
J
H
E
P
0
9
(
2
0
1
8
)
0
6
9

Published for SISSA by Springer

Received: June 26, 2018

Revised: August 4, 2018

Accepted: September 2, 2018

Published: September 13, 2018

RK(∗) and the origin of Yukawa couplings

Stephen F. King

Department of Physics and Astronomy, University of Southampton,

Highfield, Southampton, SO17 1BJ, U.K.

E-mail: king@soton.ac.uk

Abstract: We explore the possibility that the semi-leptonic B decay ratios RK(∗) which

violate µ − e universality are related to the origin of the fermion Yukawa couplings in

the Standard Model. Some time ago, a vector-like fourth family (without a Z ′) was used

to generate fermion mass hierarchies and mixing patterns without introducing any family

symmetry. Recently the idea of inducing flavourful Z ′ couplings via mixing with a vector-

like fourth family which carries gauged U(1)′ charges has been proposed as a simple way

of producing controlled flavour universality violation while elegantly cancelling anomalies.

We show that the fusion of these two ideas provides a nice connection between RK(∗) and

the origin of Yukawa couplings in the quark sector. However the lepton sector requires

some tuning of Yukawa couplings to obtain the desired coupling of Z ′ to muons.

Keywords: Beyond Standard Model, Heavy Quark Physics, Neutrino Physics, Quark

Masses and SM Parameters

ArXiv ePrint: 1806.06780

Open Access, c© The Authors.

Article funded by SCOAP3.
https://doi.org/10.1007/JHEP09(2018)069

mailto:king@soton.ac.uk
https://arxiv.org/abs/1806.06780
https://doi.org/10.1007/JHEP09(2018)069


J
H
E
P
0
9
(
2
0
1
8
)
0
6
9

Contents

1 Introduction 1

2 The model 4

2.1 The renormalisable Lagrangian 4

2.2 Mass insertion approximation 5

2.3 The 5× 5 matrix 7

2.4 A convenient basis for quarks 7

2.5 A basis for decoupling the heavy fourth family 9

2.6 Effective quark Yukawa couplings revisited 10

2.7 Effective Z ′ couplings revisited 11

2.8 Phenomenology 12

2.9 Leptons 14

3 Conclusions 15

1 Introduction

Recently, the phenomenological motivation for considering non-universal Z ′ models has in-

creased due to mounting evidence for semi-leptonic B decays which violate µ−e universality

at rates which exceed those predicted by the SM [2–4]. In particular, the LHCb Collabora-

tion and other experiments have reported a number of anomalies in B → K(∗)l+l− decays

such as the RK [5] and RK∗ [6] ratios of µ+µ− to e+e− final states, which are observed

to be about 70% of their expected values with a 4σ deviation from the SM, and the P ′5
angular variable, not to mention the B → φµ+µ− mass distribution in mµ+µ− .

Following the measurement of RK∗ [6], a number of phenomenological analyses of

these data, see e.g. [7–16] favour a new physics operator of the form b̄Lγ
µsL µ̄LγµµL, or

of the form, b̄Lγ
µsL µ̄γµµ, each with a coefficient Λ−2 where Λ ∼ 31.5 TeV, or some linear

combination of these two operators. For example, in a flavourful Z ′ model, the new physics

operator will arise from tree-level Z ′ exchange, where the Z ′ must dominantly couple to µµ

over ee, and must also have the quark flavour changing coupling bLsL which must dominate

over bRsR. There is a large and growing body of literature on non-universal Z ′ models as

applied to explaining these anomalies [17–36], with more recent papers following the RK∗

measurement in [37–47]. One of the challenges facing such models is the requirement that

they be anomaly-free.

In the present paper we will investigate the possible connection between the experimen-

tal signal for new physics in RK∗ and the origin of fermion Yukawa couplings. Remarkably,

despite the huge recent literature on RK∗ , relatively few papers are concerned with its

possible connection with Yukawa couplings [48–52]. Here we shall take the point of view
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that the observation of RK∗ is the first hint that the origin of Yukawa couplings is just

round the corner close to the TeV scale. We shall focus on Z ′ models where the physics

responsible for the Z ′ mass and couplings is also responsible for generating the effective

Yukawa couplings. This is the first time that such a connection has been considered in the

literature to our knowledge.

We consider a scenario in which the Standard Model (SM) at the electroweak scale is

an effective theory resulting from some theory at some higher scale(s) which may be as low

as the TeV scale. We require that all fermion Yukawa couplings must result from higher

dimension operators, so that the effective Yukawa couplings of the SM can be expressed in

terms of the left-handed fermion electroweak doublets, ψi = Li, Qi, where i = 1, 2, 3, and

the CP conjugated right-handed electroweak singlets, ψcj = ucj , d
c
j , e

c
j , ν

c
j ,

LY ukeff =

(
〈φi〉
Λψi,n

)n(
〈φj〉
Λψ

c

j,m

)m
Hψiψ

c
j , (1.1)

plus H.c., summed over fields, families and powers of n,m. Eq. (1.1) involves new SM

singlet fields φi which develop VEVs, leading to effective Yukawa couplings suppressed

by powers of 〈φi〉/Λ. Our scenario also involves a massive Z ′ under which the three SM

families ψi have zero charge, and which only couples to it via the same singlet fields φi
which have non-zero charge under the associated U(1)′ gauge group,

LZ′eff =

(
〈φi〉
Λ′ψi,n

)n(
〈φj〉
Λ′ψj,m

)m
g′Z ′µψ

†
i γ
µψj + (ψ → ψc) (1.2)

summed over fields, families and powers of n,m, where g′ is the U(1)′ gauge coupling and

we allow for different coupling strengths in the gauge coupling denominator factors Λ′ as

compared to Λ. The absence of a coupling at a given order corresponds to a particular Λ

or Λ′ becoming formally infinite. In a given model, such as the example discussed in this

paper, the various Λ and Λ′ may be simply related. The key feature of this scenario is that

the same numerator factors of 〈φi〉 control both the Yukawa couplings in eq. (1.1) and the

Z ′ couplings in eq. (1.2).

