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1 Introduction

The papers [1–3] established a duality between the CFT of the coset model

SU(N)1 × SU(N)`
SU(N)1+`

, (1.1)

and three-dimensional higher-spin Vasiliev theory [4–6], in the large N, ` limit. This duality

is characterized by a large symmetry algebra W∞[µ] on the CFT side which is interpreted

as the asymptotic symmetry algebra on the bulk side [7–9]. The parameter µ = N
`+N is the

’t Hooft coupling on the CFT side, while on the bulk side it determines the mass of the

scalar field. TheW∞[µ] algebra consists of generators with spin 2 to∞ with each generator

having multiplicity one and the commutation relations of these generators depend on the

parameter µ.

Our aim is to find the symmetry algebra for the coset

SU(N)k × SU(N)`
SU(N)k+`

(1.2)
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which is a generalization of the coset in eq. (1.1). The central charge for this coset is

k`(k + `+ 2N)(N2 − 1)

(k +N)(`+N)(k + `+N)
. (1.3)

The coset in eq. (1.2) has three independent parameters and two interesting limits. The

first limit arises on taking N and ` to infinity while holding k and µ = N
N+` fixed. The

central charge reduces to
k(N2 − 1)

k +N
∼ kN(1− µ2) . (1.4)

Since, the central charge scales as ∼ N , in this limit the coset in eq. (1.2) is usually referred

to as a vector coset model. This vector coset model was studied in refs. [10, 11], where a

related, but different, coset model SU(k + `)N/SU(`)N was proposed as the CFT dual to

a bulk Vasiliev theory with a matrix extension.

There exist other limiting procedures which result in a central charge of the coset in

eq. (1.2) which scales as N2. One way is to take N and k, ` to infinity while holding k − `
and µ = N

k+`+N fixed. In this case, the central charge scales as ∼ N2(1− 1
µ). A variation of

this, which is the limiting procedure we use in this paper, is to take N and k, ` to infinity

with N/` set to zero and

λ =
N

k
(1.5)

fixed. The coset central charge is then

N2 − 1

1 + λ
. (1.6)

Since the central charge scales as a matrix model, in this limit we expect the coset in

eq. (1.2) to have a string dual and we refer to it in the text as the stringy SU(N) coset.

In this paper, we will study the symmetry algebra of this stringy SU(N) coset in the limit

where k and ` go to infinity, but keep N finite. Thus, we are not determining the algebra

explicitly at large N . However, from the general behavior of the algebra at finite N , we

can infer many of its properties at infinite N which we will elaborate on in the text. In

particular, this method tells us the properties of the large N coset algebra at λ = 0 with

λ defined as in eq. (1.5).

Historically, the algebra for the coset model in eq. (1.1) was first studied at finite N

before the infinite N case was dealt with. The finite N algebra is called WN [12] and has

generators ranging from 2 to N with multiplicity one. Indeed, it has taken many years to

completely understand the large N limit of theWN algebra [13–15]. The algebra of the coset

in eq. (1.2) for small N and large k, ` has been studied before in refs. [16–18], although it has

only attracted a fraction of the attention that the WN algebra has and perhaps rightly so.

WN algebras, which are extensions of the Virasoro algebra, have complicated commutation

relations but a simple spectrum of fields. In contrast, the symmetry algebras of the coset

theories in eq. (1.2) have a spectrum of generators with the multiplicity climbing at a

exponential rate with the spin (the algebra still has, of course, a finite number of generators

at finite N). Unlike their WN counterparts, these algebras belong to a class of algebras
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which are finitely non-freely generated [19] and thus are less tractable. On the other hand,

the fact that this coset model and supersymmetric generalizations have generators whose

multiplicity increases with spin makes them prime candidates to be dual to string theories

in AdS. It is with this motivation that we study them in this paper.

We exclusively work with the bosonic coset in eq. (1.2), so that we can study the

symmetry algebra in its simplest form. A N = 2 supersymmetric generalization of the coset

in eq. (1.2) was studied in [20]. Related work for a coset withN = 1 supersymmetry appears

in refs. [21–24]. However, a crucial distinction between our analysis and the supersymmetric

cases studied is that we are working in the limit of zero coupling, with a free theory.

The coset theories that we study are similar to SU(N) gauge theories in four dimensions

which are known to have string duals on the AdS5 background. However, string theories on

AdS3 are expected to be dual to a different family of CFTs: symmetric product orbifolds. In

this paper, we explore the relation between the symmetry algebra of the bosonic symmetric

product orbifold theory and the coset theory. To be able to do this, we explicitly write

down the currents of the coset theory. For the coset in eq. (1.1) with level k = 1, the

currents of theW-algebra correspond to Casimir operators of SU(N). For the more general

coset theory, currents of the W-algebra can be generated from the Casimir operators by

sprinkling additional derivatives on the constituent currents. We construct these currents

in section 3. However, as we will see, the coset theory also has additional currents that

cannot be constructed from the Casimir operators.

Information about the generators of any coset theory resides in the vacuum character

of the partition function of the theory. In section 2, we write down the vacuum character of

the coset in eq. (1.2). Unlike the case k = 1, it is not possible to formulate this character in

closed form for general k and N and it can only be expressed in terms of string functions.

We therefore resort to numerical techniques to find the generators of the algebra from

its vacuum character for low values of N , following ref. [16]. Later in section 3, when

we explicitly construct the currents for finite N , the calculation in section 2 serves as a

touchstone for our results.

This paper is organized as follows. In section 2 we find the low lying spectrum of the

symmetry algebra of the coset in eq. (1.2) for small values of N in the large k, ` limit.

In section 3 we construct the currents for this same coset for the special values N = 2

and N = 3. The N = 3 case is especially important for understanding the structure of

the currents at general N and we present this case in some detail. In section 3, we also

work out the relation of the coset algebra to the algebra W∞[µ] and also its relation to the

higher spin square. The algebra of the symmetric product orbifold at general values of N

is worked out in appendix C.

2 Perturbative growth of states

In this section, we compute the vacuum character of the coset model in eq. (1.2) at finite

N , with k, ` → ∞. This computation will tell us at what rate the perturbative states of

the current algebra grow with the spin. The density of states of a CFT partition function

in the regime of large spin s but s < c determines the dual holographic theory. Since, in
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this paper, we are only interested in the symmetry algebra of the coset in eq. (1.2), we will

focus on the vacuum character. We will not be able to determine the vacuum character

exactly but will compute the low-lying spectrum of the symmetry algebra. We carry this

out in section 2.1 and our results appear in table 1. It is also of interest to compute

the vacuum character at fixed k at finite N , since this helps us to understand the nature

of the symmetry algebra of our stringy coset. We do this in section 2.2 and the results

appear in tables 2 and 3. In section 2.3, we determine the asymptotic growth of states of

the vacuum character. In the following, we describe the method we use to compute the

vacuum character.

It is well known that the W-algebra of the coset gk/g is the same as the W-algebra

of the coset (gk ⊕ g`)/gk+` in the ` → ∞ limit [16, 25]. Therefore, to find the symmetry

algebra for the coset
SU(N)k ⊗ SU(N)`

SU(N)k+`
(2.1)

as `→∞, we find the algebra of the coset model

SU(N)k
SU(N)

. (2.2)

using its vacuum character.

The characters of the coset in eq. (2.2), also known as branching functions, depend on

the weights SU(N)k and SU(N), which we label by Λ and λ respectively. The branching

function for the coset is given by [16, 26]

bΛλ (q) ≡ Tr LΛ,λ
qL0−c/24 =

∑
w∈W

ε(w)cΛ
w(λ+ρ)−ρ+kΛ0

(q)q
1
2k
|w(λ+ρ)−ρ|2 . (2.3)

The sum on the r.h.s. is over the group elements w of the Weyl group W of SU(N), which

is SN . The determinant of w is labelled as ε(w) and takes values: ±1. ρ is the Weyl vector,

equal to half the sum of the positive roots of SU(N). Λ0 is the vacuum weight of SU(N)k
given by (k, 0, · · · ). The cΛ

λ (q) are the Kac-Peterson string functions defined in eq. (2.7).

