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1 Introduction

We have witnessed swift progress in our understanding of integrable deformations of string

σ-models over recent years, driven in no small part by the connection to dualities manifest

at the level of the string σ-model. These “dualities” include bona fide symmetries, such as

Abelian T-duality [1, 2], but have also steadily grown to encompass esoteric counterparts,

notably non-Abelian [3] and Poisson-Lie T-duality [4], which are only symmetries at the

one-loop level. Nevertheless, it is truly remarkable that η-deformations [5, 6] — more

generally Yang-Baxter (YB) deformations [7–9] — and λ-deformations [10, 11] can all be

absorbed into Poisson-Lie symmetric σ-models, called E-models [12] (see also [13, 14]).

In addition to various guises related via T-duality, the σ-model possesses another

equivalent description as a target space-time geometry or supergravity solution. In this

parallel setting, integrable deformations are O(d, d) transformations.1 To the extent of

our knowledge, this connection was initially observed in [24] when multi-parameter Lunin-

Maldacena (TsT) transformations [25, 26], the simplest examples in the YB class, were

recast as O(d, d) transformations with constant entries. In this reformulation, the O(d, d)

is specified by a (constant) bi-vector Θ, but even in the absence of integrability, one has

the freedom to replace the bi-vector by an r-matrix solution to the Classical Yang-Baxter

1Non-Abelian T-duality can be expressed in terms of O(d, d) [15–19], thus bringing related developments

in this direction under a common umbrella [20–23].
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Equation (CYBE) [27–29] and this guarantees the deformation is still a solution of su-

pergravity [30], more accurately generalized supergravity [31, 32].2 Curiously, the O(d, d)

transformation is nothing other than the open-closed string map of Seiberg & Witten [35]

from noncommutativity in string theory.

Once reformulated in terms of O(d, d), YB deformations were quickly embedded [36–38]

in Double Field Theory (DFT) [39–42], a setting where this symmetry is manifest. More-

over, the equations of motion of generalized supergravity were also recovered from DFT [43]

and Exceptional Field Theory (ExFT) [44]. Moving beyond toroidal backgrounds, DFT

was extended to encompass group manifolds [45, 46] with manifest Poisson-Lie T-duality

symmetry [15]. Ultimately, these developments paved the way for Poisson-Lie T-dualisable

σ-models on curved spaces [47], thus completing a remarkable circle back to the E-models.

Throughout these developments one thing has been missing, namely a method to

perform deformations directly in M-theory, or d = 11 supergravity. Here, we begin to

address this concern. In essence, one is looking for a generalization of the open-closed

string map, but with the NSNS two-form B and corresponding bi-vector, Θ or equivalently

β in the notation of [48, 49], replaced with the three-form potential C and tri-vector Ω.

Despite difficulties defining noncommutativity for membranes [50–52], it turns out that the

required map or transformation already exists in the literature [53] as a frame change in

ExFT between geometric and non-geometric frames (see [48] for the d = 10 case), but its

possible application to integrable deformations had been overlooked. We note that Lunin-

Maldacena deformations of d = 11 supergravity have been, starting with the original [25],

studied in a number of papers [54–59], however, only recently has the tri-vector description

become clearer in the context of generalized geometry, more accurately exceptional Sasaki-

Einstein structure [60].

The point of this paper is that there is a simple transformation that does the job

without all this additional structure, and at least for ExFT with SL(5) symmetry group, it

is known [53]. More precisely, there is a frame change and, as we will explain, demanding

that the generalized metric is invariant under this operation, we arrive at the required

map. The next step is to specify the deforming tri-vector in the “non-geometric” frame,

and following the close analogy to YB deformations in d = 10 [61], we assume it is an

antisymmetric product of Killing vectors, or simply “tri-Killing”:

Ωabc =
1

3!
ραβγKa

αK
b
βK

c
γ , (1.1)

where ραβγ is constant and totally antisymmetric and Kα are Killing vectors of the back-

ground d = 4 internal space. Note that assuming a U(1) isometry with Killing vector ∂z,

we easily recover the bi-vector Ω = ∂z ∧ Θ, where ρ reduces to the r-matrix, ρzαβ = rαβ .

At this point, we just have to restrict ρ in a bid to ensure a solution to d = 11 supergravity

exists. Following the analogy to d = 10 further, while working with explicit examples,

we will see that the necessary conditions, at least in the SL(5) theory, are the vanishing

of R-flux and the tracelessness of Q-flux. The former is an analogue of the CYBE for

2See [33] for an account of how these equations originally appeared in anomalous non-Abelian T-duality

transformations [34].
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rank 3 matrices, while the latter is a d = 11 version of the unimodularity condition [62],

namely the constraint that distinguishes solutions of usual and generalized supergravity.

Ensuring both conditions hold, we recover examples in the Lunin-Maldacena class, which

as we explain in the appendix B, correspond to classic Ehlers-type [63] solution generating

transformations in d = 8.

The structure of this paper is as follows. Section 2 contains the basic review of the nec-

essary facts from the SL(5) ExFT. In the section 3 we derive the deformation prescription

and explain the roles played by the R and Q-fluxes. Section 4 presents some examples, and

we conclude in section 5. In appendix A we derive conditions that follow from vanishing of

the R-flux and trace of the Q-flux. In appendix B the connection between Lunin-Maldacena

(TsT) transformations [25] and Ehlers transformations in pure gravity [63] is explained.