Another key feature of the above scenario is that the Z ′ mass is also generated by the

VEVs 〈φi〉, so that MZ′ ∼ g′〈φi〉. This implies that the observation of RK∗ , which sets

the scale of the Z ′ mass and couplings, also sets the scale of the theory of flavour, which

must both be not far from the TeV scale, 〈φi〉 ∼ TeV. This does not happen in scalar

leptoquark models, for example, since the scalar mass can be written down by hand and

it is not linked to the flavour scale. Thus although the observation of RK∗ fixes the mass

of the mediator Z ′ or leptoquark to be at the TeV scale, it is only in the case of the Z ′

that the VEV of 〈φi〉 is necessarily also fixed to be at the TeV scale, since its mass is given

by MZ′ ∼ g′〈φi〉. By contrast, a TeV leptoquark is consistent with 〈φi〉 and Λ being much

higher than the TeV scale, providing that their ratio is held fixed, since its mass is not

related to 〈φi〉. For this reason we prefer to consider Z ′ models.

In the scenario of eqs. (1.1), (1.2), in the limit that 〈φi〉 = 0, there are no Yukawa cou-

plings and also no couplings of SM fermions to the Z ′ since we assume they are not charged
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under the associated U(1)′ gauge group. When 〈φi〉/Λi are switched on then Yukawa cou-

plings and small non-universal and flavour dependent couplings of SM fermions to the Z ′

are generated simultaneously, as well as the Z ′ mass itself. The above framework then

provides a link between flavour changing observables and the origin of Yukawa couplings

of the kind that we are interested in.

In particular, there will be a connection between the experimental signal for new

physics in RK∗ due to Z ′ exchange and the origin of Yukawa couplings. Since the small

Yukawa couplings are known (or at least their eigenvalues), this constrains the values of

〈φi〉/Λi, and since we wish to explain RK∗ via non-universal Z ′ exchange, then this will

also constrain the Z ′ mass to be around the few TeV scale. Then we have MZ′ ∼ 〈φi〉 ∼
few TeV, and hence the theory of flavour is at the few TeV scale. In general one might ex-

pect severe experimental flavour and collider constraints such an effective theory of flavour

at the TeV scale. For example there could be dangerous flavour changing neutral currents

(FCNCs) from higher order operators with dimensional scale Λi ∼ few TeV. However in

such a scenario, such FCNC operators are expected to have coefficients suppressed by small

Yukawa couplings (generated by powers of 〈φi〉/Λi). Of course this is not obvious from a

general analysis, so one is motivated to provide some explicit renormalisable examples to

substantiate this claim.

In fact there is a threefold motivation for going beyond the effective description in

eqs. (1.1), (1.2). Firstly, the treatment of the third family Yukawa couplings, especially

the top quark coupling, which must be considered carefully. Secondly, for the Yukawa

couplings, the scales 〈φi〉 and Λi must be of order a few TeV, in order to explain RK∗ , and

so the effective theory in eqs. (1.1), (1.2) must break down not far above the TeV scale in

any case. Thirdly, in a concrete model capable of describing all the quark and lepton masses

and mixings, the relation between the Yukawa and Z ′ couplings becomes very clear and it is

more straightforward to see whether such a model can evade all the experimental constraints

while providing an explanation of RK∗ . In particular we can clearly investigate whether

FCNC operators may be adequately suppressed by small Yukawa as claimed above. The

main goal of this paper, then, is to show that the effective theory in eqs. (1.1), (1.2), with

Z ′ mass MZ′ ∼ g′〈φi〉, can be realised by some ultraviolet complete renormalisable theory.

Recently we have proposed an explanation of RK∗ based on a fourth vector-like family

which carries U(1)′, where the anomalies cancel between conjugate representations in the

fourth family [53]. In the “fermiophobic” example, we showed that even if the three chiral

families do not carry U(1)′ charges, effective non-universal couplings, as required to explain

RK∗ , can emerge indirectly due to mixing with the fourth family [53]. A closely related

idea was also considered some time later [54] in which the third chiral family and the

conjugate half of the fourth vector-like family carried the U(1)′ charges, but otherwise the

mechanism for RK∗ works very similar to [53]. Other phenomenological implications such

as the muon g − 2 and τ → µγ were also considered [54]. We have pursued this idea in

several subsequent papers, including: F-theory models with non-universal gauginos [55];

SO(10) models (including the question of neutrino mass) [56]; SU(5) models (focussing on

the Yukawa relation Ye 6= Y T
d ) [57]; and flavourful Z ′ portal models with a coupling to a

fourth-family singlet Dirac neutrino Dark Matter, including an extensive discussion of all
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phenomenological constraints [58]. In contrast to our previous work, here we shall require

that small Yukawa couplings are not put in by hand, but are instead generated by couplings

to the fourth family, leading to the effective operators in eqs. (1.1) and (1.2).

