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1 Introduction

The AdS/CFT correspondence states that a theory of quantum gravity in (d + 1)-

dimensional anti-de Sitter space is dual to a d-dimensional conformal field theory that

“lives” on the boundary of the space. The theories are dual in the sense we can write down

a “dictionary” that allows us to map observables in one theory to the other, while still

preserving algebraic relations, i.e. describing the same physics. It was suggested in [1] that

the mechanism by which this holographic duality occurs is best understood in the frame-

work of quantum error correcting codes (QECCs). In this perspective, the dictionary is

really the map that encodes the “logical” bulk degrees of freedom into the “physical” CFT

system. These “holographic codes” are robust against erasure errors on the boundary, and

it has been shown that the properties of these codes can be used to explain various strange

properties and paradoxes of the correspondence [2].

However, the connection to QECCs has yielded more fruit than the original conjecture

in [1] — recent work has applied the tools of error correction to study topics such as

the link between entanglement and spacetime [3–5] and black holes [6, 7]. In this work,
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we continue in this direction by studying the error correcting properties of CFTs in the

AdS/CFT correspondence. More generally, we analyze the observation made in [8] that

systems satisfying the eigenstate thermalization hypothesis (ETH) contain approximate

error correcting codes in their spectrums. In doing so, we find a connection between

generic chaotic theories, of which holographic CFTs are an example, and quantum error

correction. This connection then has deep implications for black holes in AdS/CFT.

This is not a new idea, and has permeated through the literature in different forms.

The essential idea behind treating chaos, thought of as “randomness,” as a kind of error

correcting code has been understood in the context of information channels [9–11], where

it was shown that random subspaces can provide an encoding that achieves the capacity of

a noisy channel. A similar idea was used in [12] to show that the input state to a system

that scrambles quantum information, defined by the decay of out-of-time-order correlators,

can be recovered due to the random nature of the time evolution. In the classic paper from

Hayden and Preskill [13], the equivalence of scrambling in random unitary circuits and

protection from erasure is the key tool in showing that a black hole acts as a “mirror” that

very quickly radiates quantum information of objects thrown into it after radiating half

its mass. Recent work [14, 15] has further explored scrambling in the context of the black

hole information paradox and firewalls. In this work, we extend the connection between

QEC and scrambling to chaotic theories in general, as well as sharpening the connection

by taking an explicit approach from a coding perspective applied to ETH. We then apply

the ideas to study black holes in AdS/CFT.

The outline of the paper is as follows: in section 2, we review the eigenstate thermal-

ization hypothesis, its interpretation in the CFT context, as well as generic approximate

quantum error correction. In section 3, we interpret and analyze ETH as an approximate

error correcting code. We show that the theory of universal recovery channels can be ap-

plied to the ETH code, and discuss the proposition that all chaotic theories necessarily

contain error correcting codes. In section 4, we apply the ETH code to analyze black holes

in AdS/CFT and demonstrate that total bulk reconstruction is possible. We discuss how

the properties of the ETH code are very different, but complementary, to the codes in the

usual AdS/CFT story, and affords black holes an enormous amount of protecting against

erasures. In section 5, we discuss connections to recent work as well as possible future

directions.

To make notation simpler, we always take the base of a logarithm to be the dimension

of the smallest subsystem Hs of the full system H, e.g. base 2 when taking about a system

composed of qubits. When we want to be specific, we will use s = dimHs.

2 Preliminaries

2.1 Eigenstate thermalization hypothesis

The eigenstate thermalization hypothesis is formulated as an ansatz for the matrix elements

of operators in the energy eigenbasis of a non-integrable or “chaotic” Hamiltonian:

〈Em|O|En〉 = OO(Ē)δmn + e−S(Ē)/2fO(Ē, ω)Rmn, (2.1)
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where Ē = Em+En
2 and ω = En−Em

2 . In this expression, S(Ē) is the thermodynamic entropy

at energy Ē, the functions OO(Ē), fO(Ē, ω) are smooth and depend on the operator O, and

Rmn is a random distribution with zero mean and unit variance. In the original statement,

the operator O in question should be a “few-body” local observable, in the sense that

O is a local n-body observable in a system of N particles with N � n — these are the

observables that can be studied in the lab. For example, it is clear that the projection

operator P = |m〉 〈m| does not satisfy the ETH ansatz. The power of this statement comes

when we select a small energy band in the bulk of the spectrum [E −∆E/2, E + ∆E/2].

The width ∆E is selected to be much larger than the energy spacing, which is exponentially

suppressed in the system size N :

|Ei+1 − Ei| ∝ e−cN for all {Ei} in the band, (2.2)

for some constant c. Then if OO(Ē) takes on the value of the microcanonical average of O

at energy Ē and assuming the entropy is extensive, we get

TrA(ρAO) = TrA(ρA,thermO) (2.3)

in the thermodynamic limit V → ∞. The thermal state is reduced on the canonical

ensemble

ρA,therm =
1

Z
TrĀ

(
e−βH

)
(2.4)

The qualitative description of ETH is that we imagine splitting our system into two sub-

systems, one smaller than the other. Observables in the smaller subregion are thermalized

by the larger subregion, which acts like a heat bath at some effective temperature. We

refer the reader to [16] and [17] for a more detailed discussion of the context in which ETH

is formulated.

Although the original formulation of ETH only applied to few-body local observables,

we will assume the stance taken in [18] as to which operators satisfy ETH. Imagine that

we have split the system into subregions A, Ā with VĀ > VA, and that the reduced density

matrix on A is thermal at a temperature T = 1/β. Now divide operators into two classes

based on the behavior of their expectation values in the limit VA →∞: Class I operators

have expectation values that include contributions only from eigenstates of HA with energy

densities corresponding to β, while Class II operators are all operators that are not Class

I. All local operators are certainly Class I, so their formulation encapsulates the original

ETH. They conjecture that in the thermodynamic limit VA/V → 0 as VA, V → ∞, ETH

should hold for all operators, irrespective of class. For our purposes, we are interested in the

thermodynamic limit where VA/V → f < 1/2 as VA, V →∞. In this case, they conjecture

that almost all Class I operators, and all Class II operators below a critical energy density

satisfy ETH. Operators that involve energy conservation, e.g. the variance of the energy,

do not satisfy ETH, because they are proportional to an extra factor of (1 − f). More

precisely, any operator in the set spanned by {HA, H
2
A, . . . ,H

n
A}, where n is the size of the

Hilbert space, is not expected to satisfy ETH.

In [19, 20], the ETH condition was transplanted into the CFT context. Consider a d-

dimensional CFT living on a (d−1)-dimensional hypersphere Sd−1 of radius L. We consider
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the reduced density matrix of a CFT energy eigenstate on a subsystem A smaller than its

complement ρiA = TrĀ |Ei〉 〈Ei|. Assuming that one satisfies the original ETH condition:

1. There exists a universal density matrix (“ETH density matrix”) ρA(Ei) that varies

smoothly with Ei such that

1

2
||ρiA − ρETH(A,Ei)||1 ∼ O(e−O(S(Ei))), (2.5)

where 1
2 ||ρ− σ||1 is the trace distance 1

2 Tr |ρ− σ|.

2. The off-diagonal elements ρijA = TrĀ |Ei〉 〈Ej | of the reduced density matrix satisfy

||ρijA ||1 ∼ O(e−O(S(Ē))), (2.6)

where Ē =
Ei+Ej

2 .

