ties here.
19Note that the open cover of S2 considered in section 2 with just two open sets, UN = S2\{S} and

US = S2\{N}, is not a good cover because the intersection of these two sets is clearly not contractible;

rather, a good cover can be formed by projecting the four faces of a tetrahedron onto the sphere, and

enlarging them slightly such that they intersect.
20Hereafter, we will allow the indices specifying the components of a Čech cochain to be in any order

(not just ascending), subject to the condition that ωα0α1...αp is antisymmetric on all pairs of indices.
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where a ˆ denotes omission of the index, whence one may check that δp ◦ δp−1 = 0. We

define the pth Čech cohomology of G/H with values in F , Ȟ(G/H,F) to be the usual

cohomology of the complex Č(U ,F), viz. ker δp/im δp−1.

As our notation suggests, the cohomology Ȟ(G/H,F) turns out to be independent

of the choice of good cover U . In fact, when we choose F(U) to be the constant real-

valued functions on U , we find that the cohomology that results is isomorphic to the usual

de Rham cohomology.

To see the relevance of this mathematical formalism to our physical problem, let us re-

turn again to our starting point: we consider a globally-defined, closed (but not necessarily

exact), (p+ 1)-form on G/H, which we denote by ω. The idea is that ω, provided that it

satisfies some additional criteria, can be used to define a topological term. To see how the

term comes about, we first note that ω defines an element of Č0(U ,Λp+1) by restricting

ω to each of the Uα: ωα := ω|α. Using the Poincaré lemma, we may then construct an

element {Apα} ∈ Č0(U ,Λp) via

dApα = ωα, on Uα. (5.3)

Since ω is globally defined, we must have that ωα = ωβ on Uαβ . Hence d(Apα−Apβ) = 0 and,

again by the Poincaré lemma, we may construct an element {Ap−1
αβ } ∈ Č

1(U ,Λp−1) via

Apα −A
p
β = dAp−1

αβ , on Uαβ . (5.4)

This set of conditions on double intersections can be expressed concisely using the Čech

coboundary operator, as

δ {Apα} =
{
dAp−1

αβ

}
. (5.5)

We note, moreover, that the Čech 0-cochain {ωα} = {dApα} is in fact a Čech cocycle:

δ{ωα} = {ωα − ωβ} = 0, because ω is globally defined.

Now let us use this formalism to construct a consistent topological action phase for

any p-cycle z in G/H. In order to integrate the p-forms {Apα} which are locally defined

on the open sets in U = {Uα}, the chains on which we are to integrate must be contained

within these open sets; such chains are referred to as U -small. Thus, we first apply the

subdivision operator, Sd, as many times, n say, as is necessary (we refer the reader to,

e.g., [21] for details of the construction). The original cycle z we started with is mapped

to a homologous cycle Sdn z, which is a formal sum of a set of U -small p-chains, which we

denote {cp,α}, where Im cp,α ⊂ Uα and such that Sdn z =
∑

α cp,α, on which we can now

integrate the local p-forms {Apα}.
Having done so, one might näıvely try to define the action to be S =

∑
α

∫
cp,α

Apα.

This is not a good definition, however, because there is an ambiguity whenever a particular

p-simplex is contained not just in an open set Uα, but rather in the intersection of two

open sets, say Uαβ . The näıve action is ambiguous because we could choose to integrate

Apα or Apβ on this simplex. To fix this problem, we shall need to add pieces to the action

corresponding to integrals over (p − 1)-chains of the (p − 1)-forms Ap−1
αβ defined in (5.4)

to compensate for the ambiguity. However, such a fix introduces further ambiguities to
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fix up. Rather than fixing up the ambiguities one by one, we shall now cut to the chase

and explain from the top down how to construct an action phase from local forms which

is ambiguity-free.

It turns out that to construct such an action, one needs not just the local forms

{Apα} and {Ap−1
αβ } that we have so far constructed, but rather a whole tower of locally-

defined forms of degree p, p − 1, . . . , 0. We have already constructed, using the Poincaré

lemma, an element {Apα} ∈ Č0(U ,Λp) and an element {Ap−1
αβ } ∈ Č

1(U ,Λp−1), which satisfy

{dApα} = {ωα} and {dAp−1
αβ } = δ{Apα}. We proceed in a similar way to construct elements

{Ap−qα0α1...αq} ∈ Čq(U ,Λp−q) (that is, in words, a set of (p − q)-forms defined locally on

(q + 1)-fold intersections of the open sets in our good cover) for each 0 ≤ q ≤ p, which

satisfies

{dAp−qα0...αq−1αq} = δ{Ap−q+1
α0...αq−1

}. (5.6)

Using this equation, we can construct each {Ap−q} from {Ap−q+1} (where we shall some-

times suppress the indices for clarity) by first applying the Čech coboundary operator,

and then using the Poincaré lemma to “undo” the exterior derivative d. Thus, starting

from the local p-forms {Apα}, we construct a whole tower of locally-defined forms of degree

p, p− 1, . . . , 0.

The Čech cochains thus defined are also cochains in the de Rham complex (restricted

to open sets and appropriate intersections thereof). In this sense, they sit inside a double

cochain complex acted upon by both the exterior derivative d and the Čech coboundary

operator δ. We can illustrate the consistency relations (5.6) conveniently by gathering the

double cochains we have constructed into a tic-tac-toe table (see [29] for details), whose

(q, r)th entry is an element in Čr(U ,Λq):

Λp+2 0

Λp+1 ω {ωα} 0

Λp {Apα} δ{Apα} = {dAp−1
αβ }

Λp−1
...

... {Ap−1
αβ }

...
...

...
...

Λ1 {A1
α0...αp−1

} δ{A1
α0...αp−1

} 0

Λ0 . . . {A0
α0...αp} δ{A0

α0...αp} 0

d ↑ . . . {Kα0...αp+1}
δ → Č0 Č1 . . . Čp Čp+1 Čp+2

. (5.7)

The action of the exterior derivative d moves us one step up in the table (with two steps

up always yielding zero because d2 = 0), and the action of the Čech coboundary operator δ

moves us one step to the right (with two steps right always yielding zero because δ2 = 0).

Conversely, if an element lies beneath a zero entry (which means the locally-defined forms

are closed), we can use the Poincaré lemma to move one step down,21 and if an element

lies to the left of a zero entry, the existence of a partition of unity enables us to “undo” δ

21We note that the result of doing so is not unique.
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and move one step to the left, analogous to the Poincaré lemma for “undoing” d.22 The

element in the bottom right of the tic-tac-toe table, which we denote by {K} := δ{A0},
is a set of 0-forms defined on (p+ 2)-fold intersections, which is both d and δ closed. The

importance of this object shall become clear after we have written down the action (phase),

and so we postpone further discussion for now.

The action shall be a sum of integrals of all of these locally-defined forms. We now

describe how to obtain the set of chains on which to integrate these forms. Having applied

Sdn, we thus far have chosen a set of U -small p-chains {cp,α} on which to integrate {Apα}
(wherever a U -small simplex lies in a double intersection, say Uαβ , simply make a choice to

include this simplex in either cp,α or cp,β). Given each cp,α, its boundary can be written as

a sum over (p− 1)-chains which are contained in the double intersections of Uα with each

of the other open sets, viz. ∂cp,α =
∑

β c(p−1),αβ . By taking the boundary of each cp,α and

collecting terms defined on each double intersection, we thus obtain a set of (p− 1)-chains

{c(p−1),αβ}, which are U -small in the sense of being contained wholly in double intersections,

on which we can integrate the local (p− 1)-forms {Ap−1
αβ }.

Proceeding, given a set {c(p−q+1),α0...αq−1
} of (p− q+ 1)-chains defined on q-fold inter-

sections, we construct the appropriate (p − q) chains in the obvious way: simply take the

boundary, expressed as a sum of (p− q)-chains lying wholly in the (q+1)-fold intersections

of our good cover. Thus, in analogy to how we started from the global (p+ 1)-form ω and

constructed a tower of local forms, we can start from a p-cycle and construct a tower of

U -small chains of degree p, p− 1, . . . , 0, right down to a set of points (0-chains) {c0,α0...αp}
defined on (p+ 1)-fold intersections.

We have now constructed all the objects that we need to write down a consistent

action. We define the action to be the following sum of integrals, of the locally-defined

forms on the corresponding U -small chains:

S[z] =
∑
α

∫
cp,α

Apα −
∑
αβ

∫
c(p−1),αβ

Ap−1
αβ + · · ·+ (−)p

∑
α0...αp+1

A0
α0...αp(c0,α0...αp). (5.8)

One can show that this action is free of any ambiguities in degree > 0, which potentially

arise when there is a choice of local forms to integrate on a particular simplex. The

argument is a rather technical digression, which we therefore reserve for appendix B. The

essential idea behind this argument is that any ambiguity in forms of a given degree is

removed by the presence of forms constructed in one degree lower, by virture of the relations

coded in the tic-tac-toe table 5.7.