In this paper, then, we will construct an explicit renormalisable model with a vector-

like family as an ultraviolet completion of eqs. (1.1) and (1.2). Our starting point is the

model proposed in [59, 60], which involves one vector-like family distinguished by a discrete

Z2. We introduce a new U(1)′ gauge group, spontaneously broken at the TeV scale, under

which the three chiral families are neutral but the vector-like fourth family is charged.1

The mixing between the fourth family and the three chiral families provides the Yukawa

couplings as in eq. (1.1), as well as the non-universal effective Z ′ couplings involving the

three light families in eq. (1.2), providing a link between the Yukawa and Z ′ couplings.

However, while the fusion of these two ideas provides a nice connection between RK(∗) and

the origin of Yukawa couplings in the quark sector, the lepton sector requires some tuning

of Yukawa couplings to obtain the desired coupling of Z ′ to muons.

The layout of the remainder of the paper is as follows. In section 2 we consider the

model with the vector-like family, where the Higgs is charged under the U(1)′ and effective

Yukawa and Z ′ couplings are generated by the same mixing. Section 3 concludes the paper.

2 The model

2.1 The renormalisable Lagrangian

The model we consider here is defined in table 1. The model involves three chiral families

ψi(0), ψci (0), plus a fourth vector-like family consisting of ψ4(1), ψc4(1) plus the conjugate

representations ψ4(−1), ψc4(−1), where the U(1)′ charges are shown in parentheses. The

gauged U(1)′ is broken by the singlet scalars φ(1), with vacuum expectation values (VEVs)

around the TeV scale, yielding a massive Z ′ at this scale. Since the Higgs doublets H(−1)

are charged under the U(1)′, this forbids all Yukawa couplings, except those which couple

the first three families to the fourth family.

A similar model was proposed as a model of effective Yukawa couplings in [59, 60]. The

main difference is that the model here involves a gauged U(1)′ resulting in effective Yukawa

and flavourful Z ′ couplings as in eqs. (1.1) and (1.2) which are related, while in [59, 60] only

the effective Yukawa couplings were considered. A welcome consequence of this is that,

unlike [59, 60], we shall not require an additional Z2 symmetry to forbid renormalisable

Yukawa couplings. Instead such couplings are forbidden by the gauged U(1)′ under which

the fourth vector-like family and Higgs doublets are charged. In addition, we shall go

beyond the mass insertion approximation of [59, 60], which breaks down for the top quark

Yukawa coupling. Another difference is that the model in [59, 60] was supersymmetric,

while our model here is not. However we require two Higgs doublets Hu, Hd, both with

negative U(1)′ charge.

1A nice consequence of this is that it is no longer necessary to introduce the discrete Z2 symmetry.
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Field SU(3)c SU(2)L U(1)Y U(1)′

Qi 3 2 1/6 0

uci 3 1 −2/3 0

dci 3 1 1/3 0

Li 1 2 −1/2 0

eci 1 1 1 0

νci 1 1 0 0

Q4 3 2 1/6 1

uc4 3 1 −2/3 1

dc4 3 1 1/3 1

L4 1 2 −1/2 1

ec4 1 1 1 1

νc4 1 1 0 1

Q4 3 2 −1/6 −1

uc4 3 1 2/3 −1

dc4 3 1 −1/3 −1

L4 1 2 1/2 −1

ec4 1 1 −1 −1

νc4 1 1 0 −1

φ 1 1 0 1

Hu 1 2 1/2 −1

Hd 1 2 −1/2 −1

Table 1. The model consists of three left-handed chiral families ψi = Qi, Li and ψci = uci , d
c
i , e

c
i , ν

c
i

(i = 1, 2, 3), plus a fourth vector-like family consisting of ψ4, ψ
c
4 plus ψ4, ψc4, together with the U(1)′

breaking scalar fields φ and the two Higgs scalar doublets Hu, Hd which are both negatively charged

under U(1)′.

The allowed renormalisable Yukawa couplings and explicit masses allowed by U(1)′

are,

Lren = yψi4Hψiψ
c
4 + yψ4iHψ4ψ

c
i + xψi φψiψ4 + xψ

c

i φψ
c
iψ

c
4 +Mψ

4 ψ4ψ4 +Mψc

4 ψc4ψ
c
4 (2.1)

plus H.c., summed over fields and families, where x, y are dimensionless coupling constants

ideally of order unity, while M are explicit mass terms of order a few TeV.

2.2 Mass insertion approximation

Although the usual Yukawa couplings yψijHψiψ
c
j are forbidden for i, j = 1, . . . 3 (since H

are charged under U(1)′) effective 3 × 3 Yukawa couplings may be generated by the two
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Figure 1. Diagrams in the model which lead to the effective Yukawa couplings in the mass insertion

approximation, where H = Hu, Hd.
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Figure 2. Diagrams in the model which lead to the effective Z ′ couplings in the mass insertion

approximation.

mass insertion diagrams in figure 1 (up to an irrelevant minus sign),

LY ukeff =
xψ

c

j 〈φ〉

Mψc

4

yψi4Hψiψ
c
j +

xψi 〈φ〉
Mψ

4

yψ4jHψiψ
c
j (2.2)

plus H.c., summed over fields and families, which can be compared to eq. (1.1).