This formulation of ETH says that the matrix elements of the state on A are exponentially

close to a universal ETH density matrix, and the off-diagonal elements are exponentially

suppressed. Assuming (2.1), one can then show that expectation values of local operators

match onto thermal expectation values. Based on this equivalence, the authors of [20]

argue that the ETH density matrix is well-approximated by the reduced density matrix of

a global thermal state in the canonical ensemble:

ρETH =
1

Z
TrĀ

(
e−βH

)
+O(1/

√
L), (2.7)

which formalizes the qualitative description that reduced states in chaotic systems look

thermal in the thermodynamic limit. In the thermodynamic limit L→∞, we get precisely

the same result as (2.3). We will assume that the result in [18] that for f < 1/2, all local

operators not involving energy conservation obey ETH also holds for chaotic CFTs.

Let us be careful about what ETH says: ETH does not say that the reduced density

matrix of a subregion is exponentially close in trace-distance to a reduced thermal state.

Rather, the state is exponentially close to some universal density matrix. Therefore, when

we calculate any expectation values in the energy eigenstates of a band of energies with

exponentially small spacing, the expectation value under any of the eigenstates in the band

is well-approximated by any other eigenstate in the band to exponential accuracy. However,

the reduced state is close to a true thermal state only to polynomial accuracy; this has to do

with the fact that the equivalence of thermodynamic ensembles in the thermodynamic limit

occurs with polynomial corrections in the system size. When we take the thermodynamic

limit, both statements become exact, as expected.

2.2 Approximate quantum error correction

We now provide a brief introduction and review of aspects of generic (approximate) quan-

tum error correction. A quantum error correcting code is defined as a subsystem C ⊆ H
of the full Hilbert space, called a “code subspace” (the code subspace is not always a

true subspace). The standard terminology is that one encodes the “logical” code subspace
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into a larger “physical” Hilbert space, which then protects the logical system from errors.

Let S(H) denote the space of states ρ on a Hilbert space H. A quantum noise channel

N : S(C)→ S(H) can be defined by a set of operator elements, also called Kraus operators,

{Ei} that satisfy ∑
i

E†iEi = I. (2.8)

We restrict our attention to channels that are completely positive and trace-preserving.

The effect of the channel on a state in the code subspace ρ ∈ S(C) can then be represented

as an operator sum:

N (ρ) =
∑
i

EiρE
†
i . (2.9)

The error is said to be correctable if there exists a recovery channel R : S(H)→ S(C) that

satisfies:

(R ◦N )(ρ) = ρ, for all ρ ∈ S(C). (2.10)

That is, the recovery channel reverses the effect of the noise channel, correcting the error

induced by the noise. Depending on the properties of the code, it may correct only particu-

lar noise channels or arbitrary noise channels. The properties of a code for a given channel

are neatly summarized by the notation [[n, k, d]], where the “length” n = log dimH is the

size of the physical system, k = log dim C is the size of the code subspace, and the distance

d is the smallest region that cannot be corrected. In a qubit system, n is the total number

of qubits, k is the number of encoded qubits, and the code can correct errors on at most

d− 1 qubits. Good codes will have the largest possible k and d for a given n.

The noise channel that we will be most interested in is the erasure channel, which

we intuitively imagine as erasing some portion of the physical Hilbert space and replacing

it with some arbitrary state. More precisely, we consider a Hilbert space that admits a

bipartite tensor factorization H = HA ⊗ HĀ, and the noise channel erasing A has the

representation:

N (ρ) = TrA(ρ)⊗ 1

dimHA
IA. (2.11)

We have traced over the A subsystem, and replaced it with the maximally mixed state that

carries no quantum information.

The question of what errors can be corrected for a given C was answered in [21], who

gave the necessary and sufficient Knill-Laflamme condition for error correction of a channel

with operator elements {Ei}:
PE†iEjP = CijP, (2.12)

where P is the projector onto the code subspace and Cij is a hermitian matrix. It is useful

to choose an orthonormal basis {|ψi〉} for C so that the condition above becomes

〈ψm|E†iEj |ψn〉 = Cijδmn (2.13)

The intuition behind error correction is that the procedure of encoding the logical data

into a physical space creates redundancy. When a correctable error occurs, the error has

only affected the redundant information, so it is possible to recover the logical information.
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The conditions (2.12), (2.13) are for exact error correction. Comparing (2.13) and (2.1),

they differ by the exponentially-suppressed fluctuation term. However, there is no guar-

antee that the exact correction conditions are robust in the sense that approximate sat-

isfaction implies approximate correction. This turns out to be true, and was worked out

in [22]. Before presenting their result, we briefly discuss how to compare states to formalize

the notion of “approximately” recovering a state. The simplest distance measure between

states is the trace distance:
1

2
||ρ− σ||1 =

1

2
Tr |ρ− σ|. (2.14)

This quantity takes values on the interval [0, 1], is 1 if and only if ρ and σ are supported

on orthogonal subspaces, and is 0 if and only if ρ = σ. Clearly we want this quantity to

be as small as possible. Another common way to compare states is the state fidelity:

f(ρ, σ) = Tr

[√√
σρ
√
σ

]2

. (2.15)

This quantity takes values f ∈ [0, 1], equals 1 if and only if ρ = σ, and equals 0 if and

only if ρ and σ are orthogonal. These two quantities are related by the Fuchs-van de Graaf

inequality:

1− f(ρ, σ) ≤ 1

2
||ρ− σ||1 ≤

√
1− f2(ρ, σ). (2.16)

We may also define a distance measure for channels acting on a given state ρ called the

entanglement fidelity:

Fρ(P,Q) = f((P ⊗ I)(|ψ〉 〈ψ|), (Q⊗ I)(|ψ〉 〈ψ|)), (2.17)

where |ψ〉 is a purification of ρ. This can be used to define the Bures distance between

channels:

dρ(P,Q) =
√

1− Fρ(P,Q). (2.18)

In [22], they introduce the notion of “ε-correctability,” in which an error is ε-correctable

if the maximal Bures distance of the noise-recovery composite channel and the identity

is bounded:

d(R ◦N , I) = max
ρ
dρ(P,Q) =

√
1− F (R ◦N , I) ≤ ε . (2.19)

In this expression, F (P,Q) is the worst-case entanglement fidelity between two channels

P,Q defined by

F (P,Q) = min
|ψ〉∈C⊗2

f((P ⊗ I)(|ψ〉 〈ψ|), (Q⊗ I)(|ψ〉 〈ψ|)), (2.20)

where the minimization is taken over all pure states in a doubled code subspace. This

quantity lower bounds the state fidelity of the original state and the output from P [23]:

F (P, I) ≤ f(ρ,P(ρ)). (2.21)

A necessary and sufficient condition for ε-correctability for a given noise channel N and

code subspace C was then given:

PE†iEjP = CijP + PBijP, (2.22)

– 6 –
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where P is the projector onto C, Cij are components of a density matrix, and d(N ,N+B) ≤
ε, where N (ρ) =

∑
i,j Tr(ρ)Cij |i〉 〈j| and (N + B)(ρ) = N (ρ) +

∑
i,j Tr(ρBij) |i〉 〈j|.

The condition (2.22) leads to a corollary [8]: let {|ψ1〉 , . . . , |ψ2k〉} be an orthogonal set

of states in C2n such that

〈ψi|E|ψj〉 = CEδij + εij (2.23)

for all i, j and any d-local operator E. Then C = span{|ψ1〉 , . . . , |ψ2k〉} is an [[n, k, d]]

ε-correctable code with

ε ≤ 2d+2k max
ij

ε
1/2
ij (2.24)

This implies there exists a recovery channel R such that:

f(ρ, (R ◦N )(ρ)) ≥ F (ρ, (R ◦N )(ρ)) ≥ 1− ε2 (2.25)

The above corollary is specialized to a system constructed from qubits for concreteness,

but it clearly generalizes in a straightforward way. The important thing to note about the

error term is that it scales strongly with the code distance and size of the code subspace.