2 Exceptional Field Theory: SL(5) group

In this section, we briefly explain the ExFT with SL(5) symmetry group which will be

used to illustrate our map. This theory corresponds to the dimensional reduction of d = 11

supergravity on a four-torus and has a good balance between high enough internal space

dimension, and simple enough form of generalized metric. The theory is formulated on

a (7 + 10)-dimensional space-time, split between 7 external directions with Lorentzian

signature,3 where one recovers gauged supergravity, and 10 extended internal directions

parametrized by coordinates Xmn transforming in the 10 of SL(5). The fundamental rep-

resentation of SL(5) is labelled by Latin indices from the middle of the alphabet, m,n, etc.

The coordinates can be divided into normal, “geometric” coordinates xa = X5a and

dual, “non-geometric” coordinates yab = εabcdXcd, where a, b, · · · = 1, . . . , 4. To keep the

total number of space-time dimensions at eleven, and also for consistency of generalized

diffeomorphism transformations, one needs to impose a section constraint [65]. Various

solutions of this constraint lead to d = 11, Type IIA, Type IIB, d = 7 ungauged or gauged

supergravities (see [66] and [67] for further details). In what follows we will always assume

the geometric solution of the section constraint, so all fields depend only on the geometric

coordinates X5a.

The field content of the theory encodes the field content of d = 11 supergravity in the

7 + 4 split and consists of the external metric gµν , where Greek letters from the middle

of the alphabet are used, µ, ν = 1, . . . , 7; 10 vectors Aµmn playing the role of a gauge

connection, five two-forms Bµνm and the generalized metric Mmn which is an element

of the coset SL(5)/SO(5) × R+. The full action for the theory, invariant under external

diffeomorphisms, internal generalized diffeomorphisms, and all gauge transformations has

been constructed in [66]. However, in what follows we will be working exclusively in the

truncated version of the SL(5) ExFT [53], completely ignoring the tensor fields. At the

level of supergravity this implies that we are only allowed to consider initial backgrounds

without off-diagonal blocks in the metric in the 11 = 7 + 4 split. The equations of motion

3Using time-like U-dualities one can construct external spaces of Euclidean signature, while the time

direction is in the internal space [64], more on this below.
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for the internal space fields gab, Cabc are the usual supergravity ones, and are encoded in

the dynamics of the generalized metric Mmn.

Thus, we will focus on the generalized metric, which treats the metric gab of the four-

dimensional internal space and the components of the three-form field Cabc on an equal

footing.4 It will be convenient to introduce the dual vector on the internal space

V a =
1

3!

1
√
g
εabcdCbcd, (2.1)

where εabcd is an absolutely antisymmetric symbol and ε1234 = 1. The generalized metric

may be expressed as [70]

Mmn = |g7|−1/14

[
|g|−1/2gab Va

Vb ±|g|1/2(1± V 2)

]
. (2.2)

Note that V 2 = gabV
aV b and the overall factor in the generalized metric represents the

determinant of the seven-dimensional external metric, g7 = det gµν , which is required in

order to make Mmn transform as a generalized tensor [53]. Alternatively, this can be seen

from the fact that the external metric gµν transforms as a scalar with non-zero weight under

generalized diffeomorphism [66]. We refer to this representation of Mmn as “C-frame”.

The upper signs (plus) in the generalized metric above correspond to the case where

the internal space metric gab is of Euclidean signature, while the external space has one

time direction. The lower signs (minus) are to be used in the opposite case, which has been

worked out in detail in [64]. In this case the extended space includes a four dimensional

space-time of Lorentzian signature, the U-duality group is still SL(5) and the information

about the signature is contained in the local duality group. The latter is SO(3,2) and the

generalized metric Mmn ∈ SL(5)/SO(3, 2).

In principle the only information one has about the generalized metric in ExFT is that

it is an element of the coset space SL(5)/SO(5)×R+, and hence the matrix (2.2) presents

only a particular choice of parametrization of a coset element. The theory is equally

consistent for any other chosen parametrization of the coset space, and alternatively we

can choose to write it in the Ω-frame:

Mmn = |G7|−1/14

[
|G|−1/2(Gab ±WaWb) Wa

Wb ±|G|1/2

]
, (2.3)

where we have defined

Wa =
1

3!

√
GεabcdΩ

bcd (2.4)

and Gab is the four-dimensional metric in the new Ω-frame. The plus and minus signs

depend on the signature as before, and G7 = detGµν is the external metric determinant.

One is free to substitute the generalized metric of the Ω-frame into the action of ExFT

and obtain a reformulation of (a sector of) d = 11 supergravity in terms of the new

4Here we use the parametrization of [53], an alternative parametrization can be found in [68] A general

approach to deriving generalized metrics from the E11 decomposition has been described in [69].
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fundamental fields Gab,Ω
abc instead of gab, Cabc. This is an eleven-dimensional analogue

of β-supergravity of Andriot et al. [71, 72], which provides the natural language for the

description of non-geometric backgrounds of M-theory.

Now the key point is that, we can move between frames by simply equating the gen-

eralized metric,

Mmn = |g7|−1/14

[
|g|−1/2gab Va

Vb ±|g|1/2(1±V 2)

]
= |G7|−1/14

[
|G|−1/2(Gab±WaWb) Wa

Wb ±|G|1/2

]
.

(2.5)

As we will explain in the following section, this identification serves as the basis of a map

that allows to relate the two metrics, three-form potential and tri-vector. This is the d = 11

analogue of the open-closed string map, but instead of a bi-vector, the deformation will

now be specified by a tri-vector.