The model also involves a massive Z ′ under which the three SM families ψi, ψ
c
i have zero

U(1)′ charge. Although the usual Z ′ couplings g′Z ′µψ
†
i γ
µψj are forbidden for i, j = 1, . . . 3,

the fourth vector-like family has non-zero U(1)′ charge, and effective Z ′ couplings may be

generated by the two mass insertion diagrams in figure 2,

LZ′eff =
xψi 〈φ〉
Mψ

4

xψj 〈φ〉

Mψ
4

g′Z ′µψ
†
i γ
µψj +

xψ
c

i 〈φ〉
Mψc

4

xψ
c

j 〈φ〉

Mψc

4

g′Z ′µψ
c†
i γ

µψcj (2.3)

summed over fields and families, which can be compared to eq. (1.2). The above model is

therefore an example of a renormalisable model which can lead to the effective theory of the
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kind discussed in the Introduction, namely one in which Yukawa and Z ′ couplings are both

controlled by the same physics, in this case the VEVs 〈φ〉 and the fourth family vector-like

masses Mψ
4 and Mψc

4 . Moreover, the mass of the Z ′ is given by MZ′ = g′〈φ〉, which is

the same scale at which the Yukawa couplings are generated. However, while the Yukawa

couplings are generated at first order, the Z ′ couplings are generated at second order in the

mass insertion approximation. We shall discuss the phenomenological implications of this

later. For the moment, let us return to the Yukawa couplings and discuss them in some

more detail.

There is a such a Yukawa matrix as in eq. (2.2) for each of the four charged sectors

ψ = u, d, e, ν. In the case of neutrinos, this refers to the Dirac Yukawa matrix, and there

will be a further Majorana mass matrix for the singlet neutrinos Mνc
ij ν

c
i ν
c
j . Since nothing

prevents the Majorana masses Mνc
ij being arbitrarily large, well above the U(1)′ breaking

scale, this will lead to a conventional seesaw mechanism for small neutrino masses. On the

other hand we are assuming that the vector-like masses Mψ
4 and Mψc

4 to be close to the

U(1)′ breaking scale of order the TeV scale.

2.3 The 5 × 5 matrix

Since the large top quark Yukawa coupling yt is not present at renormalisable level, it

must also arise from mixing with the fourth vector-like family. Clearly the mass insertion

approximation in eq. (2.2) breaks down in the case yt ∼ yu33 ∼ 1. The large top quark

Yukawa coupling therefore motivates us to go beyond the mass insertion approximation

used in [59, 60]. To proceed, we first arrange the masses and couplings in eq. (2.1) into

5× 5 matrices, one for each charge sector ψ = u, d, e, ν,

Mψ =



ψc1 ψc2 ψc3 ψc4 ψ4

ψ1| 0 0 0 yψ14H xψ1 φ

ψ2| 0 0 0 yψ24H xψ2 φ

ψ3| 0 0 0 yψ34H xψ3 φ

ψ4| yψ41H yψ42H yψ43H 0 Mψ
4

ψc4| x
ψc

1 φ xψ
c

2 φ xψ
c

3 φ Mψc

4 0


. (2.4)

There are three distinct mass scales in these matrices: the Higgs VEVs 〈H〉, the φ VEVs

〈φ〉 and the vector-like fourth family masses Mψ
4 , Mψc

4 . If all these mass scales are of the

same order then the correct procedure is to diagonalise the full 5 × 5 matrices in each

of the charge sectors (apart from neutrinos which must be treated differently due to the

Majorana masses and the seesaw mechanism). Then unitarity violation will play a role.

However, in the approximation 〈H〉 � 〈φ〉 (physically MZ �MZ′), it will not be necessary

to diagonalise the full matrix in one step, as we shall see.

2.4 A convenient basis for quarks

Since the upper 3 × 3 block of eq. (2.4) contains zeros we are free to rotate the first three

families as we wish without changing the upper 3 × 3 block. Similarly the Z ′ couplings to
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the first three families remain zero under such rotations. For example, in the quark sector

we are allowed to go to a particular basis in Qi, d
c
i , u

c
i (i = 1, . . . 3) flavour space where

xQ1,2 = 0, yu41,42 = 0, yd41,42 = 0. Then we can further rotate the first and second families to

set xu
c

1 = 0, xd
c

1 = 0 and yu14 = 0 (but in general yd14 6= 0 since the quark doublet rotations

have already been used up). In this basis the 5 × 5 quark matrices Mu,Md from eq. (2.4)

become, respectively,

uc1 uc2 uc3 uc4 Q4

Q1| 0 0 0 0 0

Q2| 0 0 0 yu24H
u 0

Q3| 0 0 0 yu34H
u xQ3 φ

Q4| 0 0 yu43H
u 0 MQ

4

uc4| 0 xu
c

2 φ xu
c

3 φ Muc
4 0


,



dc1 dc2 dc3 dc4 Q4

Q1| 0 0 0 yd14H
d 0

Q2| 0 0 0 yd24H
d 0

Q3| 0 0 0 yd34H
d xQ3 φ

Q4| 0 0 yd43H
d 0 MQ

4

dc4| 0 xd
c

2 φ xd
c

3 φ Mdc
4 0


(2.5)

Note that the fifth column is identical for both matrices, but, after electroweak symmetry

breaking, the quark doublets Q are split apart into u, d which become part of Mu,Md,

respectively.