Intuitively this makes sense: if we try to correct larger errors or encode more information,

the accuracy of the code gets worse. On the other hand, as we will see for the ETH code, ε

can also scale very strongly with the system size n, so that if n > k, d for n� 1, the error

is small.

3 ETH as AQECC

Comparing (2.23) to (2.1), we arrive at the observation made in [8]: regions of finite

energy density in the spectrum of theories that satisfy ETH form ε-correctable [[n, k, d]]

approximate quantum error correcting codes with

ε ≤ O(2d+2keS/4), (3.1)

where we have explicitly peeled off the scaling with d and k. We now explore this statement

from the perspective of approximate error correction. We will henceforth assume that the

noise channel we work with is the erasure channel given by (2.11). This channel is local,

and we therefore expect ETH to hold for erasures on regions smaller than half the total

system size.

Although ε-correctability guarantees the existence of a recovery channel, we would like

to write down an explicit such channel. [22] and [24] present generic methods to determine

a recovery channel in terms of an optimization problem, and we can also write down an

explicit recovery map that achieves a state fidelity f(ρ, ρ′) = 1 − O(e−S/2) between the

initial state and recovered state. These maps are discussed in appendix A. These maps

are somewhat impractical, as the first method requires solving an optimization problem,

and the explicit recovery map requires one to determine and diagonalize the matrix Cij
in (2.22). Below, we show that the existence of such maps is sufficient to apply the much

more practical theory of universal recovery channels.

– 7 –
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3.1 Universal recovery channel

We now exhibit a universal recovery channel that allows us to approximately recover a

state to good accuracy in the ETH code. The channel is universal in the sense that it does

not depend on the input state. To do so, we recast the error correction condition into a

statement about relative entropies. Let ρ, σ ∈ S(H) be density matrices on a Hilbert space

H. The relative entropy between the two states is defined by:

D(ρ||σ) =

{
tr(ρ log ρ− ρ log σ), supp ρ ⊆ supp σ

∞, else
(3.2)

Two useful properties of this relative entropy are positivity D(ρ||σ) ≥ 0 with equality

if and only if ρ = σ, and monotonicity under positive, trace-preserving maps D(ρ||σ) ≥
D(Φ(ρ)||Φ(σ)). These allow us to interpret the relative entropy as a way to measure how

“close” two states are; the monotonicity property tells us that no quantum channel exists

that can increase the distinguishability of two states. The application to error-correction

in one direction is immediately obvious: if a recovery map R exists for a noise channel

N , then:

D(ρ||σ) ≥ D(N (ρ)||N (σ)) ≥ D((R ◦N )(ρ)||(R ◦N )(σ)) = D(ρ||σ). (3.3)

So a recovery channel exists only if D(ρ||σ) = D(N (ρ)||N (σ)). In [25], it was shown that

the converse is also true: for any two states on a finite-dimensional Hilbert space with

non-divergent relative entropy, there exists a recovery map R that satisfies:

D(ρ||σ)−D(N (ρ)||N (σ)) ≥ −2 log f(ρ, (R ◦N )(ρ)) (3.4)

and (R ◦N )(σ) = σ.

In [26], they further extend the statement about by showing that R can be explicitly

written down as a universal channel called the twirled Petz map:

Rσ,N (ρ) =

∫
R
dt
π

2
(cosh(πt) + 1)−1 σ−it/2Pσ,N

[
N (σ)it/2(ρ)N (σ)−it/2

]
σit/2, (3.5)

where Pσ,N is the Petz map

Pσ,N (ρ) = σ1/2N ∗
[
N (σ)(ρ)N (σ)−1/2

]
σ1/2. (3.6)

The channel is universal in the sense that it is independent of ρ. More precisely, they prove

the statement:

D(ρ||σ)−D(N (ρ)||N (σ)) ≥ −2 log f(ρ, (Rσ,N ◦ N )(ρ)) (3.7)

for arbitrary, possibly infinite, dimension

In doing so, they were also able to show that the error correction condition is robust

while preserving the universality of the recovery channel. It isn’t too hard to see that if

D(ρ||σ)−D(N (ρ)||N (σ)) ≤ ε, (3.8)

– 8 –
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then the universal recovery channel recovers ρ with fidelity

f(ρ, (Rσ,N ◦ N )(ρ)) ≥ 1− 1

2
ε. (3.9)

By choosing σ = Π to be the normalized projector onto the code subspace, RΠ,N is

manifestly universal for a given channel and choice of code subspace. We may then apply

this to our situation: because ETH satisfies (2.22), we know there exists a recovery channel

R with

F (R ◦N , I) ≥ 1− ε2 ≥ 1− s2d+4k max
ij

εij = 1−O(e−S/2). (3.10)

We could also use any of the recovery channels from appendix A — their existence is all

we need. By the monotonicity of the relative entropy, we then have

D(ρ||Π)−D(N (ρ)||N (Π)) ≤ D(ρ||Π)−D((R ◦N )(ρ), (R ◦N )(Π)), (3.11)

Defining ρ′ = (R ◦N )(ρ), the last term is:

D((R ◦N )(ρ), (R ◦N )(Π)) = tr[ρ′ log ρ′]− tr[ρ′ log Π′] (3.12)

= tr[ρ log(ρ)− ρ log(Π)] + δ (3.13)

= D(ρ||Π) + δ, (3.14)

where δ = O(e−S/2). A subtlety in the statements above is that we have assumed the

relative entropy is not divergent, i.e. supp N (ρ) ⊆ supp N (Π) and supp ρ′ ⊆ supp Π′.

Because we chose Π to the projector onto the entire code subspace, the support of N (Π)

will be the entire mapped code subspace CN = N (C), and naturally N (ρ) ∈ CN . Similarly,

it is easy to see that we have supp ρ′ ⊆ supp Π′. Therefore, the relative entropies above

are well-defined, and we get

D(ρ||Π)−D(N (ρ)||N (Π)) ≤ δ. (3.15)

We conclude that we can use RΠ,N as a universal recovery channel that recovers the initial

state with fidelity f(ρ, ρ′) ≥ 1− 1
2δ = 1−O(e−S/2).

A couple comments are in order: first, the fact that we can use RΠ,N as a good recovery

channel is relatively practical, as it manifestly only requires us to know how to implement

a particular noise channel and construct Π. We contrast this with the explicit recovery

maps constructed in appendix A, which requires that one obtain all the elements of the

matrix Cij in (2.22) or solve an optimization problem. Next, the coefficient appearing in

O(e−S/2) can be quite large due to the exponential scaling of the bound with d and k:

ε2 ≤ s2d+4k max
ij

εij = O(e2d+4k−cn/2), (3.16)

where we have written S = cn as an extensive function of the system size. As noted

previously, the scaling with k is not much of an issue, as we usually take n� k. The scaling

with the distance is potentially troublesome, because we have been expecting d = O(n)

(the size of the subregion to which ETH applies). Depending on the size of the coefficient

– 9 –
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c, the error can become O(1). However, we expect that bound to be fairly tight in the

sense that as long as n is large, we get e(a−c/2)n � 1 even if c/2 is reasonably close to a.

Finally, we note that if the conjecture in [18] regarding the operators to which ETH

applies is correct, we have even stronger correction properties. Not only are we able to

correct for local errors, we can also correct for Class I non-local errors as well as Class

II errors below a critical energy density. The argument above can then be applied for

any other noise channel N , and we can then construct the corresponding RΠ,N as a good

recovery channel for those errors. Any system that satisfies ETH therefore has extremely

powerful error correcting codes in their spectrum.