To find the coset symmetry algebra we need to look at the vacuum character, so we

work out the branching function bΛλ (q) for the weights: Λ = (k, 0, · · · ) and λ = (0, 0, · · · ).
This will give us a series in the variable q. We can rearrange this series as

q−
c
24∏l

i=1 Fsi(q)
(1− jqn · · · ) , (2.4)

where

Fs ≡
∞∏
k=s

(1− qk) . (2.5)

eq. (2.4) is the general form of the vacuum character for an algebra with fields of spins si,

where i ranges from 1 to l and with j null states starting at order n. Here, l is the total

number of generators of the algebra. This is the so-called “character technique”. Note

that this technique is not fool-proof. The actual algebra may have additional currents,

since we can always add currents to the denominator of eq. (2.4), while at the same time
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increasing the number of null states to keep the vacuum character unchanged. Nevertheless,

studying the vacuum character gives us a good indication of the nature of the algebra. We

also restrict our attention to the vacuum character and ignore any extensions of the coset

algebra at specific values of the level k.

2.1 Algebra for small N

We now take k to ∞. Then the branching function in eq. (2.3) reduces to

bΛλ (q) =
∑
w∈W

ε(w)cΛ
w(λ+ρ)−ρ+kΛ0

(q) . (2.6)

The string functions for any affine group gk are given by

cΛ
λ (q) =

q−c/24∏
(1− qn)dimg

∑
w∈Ŵ

ε(w)qhw∗Λ,λ
∑

{nβ∈Z|
∑
β∈∆+

nββ=w∗Λ−λ}

( ∏
β∈∆+

φnβ (q)

)
, (2.7)

Here, Ŵ is the affine Weyl group, while ∆+ denotes the set of positive roots of g. We have

also introduced

φn =
∑
m≥0

(−1)mq
1
2
m(m+1)+nm , φ−n(q) = qnφn(q) , (2.8)

hΛ,λ =
(Λ,Λ + 2ρ)

2(k + hV )
− (λ, λ)

2k
, (2.9)

and w ∗ Λ = w(Λ + ρ)− ρ, while hV is the dual coexter number. In the large k limit, the

sum in eq. (2.7) over the affine Weyl group elements will reduce to a sum over the finite

Weyl group elements. Thus the expression in eq. (2.7) simplifies to

cΛ
λ (q) =

q−c/24∏
(1− qn)dimg

∑
w∈W

ε(w)
∑

{nβ∈Z|
∑
β∈∆+

nββ=w∗Λ−λ}

( ∏
β∈∆+

φnβ (q)

)
. (2.10)

2.1.1 Algebra for stringy SU(2) coset

In this case, there are two Weyl group elements: 1 and wα1 . Thus, the branching function

in eq. (2.6) becomes

b
(k,0)
(0) (q) = c

(k,0)
(k,0)(q)− c

(k,0)
(k−2,2)(q) . (2.11)

In the limit k →∞, the string functions appearing in the r.h.s. of the above expression are

given by

c
(k,0)
(k,0)(q) =

q−c/24∏
(1− qn)3

{
φ0(q)− φ−1(q)

}
(2.12)

and

c
(k,0)
(k−2,2)(q) =

q−c/24∏
(1− qn)3

{
φ−1(q)− φ−2(q)

}
. (2.13)

These expressions can be read off from eq. (2.10). Working out (and rearranging) the

branching function we get

b
(k,0)
(0) (q) =

1

F2F4F 2
6F

2
8F9F 2

10F12
(1− q13 − 3q14 − 7q15 − · · · ) (2.14)
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Thus the coset SU(2)k
SU(2) has a symmetry algebra with generators of spin

2, 4, 62, 82, 9, 102, 12 (2.15)

in the large k limit.

2.1.2 Algebra for stringy SU(3) coset

The branching function in eq. (2.6) for the case of the coset SU(3)k
SU(3) becomes

b
(k,0,0)
(0,0) (q) = c

(k,0,0)
(k,0,0)(q)− 2c

(k,0,0)
(k−2,1,1)(q) + c

(k,0,0)
(k−3,3,0)(q) + c

(k,0,0)
(k−3,0,3)(q)− c

(k,0,0)
(k−4,2,2)(q) . (2.16)

Defining

ζ(q) = q−c/24 1∏
(1− qn)8

, (2.17)

and calculating the string functions in the limit k →∞ we find

c
(k,0,0)
(k,0,0)(q) = ζ(q)

∑
n∈Z

φ−n(q)
{

2φn−1(q)φn−2(q)− 2φn−1(q)φn(q)

− φn−2(q)2 + φn(q)2
}
,

c
(k,0,0)
(k−2,1,1)(q) = ζ(q)

∑
n∈Z

φ−n(q)
{

2φn−2(q)φn−3(q)− 2φn−1(q)φn−2(q)

− φn−3(q)2 + φn−1(q)2
}
,

c
(k,0,0)
(k−3,3,0)(q) = ζ(q)

∑
n∈Z

φ−n(q)
{
φn−4(q)φn−2(q)− φn−4(q)φn−3(q)− φn−3(q)φn−1(q)

+ φn−3(q)2 + φn−2(q)φn−1(q)− φn−2(q)2
}
,

c
(k,0,0)
(k−4,2,2)(q) = ζ(q)

∑
n∈Z

φ−n(q)
{

2φn−3(q)φn−4(q)− 2φn−2(q)φn−3(q)

− φn−4(q)2 + φn−2(q)2
}
. (2.18)

In addition,

c
(k,0,0)
(k−3,0,3)(q) = c

(k,0,0)
(k−3,3,0)(q) . (2.19)

Working out the branching function we get

b
(k,0)
(0) (q) =

1

F2F3F4F5F 4
6F

2
7F

7
8F

9
9F

12
10F

16
11F

26
12F

26
13F

33
14F

33
15F

12
16

× (1− 24q17 − 137q18 − 404q19 − · · · ) . (2.20)

The spin of the generators of the algebra and their multiplicity can now be read off from

the denominator. Our results for the N = 2 and N = 3 cases agree with those in ref. [16].

We can work out the vacuum character for the coset SU(4)k
SU(4) , in a similar fashion, and

we find that the algebra has generators of spin:

2, 3, 42, 5, 65, 74, 812, 915, 1028, 1141, 1275, 13103, 14166, 15235, 16313, 17362, 18310. (2.21)

Using Mathematica, we have worked out the symmetry algebra for the coset SU(N)k
SU(N) in the

large k limit till N = 7 and up to generators of spin 8. The results appear in table 1.
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N Vacuum Character Algebra

2 1 + q2 + q3 + 3q4 + 3q5 + 8q6 + 9q7 + 19q8 + · · · 2, 4, 62, 82, · · · .
3 1 + q2 + 2q3 + 4q4 + 6q5 + 15q6 + 22q7 + 46q8 + · · · 2, 3, 4, 5, 64, 72, 87, · · ·
4 1 + q2 + 2q3 + 5q4 + 7q5 + 18q6 + 29q7 + 64q8 + · · · 2, 3, 42, 5, 65, 74, 812, · · ·
5 1 + q2 + 2q3 + 5q4 + 8q5 + 19q6 + 32q7 + 71q8 + · · · 2, 3, 42, 52, 65, 75, 814, · · ·
6 1 + q2 + 2q3 + 5q4 + 8q5 + 20q6 + 33q7 + 74q8 + · · · 2, 3, 42, 52, 66, 75, 815, · · ·
7 1 + q2 + 2q3 + 5q4 + 8q5 + 20q6 + 34q7 + 75q8 + · · · 2, 3, 42, 52, 66, 76, 815, · · ·

Table 1. The vacuum character for the stringy coset model for small values of N . The corre-

sponding algebra appears in the third column. The central charge of the coset is related to N by

c = N2− 1. Note that the vacuum character (and hence the algebra) stabilizes till order qN : which

means that the generators up to spin N do not change on further increasing N .

As we can see from the table, the currents up to spin N stop changing as N is further

increased. We, therefore, expect the algebra at N = ∞ to have the following low-lying

spectrum of generators:

2, 3, 42, 52, 66, 76, · · · . (2.22)

2.2 Algebra for cosets with finite k

To better understand the coset algebra in the infinite k, ` limit, it is instructive to find the

algebra of the coset when ` is large but k is fixed to a given value. The vacuum character for

such a coset is given by eq. (2.3) and the string functions continue to be given by eq. (2.7).