For purposes of later comparison, it is instructive to show the result for the effective

3× 3 Yukawa matrices for the quarks, yuijHuQiu
c
j and ydijHdQid

c
j , obtained from the 5× 5

matrices in eq. (2.5) (in the above basis) using the mass insertion approximation in eq. (2.2),

yuij =


0 0 0

0 yu24x
uc
2 yu24x

uc
3

0 yu34x
uc
2 yu34x

uc
3

 〈φ〉Muc
4

+


0 0 0

0 0 0

0 0 xQ3 y
u
43

 〈φ〉MQ
4

ydij =


0 yd14x

dc
2 yd14x

dc
3

0 yd24x
dc
2 yd24x

dc
3

0 yd34x
dc
2 yd34x

dc
3

 〈φ〉Mdc
4

+


0 0 0

0 0 0

0 0 xQ3 y
d
43

 〈φ〉MQ
4

(2.6)

The effective Yukawa matrices above consist of the sum of two rank 1 matrices, so the

first family will be massless without further modification. The simplest modification is to

include Higgs messengers as in [59, 60], where such Higgs messengers are not charged under

U(1)′ and so will not induce any Z ′ couplings to the first family. Indeed the dominance of

the fourth family diagrams over the Higgs exchange diagrams provides a nice explanation

of the smallness of the first family masses. Here we shall not consider the Higgs messenger

diagrams explicitly and instead work in the massless first family limit, which is a good

approximation and is sufficient to illustrate the connection with Z ′ couplings which are

only induced by mixing with the fourth vector-like family.

If one of the two Yukawa terms in each of the expressions in eq. (2.6) is dropped, then

the second family masses will become zero as well. This suggests a natural explanation

of the smallness of the second family compared to the first family, namely that one of

the two terms dominates over the other one. This assumption was called “messenger

dominance” in [59, 60]. In order to account for the smallness of the CKM element Vcb in the
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quark sector, it is natural to assume that the left-handed quark messengers dominate over

the right-handed messengers, MQ
4 � Mdc

4 ,Muc
4 , which was called “left-handed messenger

dominance” in [59, 60], with the further assumption MQ
4 � Mdc

4 � Muc
4 reproducing the

more pronounced mass hierarchy in the up sector than the down sector. Assuming all this

leads to |Vcb| ∼ ms/mb with Vub, though naturally small, being unconstrained [59, 60].

However to explain the smallness of the Cabibbo angle requires further model building

such as an SU(2)R symmetry [59, 60], although here we assume its smallness is accidental.

2.5 A basis for decoupling the heavy fourth family

As already remarked, given the large top Yukawa coupling, we need to go beyond mass

insertion approximation 〈φ〉 � Mψ
4 , so we must return to the full 5 × 5 mass matrices.

However we shall still assume that 〈H〉 � 〈φ〉 so that we may switch off the Higgs VEVs

all together in the first instance, and so obtain an effective SM after integrating out the

heavy fourth family. A first step in this direction is to work in a basis where the 5×5 mass

matrices have the form

Mψ =



ψc1 ψ
c
2 ψc3 ψc4 ψ4

ψ1| 0

ψ2| 0

ψ3| ỹ′ψαβH 0

ψ4| M̃ψ
4

ψc4| 0 0 0 M̃ψc

4 0


. (2.7)

where ỹ′ψαβ with α, β = 1, . . . 4 are the 4×4 upper block Yukawa matrices in this basis. The

key feature of eq. (2.7) are the zeros in the fifth row and column which are achieved by

rotating the first four families by the unitary 4 × 4 transformations introduced in [53],

VQ = V Q
34V

Q
24V

Q
14 , Vuc = V uc

34 V
uc

24 V
uc

14 , Vdc = V dc

34 V
dc

24 V
dc

14 , (2.8)

where each of the unitary matrices Vi4 are parameterised by a single angle θi4 describing

the mixing between the ith chiral family and the 4th vector-like family.

As emphasised in [53], the basis in eq. (2.7) is very useful for decoupling the heavy

states since the first three rows and columns of the matrices do not involve any large mass

terms. Then we can decouple the heavy fourth vector-like family, in the approximation

〈H〉 � 〈φ〉, by simply striking out the fourth and fifth rows and columns of these matrices.

The Yukawa matrices of the SM, ỹ′ψij , then correspond to the remaining 3× 3 upper blocks

of the 4×4 Yukawa matrices, ỹ′ψαβ . However, it should be remembered that the undecoupled

three families in this basis contain admixtures of the original fourth vector-like family due

to the mixing, and so will have modified Yukawa couplings, as compared to the original

(unmixed) three chiral families, as follows.

In the above basis, where only the fourth components of the fermions are very heavy,

the 4× 4 Yukawa couplings are,

ỹ′uαβ = VQỹ
u
αβV

†
uc , ỹ′dαβ = VQỹ

d
αβV

†
dc , (2.9)
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and ỹuαβ , ỹ
d
αβ are identified with the 4×4 upper blocks of eq. (2.5). The effective SM Yukawa

couplings for the quarks then correspond to the 3 × 3 upper blocks of ỹ′uαβ , ỹ
′d
αβ , namely

yuijHuQiu
c
j , ydijHdQid

c
j , with yuij ≡ ỹ′uij , ydij ≡ ỹ′dij , (i, j = 1, . . . 3). (2.10)

The effective SM Yukawa couplings have non-zero elements due to the mixing, even though

originally they were all zero. This is the origin of flavour in the low energy effective SM

theory.

2.6 Effective quark Yukawa couplings revisited

We now calculate the effective SM Yukawa matrices for quarks in this particular basis,

following the above more accurate procedure, and then compare to the results to the mass

insertion approximation in eq. (2.6). This treatment still assumes that 〈H〉 � 〈φ〉 but

relaxes the assumption 〈φ〉 � MQ
4 , which is not valid due to the large top quark Yukawa

coupling. Therefore the treatment in this subsection is necessary for consistency.