3.2 Chaos as quantum error correction

A useful information-theoretic perspective for error correction is the one taken in [22], which

is a generalization of the decoupling approach to quantum channels. In this approach, the

performance of a code is characterized by how much logical information “leaks” to the

environment in the noise-plus-recovery channel. The more information leaked, the worse

the code performs at protecting from errors. This has a technical definition in terms of a

“complementary channel,” but we will take the following intuitive notion of this criterion:

a code can correct errors exactly if there is no local measurement the environment can do to

obtain information about the logical state. That is, given access to an erased subregion, the

environment or any other adversary performing local measurements cannot distinguish the

global state from any other state in the code subspace. In the framework, we understand

approximate QEC as corresponding to states in the code subspace having some amount of

distinguishability.

More concretely, we can consider a bipartite tensor factorized Hilbert space H =

HA ⊗ HĀ with |HA| < |HĀ|. Now introduce a reference system HR with |HR| = |H| to

represent the environment, and suppose the environment is allowed access to A. Let R be

a purification of AĀ. An equivalent condition for exact error correction is

I(R : A) = SR + SA − SAR = 0, (3.17)

where I(A : B) is the quantum mutual information that quantifies correlations between

systems A and B. (3.17) is the statement that the environment has no correlations with

the subregion A, i.e. the errors occurring on A do not leak any information to R, which

would show up as correlations between the two systems. This is equivalent to requiring:

ρRA = ρR ⊗ ρA, (3.18)

so the systems are entirely decoupled.

The intuition behind a chaotic system is that the degrees of freedom in the theory

are spread out randomly among the entire system; the quantum information of the system

is scrambled.1 Concretely, for a system H = HA ⊗ HĀ, we might reasonably model this

1We are intentionally vague as to the technical definition of scrambling here, so that the arguments in

this section are general. Rather, we just consider scrambling to refer to some process by which quantum

information is delocalized and correlations are suppressed.
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as by having the reduced state on A carry no quantum information. This is achieved by

requiring the state on A to be maximally mixed:

ρA = TrĀ ρ =
1

dimHA
IA. (3.19)

If the global state is pure ρ = |Ψ〉 〈Ψ| so that A is maximally entangled with Ā, then (3.19)

implies (3.17), because the monogamy of entanglement ensures that A cannot share any

correlations with R, automatically forcing I(R : A) = 0. We have therefore arrived at the

observation that perfectly chaotic (random) systems also provide powerful quantum error

correcting codes! In fact, perfectly random scrambling provides the optimal protection

against erasure errors [9–11].

This can be understood quite intuitively: randomly scrambling quantum information

corresponds to maximally delocalizing information into the entire system, which is precisely

the kind of behavior we want in quantum error correction. With so much redundancy,

erasing any small region of the system does very little damage to the encoded information;

equivalently, any measurements on a small region of the system yield no information.

Scrambling essentially functions as an encoder for a random subspace code that is well-

protected against erasure errors.

In the context of ETH, we do not have an exact quantum error correction code, but

we also did not require that the reduced state on a subsystem be maximally mixed. The

systems we consider are not perfectly random, because they cannot actually explore all

regions of phase space due to constraints from conservation laws. The conservation of

energy carves out a subsystem of phase space that the system is restricted to; this restriction

causes reduced states to be approximately thermally entangled rather than maximally

mixed, which is a weaker condition. We therefore intuitively understand the error term in

the ETH code to be a result of weak, but non-zero, correlations that can exist between

a subsystem and the environment. In the thermodynamic limit, the error term vanishes

because the equivalence of the canonical and microcanonical ensembles corresponds to the

equivalence between thermal and maximally mixed states.

To see how this functions in practice, suppose we choose an arbitrary state in the code

subspace, so that we can write the state as:

ρ =
∑
ij

cij |ψi〉 〈ψj | , (3.20)

for energy eigenstates |ψi〉 that span the chosen energy band. The expectation value of a

local operator O supported only on A in this state is:

〈O〉 = Tr(ρO) =
∑
ij

cij 〈ψj |O|ψi〉 = 〈ψ1|O|ψ1〉+O(e−S/2). (3.21)

The choice to use the expectation value in |ψ1〉 was arbitrary, and we could have chosen any

other eigenstate in the band. The point here is that the variation of the expectation value

for an operator obeying ETH in an energy band is exponentially-suppressed. So at the

level of observables, an experimentalist cannot determine the global state by performing
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local measurements on A without exponential measurement accuracy. Correspondingly,

the ETH code is can correct for errors up to exponential accuracy. Note that we did not

have to restrict to pure states — we may correct for any state, pure or mixed, in the code

subspace. Moreover, we do not even need to know what the state is to correct for errors,

by virtue of the universal recovery channel in the previous subsection.

A brief discussion of codes whose reduced subsystems look thermal was given in [27]

under the name “thermodynamic codes.” The approximate nature of these codes is under-

stood to arise due to the fact that energy eigenstates with different energies have different

values of the local temperature T ∝ U/n, where U is the energy of the global energy

eigenstate and n is the number of particles/lattice sites. Indeed, it was always possible,

in principle, for the environment to learn what the global energy eigenstate is for any fi-

nite n and distinguish it from other eigenstates in the code subspace, because the energy

eigenvalues in a given energy band are not identical. In the limit n→∞, the temperature

difference for different energy eigenstates vanishes, allowing for arbitrarily accurate error

correction. A subtle point to be aware of is that the error in a thermodynamic codes

scales as

ε = O

(
1

n

)
, (3.22)

whereas for ETH, the error scales as e−O(n). We again stress that ETH really encodes

two distinct statements made clear by the subsystem formulation: reduced states of energy

eigenstates are exponentially close to a universal state, and the universal state is polynomi-

ally close to a thermal state. The thermodynamic code specifically refers to error correction

with thermal states, for which ETH also says provide error correction with polynomial ac-

curacy. More generally, the error scaling in (3.22) is a specific example of a more general

result on the accuracy of codes that obey U(1)-symmetry constraints [27, 28].

Based on the analysis above, we are led to believe that all chaotic systems will contain

error correcting codes as a result of their intrinsic scrambling dynamics. If one takes

ETH as the working definition of chaos, this is naturally self-evident, but the statement

is more general, because it is agnostic to the mechanism of chaos. Any symmetries that

the code respects, e.g. energy conservation, will show up as an error term that makes the

error correction approximate, because the environment is able to learn about the global

state based on differing values of the corresponding conserved charges [27, 28]. ETH is

then just a “kinematic” statement of the error correcting properties for a nearly-ergodic

system that conserves energy; indeed, from the perspective of error correction, we might

have guessed that a property like ETH must exist for chaotic systems purely based on the

information-theoretic consequences of chaos.

We close this section by stressing that the error correction properties of ETH do not

rely on the above arguments being true, nor does it rely on reduced states of global energy

eigenstates looking thermal. Rather, it is a purely a consequence of the ETH ansatz for

operator elements, which we take to be the definition of ETH.
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Figure 1. Given a subregion on the boundary, it can be uniquely associated to a dual spacetime

region called the “entanglement wedge” of the subregion, as shown by the shaded region. An

operator in the entanglement wedge, represented by a black dot, has a representation as an operator

on the boundary. A larger boundary subregion (red) has an entanglement wedge that goes deeper

into the bulk than a smaller one (blue). The operator at the center is well-protected against erasure

errors on the boundary; it is unaffected by the deletion of the red or blue region.