In d = 10, it was noted that non-geometric fluxes, namely Q and R-flux played a

special role. The vanishing of the trace of the former is related to the unimodularity

condition [62], which determines whether the deformed geometry is a solution to usual

supergravity, or the generalized supergravity. In d = 10, the vanishing of R-flux reproduces

the homogeneous CYBE, so we can expect both of them to play a special role here for

deformations in d = 11. In the context of the SL(5) ExFT, the Q and R-flux are encoded

in the generalized torsion of the theory, alongside with the four-form flux sourced by the M5

brane, and other geometric and non-geometric quantities. The generalized torsion belongs

to the representation 10 + 15 + 40 of SL(5), which upon solving the section constraint

decomposes into a set of irreps of GL(4) ∈ SL(5) [53]. Among them one finds 62 + 102,

corresponding to the Q-flux Qa
bcd, as well as 4̄7, which is the R-flux Ra,bcde, where the

subscript denotes weight with respect to the R subgroup of GL(4).

In terms of the tri-vector, the Q and R-fluxes can be written as

Ra,bcde = Ωaf [b∇fΩcde], (2.6a)

Qa
bcd = ∇aΩbcd, (2.6b)

where ∇a is the covariant derivative consistent with the original internal metric Gab. Note

that the expressions are given in the Ω-frame and upon dimensional reduction, they will re-

cover expressions in the β-frame of DFT. In the section 4 we will discuss examples allowing

us to tease apart the role of Q-flux and R-flux in the SL(5) theory. It is evident that the

generalized metrics in different frames are apparently equal to each other as 5×5 matrices,

while the fields, for example the four-dimensional metric, are different. The interpretation

of the field Ωabc as a fundamental field of the eleven-dimensional theory implies that one

has the tri-vector field instead of the three-form field Cabc. The latter couples magneti-

cally to the M5-brane, while the former interacts magnetically with the 53-brane. Viewing

Ωabc as a fundamental field provides a geometric way of writing down non-geometric back-

grounds [72–74]. This is the same picture as one observes in β-supergravity, where the

bi-vector field β ∈ ∧2TM provides the gauge potential for the 52
2-brane [75].

An important point in this work is that we adopt an alternative interpretation of

the tri-vector field Ωabc. Rather than being a dynamical fundamental field, we view it

– 5 –



J
H
E
P
0
8
(
2
0
1
9
)
1
2
6

Gµν , Gab Gµν , Gab,Ω
abc gµν , gab, Cabc

(C- or Ω-frame) (Ω-frame) (C-frame)

Solution of

d=11 EOMs

Solution of

ExFT EOMs

Solution of

d=11 EOMs

constraints on Ωabc

deformation frame change

generalized Yang-Baxter deformation

the same upon the

section constraint

Figure 1. The relationship between a background (Gµν , Gab) and its deformation (gµν , gab, Cabc).

Starting with a background with Cabc = 0 one switches to the Ω-frame and simply turns on Ωabc

(red arrow). Switching to the C-frame one obtains a deformed background (green arrow).

as a parameter encoding a deformation of the pure gravity background with the metric

(Gµν , Gab). This idea is a straightforward generalization of the approach developed in [49],

based on earlier work [27–29], where the β-field of DFT was understood as a deformation

parameter. This can be viewed as a further continuation of the logic of the CYBE/gravity

correspondence [76, 77].

3 Tri-vector deformation

As explained, we will be exploiting the uniqueness of the SL(5) generalized metric and this

will allow us to produce a deformed background from the original data. Upon reduction to

d = 10 and DFT, this rewriting is equivalent to the open-closed string map. For simplicity,

we consider original solutions (Gµν , Gab) with no three-form on the internal space. After

turning on the deformation Ω these can be understood as the Ω-frame backgrounds and

transition to the C-frame will deform both seven dimensional and internal metrics. Once

we have read off the deformed solution (gµν , gab, Cabc), we will use the equations of motion

of d = 11 supergravity to confirm the role of R-flux and Q-flux. Figure 1 schematically

summarizes the idea and reader may take note that the transformation provides simple,

closed expressions for the transformed fields.

Let us now unravel the information in (2.5), so that we can directly present the trans-

formation in terms of the fundamental fields: the original metric (Gµν , Gab), split across

external and internal spaces, the deforming tri-vector Ωabc with legs only along the internal

space. Consequently, the deformed metric (gµν , gab) is again split and the three-form Cabc
has legs only along the internal space. This transformation has appeared earlier in [53] in

the context of the non-geometric flux interpretation for Ω.

Equating determinants in both frames we obtain the transformation law for the deter-

minant of the external metric,

g7 = K−7/3G7, (3.1)

– 6 –
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where we have denoted g/G = K5/3. Equivalently, noting that the external metrics in C

or Ω frames can only differ by a conformal factor, we learn that

gµν = K−1/3Gµν . (3.2)

One can then eliminate external metrics in (2.5), which boils down to the relations

gab = K2/3 (Gab ±WaWb) , (3.3a)

Va = K−1/6Wa, (3.3b)

K =
(
1± V 2

)−1
=
(
1±W 2

)−1
. (3.3c)

In the second equality of (3.3c) we used (3.3a) and the algebraic identity

det
(
δba ±WaW

b
)

= 1±WaW
a. (3.4)

Understanding K as a function of the deformation parameter Wa, the other two equations

in (3.3) express the deformed fields in terms of the original metric Gab and Wa. Extracting

the three-form and the tri-vector from the dual quantities gives a simple relation:

Cabc = KΩabc. (3.5)

Note that Ωabc = Gaa′Gbb′Gcc′Ω
a′b′c′ .