From eq. (2.5) we read off the upper 4× 4 blocks,

ỹuαβ =


0 0 0 0

0 0 0 yu24

0 0 0 yu34

0 0 yu43 0

 , ỹdαβ =


0 0 0 yd14

0 0 0 yd24

0 0 0 yd34

0 0 yd43 0

 (2.11)

Eq. (2.5) also shows that we need (3, 4) mixing in the Q sector and both (2, 4) and (3, 4)

mixing in the uc, dc sectors to go to the decoupling basis in eq. (2.7). The unitary matrices

in eq. (2.8) are then given by,

VQ = V Q
34 =


1 0 0 0

0 1 0 0

0 0 cQ34 sQ34

0 0 −sQ34 c
Q
34

 , sQ34 =
xQ3 〈φ〉√

(xQ3 〈φ〉)2 + (MQ
4 )2

, (2.12)

where we anticipate that sQ34 ∼ 1 due to the large top quark Yukawa coupling. For Vuc , Vdc

only the angles θu
c

24 , θ
uc
34 and θd

c

24, θ
dc
34 may be non-zero, and indeed must be to generate the

second family masses and the mixing angles (although θu
c

34 is not necessary). However

these angles are all small, since we assume MQ
4 �Mdc

4 �Muc
4 , so here we are allowed to

approximate,

Vuc = V uc

34 V
uc

24 ≈


1 0 0 0

0 1 0 θu
c

24

0 0 1 θu
c

34

0 −θuc24 −θu
c

34 1

 , θu
c

24 ≈
xu

c

2 〈φ〉
Muc

4

, θu
c

34 ≈
xu

c

3 〈φ〉
Muc

4

(2.13)

and similarly for Vdc .
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Given the results in eqs. (2.11), (2.12)), (2.13), the 4×4 matrices in the basis of eq. (2.9)

may be readily computed and the Yukawa couplings of the SM in eq. (2.10) may then be

identified as their upper 3 × 3 blocks,

yuij =


0 0 0

0 θu
c

24y
u
24 θu

c

34y
u
24

0 cQ34θ
uc
24y

u
34 c

Q
34θ

uc
34y

u
34

+


0 0 0

0 0 0

0 0 sQ34y
u
43

 ,

ydij =


0 θd

c

24y
d
14 θd

c

34y
d
14

0 θd
c

24y
d
24 θd

c

34y
d
24

0 cQ34θ
dc
24y

d
34 c

Q
34θ

dc
34y

d
34

+


0 0 0

0 0 0

0 0 sQ34y
d
43

 (2.14)

The effective Yukawa matrices in eq. (2.14) reduce to those in the mass insertion approx-

imation in eq. (2.6) in the small θQ34 angle limit. However such an approximation is not

justified since the top quark Yukawa coupling is identified as yt ≈ sQ34y
u
43 which implies

that sQ34 ∼ 1 as already anticipated. We must use the more reliable expressions for the

Yukawa matrices in eq. (2.14). The bottom quark Yukawa coupling yb ≈ sQ34y
d
43 may also

be large if tan β = vu/vd is large. The small values of the Yukawa coupling of the charm

quark yc ≈ θu
c

24y
u
24 and strange quark ys ≈ θd

c

24y
d
24, are accounted for by the assumption

MQ
4 �Mdc

4 �Muc
4 , which justifies the small angle approximations for the other angles.

2.7 Effective Z′ couplings revisited

As discussed in [53], there is an approximate GIM mechanism in the electroweak sector

involving W±, Z boson exchange, because all four families ψα, ψ
c
α, transform identically

under the SM gauge group, so their mixing does not induce any such flavour violation.

However, this is not true for the Z ′ gauge bosons, which only couple to the fourth family.

After the mixing with the fourth family, the three light families have induced non-universal

and flavour violating couplings to the Z ′, which depend on the mixing angles of the 4 × 4

unitary matrices in eq. (2.8), as we now discuss.

After U(1)′ breaking, we have a massive Z ′ gauge boson which only couples to the

fourth family in the basis of eq. (2.5), ignoring the heavy neutrino singlets,

Lgauge
Z′ = g′Z ′µ

(
Q†αDQγ

µQβ + uc†αDucγ
µucβ + dc†αDdcγ

µdcβ + L†αDLγ
µLβ + ec†αDecγ

µecβ

)
(2.15)

where α, β = 1, . . . 4 and the diagonal 4× 4 charge matrices are

DQ = Duc = Ddc = DL = Dec = diag(0, 0, 0, 1). (2.16)

Going to the basis of eq. (2.7), we have

Lgauge
Z′ = g′Z ′µ

(
Q′
†
αD
′
Qγ

µQ′β+u′
c†
αD

′
ucγ

µu′
c
β+d′

c†
αD

′
dcγ

µd′
c
β+L′

†
αD
′
Lγ

µL′β+e′
c†
αD

′
ecγ

µe′
c
β

)
(2.17)

where the rotated charge matrices are,

D′Q = VQDQV
†
Q, D

′
uc = VucDucV

†
uc , D

′
dc = VdcDdcV

†
dc (2.18)

where VQ, Vuc , Vdc are given in eqs. (2.12), (2.13).
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Focussing on the upper 3×3 blocks of D′, the Z ′ coupling matrices of the SM quarks are