However, once we get all the way down to the ambiguity in the 0-forms, it is no longer

possible to remove the ambiguity by adding forms of one lower degree, since no such forms

exist. Thus, there is a seemingly irremovable ambiguity in the presence of non-vanishing

(p + 2)-fold intersections, since then we can choose to evaluate one of (p + 2) different

0-forms on a 0-chain contained therein. This 0-form ambiguity between different choices

22A partition of unity is a collection of functions {pα} on the open sets such that pα ≥ 0,
∑
α pα = 1, and

pα has compact support in Uα. If {Tα0α1...αr} ∈ Čr(U ,Λq), then the object {Sα0α1...αr−1} ∈ Čr−1(U ,Λq)
defined by {Sα0α1...αr−1} = {ΣγTα0α1...αr−1γpγ} satisfies {T} = δ{S}.
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can, in general, be written as

S′ − S = Kα0...αp+1 , (5.9)

where Kα0...αp+1 is an element of the Čech (p+ 1)-cochain {K} := δ{A0}. For example, in

p = 1, the ambiguity occurs when a 1-simplex σ is contained in a triple intersection, say

Uαβγ . In this case, choosing to integrate either Aα, Aβ , or Aγ over the simplex σ leads to

actions that differ by S′ − S = Aαβ + Aβγ + Aγα. Sure enough, the r.h.s. is an element

of {K} = δ{A0}.
Thus, consistency appears to require that {K}, which are, a priori, real-valued func-

tions on Uα0...αp+1 , must vanish. In fact this is too strong, because only the action

phase needs to be well-defined, so that each Kα0...αp+1 need only equal an integer. Even

this seems to require a miracle, but it is, very nearly, a fait accompli. To see this, re-

call from the tic-tac-toe table (5.7) that {K} is closed under both d and δ. Given

{K} is valued in 0-forms, d-closure implies that each Kα0...αp+1 is, in fact, constant on

the (p + 2)-fold intersection on which it is defined. Thus, {K} defines an element in

Čp+1(U ,R) ⊂ Čp+1(U ,Λ0). So the only miracle that need occur is that the real constants

{K} be integers. Moreover, δ-closure implies {K} is a Čech (p + 1)-cocycle, and thus

defines a cohomology class, [{c}] ∈ Ȟp+1(G/H,R). Therefore, in the usual language of

cohomology, [{c}] ∈ Ȟp+1(G/H,Z) must be an integral class for the action to define a

well-defined path integral [17] for all p-cycles in G/H.

The desired integrality of the Čech (p + 1)-cocycle [{c}] is equivalent, via the Čech-

de Rham isomorphism, to the requirement that ω be an integral (p+ 1)-form,

[ω] ∈ Hp+1(G/H,Z). (5.10)

The Čech-de Rham isomorphism can be seen from the tic-tac-toe table (5.7). The external

row of the tic-tac-toe table is reserved for real-valued Čech cocycles, such as {K}, on which

δ has non-vanishing cohomology (since using the partition of unity construction would take

us out of the space of constant functions). The external column is reserved for globally-

defined forms, on which d has non-vanishing cohomology (since using the Poincaré lemma

would us out of the space of globally-defined forms). The tic-tac-toe table allows us to

move between Čech and de Rham cocycles of the same degree, by successive applications

of (say) the exterior derivative d and a partition of unity to undo δ (if going from Čech

to de Rham, that is, from bottom right to top left of the table). This provides an explicit

construction of the isomorphism on cohomology [29].

For a more physical way to see the integrality condition, consider the case p = 1. In

p = 1, the action specializes to that first introduced by Wu & Yang [16] in their formulation

of the action for the Dirac monopole, with the additional terms in the action due to the

0-forms {A0} being precisely the transition function insertions that Wu & Yang introduced.

In this simplest case, the integral of ω over a 2-cycle y inG/H, which can be written in terms

of a sum over U -small 2-chains c2,α contained in Uα, viz.
∫
y ω =

∑
α

∫
c2,α

ω|α =
∫
c2,α

dA1
α.

Using Stokes’ theorem twice, one obtains∫
y
ω =

∑
αβγ

Kαβγ , (5.11)
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where on the r.h.s. we sum (the appropriate number of times) over those triple intersections

which have non-vanishing intersection with the image of y. Since the r.h.s. is an integer

for any 2-cycle, ω is therefore an integral 2-form. This generalizes to higher p.

It is instructive, at this point, to return to our earlier, prototypical examples. We now

see that, whenever ω lies in a non-trivial de Rham cohomology class, we obtain a “quan-

tization condition” on the coupling in the action, just as we did for the Dirac monopole.

But if ω is de Rham exact, as in the case of the Landau problem, the integral over any

(p + 1)-cycle vanishes automatically, and there will be no quantization condition on the

coupling in the action. Moreover, the Čech-de Rham isomorphism guarantees that the

correspondence goes the other way, such that for every integral (p+ 1)-form, there exists a

corresponding choice of integer Čech (p+1)-cocycle, and hence a well-defined action phase.

How does the definition (5.8) of the action for a WZ term connect with Witten’s

construction, in the special cases where the latter may be used? When the action (5.8) is

evaluated for a cycle z = ∂b that is in fact the boundary of a (p+ 1)-chain b, one can show

that the action phase does indeed reduce to Witten’s exp(2πi
∫
b ω). To see this, consider

to begin with the special case p = 1, and consider a 1-cycle z whose image intersects three

double intersections Uαβ , Uβγ , and Uγα. The action (5.8) may in this case be written as

S[z] =

∫
c1,α

A1
α −A0

αβ(c0,αβ) +

∫
c1,β

A1
β −A0

βγ(c0,βγ) +

∫
c1,γ

A1
γ −A0

γα(c0,γα). (5.12)

If z is in fact the boundary of a 2-chain b, then the three open sets share a non-vanishing

triple intersection, Uαβγ 6= ∅. Let c̃0 be an arbitrary 0-chain (point) whose image is

contained in this triple intersection, Im c̃0 ∈ Uαβγ . After subdivision, the 2-chain b may be

written as the sum of three U -small 2-chains, b = bα + bβ + bγ each contained within the

open sets, with common point c̃0 in the triple intersection. Moreover, the boundaries of

these 2-chains define a set of 1-cycles, zα = ∂bα etc., which are necessarily also U -small.

One can then show, using δ{A1} = {dA0}, that (5.12) is equal to

S[z] =

∫
zα

A1
α +

∫
zβ

A1
β +

∫
zγ

A1
γ −A0

αβ(c̃)−A0
βγ(c̃)−A0

γα(c̃). (5.13)

Using Stokes’ theorem on each open set, this reduces to

S[z] =

∫
bα

ωα +

∫
bβ

ωβ +

∫
bγ

ωγ −Kαβγ(c̃), (5.14)

where we have also used {K} = δ{A0}. But since the 2-form ω is globally defined, and

Kαβγ is constant throughout triple intersections, we have simply that

S[z] =

∫
b
ω −Kαβγ . (5.15)

Moreover, we know that the Čech 2-cocycle {K} must be valued in integers, for consis-

tency’s sake. Hence,

e2πiS[z] = e2πi
∫
b ω, z = ∂b. (5.16)
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That is, the action phase prescribed by (5.8) does indeed reduce to that prescribed by the

Witten construction. This argument generalizes straightforwardly to generic boundaries

and higher dimensions.

The action (5.8) we have defined, which is free of ambiguities over which local forms

to integrate, is moreover well defined on the fundamental class, ergo is a well-defined O-

invariant of Σp. Indeed, let z and z′ be two fundamental cycles on Σ, and let φ∗z and φ∗z
′

be the corresponding cycles on G/H. Suppose that n subdivisions are enough to split the

simplices in both z and z′ sufficiently.23 The difference in the action for the two cycles is

then δS = S[Sdn φ∗z]− S[Sdn φ∗z
′].

Using the facts that all maps are homomorphisms, that the 2 cycles z and z′ are

homologous, and that ∂ is a natural map, this simplifies to

δS = S[Sdn φ∗(z − z′)] = S[Sdn φ∗∂b] = S[∂ Sdn φ∗b]. (5.17)

The shift in the action is thus expressed as a contribution on a boundary, which we have

already shown (5.16) reduces to
∫

Sdn φ∗b
ω =

∫
φ∗ Sdn b ω =

∫
Sdn b φ

∗ω, where we used the fact

that the subdivision operator is also a natural map. Now, Sdn b is a (p+1)-chain on Σp, so

pulling back ω to the constituent simplices and integrating must yield 0. Hence the action

S is well-defined on [Σp] and Σp.