The string functions for a fixed level can be calculated in Mathematica using the package

affine.m [27].

In table 2 we list the algebra for various N for k = 3. As can be seen, even for this

low value of the level, the number of generators of the algebra grow quickly with the spin.

In fact, for a fixed value of N , the coset algebra stabilizes for a small value of the level k

— that is the coset generators do not change after a certain level. This fact was earlier

reported in [28]. As we show in table 3, for N = 3 the algebra has stabilized at level 8.

The field content at this level is identical to the field content at level k =∞ calculated in

eq. (2.20). Note that the number of null states continue to change and specifically decrease

as we increase the level to infinity. The null states, however, never disappear from the

spectrum and are present even in the infinite level limit, as can be see from the vacuum

character in eq. (2.20).

Note that the growth rate of currents at finite k is sharper than what might expect

from the T -dual coset SU(k+ `)N/(SU(k)N ×SU(`)N ). The symmetry algebra of this dual

coset is expected to be a (truncation of) the matrix extension of WN in the large `,N

limit for fixed k — so the multiplicity for a given spin would be at most k2. However, it is

possible for dual cosets to have different symmetry algebras [25].

– 7 –
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N Vacuum Character Algebra

2 1 + q2 + q3 + 3q4 + 3q5 + 8q6 + 9q7 +

19q8 +25q9 +45q10 +61q11 +105q12 +

· · ·

2, 4, 62, 8, 9 .

3 1 + q2 + 2q3 + 4q4 + 6q5 + 15q6 +

22q7+45q8+78q9+140q10+238q11+

426q12 + · · ·

2, 3, 4, 5, 64, 72, 86, 98, 108, 1110, 129, · · ·

4 1 + q2 + 2q3 + 5q4 + 7q5 + 18q6 +

29q7+63q8+112q9+221q10+400q11+

771q12 + · · ·

2, 3, 42, 5, 65, 74, 811, 914, 1024, 1134, 1255, · · ·

5 1 + q2 + 2q3 + 5q4 + 8q5 + 19q6 +

32q7+70q8+130q9+261q10+490q11+

969q12 + · · ·

2, 3, 42, 52, 65, 75, 813, 919, 1034, 1152, 1294, · · ·

6 1 + q2 + 2q3 + 5q4 + 8q5 + 20q6 +

33q7+73q8+137q9+279q10+530q11+

1066q12 + · · ·

2, 3, 42, 52, 66, 75, 814, 921, 1039, 1162, 12117, · · ·

7 1 + q2 + 2q3 + 5q4 + 8q5 + 20q6 +

34q7+74q8+140q9+286q10+548q11+

1106q12 + · · ·

2, 3, 42, 52, 66, 76, 814, 922, 1041, 1167, 12127, · · ·

Table 2. The vacuum character for the vector coset model for fixed k = 3 and small values of N .

2.3 Asymptotic growth of vacuum character

The asymptotic growth of the vacuum character can be determined from the general for-

mula for the asymptotic behaviour of branching functions [29]. Let us write the general

branching function as

bΛλ (q) =
∑
s

asq
s . (2.23)

Then, asymptotically as s→∞,

as ∼
1

2
(c/6)1/4b(Λ, λ)s−

3
4 exp

(
π
√

2/3 c s
)

(2.24)

where, b(Λ, λ) is a positive real number and c is the central charge. Thus, in our case:

as ∼ s−
3
4

√
N exp

(
π
√

2
3N

2s

)
(2.25)

where we have dropped the constants.

In spite of the fact that there is an exponential increase in the number of currents,

for small spin s, a large number of null states occur as s becomes greater than N2 for

the vacuum branching function, as we saw in the previous section. Hence, the vacuum

character has Cardy growth at large s. Note that this asymptotic behaviour holds only for

finite N and may change for infinite N .
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k Algebra k Algebra

1 2, 3. 5 2, 3, 4, 5, 64, 72, 87, 99, 1012, 1116, 1225, 1325, 1429, 1527

2 2, 3, 4, 5, 63, 7, 83, 93 6 2, 3, 4, 5, 64, 72, 87, 99, 1012, 1116, 1226, 1326, 1432, 1532, 168

3 2, 3, 4, 5, 64, 72, 86, 98, 108, 1110, 129 7 2, 3, 4, 5, 64, 72, 87, 99, 1012, 1116, 1226, 1326, 1433, 1533, 1611

4 2, 3, 4, 5, 64, 72, 87, 99, 1011, 1115, 1222, 1320, 1416, 152 8 2, 3, 4, 5, 64, 72, 87, 99, 1012, 1116, 1226, 1326, 1433, 1533, 1612

Table 3. The algebra obtained from the vacuum character for the coset model SU(3)k/SU(3) for

various k values. The algebra stabilizes by k = 8.

3 Generalized Casimir current algebra

In this section, we write down the explicit form of the currents for the stringy coset in

eq. (2.2). This coset and the associated current algebra have been studied in refs. [16, 17,

30, 31]. We review the known facts about the current algebra for this coset at arbitrary

level k in section 3.1. We are interested in the current algebra in the limit of large level

k. We show in section 3.2 that in this limit, the coset theory reduces to a theory of free

bosons. We also demonstrate that the number of currents grows with spin as expected

from the vacuum character calculation in the previous section. We do this for the N = 2

and N = 3 cases in sections 3.2.1 and 3.2.2 respectively. Extrapolating from these results,

we write down the general form of the current algebra generators in the large N limit in

section 3.2.3. We will identify the simplest of these generators with the free field realization

of theWe
∞[1] algebra. The algebraWe

∞[µ] is an infinite-dimensional sub-algebra of W∞[µ],

which consists of fields of even spin only [32–35]. In section 3.3, we will show that a

subset of the generators of our stringy coset can be arranged in representations of We
∞[µ].

This is evocative of the higher spin square which is the symmetry algebra of the large N

symmetric product orbifold theory [36]. We will remark on this correspondence between

the generators of the higher spin square and the coset theory in section 3.3.

Here, we first establish background facts that we need to determine the currents for

the coset SU(N)k/SU(N). For any coset algebra G/H, the generators are the currents

of G that commute with that of H. The generators of our coset algebra are composed

from the SU(N)k generators: Ja, where a varies from 1 to N2 − 1. These affine algebra

generators, that transform in the adjoint representation of SU(N), satisfy the following

operator product expansion:

Ja(z)Jb(w) =
−k δab

(z − w)2
+

fabcJ
c

(z − w)
+ · · · . (3.1)

Repeated indices will always imply summation, regardless of the placement of the indices.

The generators of the coset algebra are those operators of SU(N)k that commute with the

SU(N) currents, which are given by the zero modes of the affine currents. Thus, if Q(z) is

a generator of the coset algebra, then[
J0
a , Q(z)

]
= 0 . (3.2)

As is shown in section 7.2.1 of ref. [16], this implies that Q(z) must be a differential

polynomial invariant in the SU(N) currents. The first such invariant is the stress-energy
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tensor

T (z) ∼ 1

2
:Ja(z)Jb(z) : (3.3)

which is the quadratic Casimir of SU(N) defined up to an overall normalization and : · · · :
symbol denotes normal ordering. It is a quasi-primary field of conformal dimension two.

We will find that the coset algebra currents, in general, take a simple form in the quasi-

primary basis. A quasi-primary field is defined as having the following commutator with

the Virasoro modes of the stress-energy tensor

[Lm, Qn(z)] = {n− (d− 1)m}Qn+m (3.4)

where m ∈ {−1, 0, 1}. Here, d is the conformal dimension of the field. A primary field on

the other hand obeys eq. (3.4) for all mode numbers m.

As is well-known, the Casimir invariants are independent symmetric polynomial invari-

ants of SU(N). In general, the number of polynomial differential invariants for a group,

which is the set of possible currents for the coset CFT, is much larger.

3.1 General k and k = 1

At general level k the stress energy tensor is given by

T =
−1

2(k +N)
:JaJa : (3.5)

The coset currents for spin 3 and 4 for general level k have been written down in ref. [17],

which we now review. Any current can be formed using the generators Ja and their

derivatives. At any level k and for any N(> 2) there is a spin 3 current of the form

Q3 = αdabc :JaJbJc : . (3.6)

Here, α is a normalization factor that is given up to a constant by

α2 =
N

(k +N)2(N + 2k)(N2 − 4)
, (3.7)

and dabc is the third-order invariant symmetric tensor for SU(N). The above operator is,

therefore, proportional to the third order Casimir of SU(N). The normal ordering for three

fields is defined as

:JaJbJc :=:Ja :JbJc : : (3.8)

and in a similar manner for operators consisting of more fields. Note that at spin 3, this is

the unique current that can be formed. The invariant :Ja∂Ja : is a total derivative of the

stress-energy tensor :JaJa : and, therefore, does not count as an independent current.