Lgauge
Z′,3×3 = D′

Q
ijg
′Z ′µQ

†
iγ
µQj +D′

uc

ij g
′Z ′µu

c†
i γ

µucj +D′
dc

ij g
′Z ′µd

c†
i γ

µdcj , (2.19)

where the charge matrices may then be computed from the upper 3×3 blocks of eq. (2.18),

D′
Q
ij =


0 0 0

0 0 0

0 0 (sQ34)2

 , D′
uc

ij =


0 0 0

0 (θu
c

24)2 θu
c

24θ
uc
34

0 θu
c

24θ
uc
34 (θu

c

34)2

 , D′
dc

ij =


0 0 0

0 (θd
c

24)2 θd
c

24θ
dc
34

0 θd
c

24θ
dc
34 (θd

c

34)2

 (2.20)

The important point is that the Z ′ couplings of the SM quarks in eqs. (2.19), (2.20) are

controlled by the same mixing angles that control their Yukawa couplings, in the same basis

eq. (2.14), but are second order in these mixing angles. Thus while the large top quark

Yukawa coupling implies that sQ34 ∼ 1 and hence the Z ′ couples in an unsuppressed way to

the third family quark doublet Q3 = (tL, bL), there are no couplings to the first or second

family quark doublets Q1 = (uL, dL), Q2 = (cL, sL) in the basis of eq. (2.14). Moreover,

the small value of the Yukawa coupling of the charm quark yc ∼ θu
c

24 ∼ mc/mt implies

that the cR coupling to Z ′ is suppressed by (θu
c

24)2 ∼ (mc/mt)
2 ∼ 10−4 in this basis. The

sR coupling to Z ′ is similarly suppressed, so there is a negligible contribution to K0 − K̄0

mixing for M ′Z ∼ 1 TeV.

2.8 Phenomenology

One way to explain the muon anomalies especially RK(∗) is via the couplings

L ⊃ Z ′µ (gbss̄Lγ
µbL + gµµµ̄Lγ

µµL) , (2.21)

where in our model of quarks the above Z ′ coupling originates from gbbb̄Lγ
µbL where

gbb = g′(sQ34)2 from eq. (2.20), where this coupling is in the basis where the quark Yukawa

matrices are given by eq. (2.6) (or equivalently eq. (2.14)). The CKM matrix for the quarks

may be constructed in the usual way, by diagonalising these Yukawa matrices,

VuLy
uV †uR = diag(yu, yc, yt), VdLy

dV †dR = diag(yd, ys, yb) (2.22)

to yield the unitary 3× 3 CKM matrix,

VCKM = VuLV
†
dL. (2.23)

The previous assumption of this model that MQ
4 � Mdc

4 � Muc
4 implies that the CKM

mixing originates predominantly from the down sector, hence to good approximation,

VCKM ≈ V †dL. (2.24)

This implies that in the diagonal quark mass basis, the off-diagonal quark coupling in

eq. (2.21) is generated with

gbs = g′(sQ34)2(V ′†dL)32 ≈ g′(sQ34)2Vts. (2.25)
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In our model, we expect sQ34 ∼ 1/
√

2, say, due to the large top Yukawa coupling, with the

gauge coupling g′ ∼ 1 and Vts ∼ −0.04 (in the usual PDG convention for VCKM) and so

from eq. (2.25),

gbs = g′(sQ34)2Vts ∼ −
1

50
. (2.26)

We have not yet specified the lepton sector so we do not yet know the value of gµµ. In fact

we will be guided by these anomalies in our construction of the lepton sector. However

we remark that gµµ will have the same relative sign as gbb (positive in our convention),

hence the model predicts that gµµ and gbs will have the opposite relative sign as required

to account for the RK and RK∗ measurements [61].

As discussed in the Introduction, one possible explanation of the RK and RK∗ mea-

surements in LHCb is that the low-energy Lagrangian below the weak scale contains an

additional contribution to the effective 4-fermion operator with left-handed muon, b-quark,

and s-quark fields:

∆Leff ⊃ Gbsµ(b̄Lγ
µsL)(µ̄LγµµL) + h.c., Gbsµ ≈

1

(31.5 TeV)2
. (2.27)

The positive sign of Gbsµ matches the required negative value of Cµ9 < 0 with Cµ9 = −Cµ10.

The coefficient Gbsµ is due to Z ′ exchange at tree-level and is given as function of the

couplings in eq. (2.21),

Gbsµ = −gbsgµµ
M2
Z′
≈ 1

(31.5 TeV)2
(2.28)

where the opposite relative sign of gµµ and gbs is crucial to account for the RK and RK∗

measurements [61].

The Z ′ coupling to bs leads to an additional tree-level contribution to Bs−Bs mixing

due to the effective operator arising from Z ′ exchange at tree level:

∆Leff ⊃ −
g2
bs

2M2
Z′

(s̄Lγ
µbL)2 + h.c, (2.29)

Such a new contribution is highly constrained by the measurements of the mass difference

∆Ms of neutral Bs mesons as discussed in 2015 leading to the bound of MZ′/|gbs| &
150 TeV [62], with a very recent 2017 bound from updated lattice results of MZ′/|gbs| &
500 TeV [61]. However the stronger 2017 bound arises from a discrepancy with the Standard

Model which could in principle disappear.