Before we continue, let us pause to give more detail on the interpretations on the math-

ematics and physics sides in p = 1. Mathematically, given the quantization condition on

the closed 2-form ω, the collection of 1-forms {A1
α} defines a connection on a U(1) principal

fibre bundle with base G/H, with ω (or rather its pullback via the bundle map) being the

curvature of that connection [30].24 The quantization of ω corresponds to the condition,

necessary for the existence of the bundle, that the first Chern class c1 be an integer. The

action phase we have defined using local forms on G/H is, from the bundle perspective,

nothing but the holonomy of the connection on the cycle z. In physical terms, {A1
α} con-

stitutes a U(1) gauge field, with {A0
αβ} denoting gauge transformations on the overlaps,

and ω being the gauge invariant electromagnetic field strength. The integrality of ω means

that the magnetic flux through any 2-cycle is quantized. When G/H = SO(3)/ SO(2) is

homeomorphic to the 2-sphere, such that the cohomology is generated by a single class,

this is equivalent to Dirac’s quantization condition on the charge of a magnetic monopole.

5.2 Invariance and the Manton condition

With a consistent action for WZ terms in hand, we may now turn to the issue of invariance

under the action of the Lie group G. Indeed, in quantum field theory we would like the G-

action on G/H to be a symmetry of the path integral. We can use the left Haar measure to

define the path integral measure and so (at least in the absence of fermions and associated

23Once the chains are U-small, further applications of the subdivision operator do not change the value

of the action.
24In higher dimensions p > 1, Aα is a p-form generalization of a background gauge field, also known as

a p-form connection [31]. The action phase becomes the appropriate higher dimensional generalization of

the holonomy [32].
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anomalies) we can, in what follows, concentrate our attention on G-invariance of the action

phase.

We already argued in section 5.1 that, when the worldvolume cycle z is the boundary

of a (p + 1)-chain, z = ∂b, the action can be written as the integral of a (p + 1)-form

ω over b, and so is invariant under the G-action when ω is invariant under pullback by

the action of G. (As usual, we call such a form a G-invariant form on G/H.) However,

when the worldvolume cycle is homologically non-trivial, the action must be written in

the form of equation (5.8), with contributions from a slew of locally-defined p, p − 1, . . .

forms, so G-invariance of the action does not necessarily follow from G-invariance of ω

alone. What is worse, it is difficult, a priori, to even imagine how a simple condition for

G-invariance can be obtained, given that the pullback of forms by the action of G on G/H

takes locally-defined forms out of the patches on which they are defined. Thus, there is no

simple notion of G-action on, let alone G-invariance of, locally-defined forms. Nonetheless,

there is a well-defined action of the Lie algebra of G on locally-defined forms, given by the

Lie derivative. By requiring invariance of (5.8) under this infinitesimal action, we will be

able to obtain a necessary and sufficient condition for invariance when G is connected.

Let us start by considering, for simplicity, the variation of the action (5.8) when p =

1 under an infinitesimal G transformation, generated by vector field X on G/H. A 1-

cycle that is not the boundary of a 2-chain in G/H must intersect at least three double

intersections in a good cover of G/H, so let us consider this minimal non-trivial possibility.

The action for a cycle z which intersects three double intersections Uαβ , Uβγ , and Uγα is

given by (5.12), except that the triple intersection is now taken to vanish, Uαβγ = ∅. The

infinitesimal variation of the action is

δXS[z] =

∫
c1,α

LXA
1
α−LXA0

αβ(c0,αβ)+

∫
c1,β

LXA
1
β−LXA0

βγ(c0,βγ)+

∫
c1,γ

LXA
1
γ−LXA0

γα(c0,γα),

(5.18)

where LX is the Lie derivative. Applying Cartan’s formula LX = dιX + ιXd to the local

forms appearing in the action, we have

LXA
1
α = ιXωα + dιXA

1
α, and LXA

0
αβ = ιXdA

0
αβ = ιX(A1

α −A1
β), (5.19)

since A0
αβ , &c., are just 0-forms in p = 1, and since δ{A1} = {dA0}. Hence, integrating

and using Stokes’ theorem, we are left with

δXS[z] =

∫
c1,α

ιXωα +

∫
c1,β

ιXωβ +

∫
c1,γ

ιXωγ =

∫
z
ιXω, (5.20)

where in the second step we have used the fact that ω, and therefore ιXω, is globally

defined. By a straightforward generalization, this applies for any 1-cycle z in G/H.

This argument for p = 1 generalizes straightforwardly to p > 1. For example, in p = 2,

a consistent topological term corresponds to a global closed 3-form ω such that ωα = dA2
α on

patches, for locally-defined 2-forms {A2
α}. On double intersections we have A2

α−A2
β = dA1

αβ

for locally-defined 1-forms {A1
αβ}, which in turn satisfy A1

αβ + A1
βγ + A1

γα = dA0
αβγ on

triple intersections for 0-forms {A0
αβγ}. Consider, for simplicity, a 2-cycle z contained
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within four open sets Uα, Uβ , Uγ and Uδ,
25 which we write as a sum of U -small 2-chains,

z = c2,α + c2,β + c2,γ + c2,δ. The boundaries of these 2-chains provide the 1-chains over

which we will integrate {A1
αβ} (for example, ∂c2,α is a sum of U -small 1-chains contributing

to c1,αβ , c1,αγ , and c1,αδ, &c.), and the boundaries of the resulting 1-chains provide the

points on which we evaluate {A0
αβγ}. The action (5.8) for this cycle is then

S[z] =
∑
α

∫
c2,α

A2
α −

∑
αβ

∫
c1,αβ

A1
αβ +

∑
αβγ

A0
αβγ(c0,αβγ), (5.21)

where we sum over all 2-chains, 1-chains, and 0-chains just described. Taking the Lie

derivatives, using relations (from the tic-tac-toe table (5.7)) such as δ{A2} = {dA1}, and

using Cartan’s formula, we obtain

LXA
2
α = ιXωα+dιXA

2
α, LXA

1
αβ = ιX(A2

α−A2
β)+dιXA

1
αβ , LXA

0
αβγ = ιX

(
A1
αβ+A1

βγ+A1
γα

)
.

(5.22)

Again using Stokes’ theorem, the variation of the action reduces to

δXS[z] =

∫
c2,α

ιXωα +

∫
c2,β

ιXωβ +

∫
c2,γ

ιXωγ +

∫
c2,δ

ιXωδ =

∫
z
ιXω, (5.23)

exactly as we found for p = 1. The equations relating the Čech-de Rham double cochains

which appear in our action (which follow from consistency) will guarantee similar cancel-

lations in general p, such that

δXS[z] =

∫
z
ιXω (5.24)

holds in general p.26

For the action to be invariant under all infinitesimal G transformations,
∫
z ιXω must

therefore vanish for all vector fields X that generate the G-action, on all p-cycles z ∈
Zp(M,Z). From (3.1) we conclude that ιXω must be an exact form for all such X. In

other words, the interior product of ω with each vector field must lie in the trivial de Rham

cohomology class

[ιXω]dR = 0, ∀X, (5.25)

where [·]dR indicates the de Rham cohomology class of a form.

We call the condition (5.25) the ‘Manton condition’, since its failure in the case of

p = 1 and G/H ∼= T 2, which corresponds to the quantum mechanics of a particle on the

torus in a uniform B field, leads to the breaking of translation invariance, an ‘anomaly’

that was first appreciated by Manton [18, 19]. Manton’s derivation relied on an explicit

solution for the wavefunctions of the corresponding quantum mechanics problem. We now

see that it has a rather broad generalization to any homogeneous space sigma model in

quantum field theory, which can be phrased in terms of a simple, geometric condition,

whose derivation, serendipitously, does not require a solution of the field theory, but can

25This is the minimal possibility for a non-trivial cycle in p = 2.
26We note that the shift in the action reduces to an AB term. In fact this remains true even when G is

disconnected.
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be derived directly from the topological action. Explicitly, it may be understood as arising

from the requirement that the action be invariant for all cycles. This is non-trivial in a

general quantum field theory, because even defining the action for all cycles is, as we have

seen, non-trivial.

At the beginning of this subsection, we saw that, for homologically trivial cycles, G-

invariance of the action follows from G-invariance of the (p+1)-form ω. At the infinitesimal

level, this is equivalent to the vanishing of the Lie derivatives, LXω = 0. How does this

relate to the Manton condition? Applying Cartan’s formula to ω, which is closed, tells

us that LXω = dιXω, and so left-invariance of ω only implies that iXω is closed, but not

necessarily that it is exact. Hence, the Manton condition is a stronger condition than G-

invariance of ω. When there exist non-trivial homology cycles, such that Hd(G/H,Z) 6= 0,

the weaker condition LXω = 0 is insufficient for the existence of a G-invariant WZ term,

as we have already seen from the torus example. At least at the infinitesimal level, the

Manton condition strengthens the necessary condition of vanishing Lie derivatives to a

necessary and sufficient condition.