Two primary spin 4 currents were found for general k. The first field is

1

4(k +N)

{
:2∂2JaJa : − 3 :∂Ja∂Ja :

}
+ β :TT : + γ :∂2T : , (3.9)

where β and γ are numerical factors dependent on N and k. The second field is given by

Q4 = α(k +N)dabcd :JaJbJcJd : , (3.10)
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where dabcd is the fourth-order invariant symmetric traceless tensor of SU(N). In general,

for SU(N), there are N−1 primitive d-tensors of order 2, · · · , N . Each of these corresponds

to a current. As we will show below, however, there are other SU(N) tensor invariants

relevant to constructing coset currents.

The spin 4 field in eq. (3.10) occurs in the OPE of Q3(z) and Q3(w):

Q3(z)Q3(w) =
c/3

(z − w)6
+

2T (w)

(z − w)4
+

∂T (w)

(z − w)3

+
1

(z − w)2

{
32

22 + 5c
:T (w)T (w) : +

3(c− 2)

10c+ 44
∂2T (w) +Q4(w)

}
+

1

z − w

{
16

22 + 5c
:∂(T (w)T (w)) : +

c− 6

15c+ 66
∂3T (w) +

1

2
∂Q4(w)

}
+ · · · (3.11)

A well-known result is that for the coset SU(N)1/SU(N), primary fields with spin

higher than N are either null or vanish and that there is only a single field at a given spin,

so that the algebra becomes identical to the WN algebra. Let us show this for N = 3, for

the spin 4 operators. The field in eq. (3.10) vanishes for SU(3) as the tensor dabcd collapses

to zero for N < 4. The second spin 4 field in eq. (3.9) can be written as

QN=3
4 = :TT : − 33 + 31k

12(k + 3)2
:∂Ja∂Ja : − 6 + 4k

9 + 3k
∂2T . (3.12)

While in ref. [17] it was shown that the field in eq. (3.12) vanishes upon using an explicit

realization of the Kac-Moody algebra in terms of free boson vertex operators (so that the

Sugwara construction forWN maps to the free field Miura realization), we can also directly

compute the two-point function for QN=3
4 (z). This is given by

k(−99− 60k + 97k2 + 62k3)

(3 + k)4
, (3.13)

omitting overall numerical coefficients. The only non-zero integer value for which this

vanishes and the primary field QN=3
4 (z) becomes null is k = 1.

3.2 The limit k → ∞

In this section, we will construct the coset currents in the large k limit, which is the main

objective of this paper. We will work at finite N and then extrapolate our results to large

N . The coset currents for finite k explicitly depend on k. To remove this dependence, we

will redefine the SU(N)k generators as follows

Ja → 1√
k
Ja . (3.14)

As a result of this redefinition the stress-energy tensor in eq. (3.5) becomes

T = −1

2
JaJa (3.15)
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in terms of the new generators. Similarly the spin 3 current in eq. (3.6) (and other higher

spin currents) become k-independent under this redefinition. The OPE in eq. (3.1) between

the Kac-Moody currents becomes

Ja(z)Jb(w) =
− δab

(z − w)2
, (3.16)

since the single-pole term is now suppressed by
√
k. The currents therefore, become essen-

tially free in the large k limit and the theory behaves like a theory of N2−1 free bosons. To

maintain continuity with finite k, we will continue to take the coset currents to be SU(N)

invariants. Thus we retain the SU(N) as a global symmetry of the theory.

The behavior of the theory in the large k limit can also be motivated as follows. The

SU(N)k current algebra can be written in terms of N−1 bosons and so-called “generating”

parafermions [41]. The bosonic fields are denoted by φi, where 1 ≤ i ≤ N−1 and expressed

as a vector φ. The parafermions ψα are fractional spin fields associated with the root lattice

of SU(N). Thus, here α labels the roots of SU(N). The conformal dimension of these fields

is given by

∆(ψα) = 1− α2

2k
= 1− 1

k
. (3.17)

where we have used the normalization α2 = 2. In terms of these parafermions ψα and the

bosonic field φ the SU(N)k generators take the form

Ji(z) ∼
√
k αi · ∂zφ (3.18)

when Ji(z) belongs to the Cartan sub-algebra and the form

Jα(z) ∼
√
kψα exp[iα · φ(z)/

√
k] (3.19)

for the rest of the generators corresponding to the N2−N roots of SU(N). For level k = 1,

the parafermions ψα have vanishing dimension and the generators reduce to the usual

vertex operator representation of the current algebra in terms of N − 1 bosonic fields. As

k →∞, the parafermions are promoted to bosons (of spin one). The exp term in eq. (3.19)

reduces to one and the form of the generators Jα(z) become similar to Ji(z). This is often

referred to in the literature [13] as flattening of the SU(N)k algebra in the large level limit

to a U(1)N
2−1 algebra.

In the following, we will write down the generators of the coset algebra in the infinite

level limit for the cases N = 2 and N = 3. We will denote a quasi-primary field of spin

s by Qs and a primary field by Ps. The associated N value should be clear from context.

We will always define the fields up to an overall normalization. To find the quasi-primary

and primary currents, we used the Mathematica package OPEdefs [37].

3.2.1 N = 2

The N = 2 case was studied in ref. [19]. A set of classical currents for the stringy SU(2)

coset can be obtained by acting on the Casimir invariant Tr(JJ) by derivatives. These

currents are of the form

Tr
(
∂µJ∂νJ

)
. (3.20)
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In addition to the Casimir invariant, SU(2) has cubic invariants given by

Tr([∂µJ, ∂νJ ]∂γJ) ∀µ 6= ν 6= γ . (3.21)

We can count the number of these invariants. The number of bilinear terms is the

number of ways one can divide an integer into exactly two parts. The number of trilinear

terms is given by the generating series for the number of ways to divide an integer into

three distinct parts. The number of ways to divide an integer into p distinct parts is given

by the generating function:

qp(p+1)/2

(1− q)(1− q2) · · · (1− qp) . (3.22)

To get the independent terms we remove the total derivatives. Then the generating function

for the classical currents is given by

q2

(1− q2)
+

q6

(1− q2)(1− q3)
= q2 + q4 + 2q6 + 2q8 + q9 + 2q10 + q11 + 2q12 + · · · . (3.23)

To find the quantum algebra of the coset, we have to find the primary completion of the

classical currents. Relations between the invariant tensors of SU(2) will make some of

these currents vanish. This together with the presence of null states will truncate the set

of infinite currents to the finite set listed in eq. (2.15), derived from the vacuum character.

In fact, it can be shown that the first vanishing state arises at the order at which a syzygy

(a relation between the invariants) is present. For more details regarding this, the reader

is referred to ref. [19].

We now write down the explicit form of the currents up to an overall normalization.

Our strategy for determining the explicit form of the currents is as follows. We first write

down the most general form of a current of given spin s and of a given order p in the Ja.

For spin s = 6, for example, the most general form of a current of order 2 is

α :∂3Ja∂Ja : − β :∂2Ja∂2Ja : − γ :∂4JaJa : , (3.24)

while the most general form of a current of order 3 is

α εabc :Ja∂Jb∂2Jc : . (3.25)

Here, the coefficients α, β, γ are undetermined. We then fix these coefficients by demanding

that these currents be quasi-primary: that is, the OPE of the stress-energy tensor with the

current have a vanishing third-order pole. Note that this procedure can result in multiple

soultions for the coefficients which simply means that there are distinct quasi-primaries.

Once we have determined a quasi-primary field, we can find the associated primary

field. We add all possible terms of given spin (with undetermined coefficients) and of

arbitrary order in the Ja to the quasi-primary field and demand that the OPE with the

stress-energy tensor not have any poles of order greater than 2. This procedure will give a

solution for the coefficients only when such a primary field exists, although it can be null.