Now, this has been more or less a mechanical exercise. We still need to specify the

tri-vector, and in principle one should require that both (Gµν , Gab) and the deformed

background (gµν , gab, Cabc) are solutions to d = 11 supergravity. This would produce the

most general constraints on the deformation parameter Ωabc, see figure 1. Leaving that for

a separate study, here we will instead use a specific ansatz for the tri-vector, assuming that

it is an antisymmetric product of Killing vectors (1.1):

Ωabc =
1

3!
ραβγKa

αK
b
βK

c
γ . (3.6)

Here the constant coefficients ραβγ are, following the analogy to d = 10, at least required to

satisfy the vanishing of R-flux (2.6a). We derive this condition in appendix A (cf. (A.8)):

6ραβ[γρδε|ζ|fαζ
η] + ρ[γδερη]αζfαζ

β = 0, (3.7)

where fαβ
γ are the structure constants, defined in the usual way [Kα,Kβ ] = fαβ

γKγ .

Greek letters from the beginning of the alphabet are used for the isometry algebra indices.

The vanishing of the trace of Q-flux (2.6b), upon assuming the tri-Killing ansatz for Ωabc,

gives (see appendix A)

ραβ[γfαβ
δ] = 0. (3.8)

Following the analogy with d = 10, one could expect (3.7) to constrain the tri-vector

in such a way, that the deformed background is a solution to supergravity. In this sense

this equation may be viewed as a generalization of the CYBE. However, unlike the d = 10

case, in the context of SL(5) ExFT the R-flux condition is a necessary consequence of the

– 7 –
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TrQ = 0 condition (cf. appendix A). This comes about because our tri-vector is restricted

to a four-dimensional internal space. Moreover, at the level of deformed d = 11 geometry,

the supergravity field equations require both (3.7) and (3.8). This has been checked on

numerous examples, some of which appear in the next section. It is an open question if one

can disentangle vanishing R-flux and tracelessness of Q-flux conditions for larger U-duality

groups. We hope to return to this problem in future.

Continuing the d = 10 analogy, the characteristic vector field I of generalized super-

gravity is precisely given by TrQ. Thus vanishing of the trace of Q restricts the deformation

to be a solution to usual (and not generalized) supergravity. It is not known if any mean-

ingful generalized supergravity can be defined in d = 11, hence it is natural to expect TrQ

to vanish for all d = 11 deformations. This ultimately restricts us to examples in the

Lunin-Maldacena class. As explained in [25], there is a d = 8 description underlying the

transformations in d = 11 (see also comments in appendix B), which implicitly assumes a

reduction on a three-torus. In effect, this means that there is a U(1) Killing direction ∂z
along the M-theory circle. With the factorization Ω = ∂z ∧ Θ or ρzαβ = rαβ , it is easy to

recover the d = 10 YB deformations. The second term in the d = 11 R-flux condition (3.7)

vanishes identically using fzα
β = 0, and the first term reproduces the CYBE for rαβ . The

d = 11 TrQ = 0 condition (3.8) leads to a nontrivial relation: rαβfαβ
γ = 0, where the

indices α, β, γ do not include z. That is, vanishing of the Tr Q flux in d = 11 yields the

unimodularity condition [62] in d = 10.

Keeping in mind this discussion of the constraints on the tri-vector, we can summarize

the deformation procedure in the following steps.

• Start with a solution where the metric is split into d = 7 and d = 4 blocks given by

(Gµν , Gab) and choose a tri-vector field Ωabc of the form (1.1);

• The deformed external metric is gµν = K−1/3Gµν (3.2) and the deformed internal

metric is gab=K2/3 (Gab ±WaWb) (3.3a), where the auxiliary one-form W =?4Ω (2.4)

and K = (1±WaW
a)−1;

• Finally, the three-form generated through the deformation is simply Cabc = KΩabc.

Recall that the upper (lower) signs correspond to the Euclidean (Lorentzian) signature of

the internal metric. Note that as demonstrated by the AdS4 × S7 example of section 4.2,

the initial space-time with metric Gab is in fact allowed to be accompanied by a nonzero

four-form flux F , as long as it has legs in the external space only. In that case the original

flux contributes to the deformation alongside Cabc = KΩabc:

F̃ = dC + (1− Ωy ∗11)F. (3.9)

The last term is needed for consistency of the deformed solution, and can be understood

in the d = 11 TsT setup [25, 57]. After reducing along z to IIA theory, one performs a

d = 10 TsT deformation w.r.t. the remaining two generators of Ω. As one passes through

type IIB stage, a self-dual completion of the RR 5-form must be added for consistency.

This gives rise to the last term in (3.9).

– 8 –



J
H
E
P
0
8
(
2
0
1
9
)
1
2
6

4 Examples

For space-times possessing at least three commuting isometries K1,K2,K3, (3.7) and (3.8)

are automatically satisfied by the deformations with a tri-vector Ω ∼ K1 ∧K2 ∧K3. These

are equivalent to d = 11 TsT deformations. Below we will demonstrate this in two basic

examples of flat space and the Lunin-Maldacena deformation of AdS4×S7. We will conclude

this section with an example of a non-abelian deformation. We remind the reader again for

reasons presented earlier that all deformations in d = 11 are restricted to the TsT class.