4 Black holes and total bulk reconstruction

We now specialize to the case of holographic CFTs in the AdS/CFT correspondence. As we

will see, the error correction properties of these CFTs imply a very strong reconstruction

property on the gravity side of the correspondence.

The main concept we use from AdS/CFT is subregion-subregion duality. Given a d-

dimensional holographic CFT on Sd−1, this theory is dual to a theory of quantum gravity

on AdSd+1; we say that the CFT lives on the boundary of the bulk theory of gravity.

Subregion-subregion duality makes this statement more precise by identifying which regions

of the spacetime are dual to which regions of the CFT. Duality here refers to the existence

of an isometry V that maps the bulk to boundary such that

VObulk = OCFTV (4.1)

for a bulk operator Obulk and boundary operator OCFT.

Given a region of the CFT with reduced density matrix ρA, the corresponding dual

bulk region is the entanglement wedge W[A] of ρA. This is defined by first computing the

extremal surface anchored to ∂A and is homologous to A. This is the HRT surface, whose

area computes the entanglement entropy of ρA. The entanglement wedge is then defined as

the domain of dependence of the surface bounded by the boundary region and the extremal

surface, as in figure 1.

In [1] and [2], it was shown that the mechanism behind the duality can be explained

if we treat AdS/CFT as a quantum error correcting code. In this picture, an effective
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bulk theory acts as the logical data in a code subspace that is encoded in the larger

physical space of the CFT. More precisely, any logical operator in the bulk will have

a physical representation on a boundary region as a CFT operator if the bulk operator

is in the entanglement wedge of the region. These holographic codes are examples of

operator algebra quantum error correcting codes — instead of recovering a full state, we are

interested in recovering an algebra of operators. When an erasure occurs on the boundary,

the bulk information in the entanglement wedge of the erased region is lost. However,

operators deep in the bulk are more strongly protected from erasures, as a subregion must

be larger to reach deeper into the bulk, which can also be seen in figure 1.

4.1 ETH and holography

The relation between ETH and holography is simple: it is expected that holographic CFTs

are chaotic, and therefore satisfy ETH. Although this statement has not yet been conclu-

sively proven, the expectation is motivated by the fact that properties of chaotic theories

turn out to be also be characteristic of holographic theories. These include large numbers

of degrees of freedom (corresponding to “large N”), large central charge, and strong in-

teractions. Explicit non-trivial holographic calculations also provide evidence about the

chaotic nature of holographic CFTs. In [20], they compute the entropy of a black hole

dual to a holographic CFT in arbitrary dimensions and show that its entropy is in good

agreement with the entanglement entropy of the universal ETH density matrix in the low

temperature/high energy limit. In [29] and [30], various correlation functions for a 2D CFT

on a torus are computed using modular properties, and both the diagonal and off-diagonal

elements are shown to agree with the behavior predicted by ETH. Recently, it was shown

in [31] that typical high energy eigenstates of a 2D CFT even at finite central charge have

correlation functions that look thermal, agreeing with the predictions of subsystem ETH.

To make contact with error correction in a CFT context, we follow [32] in how to

interpret code properties in a generic physical system. The length of a code n is corresponds

to the size dimH of the full Hilbert space H. We imagine that the CFT is placed on a

lattice with a finite number of sites n, each of which also contains a finite-dimensional

Hilbert space Hs. Then the length of the code is the total number of sites on the lattice,

k = log dim C
log dimHs , and d is the smallest number of sites that cannot be corrected. We then

imagine taking the continuum limit of the lattice system n → ∞. This allows to think

about a physical picture where n is the actual system size and d is the size of the smallest

region that cannot be corrected.

Now let us interpret the ETH code holographically. We work with the assumption that

the encoded logical data is bulk geometry — this assumption is the essence of the quantum

error correction perspective of AdS/CFT and allows us to translate the code properties of

the CFT into statements about the bulk. For ETH to apply, we must choose an energy

band of width ∆E that is small relative to the spectrum, but significantly larger than the

energy spacing. The code subspace is the set of energy eigenstates {ψ1, . . . , ψsk} that span

the band. Although the ETH property is a statement about a single energy eigenstate |ψi〉
and its reduced state ρA = TrĀ |ψi〉 〈ψi|, the error correction properties apply to any state

in the code subspace, as one can see in (3.21).
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Holographically, an energy eigenstate in the CFT is dual to a black hole in the bulk

with ADM mass equal to the energy eigenvalue. Specializing to a pure superposition of

energy eigenstates:

|M〉 =
∑
i

ci |ψi〉 (4.2)

This state is dual to a superposition of black hole geometries, where each mass value is

given by the corresponding energy eigenvalue. However, because the energies, and hence

mass, values are exponentially close, each black hole looks like any other other black hole

in the superposition. That is, to exponential accuracy, we can say:

M =
∑
i

|ci|2Ei ∼ Ei. (4.3)

The black hole has a definite macroscopic geometry, composed of a set of indistinguishable

microstates with energies exponentially close to the macroscopically observed mass. We

compare this to the more common case of black hole in a thermal state with definite

temperature β−1:

ρ =
∑
i

piρi, (4.4)

where pi = eβEi
Z and ρi = |ψi〉 〈ψi|. For large system size, the distribution is strongly

peaked around the mean energy M =
∑

i piEi, which corresponds to the mass of the black

hole. The small band spanned by the peak is then the code subspace. The number of

microstates in the band is determined by the entropy of the black hole S = A
4G ∼ M−1.

This is how we understand the intuitive notion of ETH as a larger subsystem thermalizing

a smaller one.

In the holographic context, the ETH error correction condition says that erasures on

less than half of the boundary of a black hole geometry can be approximately corrected,

with exponential accuracy that improves with smaller code subspace and smaller erasures.

By correct, we mean that if we start with a state ρ and it suffers an erasure error N (ρ),

the full state ρ can be recovered. We do not need to know what the original state was,

as we can just apply the universal recovery channel (3.5) and recover the state. On the

bulk side, the effect of the erasure is to erase all the data in the entanglement wedge of the

erased region. The ETH code then allows us to, with relative ease, recover all the data in

the erased region. In particular, we are able to recover information across the boundary

of the cut — we are not just restoring the information in ρA, we are restoring the entire

ρ, including correlations between Ā and A and their corresponding bulk pieces. In other

words, we can perform full state/bulk reconstruction.

Intuitively, this process works because we already mostly know how to patch the state

back together. The conditions (2.5) and (2.7) tell us that the erased subregion looks like

the reduced state on some universal state, which correspondingly looks like a thermal

state. Then we can replace the erased subregion with the corresponding universal/thermal

subregion. In the process, we stitch the subregion across the dividing surface, which ends

up recovering the state to good accuracy.
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Figure 2. Left : in the AdS/CFT code, degrees of freedom deep in the bulk are well-protected from

erasure errors, because the size of the erased boundary subregion must be larger in order for its

entanglement wedge to reach deeply. The degrees of freedom outside the erased entanglement wedge

can be “reconstructed” on the remaining boundary region. Right : in the ETH code, the degrees of

freedom in the erased entanglement wedge are restored. It does this by, in a certain sense, patching

the erased spacetime with the corresponding spacetime of a thermal state. Moreover, the code does

not just restore the data in the erased entanglement wedge, it also restores the correlations with

the rest of the spacetime, “sewing” the restored entanglement wedge back into place.