Our aim in this subsection is to show that the number of primary fields determined by
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this method matches the one in table 2 for N = 2. In principle, once the primary field is

determined we can check if it is null by computing its two-point function with itself; the

two-point function can be read off from OPE of field with itself. However, this procedure

is computationally intensive for fields with large spin. Hence, it is impractical to use it

to determine the primary field with the largest spin. We stress, however, that because

of the finite central charge of the coset CFT at finite N , we expect that there a finite

number of non-null primary fields that can be constructed from the (infinite number of)

SU(N) invariants.

The stress energy tensor of the coset is given by eq. (3.15). There is no spin 3 current.

We have a single primary field of dimension 4 which is of the form

P4 =

(
1

2
: ∂2JaJa : − 3

4
: ∂Ja∂Ja :

)
− 9

37
: TT : +

30

37
∂2T . (3.26)

Note that the first term in brackets is a quasi-primary field of dimension 4 while the rest

are correction terms to make the field primary. Next we have two primary fields of spin 6.

The first is of the form in eq. (3.20) and is given by

P6,1 = :∂3Ja∂Ja : − :∂2Ja∂2Ja : − 1

10
:∂4JaJa :

+ α :TTT : + β :∂2TT : + γ :∂T∂T : + δ :Q4T : + ε ∂2Q4 + ζ ∂4T . (3.27)

The term in the first line of the r.h.s. is the associated quasi-primary field. The coefficients

α, β, · · · are given in appendix B. The second field is of the form eq. (3.21) and is given by

P6,2 = εabc :Ja∂Jb∂2Jc : (3.28)

where εabc is the Levi-Civita tensor. The expression as written above is already a primary

field of dimension 6 and does not need any correction terms. Continuing in this manner,

one can write down all operators of the algebra. As stated above, the primary fields start

becoming null from spin 11 and the algebra thus consists of a finite number of fields.

3.2.2 N = 3

For the stringy SU(3) coset, the classical currents related to the Casimir invariants are of

the form

Tr(∂µJ∂νJ) ≡ ∂µJa∂νJa ,
Tr({∂µJ, ∂νJ}∂γJ) ≡ dabc∂µJa∂νJb∂γJc . (3.29)

Below we list all the currents up to spin 6. The lowest spin operators having the structure

in eq. (3.29) are the stress-energy tensor and the spin 3 Casimir current:

P3 = dabc :JaJbJc : . (3.30)

The lowest spin currents with additional derivatives are the spin 4 current of the form

Q4 =
1

2
:∂2JaJa : − 3

4
:∂Ja∂Ja : (3.31)
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and the spin 5 current of the form

Q5 = dabc

(
:∂2JaJbJc : − 3

2
:∂Ja∂JbJc :

)
. (3.32)

At the next level there are two additional spin 6 currents of the form

Q6,1 =:∂3Ja∂Ja : − :∂2Ja∂2Ja : − 1

10
:∂4JaJa : (3.33)

and

Q6,2 = dabc
(

:∂3JaJbJc : − 6 :∂2Ja∂JbJc : + 6 :∂Ja∂Jb∂Jc :
)
. (3.34)

The currents as written are all quasi-primary, save for the spin 3 current P3 which is

primary. The primary completion of these fields appear in appendix B.

Apart from the Casimir invariants, there are other invariants as well for SU(3). The

tensor fabc is a skewsymmetric invariant and it leads to the currents of the form

fabc ∂
µJa∂νJb∂γJc ∀ µ 6= ν 6= γ. (3.35)

Indeed the first such current is

P6,3 = fabc :∂2Ja∂JbJc : , (3.36)

which is a primary field of dimension 6. This accounts for three of the four spin 6 currents

predicted by the vacuum character. Thus, by sprinkling derivatives on the symmetric and

anti-symmetric tensor invariants of SU(3), we do not get all the expected currents.

To write the final spin 6 current it is useful to look at the primary fields in the theory.

Primary fields of the coset CFT can be divided into two categories: those that are SU(3)

singlets and those that are not. The vacuum character contains information about primary

fields that are also SU(3) singlets. Taking the vacuum character in eq. (2.20) and expanding

in Virasoro characters gives

(1− q)V0(q) + V2(q) + V3(q) + V4(q) + V5(q) + 5V6(q) + 3V7(q) + 11V8(q) + · · · . (3.37)

where Vh(q) is the character of the Virasoro algebra Verma module

Vh(q) = qh
∞∏
j=1

1

1− qj . (3.38)

and we have assumed that the Virasoro characters are irreducible. From eq. (3.37), we can

see that there should be a total of five primary fields of spin 6, that are also SU(3) singlets.

These include the fields that are composite operators.

Composite operators can be divided into two categories: those that are composed

of SU(3) singlets and those that are composed of fields transforming non-trivially under

SU(3). An example of the first kind of operator is the following composite spin 6 operator:

P6,4 = :P3P3 : +α :TTT : +β :Q4T : + γ :∂2TT : + δ :∂T∂T : + ε ∂2Q4 + ζ ∂4T. (3.39)
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This is a primary field if the coefficients α, β, γ, δ, ε, ζ take the values

α =
503

372
, β = −33

40
, γ =

2627

1240
, δ =

413

124
, ε =

37

80
, ζ = −101

310
. (3.40)

To find the other SU(3) invariants we look for primary fields that are not SU(3) singlets.

A spin 2 field of this nature was introduced in ref. [17], and takes the form

P a2 = dabc :JbJc : . (3.41)

This is not the only possible primary field transforming in the SU(3) adjoint rep. Fields of

the schematic form dabc :∂µJa∂νJb : can be potential primaries. The operator

P a4 = dabc

(
:∂2JbJc : −3

2
:∂Jb∂Jc :

)
+

3

14
:∂2P a2 : −5

7
:P a2 T : . (3.42)

is a (non-null) spin 4 primary. In fact, we can generate primaries from the skew-symmetric

tensor invariant fabc in the same manner. The field

P a3 = fabc :∂JbJc : (3.43)

is a primary operator of dimension three.

We can construct new SU(3) singlets from such primary fields. It will not, however,

always be the case that the operators generated in this way are distinct to the singlets

already constructed or are not null. The composite spin 4 primary

:P a2 P
a
2 : −40

31
∂2T − 220

93
:TT : (3.44)

is the same as the primary completion of the spin 4 field in eq. (3.31). However, the

composite field

P6,5 =:P a2 P
a
4 : +

15

7
:TTT : −17

42
:∂2TT : +

5

21
:∂T∂T : +

31

14
:Q4T : +

62

63
∂4T − 527

252
∂2Q4

(3.45)

is a new spin 6 primary field. It can be easily verified, using Mathematica, that the

operators P6,1, P6,2, P6,3, P6,4 and P6,5 are linearly independent. Note that we can construct

another spin 6 singlet of the form :P a3 P
a
3 :, but this operator is a linear combination of

P6,1, P6,2 and P6,5.

The primary field in eq. (3.45) is a composite field as far as the CFT is concerned, but

is an independent SU(N) invariant. It will, therefore, be counted by the vacuum character

of the coset CFT. The spin 6 fields that contribute to the vacuum character are thus:

P6,1, P6,2, P6,3 and P6,5. Note that the field P6,4 is a “double-trace” SU(N) invariant and

its contribution to the vacuum character has already been accounted for by P3. The number

of independent currents at spin 6 is thus four as predicted by the vacuum character. We

see that unlike for the N = 2 case, the N = 3 stringy coset also needs composite currents

to generate the full set of currents. Of course, the currents T, P4 etc are also composites

of the primary field Ja, but we use the word composite here to mean operators that are

composites of primary fields that are themselves composite in Ja. It is not difficult to
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estimate the number of such composite currents, although it is hard to discern which of

them are non-redundant [43, 44]. For SU(3), invariant tensors that can be formed out of

the composite operators, denoted here by Aa, Ba, Ca, take the form

dabA
aBb , dabcA

aBbCc . (3.46)

The growth rate for such composite operators (with increasing spin) exceeds the growth

rate for generators predicted by the vacuum character in eq. (2.20). However, it has to be

checked on a case-by-case basis which of these fields are independent and contribute to the

vacuum character.