As a consistency check, we show that when all cycles are boundaries, i.e. when

Hd(G/H,Z) = 0 (such that the Witten construction can be applied), the Manton con-

dition is equivalent to LXω = 0. We have already shown that the action (5.8) can in

this case be written as S[z] =
∫
b ω, where b is any (p + 1)-chain such that z = ∂b. The

variation of the action is then δXS[z] =
∫
b LXω, which must vanish on all chains, so in-

variance is obtained if and only if LXω = 0, using (3.1). To show that (in this situation)

this is equivalent to the Manton condition, we note firstly that if Hp(G/H,Z) = 0, then

Hp(G/H,R) = 0 too. But the real (smooth singular) cohomology is simply the dual of

real homology, and is moreover isomorphic to the pth de Rham cohomology. The latter

therefore vanishes, and hence the closed p-form ιXω is automatically exact. Therefore, our

procedure is seen to be equivalent to (the homological version of) Witten’s construction in

all cases where the latter is valid.

We have shown that the Manton condition is necessary and sufficient for invariance

under infinitesimal G transformations generated by vector fields X. By arguments similar

to those given in section 4, this invariance extends at the group level both to the image

of the exponential map in G and thence to the component connected to the identity.

The Manton condition is thus both necessary and sufficient at the group level when G is

connected, as we here assume.

5.3 Injectivity of WZ terms

We have shown that there exists a consistent, G-invariant topological term for every closed,

integral (p + 1)-form ω on G/H satisfying the Manton condition. We should be careful,

however, that this topological term may not be unique. Indeed, ω = 0 is such a form,

and corresponds to, in general, a whole set of topological terms, namely the AB terms of

section 4. Thus, any non-uniqueness in ω corresponds to an AB term. And so, there is a

map from such (p+ 1)-forms ω to WZ terms. We now show that this map is injective.

To do so, let b be any (p+1)-chain in G/H. Two (p+1)-forms ω and ω′ could yield the

same action phase only if they agree on cycles z = ∂b for all b. But for such p-cycles which
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are the boundaries of (p+1)-chains, we can write the action phase directly using the Witten

construction as exp 2πi
∫
b(ω
′ − ω), whence we would need

∫
b(ω
′−ω) ∈ Z in order for the two

action phases to coincide. In fact, we will now show that
∫
b(ω
′−ω) would have to vanish for

all (p+ 1)-chains b. To wit, given any (p+ 1)-simplex σ : ∆p+1 → G/H, consider the maps

Tt : ∆p+1 → ∆p+1 : x 7→ tx, with t ∈ [0, 1] and form the simplex σt = σ ◦ Tt. The simplex

σt defines a chain, so the integral
∫
σt

(ω′−ω) must be a continuous, integer-valued function

on t ∈ [0, 1]. But
∫
σ0

(ω′ − ω) = 0. Therefore, by continuity, 0 =
∫
σ1

(ω′ − ω) =
∫
σ(ω′ − ω).

The integral thus vanishes on all simplices and thence vanishes on all chains. By (3.1),

this means that ω′ = ω. In other words, the only topological terms which can lead to the

same action phase on all cycles have ω = 0, i.e. they are of AB type (where we know from

section 4 that the injectivity requirement leads to a quotient by closed integral d forms).

5.4 The classical limit and Noether currents

By Noether’s theorem, the invariance of the action under the action of a Lie algebra g

implies the existence of conserved currents, at least at the classical level. We now explore

the status of these currents in the presence of topological terms. We find an interesting

connection with the Manton condition. To wit, whilst the weaker condition of G-invariance

of ω ensuresG-invariance of the equations of motion, a corresponding Noether current exists

only when the stronger Manton condition is satisfied. Thus, the Manton condition, which

we derived as the condition for G-invariance of the quantum theory, has a physical vestige

even in the classical limit.

To derive the Noether currents associated with G-invariance, we take the variation of

the action (5.8) induced by the vector field εa (x)Xa, where a runs over the vector fields

generating G, for some non-constant functions εa (x). Recall that when the εa are constants

the action is G-invariant, and so the variation of the action will be proportional to the 1-

form dεa. We can then read off the Noether current and deduce that it is conserved on the

classical equations on motion.

We first consider, for simplicity, p = 1, with the action given by (5.12) (i.e. evaluated

on a 1-cycle intersecting three double intersections). The variation in the local 1-forms is

given by LεaXaA
1
α = εaLXaA

1
α + ιXaA

1
αdε

a. Since the action is G-invariant, the Manton

condition holds and there exists a set of globally-defined 0-forms, fa, one for each vector

field Xa, such that

ιXaω = dfa . (5.26)

Therefore, we may write

LεaXaA
1
α = d[εa(fa + ιXaA

1
α)]− fadεa. (5.27)

The variation in the 0-forms that appear in the action is

LεaXaA
0
αβ = εaιXa(A1

α −A1
β). (5.28)

The only piece that survives in the variation of the action (noting that we have already

used the fact that X generates a symmetry by writing ιXaω = dfa) is

δεXS[z] = −
∫
z
fadε

a. (5.29)
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When the equations of motion hold, any field variation vanishes. We can integrate by parts

to deduce that dfa = 0, and so the functions Qa = fa are conserved on-shell and may be

identified as the 0-form Noether charges in p = 1.

In general p, the fa are (p − 1)-forms, and the variation of the action (on a generic

p-cycle z) induced by εa (x)Xa is

δεXS[z] = −
∫
z
dεa ∧ fa. (5.30)

Again, when the equations of motion hold, we deduce that

dfa = 0, (5.31)

and so may identify the fa as the (p − 1)-form Noether currents corresponding to G-

invariance, with (5.31) being the equations for current conservation on-shell.27 In a Lorentz-

ian theory, we may obtain the conserved Noether charges by integrating the (p− 1) forms

fa over spatial hypersurfaces.

Thus, G-invariant topological terms in the action result in a shift of the conserved

currents. Now, let us examine more closely the rôle played by the Manton condition in the

argument just given. If the Manton condition does not hold, then the (p−1)-forms fa, while

guaranteed to exist locally by the Poincaré lemma, are not globally defined. Thus, there is

no way to patch together the locally-defined currents to make a bona fide, globally-defined,

conserved current.

Nevertheless, it is still possible that classical dynamics is G-invariant, even when the

Manton condition fails to hold. Indeed, we know that the equations of motion only feature

the (p+1)-form ω. Thus, the classical dynamics will be invariant under the weaker condition

of G-invariance of ω, but there will be no conserved current associated to X unless ιXω is

also exact.

For the example of particle motion on the torus in the presence of a uniform magnetic

field, specified by the electromagnetic field strength Bdx ∧ dy (which is invariant under

U(1) × U(1)), with x ∼ x + 1 and y ∼ y + 1, the equations of motion have U(1) × U(1)

symmetry, but there are no conserved currents even classically, and in the quantum theory

the true symmetry is at most a discrete subgroup of U(1) × U(1). Indeed, as we saw in

section 2, the action phase for a cycle wrapping the y direction is e2πiBx0 , which is invariant

under a translation x→ x+ a only if a ∈ {0, 1/B, 2/B, . . . , (B− 1)/B} ∼= Z/BZ (we recall

that consistency forces B to be an integer). A similar argument for a cycle wrapping the x

direction shows that the full unbroken subgroup is (Z/BZ)2. The order B2 of this subgroup

is of course the degeneracy of the ground state Landau level in the presence of a uniform

B field with periodic boundary conditions.

Finally, it is interesting to note from (5.26) that the contribution from the topological

term to the current is conserved off -shell if ιXω = 0, ∀X. This can only happen for

AB terms, as the following argument shows. Since G acts transitively on M = G/H, the

27It is usual, in the presence of a metric, to define a Noether current as a 1-form via the Hodge dual, viz.

ja = ?fa, with dfa = 0 being equivalent to divja = 0. But since a metric is not presumed to be available,

we prefer to formulate Noether’s theorem directly in terms of the (p− 1)-forms fa.
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vector fields {X} span the tangent space TM at each point. Moreover, ιX(ω) = 0 implies

ιX1(ιX2 . . . (ιXd(ω))) = 0, where X1, X2, . . . , Xd ∈ TM . Hence, ω is a (p + 1)-fold skew-

symmetric linear map that yields zero on all elements of T p+1M , that is, it is the zero map.

Thus, off-shell current conservation implies (and is implied by) ω = 0, such that the off-

shell conserved currents are in one-to-one correspondence with the AB terms classified in

section 4. In retrospect this is hardly surprising, since an arbitrary infinitesimal variation

of fields takes cycles into homologous cycles, on which the value of an AB term (but not a

WZ term) is unchanged.

5.5 Examples

5.5.1 The chiral lagrangian

In the case of the chiral lagrangian, describing the low energy limit of QCD with 3 mass-

less flavours of quarks, we have p = 4 and G/H = SU(3) × SU(3)/ SU(3) ∼= SU(3).