4.1 TsT in flat space

As a preliminary sanity check of our deformation prescription, we consider space-times

with a three-torus factor and without four-form flux:

ds2 = ds2(M7) +Gzzdz
2 + δij dxidxj , (4.1)

where M7 is some Ricci-flat pseudo-Riemannian manifold. The coordinates xa = (z, xi) for

i = 1, 2, 3 parametrize the internal space of the SL(5) ExFT. With an elementary choice

of the deformation tri-vector

Ω = γ ∂x1 ∧ ∂x2 ∧ ∂x3 ⇒ W = γ G1/2
zz dz, (4.2)

the deformed internal metric is given by

ds̃2
(4) = K2/3

(
Gab dxadxb +W 2

)
= K2/3

[
δij dxidxj +Gzzdz

2 + γ2Gzzdz
2
]

= K−1/3Gzzdz
2 +K2/3δij dxidxj ,

(4.3)

where K = (1 + γ2)−1 is constant. Recalling the deformation law of the external met-

ric (3.2), the complete d = 11 deformed background can be written as

ds̃2
(11) = K−1/3

[
ds2(M7) +Gzzdz

2
]

+K2/3δij dxidxj . (4.4)

There is no four-form flux after the deformation, because the emergent three-form poten-

tial (3.5) is constant,

C =
γ

1 + γ2
dx1 ∧ dx2 ∧ dx3. (4.5)

Thus the deformation is simply a blockwise rescaling of the metric by constants K−1/3,

K2/3, which of course agrees with the one-parameter deformation according to the TsT

prescription [25, 57, 78]. Admittedly, this was a completely trivial exercise, so let us move

onto a more meaty example.

4.2 Lunin-Maldacena deformation of AdS4 × S7

Let us perform one more consistency check by recovering the supersymmetry preserving

deformation of Lunin and Maldacena [25]. This example is non-trivial in the sense that

the R-symmetry U(1), generated by ∂ψ, which allows one to preserve N = 2 in three

dimensions, cannot be touched by the deformation. We are aided by the fact that the
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corresponding tri-vector has already been identified in [60], so here we will now show how

it arises from our prescription. By choosing different combinations of the U(1)’s, it is

possible to find more non-supersymmetric deformations by the same procedure.

To get started, we recall that the original geometry may be expressed as

ds2 =
1

4
ds2(AdS4) +R2dΩ2

(7), F4 =
3

8R
volAdS4 , (4.6)

where using the notation sα = sinα, etc., we can represent the unit metric on the seven-

sphere as

dΩ2
(7) = dθ2 + s2

θ(dα
2 + s2

α dβ2) + c2
θ dφ2

1 + s2
θ

[
c2
α dφ2

2 + s2
α

(
c2
β dφ2

3 + s2
β dφ2

4

)]
. (4.7)

Now, the four-dimensional submanifold that will play a role of the internal space of the

ExFT is simply spanned by the Cartan generators U(1)4 ⊂ SO(8):

Gabdx
adxb = R2

{
c2
θ dφ2

1 + s2
θ

[
c2
α dφ2

2 + s2
α

(
c2
β dφ2

3 + s2
β dφ2

4

)]}
,
√
G = R4cθs

3
θcαs

2
αcβsβ .

(4.8)

However, some care is required to separate the R-symmetry direction ψ from the other

directions [25]:

ψ =
1

4
(φ1 + φ2 + φ3 + φ4), ϕ1 =

1

4
(3φ4 − φ1 − φ2 − φ3),

ϕ2 =
1

2
(φ3 + φ4 − φ1 − φ2), ϕ3 =

1

4
(3φ1 − φ2 − φ3 − φ4).

(4.9)

Setting aside the R-symmetry, we are left with the three directions to construct the

tri-vector

Ω =−γ ∂ϕ1∧∂ϕ2∧∂ϕ3 = γ (∂φ1∧∂φ2∧∂φ3−∂φ1∧∂φ2∧∂φ4 +∂φ1∧∂φ3∧∂φ4−∂φ2∧∂φ3∧∂φ4) ,

(4.10)

which coincides with the tri-vector reported in [60]. At this stage we can be confident that

everything is going to work out and, up to coordinates, we are guaranteed to recover the

Lunin-Maldacena geometry with N = 2 supersymmetry. Nevertheless, let us proceed with

the details.

The dual one-form W = −4γ
√
G dψ gives the deformation factor:

K−1 = 1 +GabWaWb = 1 + γ2R6s6
θs

2
α

[
c2
θc

2
α + s2

αc
2
βs

2
β

(
c2
θ + s2

θc
2
α

)]
, (4.11)

which again agrees with [25]. With these values the prescription for the deformed metric

leads to:

ds̃2
(11) =

1

4
K−1/3ds2(AdS4) +R2K−1/3

[
dθ2 + s2

θ(dα
2 + s2

α dβ2)
]

+R2K2/3
{
c2
θ dφ2

1 + s2
θ

[
c2
α dφ2

2 + s2
α

(
c2
β dφ2

3 + s2
β dφ2

4

)]
+ 16γ2G dψ2

}
.

(4.12)

In order to construct the deformed four-form flux we compute

C = γR6K
[
(dφ1 ∧ dφ2 ∧ dφ3) c2

θs
4
θc

2
αs

2
αc

2
β − (dφ1 ∧ dφ2 ∧ dφ4) c2

θs
4
θc

2
αs

2
αs

2
β

+(dφ1 ∧ dφ3 ∧ dφ4) c2
θs

4
θs

4
αc

2
βs

2
β − (dφ2 ∧ dφ3 ∧ dφ4) s6

θc
2
αs

4
αc

2
βs

2
β

]
.