All the generators that we have constructed for infinite k are also present at finite k

(for k ≥ 3). It is worthwhile to write down the exact form of some of these generators for

finite k. At finite k, the spin 4 primary field takes the form

P4(k) = Q4 −
9(3 + k)2

33 + 31k
∂T +

30(3 + k)2

33 + 31k
:TT : . (3.47)

The bilinear spin 6 primary current takes the form

P6,1(k) =Q6,1 −
21α2(−129 + 106k + 55k2)

5βγδ
:∂2TT : −42α2(1 + k)(6 + k)

βγδ
:∂T∂T :

+
21α

5β
:Q4T : +

2α2(−219 + 1126k + 790k2)

5βγδ
∂4T − 49α

10β
∂2Q4

− 42α3(3− 7k)

βγδ
:TTT : (3.48)

where α = 3 + k, β = 9 + 4k, γ = 1 + 5k, δ = 51 + 31k . In the above equations, the

stress-energy tensor is defined as in eq. (3.5) and the the currents Ja are rescaled as
√
kJa.

The form of the quasi-primary operators is thus independent of k for the bilinear currents.

This is not true for the generator P6,3. This current is not primary at finite k and has to

be modified in the following way to stay primary

P6,3(k) = fabc :∂2Ja∂JbJc : −21α2(1353 + 6518k + 2225k2)

5βγδ
:∂2TT :

− 42α2(159 + 160k + 61k2)

5βγδ
:∂T∂T : +

23α

5β
:Q4T :

+
2α(−2529 + 8379k + 9668k2 + 2150k3)

5βγδ
∂4T +

474 + 157k

30β
∂2Q4

− 2α3(3 + 193k)

βγδ
:TTT : . (3.49)

Note that as k →∞ the fields P4(k) and P6,1(k) reduce to their corresponding counterparts

in eq. (B.2) and eq. (B.4), while P6,3(k) becomes identical to eq. (3.36).

3.2.3 Large N

At large N , the currents that follow from the symmetric d-tensor invariants are given by

dabc···∂
µJa∂νJb∂γJc · · · . (3.50)

– 17 –



J
H
E
P
0
8
(
2
0
1
9
)
1
7
9

∂µJa∂νJa
dabc∂

µJa∂νJb∂γJc dabcd∂
µJa∂νJb∂γJc∂δJd

JaJa dabcJ
aJbJc dabcdJ

aJbJcJd

Figure 1. The operators in the top-most row correspond to the SU(N) Casimir invariants. A subset

of generators for the stringy coset algebra is generated by acting by derivatives on the constituent

terms of each Casimir operator. The cross-hatched area denotes the operators that are null and

not part of the algebra for a given level k and N . For k = 1, only the top row of operators is not

null and corresponds to the WN algebra. Increasing the level k reduces the cross-hatched area but

does not eliminate it completely even as k tends to ∞. Increasing N corresponds to adding more

columns and also reducing the cross-hatched area. As we take N to ∞, with k already taken to ∞,

null states disappear from the first column and the algebra becomes We
∞[1].

For SU(N) there is a single Casimir invariant at orders 2, · · · , N . Since, the tensors dabc···
are totally symmetric, the generating function for an order p current of the form in eq. (3.50)

is given by the number of ways to divide an integer into p parts. At infinite N , there are no

relations between the SU(N) invariant tensors. Hence, it is reasonable to assume that at

large N , there are no null fields in this set of currents. Then at infinite N , the generating

function for the generalized Casimir currents is

∞∑
p=2

qp∏p
k=2(1− qk)

=

∞∏
n=2

1

(1− qn)
− 1 . (3.51)

Thus, the number of independent currents grows at least as fast as exp(
√
n). In summing

up the l.h.s. , we have used the Cauchy identity [38]

1 +

∞∑
p=1

qp∏p
k=1(1− qk)

=

∞∏
n=1

1

(1− qn)
. (3.52)

The identity in eq. (3.51) then follows by multiplying both sides by (1−q) and rearranging.

Clearly as we saw from the above examples of SU(2) and SU(3), these are not the only

possible currents. For the group SU(N), there are skew-symmetric invariant tensors fabc···
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of order 3, 5, · · · , 2N − 1 which lead to antisymmetric currents. In the literature, these

skew-symmetric tensors are also known as Ω tensors [39, 40]. The total number of such

states as N →∞, assuming no null states is given by

∞∑
k=3
k∈odd

qk(k+1)/2

(1− q2) · · · (1− qk) =
1− q

2

{ ∞∏
n=1

(1 + qn)−
∞∏
n=1

(1− qn)

}
− q . (3.53)

The equality of the two sides follows from a second identity of Cauchy’s:

∞∑
k=0

qk(k−1)/2xk

(1− q) · · · (1− qk) =

∞∏
n=0

(1 + qnx) . (3.54)

Setting x = q first and then x = −q will give two sets of equalities. Subtracting the

second from the first, multiplying both sides by (1 − q) and rearranging gives the equality

in eq. (3.53).

As we saw for finite N , composite currents are also present for the coset CFT. In

general, it is hard to count these currents. Invariants composed of primary fields that

transform non-trivially under SU(N) do not always lead to new or non-null currents. This

happens because of the identities that exist between SU(N) tensors (see, for example,

appendix B of [17]) at finite N .

3.3 Relation with We
∞[1] and the higher spin square

We now focus on the currents bilinear in the J i’s. As we saw for finite N , the independent

bilinear currents at any value of the level k have even spin only with multiplicity one at

each spin. In the quasi-primary basis, these currents do not change with increasing k or

N , since only the overall normalization changes. (In the primary basis, this is no longer

true). In the large level limit and at finite N , the coset theory reduces to that of N2 − 1

free bosons, hence the bilinear currents can be identified with a realization of the We
∞[1]

algebra at central charge N2− 1. As is well known, such a realization is a finite truncation

of the We
∞[1] algebra [45, 46]. As we take N →∞, we recover the full We

∞[1] algebra.

It is natural to ask whether the higher-order generators of the stringy coset algebra

as arranged in figure (1) can be identified with representations of the We
∞[1] algebra. The

OPE of any We
∞[1] operator, which are the bilinear operators, with a generator of order p

gives rise to operators of the same order. For example, the OPE of any bilinear term of

the form :∂µJa∂νJa : with a generic trilinear term is

:∂µJa∂νJa(z) ::dbcd∂
αJb∂βJc∂γJd(w) :

∼ δabδacdbcd∂
γJd(w)

(z − w)µ+ν+α+β+4
+

δab dbcd :∂νJa(z)∂βJc(w)∂γJd(w) :

(z − w)µ+α+2

∼ dbcd :∂νJb(w)∂βJc(w)∂γJd(w) :

(z − w)µ+α+2
+
dbcd :∂ν+1Jb(w)∂βJc(w)∂γJd(w) :

(z − w)µ+α+1
+ · · · (3.55)

We have written the OPE schematically omitting numerical coefficients in all terms and

writing only a single representative term for different possible ways of contracting. The
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first term in the second line vanishes because the tensor dbcd is traceless. Thus we are only

left with trilinear operators in the OPE. The same logic applies to the OPE of any p-th

order operator with a bilinear operator. The operators in each column of figure (1) thus

fall into a representation of We
∞[1] .

Let us identify theWe
∞[1] representation that corresponds to each column of operators

in figure (1). We use the standard coset notation for representations of the We
∞[1] alegbra.

Conventional W-algebras that we deal with in this paper are the symmetry algebras of

cosets of the form gk⊗g1

gk+1
. The notation (Λ+; Λ−) is used to denote a representation of a

W-algebra where Λ+ is a representation of gk and Λ− is a representation of gk+1. Then,

a order p column corresponds to the representation ([0p−1, 1, 0, . . . , 0]; 0) of We
∞[1]. The

wedge character of a representation R of We
∞[µ] is given by

q
µ
2
B(RT )χ

U(∞)

RT
, (3.56)

where RT is the transpose of the representation R, B(RT ) is the number of boxes in the

Young tableaux of RT and χU(∞) is the associated Schur function (See [36, 47] for details).

Thus the wedge character of the representation ([0p−1, 1, 0, . . . , 0]; 0) is given by

b
(wedge)[λ=1]
([0p−1,1,0,...,0];0)

=
qp/2qp/2∏p
k=1(1− qk) (3.57)

which is the same as the generating function of a column of operators with order p. Note

that these are the same representations that constitute the higher spin square, the algebra

of the large N symmetric product orbifold.