Since H4
dR(SU(3)) = 0, the homological version of Witten’s construction can be employed

and our classification suggests that the topological terms correspond to closed, integral,

SU(3) × SU(3)-invariant 5-forms. Now, no such form can be the exterior derivative of

an SU(3) × SU(3)-invariant 4-form, because SU(3) × SU(3)/ SU(3) is a symmetric space

and all invariant forms are closed on such a space [33]. Hence the topological terms cor-

respond to integral classes in the Chevalley-Eilenberg cohomology of invariant forms [34]

(cf. section 6), which in turn (since G is compact and connected) correspond to integral

classes in H5
dR(SU(3)) = Z. Thus, there is a WZ term given by integrating an integral

SU(3)× SU(3)-invariant 5-form over any 5-chain bounding the 4-cycle φ∗[Σ
4].

Though these results are superficially identical to those obtained by homotopical argu-

ments by Witten [8], there is a small, but significant, difference. If one fixes the worldvolume

to be homeomorphic to S4, then one may define the action by integrating the 5-form on

a 5-disk and the possible ambiguity that arises from the choice of 5-disk may be removed

from the action phase by insisting that the integral of the 5-form over any 5-sphere be inte-

gral. In our homological language, such 5-spheres correspond to a restricted set of 5-cycles;

it turns out that a 5-form whose integral over every cycle is an integer has an integral over

this restricted set of cycles given by an even integer. Thus, if one is only interested in

topological terms in a theory with worldvolume S4, one may safely take the 5-form to be

a ‘half-integral form’.28

This fact, which corresponds to Witten’s observation [8] that ‘the normalization of

ω is a subtle mathematical problem’, follows straightforwardly, provided one is willing to

accept that π5(S3) = π4(S3) = Z/2Z. Since SU(3) may be regarded as a fibre bundle

S3 ∼= SU(2)→ SU(3)→ SU(3)/ SU(2) ∼= S5,29 we have a long exact sequence in homotopy,

as well as a long exact sequence in homology arising from the Serre spectral sequence. Now,

the Hurewicz map h is a natural map from homotopy to homology, meaning that we have

28In fact, the same is true for any worldvolume manifold admitting a spin structure [35].
29To see this, note that SU(3) has a transitive action on unit vectors in C3 with any such vector stabilized

by some SU(2) ⊂ SU(3).
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a commutative diagram

π5(S3) −−−−→ π5(SU(3)) −−−−→ π5(S5) −−−−→ π4(S3) −−−−→ π4(SU(3))

h

y h

y
H5(S3) −−−−→ H5(SU(3)) −−−−→ H5(S5) −−−−→ H4(S3)

(5.32)

given explicitly by

Z/2Z −−−−→ Z −−−−→ Z −−−−→ Z/2Z −−−−→ 0

h

y h

y
0 −−−−→ Z −−−−→ Z −−−−→ 0 .

(5.33)

The right-hand arrow in the square is an isomorphism by the Hurewicz theorem, while

the bottom arrow in the square is an isomorphism. A bit of algebraic su doku shows

that the top arrow in the square can only be multiplication by 2, so the Hurewicz map

π5(SU(3)) → H5(SU(3)) must be given by multiplication by 2 as well. Hence the integral

of the 5-form over a cycle corresponding to a 5-sphere results in an even integer.

5.5.2 Beyond the minimal composite Higgs model

We now use our results to briefly discuss two WZ terms that have been claimed to exist in

the literature on non-minimal composite Higgs models and exploited for phenomenological

purposes [27, 36]. Recall that we have already seen there is a topological term for the

minimal composite Higgs model, but that it is of AB type.

For our first example, consider the model based on the homogeneous space G/H =

SO(6)/ SO(5) ∼= S5.30 Our classification shows that the effective lagrangian contains a WZ

term, corresponding to a closed, integral 5-form ω, proportional to the SO(6)-invariant

volume form on S5, in agreement with [27]. The Manton condition is obviously satisfied,

because the fourth de Rham cohomology of S5 vanishes; for the same reason, there are no

AB terms. Since the fourth homology vanishes, we can follow Witten’s construction and

write the action on Σ ∼= S4 as the (manifestly SO(6)-invariant) integral of ω over a 5-ball

whose boundary is our worldvolume.

In the second example, our classification shows that there is in fact no WZ term. This

example is based on homogeneous space G/H = (SO(5) × U(1))/ SO(4) ∼= S4 × S1 [36].31

The problem here is that the closed, integral 5-form employed in [36] (which, again, is

just proportional to the volume form) does not satisfy the Manton condition. Indeed, the

interior product of the volume form on S4 × S1 with the vector field generating the U(1)

factor can be pulled back to S4 resulting in a form which is proportional to the volume

form on S4. This form is obviously not exact, and since the exterior derivative commutes

with the pullback, the Manton condition cannot be satisfied.

30The principal appeal of this model, compared to the minimal model, is that, since SO(6) is locally

isomorphic to SU(4), one can easily imagine a UV completion in the form of a (technically natural) strongly

coupled gauge theory with fermions.
31The principal appeal of this model was that the additional pseudo-Goldstone boson could explain a γγ

resonance observed at 750 GeV in LHC data. Sadly, this appears to have been a statistical fluctuation.
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The erroneous term in [36] was proposed based on a classification given by Weinberg

and d’Hoker [14]. As we show in section 6.1, this classification is invalid if G is disconnected

or if πd(G/H) 6= 0.

A fuller discussion of these terms, as well as others arising in composite Higgs models,

will be given in [28].

6 Computing the spaces of AB and WZ terms

Now we would like to summarize our classification, and also to show how the computation

of the space of possible terms may be achieved in a given case. The classification states that

there are two types of topological term in p-dimensional sigma models on G/H, subject to

our physical assumptions of section 3, which we have classified for general G/H (at least

for connected G). These are:

1. Aharonov-Bohm (AB) terms, classified by the quotient of the pth de Rham cohomol-

ogy by its integral subgroup:

Hp
dR(G/H,R)/Hp

dR(G/H,Z). (6.1)

2. Wess-Zumino (WZ) terms, classified by the space of closed, integral, (p+ 1)-forms on

G/H satisfying the Manton condition, that is

{ω ∈ Zp+1(G/H,Z) | ∀X ∈ g ∃fX ∈ Λp−1(G/H) s. t. iX(ω) = dfX}, (6.2)

where Zp+1(G/H,Z) is the space of closed, integral (p+ 1)-forms.

As we have seen, both the spaces of AB terms and WZ terms have the structure of an

abelian Lie group; addition in the group corresponds to addition of the associated actions

(or, equivalently, multiplication of the U(1)-valued action phases).

We now turn to the question of how to compute these two groups in a given case. The

group of AB terms (6.1) is relatively easy to compute, being directly related to de Rham

cohomology, for which a variety of tools are available. One of those, which is especially

pertinent here, is that when M ∼= G/H and G is connected and compact, the pth de Rham

cohomology is isomorphic to the Chevalley-Eilenberg cohomology [34] obtained from the

complex of G-invariant p-forms on G/H under the exterior derivative d.

This complex is, moreover, useful for the computation of WZ terms, because they arise

as a subspace of the closed G-invariant forms on G/H in degree p+ 1.

So, how do we compute the G-invariant q-forms on G/H (where we are interested in q

being p or p+1)? Starting from the Maurer-Cartan form on G itself, we form left-invariant

q-forms on G by choosing a basis for the Lie algebra and taking q-fold wedge products of

the basis 1-forms. From these forms, one constructs well-defined (and G-invariant) q-forms

on G/H by restricting to the subset {Ω} which are projectable onto G/H, that is, those

Ω for which there is a unique q-form Ω̄ on G/H which pulls back to Ω under the canonical

projection onto cosets.
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At least if H is connected, the algorithm simplifies further to a computation at the level

of the Lie algebras of G and H, in that projectability is guaranteed by the local conditions

LY Ω = 0 and ιY Ω = 0, for all vector fields Y on G generating right H transformations [34].

In this case, the cohomology of such forms under d is isomorphic to the relative Lie algebra

cohomology of g with respect to h [34].

Thus, if G/H is compact and H is connected, we may compute the space of AB

terms algebraically, by finding the pth relative Lie algebra cohomology, and quotienting

by integral classes. Moreover, given only that H is connected (G/H may now be non-

compact), we may compute the space of WZ terms by finding the space of (p+ 1)-cocycles

in the relative Lie algebra cohomology (over integers),32 and then restricting to the subset

that satisfy the Manton condition. This last step is not, in general, reducible to algebra.