(4.13)
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The complete four-form after the deformation also receives contributions from the original

flux (3.9)

F̃ = dC +
3

8R
volAdS4 + 24γR6s5

θcθs
3
αcαsβcβ (dθ ∧ dα ∧ dβ ∧ dψ) . (4.14)

Up to a choice of notation, this is the Lunin-Maldacena deformation. It is worth stressing

again that it can be easily generalized to more elaborate deformations, where no super-

symmetry is preserved.

4.3 A non-abelian deformation

Finally, let us consider an example of a non-abelian deformation with a single U(1), which

in our set-up implies there is a d = 10 description. As explained earlier, the corresponding

tri-vector can be put in the form Ω = ∂z ∧ Θ, where the bi-vector Θ is non-abelian (it

corresponds to a non-abelian r-matrix), whereas z is some coordinate, for all extensive

purposes the M-theory circle, such that the shifts ∂z commute with any of the generators

of Θ. As discussed (cf. discussions below (3.8)) the d = 11 TrQ = 0 yields vanishing of

trace of Q-flux in d = 10 and vanishing of R-flux in d = 11 yields CYBE for the d = 10

deformations.

This time we will consider a deformation in the Lorentzian subspace of the d = 11

background. This will be required to obtain non-trivial solutions after dimensional reduc-

tion along z, and will serve as a demonstration of the workings of the prescription in the

Lorentzian case. We start with a solution to d = 11 supergravity of a form

ds2
(11) = ηabdx

adxb + ds2(M7), (4.15)

whereM7 is some Ricci-flat Riemannian manifold and xa = (xi, z) for i = 0, 1, 2 parametrize

the internal space of the SL(5) ExFT. Using the Poincaré generators of (1+2)-dimensional

Minkowski subspace, consider Ω = Θ∧∂z with the following Θ, parametrized by a constant

vector τ i = (α, β, γ):

Θ = τ iMij∧P j

=α(M01∧P1+M02∧P2)+β (M01∧P0+M12∧P2)+γ (M02∧P0−M12∧P1)

= (βx0−αx1)∂0∧∂1+(γx0−αx2)∂0∧∂2+(γx1−βx2)∂1∧∂2.

(4.16)

The CYBE for this Θ indicates that a valid deformation in d = 10 exists whenever τ is

null: α2−β2−γ2 = 0. The fact that a corresponding solution exists was explicitly checked

in [79]. Using the auxiliary functions

W = (γx1 − βx2)dx0 − (γx0 − αx2)dx1 + (βx0 − αx1)dx2,

K =
[
1 + (γx1 − βx2)2 − (γx0 − αx2)2 − (βx0 − αx1)2

]−1
,

(4.17)

the deformed background is given by:

ds̃2
(11) =K2/3

[
ηij dxidxj+dz2−W 2

]
+K−1/3ds2(M7),

C =K
[
−(βx0−αx1)dx0∧dx1−(γx0−αx2)dx0∧dx2+(γx1−βx2)dx1∧dx2

]
∧dz.

(4.18)
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Checking the Einstein equations demonstrates that this background is not a solution unless

α = β = γ = 0. This constraint, which trivializes the deformation, is in fact the TrQ = 0

condition (3.8).

We have deliberately picked a tri-vector containing a bi-vector that we know cor-

responds to a valid deformation in d = 10 and the resulting geometry is a solution to

generalized supergravity. As a result, Q-flux in d = 10 has to pick up a trace to support

the solution. This example is essentially testing whether there is the same freedom in

d = 11 and we learn that there is not, since α = β = γ = 0 is telling us that TrQ = 0 and

this kills the deformation.

That being said, one can naively5 dimensionally reduce the corresponding geometry,

which will give a solution in generalized d = 10 supergravity. Using the standard reduction

ansatz (B.12), we arrive at a d = 10 background

ds̃2
(10) = K

[
ηij dxidxj −W 2

]
+ ds2(M7), e2φ = K,

b = K
[
−(βx0 − αx1) dx0 ∧ dx1 − (γx0 − αx2) dx0 ∧ dx2 + (γx1 − βx2) dx1 ∧ dx2

]
.

(4.19)

This is a solution to generalized supergravity with the vector field

I = ∇ ·Θ = 2(α∂0 + β∂1 + γ∂2), (4.20)

as soon as the YB equation for Θ holds, α2 − β2 − γ2 = 0. We observe that this condition

coincides with the R-flux vanishing constraint (3.7), whereas the TrQ = 0 constraint

implies that α = β = γ = 0. Although the deformed background is not a solution to

d = 11 supergravity, it produces a family of solutions to d = 10 generalized supergravity

after dimensional reduction.

5 Discussion

In this paper we have developed a prescription for deformations of d = 11 supergravity,

which is a spin-off of the existing literature on SL(5) ExFT. This demonstrates that ExFT

correctly reproduces the known TsT deformations in d = 11. Along the way we have

derived algebraic constraints for the rank three deformation tensor, (3.7) and (3.8), which

presumably are related to higher dimensional analogues of the CYBE.

The main limitation of our work is that so far we have only studied deformations

that involve a U(1) direction. In any space-time with a U(1)3 isometry, for a deformation

determined by three commuting Killing vectors one can go to adapted coordinates where

these vectors generate shifts, and the whole transformation is then always a TsT. This

is in line with the YB deformations in d = 10, where abelian r-matrices are equivalent

to the usual TsT. Thus in the U(1)3 case our work provides a simple and concise way

of performing TsT deformations in d = 11, or in d = 10 after reducing along one of the

5The dimensional reduction is “naive” in the sense that upstairs in d = 11, there is no solution, but using

the usual reduction ansatz, one recovers field content that can be completed to a solution of generalized

supergravity.
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isometry directions. One has to use a simple prescription (3.3), which hinges on knowing

a single piece of data, namely a one-form W constructed from the Killing vectors of the

original solution.