4.2 ETH code is not holographic

We know that the equivalence between the bulk and the boundary in AdS/CFT is only

approximate, because we have specialized to an effective bulk theory. Therefore, the error

correction must be approximate, rather than exact. Exploration in this direction has

yielded some success [33], and it is this direction that formed the original motivation for

this work, and it was suggested in [8] that the presence of AQECCs in ETH systems is

support for the QEC picture of AdS/CFT. However, as we will now show, the two codes

are very different, but their combination yields the possibility of total bulk reconstruction

against erasure errors for black holes. In particular, we do not expect the error correcting

properties of AdS/CFT to be equivalent to the ETH code. The intuition behind their

differences is summarized in figure 2.

At a fundamental level, the choice of code subspace differs between the two codes. In

the ETH code, the code subspace is a small energy band in the spectrum. Holographically,

this means that we restrict ourselves to considering a particular black hole spacetime with

a well-defined macroscopic geometry. In the AdS/CFT story, we do not have such a restric-

tion, and we expect that there is some form of error correction that holds for generic CFT

states dual to an effective bulk theory, even if the boundary state is not constructed from

energy eigenstates in a small band. While it is true that the code subspace in the AdS/CFT

story is often taken to be small excitations about a given state, the given state need not

have the form required for ETH to apply. In particular, we can allow the boundary state to

be a superposition of energy eigenstates that are not exponentially close, corresponding to

a superposition of macroscopically distinct geometries that form a multi-center black hole.2

2In fact, there has been some work on a conjecture that multi-center black holes are described by glassy

physics [34–37]. These systems are special for precisely the reason that they do not obey ETH, instead

exhibiting many-body localization.

– 16 –



J
H
E
P
0
8
(
2
0
1
9
)
1
5
2

The code subspace defines a code — because they differ, we conclude that their cor-

rection properties should differ, and indeed, the actual correction mechanism is very dif-

ferent. The ETH code is the “strongest” type of error correction, because it recovers a full

state. This is not the case in the AdS/CFT story, which is defined by the much more nu-

anced theory of operator algebra correcting codes, where one instead asks only to recover

a subalgebra of operators. This more complicated structure is necessary to capture the

complexities of the AdS/CFT duality, e.g. operators deeper in the bulk are more strongly

protected than those near the boundary. It is also worth noting that the ETH code only

has non-perturbative corrections in the system size, while the AdS/CFT code is expected

to have both perturbative and non-perturbative corrections in N .

At the level of the code mechanism, the ETH code is simpler because it is fundamentally

not holographic. To reiterate, the ETH code is a statement of the error correction properties

in a chaotic system, and holographic theories only form a subset of such systems. The

claim that an erased subregion on the boundary can be restored is a statement that is

purely within the confines of the CFT. We can only extend this to a statement about

reconstructing the bulk if the CFT is also holographic. In [2], this distinction is particularly

sharp, because the ETH code corresponds to an approximate version of “conventional

quantum erasure correction,” which is shown to lack the structure needed to describe a

holographic encoding. In particular, the structure of the entropy of the boundary state is

insufficient, and the entanglement structure of the theory that allows full state recovery is

too restrictive.

4.3 Complementary bulk reconstruction

While the ETH code may not be intrinsically holographic, its simplicity affords it extra

power. The AdS/CFT code tells us how to reconstruct operators that have support on

the entanglement wedge of the unerased region of the boundary. Operators deep in the

bulk are well-protected because they can be represented on a large class of entanglement

wedges, and correspondingly, operators near the boundary are very weakly-protected. On

the other hand, the ETH code is explicit reconstruction of the data in the erased region.

Moreover, because the entire state is recovered, the code is restoring the entire spacetime of

the erased entanglement wedge. This is very powerful, because in defining the separation

between the entanglement wedge of A and Ā, we had to introduce the geometric Ryu-

Takayanagi surface. There are degrees of freedom that live on the RT surface which make

generic reconstruction difficult, but the ETH code is nonetheless able to connect the two

spacetimes with the (approximately) correct correlations across the RT surface. The ETH

code therefore allows for total bulk reconstruction, as shown in figure 3.

The AdS/CFT code complements the ETH code in the region where the ETH code

begins to have poorer performance, and the converse is true as well. The accuracy of the

ETH code decreases with distance, so accuracy is improved for errors on small boundary

regions. The entanglement wedge of a small boundary region is shallow in the bulk, so the

operators in the wedge are not well-protected in the AdS/CFT code. In contrast, operators

deep in the bulk are very well-protected in the AdS/CFT code, but the boundary state

dual to an entanglement wedge that goes deep into the bulk is very large, so the accuracy

– 17 –



J
H
E
P
0
8
(
2
0
1
9
)
1
5
2

Figure 3. The ETH code, on the left, performs very well for small boundary regions, corresponding

to the UV degrees of freedom in the bulk that are near the boundary. As we move inwards into

the bulk, the size of the error, represented by the darkening gradient, grows. In the AdS/CFT

code on the right, these degrees of freedom are poorly protected because of how shallowly they lie

in the bulk. On the other hand, degrees of freedom in the center may not be recovered to good

accuracy in the ETH code, but are strongly protected in the AdS/CFT code. In this way, the two

codes complement each other by covering for their regions of weak recovery, providing an extremely

robust protection for the bulk geometry.

of the ETH code is decreased.3 We see that for states and errors where both codes apply,

the bulk geometry is extremely robust against errors due to the complementary regions of

good performance of the AdS/CFT and ETH codes. However, due to our lack of precise

understanding of the error term in the ETH code, it seems possible that there can be a

kind of “no-mans-land” where the error in the ETH code is O(1), even though the erased

subregion is less than half the system size.

We emphasize here that existence of a recovery channel has deep implications for the

non-local nature of the quantum information in the theory. The information contained in

the entanglement wedge, while dual to a particular subregion on the boundary, is spread

out among the entire system. Note that this statement is not in contention with the

existing story of subregion-subregion duality — it is just a property of random encoding,

independent of holography. To see how this works, it is convenient to instead pass to the

Heisenberg picture, where operators evolve according to a dual noise channel:

N †(X) =
∑
i

E†
iXEi. (4.5)

It is easy to see from this definition that

Tr(N (ρ)X) = Tr(ρN †(X)). (4.6)

Correspondingly, the error correction condition can be phrased as

P (R ◦N )†(X)P = PXP + ε. (4.7)

3Because the error is still exponential in the system size (2.23), even a relatively small, but finite, positive

difference in the arguments of the exponentials gives good accuracy. In other words, the code is still very

effective for reasonably large distances and code subspace dimensions.
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It is simple to argue that the dual of the channel that erases A maps all operators supported

on A to ones that only have support on Ā [32]:

N †(X) = IA ⊗X ′Ā, (4.8)

from which it is easy to see that recovered operator (R◦N )†(X) = (N † ◦R†)(X) only has

support on Ā. This perspective makes very clear the point that the logical information on

A is really dispersed around the entire system.

5 Discussion

In this paper, we have examined ETH from an error correction standpoint, and applied

to analysis to study holographic CFTs. In the process, we found that black holes with

well-defined mass are robust against erasure errors to the extent that it is possible to

approximately fully reconstruct the bulk against such errors, because the ETH code is

distinct and more powerful than the AdS/CFT code. More generally, we argued that this

is nothing more than an example of a more general idea that all chaotic theories contain

error correcting codes in their spectrum due to their intrinsic scrambling dynamics. That

we can interpret ETH as a quantum error correcting code has greater generality than what

we explored in the context of holography. We now discuss some connections to other work

possible avenues for the future.

5.1 State distinguishability in black holes

One of the defining characteristics of ETH is that the energy eigenstates in the chosen

band of energy are indistinguishable from each other when an observer can only perform

measurements on a subregion less than half the size of the full system. While we made

very general arguments to this effect by appealing to the exponentially-suppressed energy

spacing and intuitive notions of chaos and ETH, it is interesting to examine the question

more carefully for specific systems of interest.