How then, in practice, does one enforce the Manton condition? In fact, the Manton

condition is automatically satisfied for all vector fields X ∈ [g, g] ⊂ g, and so need only be

checked for generators of the Abelianization of g, that is the quotient g/[g, g]. The proof

is as follows. For each vector field X ∈ [g, g], one can write X = [Y, Z], for Y, Z also in

g. This, together with the identity [LY , ιZ ]α = ι[Y,Z]α (where α is any differential form),

implies that

ιXω = ι[Y,Z]ω = LY ιZω = d(ιY ιZω), (6.3)

where in the second equality we used LY ω = 0, and in the final equality we used LY =

ιY d+ dιY and that d(ιZω) = 0. This proves the claim. Furthermore, this argument gives

us an explicit construction for the Noether current (p − 1)-forms associated with those

vector fields X ∈ [g, g]; we simply contract ω with two vector fields Y and Z whose Lie

bracket is X. We find it striking that a local version of the result (6.3) was formulated by

Manton and collaborators, in the context of spacetime symmetries of gauge theories [37, 38];

however, considerations of the global topology of G and G/H, which have been central to

the present work (most evidently in the formulation of the Manton condition), were not

considered there.

As an important corollary, if G is a semi-simple Lie group (i.e. when g = [g, g]), the

Manton condition for G-invariance is necessarily satisfied for any G-invariant form; thus, in

this case, the computation of the space of WZ terms indeed reduces to algebra (assuming

only connectedness of H).

Finally, we address the subtlety that arises when the subgroup H is disconnected.

When H is disconnected, one can no longer restrict to the subset {Ω} of G-invariant forms

that are projectable to G/H using only local conditions (at the level of the Lie algebra).

Rather, one must check in addition that the putatively projectable form on G is in fact

invariant under the group of disconnected components of H. As an example in p = 1 of

the consequences of disconnected H for our classification, consider the difference between

quantum mechanics on S2 ∼= SO(3)/ SO(2) vs. RP 2 ∼= SO(3)/O(2), the real projective

32An important distinction to note is that, unlike the AB group, the possible WZ terms are properly

classified by cocycles, not cohomology classes. Nevertheless, because these cocycles are a subspace of the

space of G-invariant forms on G/H, they are guaranteed to form a subspace of a finite-dimensional vector

space. Thus, even in the worst-case scenario, the computation of the space of topological terms can be

carried out in an algorithmic fashion.
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plane. The first case corresponds to the Dirac monopole, and there is a WZ term as we

have discussed, which can be established using the conditions above at the level of the Lie

algebra alone. But despite the fact that O(2) and SO(2) have the same Lie algebra, there

is no WZ term for SO(3)/O(2), for the simple reason that any candidate SO(3)-invariant

2-form must be proportional to the volume form, and there is no volume form on the

non-orientable manifold RP 2.

The reader may have noticed that of the examples we have discussed so far, none have

featured both AB and WZ terms. It is nonetheless easy to construct examples which do.

For example, consider quantum mechanics on G/H = R3/Z ∼= S1 × R2, for which the

AB group is R/Z ∼= U(1) and the WZ group is R. A highly non-trivial example featuring

both AB and WZ terms is provided by a Composite Higgs theory based on the coset

G/H = SO(6)/ SO(4). We shall describe the topological terms in this model in [28].

6.1 Comparison with previous classifications

We have already given some indication of how our homological approach to topological

terms differs from a homotopic approach (which applies only for worldvolumes that are

homeomorphic to p-dimensional spheres). In this section, we comment in more detail on

how our classification compares with previous partial classifications of topological terms

presented in [14] and [15].

The classification by Weinberg and d’Hoker in [14] is based on homotopy and purports

to apply to arbitrary G/H, provided only that G is compact. The claim is that WZ terms

(defined there as terms in the lagrangian which shift by a non-vanishing total derivative un-

der the G-action) are in one-to-one correspondence with the (p+1)th de Rham cohomology

of G/H.

It is claimed in [14] that when the sigma model map φ : Sp → G/H is not homotopic

to a constant map, one can nevertheless define the action as the sum of two pieces, as

follows. One piece is an action assigned to any one fixed representative in each homotopy

class; the other piece is the integral (as in the Witten construction) of a closed (p+1)-form

over a (p+ 1)-dimensional submanifold (call it N) defined by a homotopy linking the map

φ to the fixed representative.

This prescription is not only somewhat cumbersome (especially in cases where there

are infinitely many homotopy classes), but also leads to problems with G-invariance, as we

now discuss.

Let us start by considering the closed (p + 1)-form. It is claimed in [14] that ‘The

group G acts transitively on the manifold G/H, so a G transform of a form define[s] the

same de Rham cohomology class.’ The simplest example that shows this claim to be false

in general is given by G = Z/2Z acting on itself. We have that H0
dR(Z/2Z) = R2, whose

2 generators may be represented by the 0-forms taking value unity on one component and

vanishing on the other. The G-action does not send these forms (nor their classes) into

themselves, but rather interchanges them.33 What is true is that the action of any g ∈ G
on G/H (or indeed on any manifold on which it acts) is a diffeomorphism of G/H which

33To give a more physically-relevant example, the classification given in [14] also yields the wrong answer

for a non-minimal composite Higgs model based on G/H = O(6)/O(5) ∼= S5, featuring custodial protection
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induces an automorphism on de Rham cohomology and that when g is connected to the

identity the diffeomorphism is homotopic to the identity map and so induces the identity

automorphism on de Rham chomology, sending each class into itself.

Thus the specific claim in [14] would be valid if one additionally assumes that G is

connected. But even this further restriction is not enough to guarantee G-invariance of the

action, because the action of G on G/H moves the image of the worldvolume, but not the

fixed representative. Therefore, the G-action results in a new submanifold N ′, which is

not the one induced from N by the action of G on G/H. As a result, G-invariance of the

(p+ 1)-form does not guarantee invariance of the action.

This problem invalidates the classification given in [14] when πp(G/H) 6= 0, and it

is far from clear how to fix it in a homotopy-based approach. But from the homological

perspective, the problem is already fixed: a topological term is possible iff. the Manton

condition (which is stronger than the condition of G-invariance of ω) is satisfied. Moreover,

this condition is also valid for non-compact G.

Our examples of quantum mechanics on the torus and the composite Higgs model

based on SO(5) × U(1)/ SO(4), where the relevant homotopy groups are non-vanishing,

show that, in many cases, the classification in [14] suggests the existence of a WZ term

when in fact there is none. But it is also quite possible that there do exist WZ terms

even when πp(G/H) 6= 0. Good candidates for G/H are those for which πp(G/H) 6= 0 but

G is semi-simple, such that the Manton condition is implied by G-invariance of ω. The

Composite Higgs theory with p = 4 and G/H = SO(6)/ SO(4) (for which π4 = Z), provides

such an example.

Turning to the other partial classification, it is claimed in a paper by Dijkgraaf and

Witten [15] that topological terms in a p = 2 sigma model with target space being a compact

group G (not necessarily connected or simply connected) are classified by H3(G,Z).

One can see that our classification agrees with that of Dijkgraaf and Witten [15] in the

case where G is semi-simple. In this case the Manton condition is necessarily satisfied,34

and we are interested in the space of closed, integral, invariant 3-forms. In fact, Dijkgraaf

and Witten are considering chiral models with G×G-invariance; because G is a symmetric

space, every bi-invariant form is closed [33], and so the aforementioned space is in one-to-

one correspondence with the cohomology classes of integral, bi-invariant 3-forms. Finally,

because G is assumed compact and connected, we have a one-to-one correspondence with

the 3rd de Rham cohomology group [34]. Our classification also contains, in general, AB

terms, but these vanish because H2(G,R) = 0. There is, however, a piece coming from

torsion, which is missed by our classification based on differential forms. The classification

based on differential characters [39] shows that it is just given by the space of maps from

the torsion subgroup, T2, of H2(G,Z) to U(1), which is itself isomorphic to T2. Putting

everything together we find, by the universal coefficient theorem for integral cohomology,

of Z → bb. Elements in O(6) that are disconnected from the identity send the volume form (and hence the

de Rham class) to minus itself, such that there is no O(6)-invariant topological term. We discuss invariance

of AB and WZ terms under disconnected groups in appendix C.
34In fact, when G/H = G/. is a Lie group, G being semi-simple implies H2(G,R) = 0, such that any

closed 2-form is necessarily exact.
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that the full space of topological terms is given by H3(G,Z), in agreement with Dijkgraaf

and Witten.

When G is not semi-simple, Dijkgraaf and Witten claim that a topological term is

given by “any differential character” and that the space of such terms contains extra pieces

“corresponding to generalized θ angles on the torus H2(G,R)/ρ(H2(G,Z))”. We certainly

agree with the second claim, since the generalized θ angles are just our AB terms. But

we do not agree with the first part of the claim, because it neglects the requirement of

G-invariance. The differential characters include those corresponding to all closed, integer,

3-forms, whereas in fact only those satisfying the Manton condition lead to a G-invariant

action. Given our discussion in section 6, we see that it remains to check the Manton

condition on g/[g, g].