The operators of the coset algebra look very different to corresponding operators of the

higher spin square algebra. Nevertheless, the number of operators (and hence the character

of the representation) is the same in a column of the coset algebra whose highest weight

state is an operator of the form dab...J
aJb . . . of order p and in a column of the higher

spin square (See figure 2) whose highest weight state is of the form JaJa . . . of the same

order p. Identical characters imply identical representations, since a representation of an

algebra has a unique character. Thus, it is possible that the subset of generators of the

coset algebra that are present in figure (1) is isomorphic to the higher spin square.

Generators of the higher spin square can also be organized in terms of a W∞[0] algebra

which is called the horizontal sub-algebra in ref. [36]. In the coset case, this means that

there should exist a change of basis for the SU(N) currents, such that in the new basis the

generators in the top row of figure (1) close at infinite k. It is possible that such a basis

exists, since the coset theory also has a free fermion formulation at c = N2 − 1. As is well

known, the W∞[0] algebra can be expressed in terms of free fermions [48].

A further check of whether the higher spin square is embedded in the coset algebra,

is to see whether the set of operators in figure (1) have closed commutation relations. At

finite N , this is not true and the OPE of any two such operators will in general contain

terms containing composite operators of the kind defined in eq. (3.46). Thus at finite N ,

the algebra does not close on the set of symmetric operators alone. However, terms that

occur in the OPE are scaled by different powers of N . It is, thus, possible that some of
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these terms are suppressed in the large N limit. It will require a careful analysis of the

OPEs to see whether the set of symmetric operators is indeed isomorphic to the higher

spin square.

Next we look at operators of the generic form :fbcd···∂
αJb∂βJc∂γJd(w) · · · :. The gen-

erating function for this set of operators is given by eq. (3.22). Interpreting this as a wedge

character of We
∞[1], we find

qp(p+1)/2∏p
k=1(1− qk) =

qp/2qp
2/2∏p

k=1(1− qk) = b
(wedge)[λ=1]
([p,0,...,0];0) , (3.58)

that it corresponds to the representation ([p, 0, . . . , 0]; 0). All the “elementary operators”

of the stringy coset algebra can thus be organized into representations of We
∞[1].

4 Discussion

In this paper, we have examined the coset in eq. (1.2) in the free field limit, which is

equivalent to its zero coupling limit. On the basis that the central charge of this coset

scales as N2, it has generally been expected that this coset is dual to a string theory in

the bulk. We computed the vacuum character for the coset at finite N and found that the

currents of the symmetry algebra indeed exhibit an exponential growth with the spin. The

W-algebra of the coset in eq. (1.2) in the free field limit is the same as the W-algebra of

the coset in eq. (2.2) in the large k limit. We have written down the explicit form of the

low-dimension currents for the second coset model. As we saw in the text, the currents of

this coset are simply SU(N) invariants composed out of differential operators of the form

∂µJa, where the Ja are SU(N)k currents. As such, this coset theory is an exact analog in

two dimensions of SU(N) Yang-Mills theories in higher dimensions, with the addition of

Virasoro symmetry.

The zero coupling limit of supersymmetric Yang-Mills theory in four dimensions is

expected to be dual to tensionless string theory on the AdS5 background [49, 50]. It is,

therefore, of interest to ask what the bulk dual of our coset model in the free field limit

is. We know, from considerations of the D1-D5 system in Type IIB string theory, that it

is a symmetric product orbifold theory that is expected to be dual to string theory on the

AdS3 background. Indeed, there has been much recent work in this direction clarifying

aspects of this duality between tensionless strings and the free symmetric product orbifold

theory [51–54]. It is not clear where the coset theories, we have considered in this paper,

fit into this picture. Though on general grounds we expect the large N coset theory to

have a AdS3 string dual, further analysis would be needed to pinpoint such a dual. A more

detailed understanding of the moduli space of AdS3 string theories would be useful [55].

Further hints may come from integrability [56, 57].

How does the more general W-algebra of the stringy coset models relate to the W∞[µ]

symmetry of the vector coset models? We found that in the free field limit, the algebra

We
∞[1] is a sub-algebra of the full coset algebra. Further, there is a distinguished set

of generators of the coset algebra that can be arranged into representations of We
∞[1].

Operators that are directly derived from the symmetric tensor invariants of SU(N) can be
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arranged in the ([0p−1, 1, 0, . . . , 0]; 0) representations of We
∞[1]. Operators that are related

to antisymmetric invariants of SU(N) can be arranged in the ([p, 0, . . . , 0]; 0) representations

ofWe
∞[1]. Since the first set of operators can be organized in the same set of representations

ofWe
∞[1] as the operators of the higher spin square, the symmetry algebra of the symmetric

product orbifold CFT, we propose that this set of operators is identical to the higher spin

square. The higher spin square also has a W∞[0] horizontal algebra, in addition to the

verticalWe
∞[1] algebra. We have not explicitly identified this horizontal algebra in the coset

case. In addition, we have not shown that the algebra of the set of symmetric operators

closes by itself. It is important to do so, in order to confirm the identification of the coset

sub-algebra with the higher spin square.

More broadly, one can ask why the higher spin square, whose generators are invariants

of SN , and the stringy coset algebra, whose generators are invariants of SU(N), should

be related (in the large N limit) to each other? In both cases, we have a We
∞[1] sub-

algebra, and we are using free fields to construct (symmetric) representations of this al-

gebra. It is not very hard to construct representations of We
∞[1]: operators of the form

dabc···∂
µJa∂νJb∂γJc · · · suffice with the one necessary condition that the tensor dabc··· be

totally symmetric and traceless. This condition leads to both the SN and SU(N) solu-

tions, with the indices a, b, c, · · · taking values from 1 to N for the SN case. This still

leaves open the question of whether operators in the two sets of representations constitute

identical algebras.

In addition to the “elementary” generators, the coset theory also has a large number of

composite operators at general values of N . In this paper, we have not attempted to classify

them in representations of We
∞[1]. It is obviously of interest to understand the nature of

these generators to comprehend the full symmetry algebra of the stringy coset theory. The

coset in eq. (1.2) is T -dual to a coset which is holographically dual to Vasiliev theory with

a matrix extension. It would be interesting to explore the exact relation between this

stringy coset and the matrix cosets [58]. In this paper, we have worked in the limit of zero

coupling. However, in general the coset algebra depends on the parameter λ. It would be

interesting to find how the algebra changes once the coupling is switched on. At certain

values of non-zero λ, for example at λ = 1, the coset theory has a formulation in terms

of free bosons/fermions. This is also the point, where the symmetry algebra of the coset

enhances to an N = 1 supersymmetric algebra. It would be nice to do an analysis similar

to this paper for the λ = 1 theory. More generally, Wolf space coset generalizations of

eq. (1.2) can be studied in a similar manner.
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A The SU(N) tensor invariants

The tensors dabcd... are totally symmetric tensors which we have also chosen to be traceless.

Suitable traceless symmetric tensors are defined in [39], where they are referred to as

t-tensors.

We use the notation d for the standard symmetric invariant tensors of SU(N). They

are defined recursively [59] starting from the standard third-order symmetric tensor dijk .

One can construct the tensor

d(r+1)
i1 ... ir+1 = d(r)

i1 ... ir−1j d
(3)

jirir+1 , r = 3, 4, . . . . (A.1)

For r ≥ 3, the above construction does not define totally symmetric tensors. The d-family

of symmetric tensors is obtained by symmetrising over all free indices in (A.1).

The SU(n) d tensors are related to members of the d-family in the following way

dij ∼ δij ,
dijk ∼ dijk ,

dijkl ∼ n(n2 + 1)d(4)
(ijkl) − 2(n2 − 4)δ(ijδkl) ,

dijklm ∼ n(n2 + 5)d(5)
(ijklm) − 2(3n2 − 20)d(ijkδlm) , · · · (A.2)

up to numerical coefficients dependent on n. The d-tensors vanish when their order is larger

than n. The d-tensors are totally symmetric and are orthogonal to all other d-tensors of

different order. For instance, for the fourth-order tensor this means

dijklδij = 0 , dijkldijk = 0 . (A.3)

Thus, the maximal contraction of the indices of two d-tensors of different order is zero.