A more quantitative analysis of state distinguishability for black holes in AdS/CFT

was done in [38], phrased in terms of the Holevo information. A precise statement of the

problem is as follows: recall that a black hole of inverse temperature β−1 in AdS/CFT is

dual to a thermal ensemble

ρ =
∑
i

piρi, (5.1)

where ρi = |ψi〉 〈ψi| are microstates (energy eigenstates), and pi = e−βEi
Z . Choosing a small

band of energies centered on the mass of the black hole, ETH tells us that we can compute

expectation values using a microstate ρi in the band to good accuracy, despite the fact that

ρ 6= ρi. State distinguishability is the question of how much we can learn about whether the

global state is ρ or a particular microstate ρi. If we restrict measurements to a subregion

A, the Holevo information is the ensemble-averaged relative entropy of ρ with ρi:

χ(A) ≡
∑
i

piD(ρA||ρi,A) = S(ρA)−
∑
i

piS(ρi,A). (5.2)
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This quantity is useful because it upper bounds the information we can gain from measure-

ments on A to learn about the global state. It monotonically increases with A, starting

from 0 when states are not distinguishable at all (the states are maximally mixed), to

Sbh = S(ρ) when A covers the whole boundary (all the ρi,A = ρi are pure, and hence

orthogonal). More precisely, it upper bounds the mutual information between the distri-

bution of measurement outcomes and the distribution of the initial ensemble — this is

called the “accessible information.”

Following their normalization scheme, the radius of a ball-shaped region on the bound-

ary is `A = π/2 when A covers half the boundary and `A = π when it covers the full

boundary. By using the AdS/CFT duality, they showed that in d = 2 CFTs, microstates

are totally indistinguishable for `A < π/2, monotonically increasingly distinguishable for

π/2 ≤ `A < `crit for a critical size `crit, and completely distinguishable for `crit ≤ `A. For

d > 2, it was found that microstates are indistinguishable for `A < π−`crit and distinguish-

able for `A > `crit, with some unknown, but increasing behavior in π − `crit ≤ `A ≤ `crit.

Their results agree with our analysis: ETH says that measurements for `A < π/2,

viewing them as local errors, will return results consistent with a thermal average up to

exponential corrections, but the energy spacing itself is exponentially suppressed, so the

microstates are indistinguishable. We can also interpret their results from the perspective

of quantum error correction. Instead of an experimenter performing measurements on the

region A, we have the environment doing the measurements so that information “leaks”

out to it. The code is good if the environment cannot get much information about the

global state, as in (3.17). Therefore, we expect that so long as the ETH code holds to good

accuracy, microstates will be indistinguishable. We can think of (3.17) as playing the role

of the accessible information; when the mutual information is 0, the code is working well,

and as it departs from 0, the code begins to fail.

The ETH code is approximate outside of the thermodynamic limit, so the microstates

will have some small distinguishability features; the reason this does not show up in the

analysis in [38] is because their analysis is only to leading order — including corrections

will naturally perturb their results to make microstates minutely distinguishable. However,

their results are can be useful as a leading order analysis of how the ETH code begins to

fail as the `A → π/2. In particular, we can see that the ETH code fails quite badly and

very quickly once we push the limits of its applicability. A more detailed analysis that

keeps track of higher order terms would be reveal how the ETH code begins to fail as

d→ n/2. For example, such an analysis would allow us to better understand the potential

no-mans-land in the ETH code where the error is O(1), which may be compared to the no-

mans-lands in the AdS/CFT code [2]. It would also be interesting to see how and to what

extent the error terms in the ETH code match or diverge from the expected AdS/CFT

quantum corrections.

5.2 Chaos, QEC, and QG

We stress that the analysis performed in this work is really a statement about quantum

chaos, modeled by ETH, and quantum error correcting codes. We have specialized to

holographic CFTs so that we could interpret the error correction properties as statements
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Weak ETH

Generic chaotic systems/
Strong ETH

Holographic 
CFTS

Figure 4. The hierarchy of ETH applicability. Our analysis has concerned the intermediate tier

of systems that satisfy strong ETH, in which all eigenstates give thermal expectation values. We

suspect that the restriction to just holographic CFTs and the extension to systems that satisfy

weak ETH can be understood by analyzing quantum error correcting code properties.

about gravity. However, the code properties should hold true in any system that satisfies

ETH, including many-body or condensed matter systems where the interest is primarily

in understanding ETH as a thermalization mechanism. Such a perspective has already

been applied successfully in the context of random circuits, e.g. [39], and we hope that the

analysis in this work will also prove useful for future work in these directions. As we saw,

ETH can be interpreted as a “kinematic” statement that falls out of the expectation that

a chaotic theory should have error correcting properties.

Quantum error correction may be a useful perspective in gaining a deeper understand-

ing of ETH in general. In our analysis, we assumed that all energy eigenstates for a given

band in the spectrum obey ETH; this is usually called strong ETH. It is true that fluctu-

ations are exponential in n, the Hilbert space size is also exponential in n, so it is possible

that the spectrum contains an exponentially small number of states that do not obey ETH.

This is called weak ETH [40]. The distinction is important because even integrable systems

are expected to have behavior that is qualitatively similar to weak ETH, in the sense that

the vast majority of states, so-called “typical” states, exhibit thermal behavior at the level

of operator expectation values [41]. It may be possible to analyze the boundary separating

weak and strong ETH in the context of QEC, as their differences will show up as quan-

titative differences in their code properties. Along similar lines, although we focused on

holographic CFTs, none of our analysis actually used the holographic property of a CFT.

The condition(s) required for a holographic dual may show up as an enhancement of code

properties. The general hierarchy can be seen in figure 4.

More generally, we would like to more deeply understand the connection between chaos

and quantum error correction. In this work, we have examined chaos from a qualitative
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perspective, augmented with perspectives from quantum information and evidence from

recent work in scrambling. It would be interesting to connect quantitative aspects of

chaos, such as the decay of out-of-time-order correlators (OTOC) and operator growth, to

quantum error correction [42–48]. By extension, we can then apply such results to under-

standing holographic CFTs and their duals, as part of a general program of applying tools

and concepts from quantum information and error correction to understanding quantum

gravity. Chaos appears to be a necessary, but insufficient condition for a theory to have a

holographic dual, so a deeper understanding of the chaos-QEC-CFT relationship will likely

provide insight into the general holographic sufficiency conditions. Given how ubiquitous

(approximate) error correcting codes seem to be, it seems very likely that there remains a

lot of mileage left to get out of the QEC perspective on AdS/CFT.

Studying quantum gravity can also provide insights into quantum error correction.

Motivated by understanding AdS/CFT better, recent work, e.g. [49–51], has produced

interesting results for understanding holographic (operator algebra) codes in general. There

may be questions that are more easily answered on the gravity side than the CFT side,

and translating those answers into statements about properties of the CFT may then give

insight into error correction.

5.3 The curse of finite dimensions

The most glaring limitation of this work is that we have worked with finite-dimensional

Hilbert spaces, trading reality for simpler calculations and interpretations. While this

may be somewhat excusable for a system of qubits, it is clearly insufficient if we wish

to analyze CFTs and their holographic duals. It would be interesting and useful to try

to generalize our analysis to infinite dimensions. While we expect that our work should

generalize, infinite-dimensional error-correcting codes are tricky to work with [52] and their

approximate cousins even moreso, although there has been some recent progress [27, 28, 49].