If we take the milder Bs −Bs mixing bound then this constrains,

|gbs|
MZ′

.
1

150 TeV
. (2.30)

Since gbs is approximately known in our model, then using eq. (2.25), this leads to a lower

bound on the Z ′ mass in this model,

MZ′ & 3 TeV, (2.31)

where the bound would increase by a factor of three for the stronger 2017 bound on Bs−Bs

mixing.
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Since the Higgs doublets are charged under U(1)′, they will induce Z−Z ′ mixing which

will affect the SM prediction of MW /MZ , leading to corrections to the well determined

electroweak precision parameter ρ or T . One may estimate the lower bound,2

MZ′

g′k
& 9.5 TeV, (2.32)

where k is the model dependent normalisation of the U(1)′ charge of the Higgs doublets.

Taking the ratio of eqs. (2.30) to (2.28) we find the relatively model independent bound,

|gbs|
gµµ

.
1

25
. (2.33)

However this would reduce by an order of magnitude for the stronger 2017 bound on Bs−Bs

mixing. Since gbs is approximately known in our model, then eqs. (2.33) and (2.25) imply

the bound

gµµ &
1

2
. (2.34)

If the U(1)′ gauge charges corresponded to a fourth family B−L then this bound would be-

come gµµ & 1/6 but the coupling gµµ must still be quite sizeable in any case. The message is

clear that in order to account for RK(∗) we need to generate an unsuppressed coupling of Z ′

to muons. In particular we need a large value of θL24, as observed in [58]. Assuming this, then

we satisfy the phenomenological constraints from Z ′ searches, Bs−Bs mixing, trident events

and so on as fully discussed in [58] to which we refer the reader for more details. We now re-

turn to the question of how it is possible to obtain large muon couplings to Z ′ in this model,

and show that this may only be achieved at the expense of tuning of Yukawa couplings.

2.9 Leptons

The leptons can be treated by exactly the same methods as developed for the quarks.

However, the situation for the leptons is slightly different since there will be a further

Majorana mass matrix for the singlet neutrinos Mνc
ij ν

c
i ν
c
j . Since nothing prevents the

Majorana masses Mνc
ij being arbitrarily large, well above the U(1)′ breaking scale, this will

lead to a conventional seesaw mechanism for small neutrino masses. In principle, large

lepton mixing can originate from the seesaw mechanism due to the arbitrary neutrino

Yukawa matrix and the heavy Majorana mass matrix Mνc
ij , so we are free to treat the

charged lepton Yukawa matrices any way we wish.

Motivated by the RK(∗) anomalies, we work in a new basis for the charged leptons, by

performing suitable rotations on the fields Li, e
c
i , to give,

ec1 ec2 ec3 ec4 L4

L1| 0 0 0 0 0

L2| 0 0 0 ye24H
d xL2 φ

L3| 0 0 0 ye34H
d 0

L4| 0 ye42H
d 0 0 ML

4

ec4| 0 xe
c

2 φ xe
c

3 φ M ec
4 0


. (2.35)

2Adam Falkowski, private communication.
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Now assuming all angles to be small apart from θL24, motivated by the discussion in

the previous subsection [58], we obtain,

yeij =


0 0 0

0 cL24θ
ec
24y

e
24 c

L
24θ

ec
34y

e
24

0 θe
c

24y
e
34 θe

c

34y
e
34

+


0 0 0

0 sL24y
e
42 0

0 0 0

 , (2.36)

The Z ′ coupling matrices in this basis (ignoring the heavy Majorana neutrinos) are,

DL
ij =


0 0 0

0 (sL24)2 0

0 0 0

 , Dec

ij =


0 0 0

0 (θe
c

24)2 θe
c

24θ
ec
34

0 θe
c

24θ
ec
34 (θe

c

34)2

 . (2.37)

So far this looks very similar to the basis used for the up type quarks, in eqs. (2.14), (2.20)

with the replacements Q → L, with uc → ec and a relabelling L2 ↔ L3 and ec2 ↔ ec3.

Indeed, without further assumption, the Yukawa matrices seem to be dominated by the

element with the largest angle, which would imply that the second family charged lepton is

the heaviest, so we would interpret that as the τ lepton. However, let us suppose that we

tune the Yukawa coupling ye42 to be very small in this basis, with the hierarchy ye42 � ye34

so that the charged lepton Yukawa matrix is in fact dominated by the first matrix in

eq. (2.36), even though the angles are assumed to be small. This may also lead to large

left-handed charged lepton mixing, providing an explanation of large atmospheric lepton

mixing in neutrino oscillations. Moreover, since the first matrix is rank one, the smaller

muon mass is controlled by ye42 from the second matrix in eq. (2.36).3 We conclude that

this explanation of RK(∗) requires the Yukawa coupling ye42 to be tuned to be small.

3 Conclusions

We have explored the possibility that the semi-leptonic B decay ratios RK(∗) which violate

µ−e universality are related to the origin of the fermion Yukawa couplings in the Standard

Model. We have constructed an explicit renormalisable model with a vector-like family

as an ultraviolet completion of eqs. (1.1) and (1.2). The considered model involves a new

U(1)′ gauge group, spontaneously broken at the TeV scale, under which the three chiral

families are neutral but the vector-like fourth family is charged. The mixing between the

fourth family and the three chiral families then provides the effective Yukawa couplings,

as in figure 1, as well as the non-universal effective Z ′ couplings involving the three light

families, in figure 2, which are both generated by the same physics. However, while the

model provides a nice connection between RK(∗) and the origin of Yukawa couplings in the

quark sector, the lepton sector requires some tuning of Yukawa couplings to obtain the

desired coupling of Z ′ to muons.

3Alternatively, we may also tune ye
24 � ye

34 so there is small left-handed charged lepton mixing. Most

of the large lepton mixing would then originate in the neutrino sector.
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