A simple example should suffice to highlight the discrepancy. Let G = U(1)3, for which

H3(G,Z) = H3(T 3,Z) = Z, generated by the 3-form ω = dx ∧ dy ∧ dz which integrates to

unity over the 3-torus (where x ∼ x + 1, y ∼ y + 1, and z ∼ z + 1). Exactly as we have

seen for quantum mechanics on the 2-torus, the Manton condition fails for each vector field

generating G, and one cannot write down a G-invariant WZ term. Explicitly, the problem

is that one cannot write down an invariant action for cycles corresponding to non-trivial

classes in H2(T 3,Z), corresponding to toroidal worldsheets.

7 Discussion

We have classified, from a homological perspective, the space of topological terms for a

generic non-linear sigma model on a homogeneous space G/H, assuming those terms can

be written in terms of local differential forms. We divide the space of such terms into two

parts, corresponding to contributions from (local) p-forms which are either closed or not

closed, and we have called these AB and WZ terms respectively. At least for connected

G, the physically-inequivalent AB terms are in one-to-one correspondence with the pth

de Rham cohomology of G/H, quotiented by the subgroup of integral classes. The WZ

terms are in one-to-one correspondence (for connected G) with those closed, integral, (p+1)-

forms whose interior products with the generators of the G-action are exact p-forms. This

condition for G-invariance, which we call the Manton condition, was derived by requiring

G-invariance of the action on all (smooth singular) homology p-cycles, which implies that

we allow worldvolumes of arbitrary topology (subject to the requirement that they be

smooth, orientable manifolds of dimension p).

Our formulation of topological terms started from representing worldvolumes by ho-

mology cycles. In general, homology groups contain both free and torsion subgroups, but

the effect of our insistence on writing the action using differential forms has resulted in the

torsion part being ignored. It is natural to ask whether such torsion elements in homology

can also give rise to topological terms in sigma models on G/H.

The answer is that they can, as we illustrate by means of an example. The quantum

mechanics of a rigid body may be described by a worldline on SO(3) ∼= RP 3 (representing

the configuration space of the rigid body as described by, say, its Euler angles). The first

homology group of RP 3 is isomorphic to Z/2Z. At the level of the fundamental group
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(which, by Hurewicz’ theorem, is isomorphic to the first homology group), the non-trivial

element may be represented by a loop connecting a point in S3 ∼= SU(2) to its antipode

(which becomes a closed loop in SO(3) once we identify). Evidently, we can define two

distinct topological action phases by either associating a phase of unity to all loops (or

cycles) or associating unity to trivial cycles and negative unity to non-trivial cycles. The

physical interpretation is that, in the former case, the rigid body is bosonic, while in the

latter case it is fermionic. There is an elegant formalism, using differential characters,

which captures these torsion effects, in addition to the AB and WZ terms which we have

considered in this paper. The details will be described in a forthcoming work [39].

Even with such terms added, it is known that there exist yet more topological terms

for sigma models on homogeneous spaces, which cannot be captured by a homological

classification. To give just one example, consider a worldvolume homeomorphic to S4 and

G/H = SU(2) ∼= S3. Since π4(S3) = Z/2Z, there are two homotopy classes of maps and

one may define a non-trivial O-invariant action phase by assigning a phase of −1 to maps

φ : S4 → SU(2) in the non-trivial homotopy class. Since H4(S3) = 0, it is clear that such

terms cannot be captured by a homological classification. The physics of such a term is

as follows [9, 40]. Since π3(S3) = Z, the theory contains solitons. A map φ corresponding

to a process in which a solition-antisoliton pair is created and the soliton is rotated by 2π

before the pair annihilates lies in the non-trivial homotopy class. The topological term

may thus be interpreted as assigning fermionic character to the solitons of the theory.
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A Locally-defined Aharonov-Bohm terms

Suppose an Aharonov-Bohm term is defined from a set of closed p-forms which are at

first defined only locally on patches. How do we classify the corresponding physically-

inequivalent theories?

We content ourselves with an explicit analysis of the case p = 1; generalization is

straightforward, but tedious. Thus, we take {A1
α} to be a collection of closed 1-forms

defined on the open sets {Uα}, satisfying A1
α − A1

β = dA0
αβ on double intersections. We

define the action to be the p = 1 specialization of (5.8), regarding this locally-defined AB

term as a WZ term for which the (p+ 1)-form ω = 0. Closure of {A1
α} means we can write

A1
α = dBα using the Poincaré lemma, for local 0-forms Bα. Define a set of 0-forms χαβ for

each double intersection by

χαβ = Bα −Bβ −A0
αβ on Uαβ , (A.1)

which can be written in terms of the Čech coboundary operator as {χ} = δ{B} − {A0},
and are evidently antisymmetric. Using {A1} = {dB} and δ{A1} = d{A0}, we have
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that dχαβ = 0 throughout Uαβ , that is, the 0-forms χαβ are in fact constants on double

intersections. Evaluating the action on a cycle z whose image intersects three double

intersections Uαβ , Uβγ , and Uγα, gives

S[z] = χαβ(c0,αβ) + χβγ(c0,βγ) + χγα(c0,γα), (A.2)

where c0,αβ &c. are 0-chains whose images are in the double intersections. Thus, the action

is a sum over constants defined on double intersections.

The constant-valued Čech 1-cochain {χ} is furthermore closed under the Čech cobound-

ary operator δ. To see why, suppose our good cover on M contains non-vanishing triple

intersections, and consider a cycle z∗ whose image is contained in a particular Uαβγ . We

can therefore choose to write z∗ = c1,α and integrate A1
α over the whole cycle, which yields

S[z∗] = 0 because A1
α is closed and therefore exact on Uα. But, the action is invariant

under repeated subdivision of our cycle, and so we could subdivide z∗ until it consists

of at least three 1-chains, and then choose to write Sdn z∗ = c1,α + c1,β + c1,γ , with the

boundaries between these 1-chains being a set of three 0-chains. The action then evaluates

to S[z∗] = χαβ + χβγ + χγα which is therefore equal to zero. This implies

δ{χαβ} = 0, (A.3)

and hence {χαβ} is a Čech 1-cocycle valued in constants,35 and therefore defines a coho-

mology class [{χαβ}] ∈ H2
č (M,R). Moreover, the action only depends on this cohomology

class, because it vanishes identically when evaluated on any Čech 1-coboundary (i.e. if

{χαβ} = δ{eα} = {eα − eβ}, where eα are constant on the open sets Uα). The space of

such locally-defined AB actions is therefore seemingly equal to the 1st Čech cohomology.

The Čech-de Rham isomorphism theorem then tells us the space of inequivalent actions

is just as well classified by the 1st de Rham cohomology of M , which we can show explicitly.

Because {χ} is both Čech and de Rham closed, following Alvarez [17] we can “invert” δ

to construct a set of 0-forms B̃α out of the constants χαβ such that B̃α − B̃β = χαβ on

each double overlap (explicitly, B̃α =
∑

γ χαγpγ , where the collection of functions {pγ} is a

partition of unity). That δ{B̃} = {χ} follows only from the antisymmetry of χαβ and the

cocycle condition. Then define a new set of local 1-forms {Ã1
α} = {dB̃α}. These satisfy

δ{Ã1} = δ{dB̃} = dδ{B̃} = d{c} = 0 using the commutativity of d and δ. Hence the local

1-forms {Ã1} in fact agree on double overlaps and therefore define a global, closed 1-form.

The WZ action on the cycle z for this globally-defined 1-form is∫
z
Ã1 =

∫
c1,α

Ã1
α+

∫
c1,β

Ã1
β+

∫
c1,γ

Ã1
γ = (B̃α−B̃β)(c0,αβ)+(B̃β−B̃γ)(c0,βγ)+(B̃γ−B̃α)(c0,γα),

(A.4)

which sure enough equals (A.2). The upshot is that, given locally-defined closed 1-forms

{A1}, the WZ action just evaluates to

SWY [z] =

∫
z
Ã1, (A.5)

35Of course, if our manifold doesn’t have any triple intersections, any Čech 1-cochain is trivially a 1-

cocycle because there are no nonzero Čech 2-cochains.
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for the global 1-form Ã1 constructed out of {A1} via a partition of unity as above, which

is the action for an AB term (4.1). This argument generalizes to any cycle, and higher p.

B Consistency of the Wess-Zumino action phase

As we described in section 5.1, the action for a WZ term is written as a sum of integrals

of locally-defined forms (which are constructed from a closed (p+ 1)-form ω) over U -small

chains of the appropriate degree, and contained within the appropriate intersections of open

sets (which are constructed from the worldvolume cycle by repeated subdivision). In this

appendix, we show that the action (5.8) constructed in this way is free of any ambiguities

that might arise when there is a choice of locally-defined forms to integrate on a given

chain.