When there is only one commuting isometry, the deformation tri-vector has the form

Ω = ∂z ∧ Θ, and we are able to incorporate the solutions to the d = 10 generalized

supergravity into this prescription, as shown by the last example. We saw that the d = 11

background obtained in the section 4.3 did not satisfy the supergravity field equations.

This is in line with the bi-vector Θ being non-abelian, and as such not leading to a TsT

deformation in d = 10. Nevertheless, by dimensional reduction one arrives at the YB

deformed solution in d = 10, with the r-matrix proportional to Θ. The algebraic condition

of R = 0 that comes from the SL(5) ExFT was shown to reduce to the CYBE for Θ.

Such deformations, which in general have non-zero trace of the Q-flux, in 10 dimensions

fall into the class of generalized supergravity backgrounds, characterized by an extra vector

field I = ∇ · Θ. This theory can be embedded into the ExFT [43, 44, 80]. There is no

known analogue of generalized supergravity in d = 11 so far, and the analysis here may

give a hint how to construct it, if possible.

The last example also demonstrates that the TrQ = 0 condition implies the R = 0

condition, which agrees with the proof given in the appendix A. This relationship between

TrQ and R-flux conditions has been observed in an assortment of other sample deforma-

tions that we have checked. It has always been the case that the Q-traceless condition

either coincides with, or provides a solution to the R = 0 condition.

A natural question arises: whether any non-trivial deformations exist that are intrinsi-

cally eleven-dimensional? In other words, solutions that are not merely a TsT or an uplift

of the non-abelian YB deformations from d = 10. In answering this we are restricted by

the two main assumptions used in this article: simple isometry algebras of a sphere or a

flat space, and the SL(5) ExFT. The latter has four-dimensional internal space, and hence

is only capable of accommodating the isometries that are acting within a four-dimensional

submanifold. This excludes e.g. conformal algebras in dimension higher than four, and we

are left with the symmetry groups of a sphere, flat space, and AdS4.

The only tri-vector possible within the Poincaré algebra that is completely non-abelian

is cubic in momentum generators. For instance one could consider

Ω = α(M12∧M13∧M14 +M13∧M23∧M34)+β(M12∧M13∧M34 +M14∧M13∧M23), (5.1)

where none of the generators appearing in any of the terms commutes with the other two.

The specific directions here are chosen so as to make the R-flux condition as simple as

possible: α2 = β2 (under the assumption that x1 is timelike). However, the corresponding

d = 11 deformed geometry is not a solution, unless TrQ = 0, which imposes α = 0 = β.

We have observed a similar situation in the non-abelian deformations using the generators

of the conformal algebra of AdS4 and suppose that it may be generic.

One possible way out might be to study other ExFT’s. For instance, the E7 theory

has a seven-dimensional internal space, which is large enough to study deformations based

on the conformal algebra of any AdS solution in d = 11 supergravity [81]. The algebraic

argument that TrQ = 0 implies R = 0 fails in higher dimensions (cf. appendix A), which
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hints that perhaps one will have more freedom in the deformed geometries as well. We

leave this to future work.

It is still an open issue to check if a “generalized d = 11 supergravity” is possible,

where TrQ = 0 is relaxed. Kappa-symmetry of the superstring permits a generalization of

d = 10 supergravity, however it seems that the kappa-symmetry of the supermembrane [82]

does not allow for an extension of d = 11 supergravity to a similar generalized d = 11

supergravity [32]. It is interesting to see if examples can be constructed with Tr(Q) 6= 0.

We saw that this was not possible within the SL(5) theory, but it may be possible for

larger U-duality groups. As reviewed in the introduction, in the string theory case the

YB deformation narrative admits at least three complementary descriptions: in terms of

integrability of the deformed σ-model, generation of non-trivial solutions to (generalized)

supergravity using a simple construction based on solutions to the CYBE, and the non-

commutativity of the dual super-Yang-Mills theory in the AdS5×S5 examples. In the non-

commutative description, the CYBE was shown to be related to the Jacobi identity of the

non-commutative algebra associated with the open string endpoint position operators [27–

29]. One can speculate that in the d = 11 case open strings can be replaced with open

M2-branes. In that case it is expected that instead of the usual commutators one will

have to deal with the three-algebras [83, 84], where the Jacobi identity is replaced with the

Fundamental (or Filippov) Identity (FI) [85]. If, inspired by the d = 10 string theory case,

we identify Ωabc(X) = [Xa, Xb, Xc], where the bracket is a 3-bracket, one can check that the

FI does not match precisely the R = 0 condition in the SL(5) theory. Nonetheless, one may

show that if we contract four indices of the FI with totally antisymmetric symbol εbcde the FI

reduces to R = 0. Exploring the physical meaning of the generalized CYBE equation (3.7)

and the 3-algebras is an interesting problem that deserves further investigation.
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A R- and Q-flux

In this section we derive the algebraic equations (3.7) and (3.8) from the vanishing R-flux

condition and tracelessness of the Q-flux.