Using trace formulas for d-tensors

d(ijkl)dijm =
2

3

(n2 − 8)

n
dklm , (A.4)

we can find the contraction of two indices for the third-order and fourth-order d-tensor

dijkldijm ∼ dklm . (A.5)

Combinations of d-tensors provide a basis for the vector space of symmetric invariant

polynomials of SU(n).

For N = 3, the tensor dabc takes the following values

d118 =
1√
3

d228 =
1√
3

d338 =
1√
3

d888 =
−1√

3

d448 =
−1

2
√

3
d558 =

−1

2
√

3
d668 =

−1

2
√

3
d778 =

−1

2
√

3

d146 =
1

2
d157 =

1

2
d247 = −1

2
d256 =

1

2

d344 =
1

2
d355 =

1

2
d366 = −1

2
d377 = −1

2

(A.6)
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The anti-symmetric tensor fabc takes the following values

f123 = 1 f147 =
1

2
f156 = −1

2

f246 =
1

2
f257 =

1

2
f345 =

1

2

f367 = −1

2
f458 =

√
3

2
f678 =

√
3

2

(A.7)

B Primary fields

Here, we write down the full primary operators corresponding to the quasi-primary opera-

tors in section 3.2.1 and section 3.2.2. Note that all fields are defined only up to an overall

normalization factor.

N = 2 primaries. The primary field of eq. (3.27) is

P6,1 =

(
:∂3Ja∂Ja : − :∂2Ja∂2Ja : − 1

10
:∂4JaJa :

)
+

15288

16465
:∂2TT : +

5838

16465
:∂T∂T :

+
653

16465
∂4T − 56

135
∂2Q4 +

112

45
:Q4T : −22176

16465
:TTT : . (B.1)

N = 3 primaries. The primary completion of the quasi-primary field Q4 is

P4 = Q4 −
9

31
∂2T +

30

31
:TT : . (B.2)

The spin 5 primary field is

P5 = Q5 +
6

17
∂2Q3 −

42

85
:Q3T : . (B.3)

The bilinear spin 6 primary is

P6,1 =Q6,1 −
231

620
:∂2TT : − 21

310
:∂T∂T : +

21

20
:Q4T :

+
79

155
∂4T − 49

40
∂2Q4 +

147

310
:TTT : . (B.4)

The trilinear spin 6 primary is

P6,2 = Q6,2 −
3

5
∂3P3 +

24

5
:∂P3T : −36

5
:∂TP3 : . (B.5)

C Algebra of symmetric product orbifold CFT

The most straightforward way to find the spin and multiplicity of the generators of the

symmetry algebra for the symmetric product orbifold theory is by looking at its vacuum

character. Let us denote the chiral vacuum character of a seed theory by

χ1(q) =
∞∑
m=0

amq
m . (C.1)
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Then the vacuum character of the N ’th symmetric product orbifold can be read off from

the following plethystic exponential [60–62]

χ(ν, q) =

∞∏
m=0

1

(1− νqm)am
= exp

( ∞∑
k=0

1

k
χ1(qk)νk

)
. (C.2)

Expanding the exponential in the r.h.s. gives a series in powers of ν, we get:

χ(ν, q) =
∞∑
N=0

χN (q)νN

= 1 + χ1(q) ν +
χ1(q)2 + χ1(q2)

2
ν2 +

χ1(q)3 + 3χ1(q)χ1(q2) + 2χ1(q3)

6
ν3 + · · · .

(C.3)

We can find the vacuum character for the N ’th symmetric orbifold CFT by reading off

the coefficients of νN . In our case, the seed theory is the single boson theory whose chiral

character is given by

χ1(q) =

∞∑
m=0

amq
m =

∞∏
n=1

1

(1− qn)
. (C.4)

Using this expression for χ1, we can compute the the characters and the corresponding

symmetry algebra of the symmetric product orbifold CFT using eq. (C.3). These chiral

characters agree with standard results for SN orbifolds [63, 64]. From these characters, we

can compute the spectrum of the algebra for small values of N :

N = 2 : 1, 2, 4 .

N = 3 : 1, 2, 3, 4, 5, 62 .

N = 4 : 1, 2, 3, 42, 5, 63, 72, 83, 9 .

N = 5 : 1, 2, 3, 42, 52, 63, 73, 85, 94, 105, 11 .

N = 6 : 1, 2, 3, 42, 52, 64, 73, 86, 96, 108, 117, 128, 13 .

As for the coset case, there can be more generators present. Despite the initial exponential

growth in the number of operators with spin, at finite N , null states start appearing is the

spectrum at some finite value of the spin and thus the algebra truncates. This is reflected

in the asymptotic growth of the vacuum character:

n−
3
4 exp

(
π

√
2

3
nN

)
. (C.5)

which exihibits Cardy growth as n→∞.

As N →∞, the vacuum character is given by

lim
ν→1

(1− ν)χ(ν, q) =
∞∏
m=0

1

(1− qm)am
, (C.6)

which is again the plethystic exponential of eq. (C.4). This can be rewritten as

∞∏
n=1

1

(1− qn)a1

∞∏
m=2

∞∏
n=m

1

(1− qn)am−am−1
. (C.7)
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∂aφi∂
bφi ∂aφi∂

bφi∂
cφi ∂aφi∂

bφi∂
cφi∂

dφi

W1+∞∂φi (∂φi)
2 (∂φi)

3 (∂φi)
4

W
e ∞

Figure 2. The higher spin square is generated by acting by derivatives on the operators in the top

row. The second column corresponds to the We
∞[1] algebra while subsequent columns correspond

to its representations.

The generators of the infinite N algebra are thus enumerated by the generating function

∞∏
n=2

1

(1− qn)
. (C.8)

along with a spin one field.

We now write down the exact form of the currents. In the large N limit, the

“single-particle” generators for the symmetric product orbifold are symmetrized products

of the form
N∑
i=1

(∂m1φi) · · · (∂mpφi) , m1, . . . ,mp ≥ 1 . (C.9)

Because of the symmetrization over N , this set of generators is in one-to-one correspondence

with the chiral sector of a single boson. Removing the terms that are total derivatives, and

in the N → ∞ limit, they also constitute a set of linearly independent operators. Out of

these generators, the subset of generators of eq. (C.9) of the form

N∑
i=1

(∂m1φi) (∂
m2φi) , m1,m2 ≥ 1 , (C.10)

define quasiprimary generators of spin s = m1 + m2, in specific linear combinations and

when s is even. In fact, only one independent current can be constructed at each even

spin, meaning that it is not a linear combination of derivatives of lower-spin currents, and

there are no independent odd-spin currents. This set of independent currents generate
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the even spin W-algebra We
∞[1]. The generators in eq. (C.10) are of order two, i.e., they

are bilinear in the φs. The currents in eq. (C.9) are of arbitrary order p ≥ 1. However,

it turns out that the currents of a fixed order p, suitably corrected by lower-order terms,

form a representation of the wedge algebra of We
∞[1]. This is captured in figure (2) where

currents of a given order correspond to columns. The operators of the symmetric product

orbifold algebra are, therefore, organized into representations of We
∞[1]. The statement

that operators of the higher spin square can be organized in representations of We
∞[1] is

captured by the following identity:

∞∏
n=1

1

(1− qn)
= 1 +

∞∑
p=1

b
(wedge)[λ=1]
([0p−1,1,0,...,0];0)

, (C.11)

where b
(wedge)[λ=1]
([0p−1,1,0,...,0];0)

denotes the wedge character of the ([0p−1, 1, 0, . . . , 0]; 0) representa-

tion of We
∞[1]. The b

(wedge)[λ=1]
([0p−1,1,0,...,0];0)

character is defined in eq. (3.57).

The l.h.s. of eq. (C.11) is the normalized partition function for a single boson. Combi-

natorially, the l.h.s. is just the generating function for the number of ways one can partition

an integer varying from 1 to ∞ into an arbitrary number of parts. Each term in the sum

on the r.h.s. is number of ways one can partition an integer into exactly p parts. In terms

of the operators in eq. (C.9), this is the spin s of the operator, varying from p to ∞, being

partitioned into m1,m2, . . . ,mp at fixed p. An alternate way to organize the operators

of the higher spin square is in terms of representations of W1+∞[0]. For more details,

see [36, 65].
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