First consider a p-simplex σ which is contained in a double intersection Uαβ , and on

which we can therefore integrate either Apα or Apβ . The boundary of σ is the sum of two

(p − 1)-chains, which we denote eα and eβ (that is ∂σ = eα + eβ), which originate from

taking the boundary of cp,α and cp,β respectively. If we choose to integrate Apα on σ, the

relevant pieces of the action are

Sα =

∫
σ
Apα −

∫
eβ

Ap−1
αβ . (B.1)

If we choose to integrate Apβ on σ, the relevant pieces of the action are

Sβ =

∫
σ
Apβ −

∫
eα

Ap−1
βα . (B.2)

The difference is

Sα − Sβ =

∫
σ
(Apα −A

p
β)−

∫
∂σ
Ap−1
αβ =

∫
σ
(Apα −A

p
β − dA

p−1
αβ ), (B.3)

where in the second equality we have used Stokes’ theorem. Hence, the ambiguity vanishes

if {dAp−1
αβ } = δ{Apα}, as encoded in the tic-tac-toe table (5.7).

However, as we anticipated above, there are further ambiguities. Suppose there exists a

p-simplex σ which is contained not just in a double intersection, but in a triple intersection

of open sets, Uαβγ , and on which we can therefore integrate Apα, Apβ , or Apγ . We suppose

that cα, cβ , and cγ all intersect Uαβγ , and that the boundary ∂σ is thus now the sum of

three (p − 1) chains, viz. ∂σ = eα + eβ + eγ , each originating from the boundary of cp,α,

cp,β , and cp,γ . To be concrete, let us consider the case p = 2, in which case σ is a 2-simplex

at which the U -small 2-chains cα, cβ , and cγ meet, and eα, eβ , and eγ are 1-chains whose

sum is ∂σ. The boundaries of these 1-chains are themselves three 0-chains (i.e. points),

call them A, B, and C, corresponding to the vertices of the 2-simplex σ. Specifically, let

A be the point common to ∂eβ and ∂eγ , let B be the point common to ∂eγ and ∂eα, and

C be the point common to ∂eα and ∂eβ . The situation is depicted in figure 1.
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If we choose to integrate, respectively, A2
α, A

2
β or A2

γ on σ, the relevant pieces of the

action are, respectively,

Sα =

∫
σ
A2
α −

∫
eβ

A1
αβ −

∫
eγ

A1
αγ +A0

αβγ(A),

Sβ =

∫
σ
A2
β −

∫
eγ

A1
βγ −

∫
eα

A1
βα +A0

βγα(B),

Sγ =

∫
σ
A2
γ −

∫
eα

A1
γα −

∫
eβ

A1
γβ +A0

γαβ(C).

(B.4)

The difference between, say, Sα and Sβ is

Sα − Sβ =

∫
σ
(Aα −Aβ)−

∫
eγ

(Aαγ +Aγβ)−
∫
∂σ−eγ

Aαβ +Aαβγ(A)−Aαβγ(B) (B.5)

(where we have suppressed the superscripts indicating the degree of the forms). This is

equal to

Sα − Sβ =

∫
σ
(Aα −Aβ − dAαβ)−

∫
eγ

(Aαγ +Aγβ +Aβα − dAαβγ), (B.6)

where Stokes’ theorem has been used twice, noting that A−B = ∂eγ (we obtain a permu-

tation of this expression for each pairwise difference of the three actions in (B.4)). The first

term is guaranteed to vanish given we have removed the ambiguity in (B.3). Hence, this sec-

ond ambiguity due to triple intersections vanishes, in general p, when {dAp−2
αβγ} = δ{Ap−1

αβ },
again as encoded in the tic-tac-toe table (5.7).

In a similar way, the tower of terms that we have included in the action, and the

tic-tac-toe relations between them (5.7), are such that there are no ambiguities over which

form to integrate at any degree greater than zero, with the ambiguity in forms of a given

degree being removed by the presence of forms of one degree lower. In the case of general

p, schematically, one has to remove ambiguities arising from p + 1 diagrams, where in

the qth diagram we consider the ambiguities in our definition of the action when a p-

simplex is contained in a (q + 1)-fold intersection, for q = 1, . . . , p + 1. For this qth

diagram, there will be q + 1 possible ways of writing the action, and insisting that their

differences vanish thus yields q independent constraints; (q − 1) of these constraints will

be satisfied by the conditions that arise from the preceding (q − 1) diagrams (which will

all be successive relations from the tic-tac-toe table), with the final qth constraint being

that {dAp−q} = δ{Ap−q+1}.

C The case of disconnected G

In this appendix we discuss, as a somewhat technical aside, how the conditions for G-

invariance of both AB and WZ terms must be modified when G is a disconnected Lie

group. We first discuss the story for AB terms, and then WZ terms.
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cα cβ

cγ

σ
eα eβ

eγ

C

AB

Figure 1. In p = 2, there is a potential ambiguity in the action when a 2-simplex σ in our U -small

chain complex lies in a triple intersection of open sets. In this diagram, Uα is the region to the left

of the curved red line, such that Im cα ⊂ Uα, and Uβ (Uγ) are the regions to the right of (below)

the curved blue (orange) lines respectively. The 0-, 1-, and 2-chains depicted are labelled as in the

main text.

C.1 AB terms

Let G0 be the normal subgroup of G given by the maximal component connected to the

identity in G. The group of components G/G0 is then a discrete group. A G0-invariant AB

term (constructed as in section 4) will be G-invariant iff. the corresponding closed p-form

A shifts by an exact form under the action of G/G0, by (3.1). Indeed, the action on a

cycle z, S[z] =
∫
z A, shifts to

∫
z L
∗
gG0

A under the action of gG0 ∈ G/G0, where in general

L∗g denotes the action of G that is induced on forms via pullback of the action of g ∈ G
on G/H. So the action phase will be invariant iff.

∫
z(L
∗
gG0
− 1)A ∈ Z for all z and for

all gG0 ∈ G/G0.

This condition is inequivalent to the (stronger) condition that A be G/G0-invariant, as

the following example shows. Let G/H = O(2)/O(1) ∼= S1. The action of the non-trivial

element in G/G0 = O(2)/ SO(2) ∼= Z/2Z sends the SO(2)-invariant 1-form bdx to minus

itself. Hence, we obtain an O(2)-invariant action upon integrating bdx iff. 2b is integral

(despite bdx not being an O(2)-invariant 1-form). But if b is integral, then we obtain a

trivial action phase. Hence the space of AB terms for O(2)/O(1) are isomorphic with the

group Z/2Z, generated by dx/2.

This example illustrates that, even though the group of components is finite, one cannot

obtain the full set of G-invariant AB terms simply by averaging the p-form appearing in

a G0-invariant term with respect to the G/G0-action. Indeed, in this example, averaging

any such p-form yields 0.

C.2 WZ terms

Again let G0 be the normal subgroup of G given by the maximal component connected

to the identity in G. For WZ terms, we have shown in section 5.1 that the integral over
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a boundary may be written in terms of the (p + 1)-form ω. So the action phase will be

invariant only if
∫
b(L
∗
gG0
−1)ω ∈ Z for all chains b. In fact, by the arguments of section 5.3,

we have the stronger requirement that
∫
b(L
∗
gG0
− 1)ω = 0, for all chains b, which by

de Rham’s theorem (3.1) implies that ω must be G-invariant. Thus G-invariance of ω is a

necessary condition.

Evidently, G-invariance of ω cannot be a sufficient condition, since it fails in the case

where G is in fact connected (in which case we need the stronger Manton condition if the

action is to be invariant on all cycles, not just those which are boundaries). It also fails

when ω = 0, such that we are, in fact, describing an AB term. Indeed, we have already seen

that G-invariance of AB terms is automatic only when G is connected, and is otherwise

non-trivial.

It is, however, possible to establish that, when ω is G-invariant, the shift in the cor-

responding topological term is itself a topological term, but of AB type. In other words,

it is always possible to write the shift in the action on a p-cycle in terms of an integral of

some closed, globally-defined p-form over the cycle. In particular, the shift due to g ∈ G
of an AB term described by p-form A can be written as the integral of the closed p-form

(L∗g − 1)A, and the infinitesimal shift of a WZ term described by (p + 1)-form ω can be

written as the integral of the closed p-form ιXω.

We postpone proof of this result, and exploration of its consequences, to [39], contenting

ourselves here with an illustrative example: consider quantum mechanics (p = 1) on G/H =

O(3)/O(2) ∼= S2. The action of the non-trivial element in G/G0 = O(3)/ SO(3) ∼= Z/2Z
sends the SO(3)-invariant 2-form ω to minus itself. The physics action in this case can

be written using Witten’s construction as the integral of the volume form over a 2-chain

b (representing a disk) bounding the 1-cycle representing the worldline. The shift in the

action may be written as
∫
b(L
∗
gG0
− 1)ω = −2

∫
b ω, which must equal an integer. Shrinking

the worldline and disk to a point shows that it must equal zero, and hence ω = 0.

We will return to the issue of the general classification of both AB and WZ terms for

disconected G in [39].

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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