In particular, we expect that the qualitative story of chaotic theories containing QECCs

and, by extension, complementary bulk reconstruction will remain unchanged.
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A Some recovery channels

We first exhibit an explicit recovery map that recovers a state in a code satisfying the ETH

ansatz (2.1) with state fidelity f = 1 − O(e−S/2). This recovery map is identical to the
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recovery map used in textbook proofs [53] of the sufficiency of the Knill-Laflamme error

correction conditions. Given a set of error elements {Ei}, we are free to choose a different

set of error elements {Fi} related to the original by a unitary transformation:

Fi =
∑
j

uijEj . (A.1)

It is easy to show that {Fi} describe the same noise channel as the original error elements.

Choose the unitary matrix uij to be one that diagonalizes the Cij matrix in (2.22) so that:

〈ψm|F †i Fj |ψn〉 = diδijδmn + εij(mn), (A.2)

where
∑

i di = 1 −
∑

i εii by the assumption that the noise channel is trace-preserving.

Then define a recovery channel by the elements:

Rn =
1√
dn
PF †n =

1√
dn

∑
m

|ψm〉 〈ψm|F †n, (A.3)

where P =
∑

m |ψm〉 〈ψm| is the projector onto the code subspace in the energy eigenbasis.

It is straightforward to show R =
∑

nR
†
nRn is a projector onto the subspace of states

spanned by all the possible states reached by acting with the error elements on states

in the code subspace. Therefore we can take the Rn to define a valid channel, with the

possibility that we need to include the projector onto the orthogonal subspace I−R, which

naturally does not affect the recovery channel. Expanding the original state in the energy

eigenbasis ρ =
∑

mn cmn |ψm〉 〈ψn|, the state after the noise and recovery channels is

(R ◦N )(ρ) =
∑
ij

RiFjρF
†
jR
†
i (A.4)

=
∑
mnkl

∑
ij

1

di
cmn |ψk〉 〈ψk|F †i Fj |ψm〉 〈ψn|F

†
j Fi |ψl〉 〈ψl| , (A.5)

where the the first summation runs over the dimension of the code subspace, and the second

summation runs over the number of operation elements. Now we apply the ETH condition:

(R · N )(ρ) =
∑
mnkl

∑
ij

1

di
cmn

[
diδijδkm + εij(km)

] [
djδjiδnl + εji(nl)

]
|ψk〉 〈ψl| (A.6)

=
∑
mnkl

∑
ij

1

di
cmn[didjδijδjiδkmδnl + diδijδkmεji(nl) + djδjiδnlεij(km) (A.7)

+ εij(km)εji(nl)] |ψk〉 〈ψl|

=
∑
mn

∑
i

dicmn |ψm〉 〈ψn|+
∑
mnl

∑
i

cmnεii(nl) |ψm〉 〈ψl| (A.8)

+
∑
mnk

∑
i

cmnεii(nl) |ψk〉 〈ψn|+
∑
mnkl

∑
ij

1

di
cmnεij(km)εji(nl) |ψk〉 〈ψl| (A.9)

= ρ′. (A.10)

We recognize the first term as nearly the original state (
∑

i di) ρ = (1 − O(e−S/2))ρ. The

other terms are the error terms, where the ε terms are order O(e−S/2), and therefore
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suppressed by the error parameter, as expected. The trace distance of this state to the

input is clearly:
1

2
||ρ− ρ′||1 = O(e−S/2). (A.11)

An application of the Fuchs-van de Graaf inequality then tells us:

f(ρ, ρ′) ≥ 1− 1

2
||ρ− ρ′||1 = 1−O(e−S/2). (A.12)

We must be careful because the terms multiplying the e−S/2 term can be quite large on

their own, as we see in the error term for (2.23). We really do need the length of the code

to be much larger than the size of the code subspace in order for the code to be good. Note

however that this channel is somewhat impractical, because it requires one to determine

the diagonalizing unitary uij , which requires determining the entire matrix Cij .

We now review the procedure for constructing a near-optimal recovery channel pre-

sented in [22, 24]. To so, we first must introduce the theory of complementary channels.

Given a generic quantum channel N , we can write it using a Stinespring dilation:

N (ρ) = TrE

[
V (ρ⊗ |0〉 〈0|)V †

]
, (A.13)

where we have extended the existing Hilbert space with a another one HE representing

the environment, and V is an isometric mapping to the extended Hilbert space. The

complementary channel is obtained by instead tracing out the input system A and leaving

the environment:

N̂ (ρ) = TrA

[
V (ρ⊗ |0〉 〈0|)V †

]
. (A.14)

The key application to quantum error correction is the theorem proved in [22]:

max
R

F (R ◦N ,M) = max
R′

F (N̂ ,R′ ◦ M̂), (A.15)

where is F is the worst-case entanglement fidelity. For error correction, we take M = I, so

that we get a statement about the maximum worst-case fidelity that can be achieved for a

recovery channel R. Moreover, in the case that M̂2 = M̂, as is clearly the case for error

correction, there is a nice bound:

F (R ◦N ,M) ≥ F (N̂ , N̂ ◦ M̂). (A.16)

The goal is to determine a recovery channel that achieves this behavior. The worst-case

entanglement fidelity can be written as a maximin problem:

F (N̂ ,R′ ◦ M̂) = min
ρ

max
||A||≤1

Re gρ(A,U
′), (A.17)

where A is an operator from the input of R to the environment-extended Hilbert space, U ′

is a dilation satisfying N̂(ρ) = TrK
[
U ′(ρ⊗ |0〉 〈0|)U ′†

]
for some extension HK , and gρ is a

bilinear function defined as follows:

gρ(U,U
′) = 〈ψρ|V †M(I ′B ⊗ U

′†
E′Ẽ

)(UB ⊗ IE)VN |ψρ〉 , (A.18)
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where VN , VM are the dilation maps for N and M, and |ψρ〉 is an arbitrary purification

of ρ. Notationally, the subscripts indicate the support of the operators: B and B′ are

the target spaces for N and M, respectively; E and E′ are the extended environmental

systems for the target spaces of VN and VM, respectively; and finally Ẽ is the auxiliary

space introduced so that R(ρ) = TrẼ(UρU †), and is acted on at the end by sandwiching it

between |0〉’s. No operators act on the purifying subsystem.

The goal is then to find a saddle point (ρ0, A0) such that

Re gρ0(A0, U
′) = min

ρ
max
||A||≤1

Re gρ(A,U
′) (A.19)

and

Re gρ0(A0, U
′) = max

||A||≤1
min
ρ

Re gρ(A,U
′). (A.20)

After finding the saddle point, one then defines a completely-positive, trace non-increasing

map

S(ρ) = TrK

[
A0(ρ⊗ |0〉 〈0|)A†0

]
, (A.21)

and completes it to a trace-preserving map:

Rg(ρ) = S(ρ) + Tr [ρ− S(ρ)] τ, (A.22)

for some arbitrary state τ . Then one can see:

F (Rg ◦ N ,M) ≥ F (S ◦ N ,M) (A.23)

= min
ρ

max
U ′

Re gρ(A0, U
′) (A.24)

= max
U ′

min
ρ

Re gρ(A0, U
′) (A.25)

≥ min
ρ

Re gρ(A0, U
′) (A.26)

= Re gρ0(A0, U
′) (A.27)

= F (N̂ , N̂ ◦ M̂). (A.28)

We may therefore use Rg as a channel that performs good recovery. Unfortunately, the

the channel is relatively impractical, as one must determine the necessary saddle point

(ρ0, A0). The problem somewhat simplifies when we specialize to the case of M = I for

error correction but a generic optimization problem still remains [24].

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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