Note that in order to obtain a solution after the deformation one must impose the

dynamical equations for Ωabc that follow from the ExFT. In case of β-supergravity the

equations of motion were shown to follow from vanishing of R-flux and tracelessness of Q-

flux [49]. Moreover, these two were independent equations, which reflects the freedom to

replace usual supergravity with generalized supergravity. As we will demonstrate now, in

the SL(5) ExFT they are not independent. It is still an open question whether the equations

of motion of a generic ExFT require both tracelessness of Q and vanishing of R-flux.

We begin with the condition Ra,bcde = 0. Greek letters from the beginning of the

alphabet are used for the isometry algebra indices. Substituting the tri-Killing ansatz (1.1)

into the R-flux (2.6a) one obtains

Ra,bcde = 3ραβγρδεζKα
aKβ

gKγ
[bKδ

cKε
d∇gKζ

e] ≡ 3ραβγρδεζK
ga[bcd
αβγδε∇gKζ

e]

=
3

4
ραβγρδεζ

[
K
ga[bcd]
αβγδε ∇gKζ

e −Kga[ebc]
αβγδε ∇gKζ

d +K
ga[deb]
αβγδε ∇gKζ

c −Kga[cde]
αβγδε ∇gKζ

b
]
,

(A.1)

where the antisymmetrization in the four indices [bcde] was decomposed in four terms in

the second line, and for the sake of brevity we introduced the notation

Kabcde
αβγδε ≡ Kα

aKβ
bKγ

cKδ
dKε

e. (A.2)

In order to obtain the structure constants fαβ
γ of the Killing vector algebra, antisym-

metrization in [αζ] must be organized. For the product ραβγρδεζ this is equivalent to

antisymmetrization of the two pair of indices βγ and δε. Let us organize this symmetry

in the expression (A.1) and with that goal in mind we start with the following identical

transformations of the first term in brackets above

3

4
ραβγρδεζ

[
K
ga[bcd]
αβγδε −K

g[abcd]
αβγδε

]
∇gKζ

e +
3

4
ραβγρδεζK

g[abcd]
αβγδε ∇gKζ

e

=
1

8
ραβγρδεζ

[(
Kgabcd
αβγδε −K

gcdab
αβγδε

)
+
(
Kgadbc
αβγδε −K

gbcad
αβγδε

)
+
(
Kgacdb
αβγδε −K

gdbac
αβγδε

)]
∇gKζ

e

+
3

4
ραβγρδεζK

g[abcd]
αβγδε ∇gKζ

e

=
1

8

(
ραβγρδεζ − ραδερβγζ

)[
Kgabcd
αβγδε +Kgadbc

αβγδε +Kgacdb
αβγδε

]
∇gKζ

e +
3

4
ραβγρδεζK

g[abcd]
αβγδε ∇gKζ

e

=
3

8
ραβγρδεζK

ae[bcd]
βηγδε fαζ

η +
3

4
ραβγρδεζK

g[abcd]
αβγδε ∇gKζ

e. (A.3)

Upon insertion back to (A.1), the first term above gains antisymmetrization in [ebcd], which

is equivalent to antisymmetrization in [ηγδε]. The second term in the last line above is

more subtle and can be rewritten as follows

3

4
ραβγρδεζK

g[abcd]
αβγδε ∇gKζ

e =
5

4
ραβγρδεζK

[gabcd]
αβγδε ∇gKζ

e − 2

4
ραβγρδεζK

[abcd]g
αβγδε ∇gKζ

e

= −1

4
ραβγρδεζK

[abcd]e
αβγδη fεζ

η.

(A.4)
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The term with [gabcd] vanishes because the internal indices a, b, . . . for SL(5) theory run

from 1 to 4 only. Hence, altogether for the R-flux in (A.1) we obtain

Ra,bcde =
3

2
ραβ[γρδε|ζ|fαζ

η]Kaebcd
βηγδε − ρ[αβγρδ]εζfεζ

ηK
a[bcde]
αβγδη (A.5)

Note that the two antisymmetrizations in the last term above can be reduced to a single

antisymmetrization in the lower indices of K plus an additional term:

− ρ[αβγρδ]εζfεζ
ηK

a[bcde]
αβγδη = −5

4
ραβγρδεζfεζ

ηK
[abcde]
αβγδη +

1

4
ρ[αβγρδ]εζfεζ

ηKbcdea
αβγδη. (A.6)

The first term is again zero for SL(5) theory and after relabelling the indices we obtain the

final form for the R-flux:

Ra,bcde =
1

4

(
6ραβ[γρδε|ζ|fαζ

η] + ρ[γδερη]αζfαζ
β
)
Kabcde
βγδεη. (A.7)

Hence, R-flux vanishes if

6ραβ[γρδε|ζ|fαζ
η] + ρ[γδερη]αζfαζ

β = 0. (A.8)

The condition for the Q-flux to be traceless naturally comes from counting of non-

vanishing components of mixed symmetry potentials interacting with exotic branes [86]

and hence can be imposed independently. Using the Q-flux definition (2.6b), we have:

Qa
abc =

2

3!
ραβγKα

aKβ
[b∇aKγ

c] =
1

3!
ραβγfαβ

δKδ
[bKγ

c], (A.9)

where we have used the fact that K is Killing, i.e. ∇aKγ
a = 0. Vanishing of Qa

abc thus

implies

ραβ[γfαβ
δ] = 0. (A.10)

Finally, observe a subtle point specific to the SL(5) and O(3,3) theories, specifically,

Qa
abc ≡ 0 implies Ra,bcde ≡ 0. Indeed, substitute Ωabc = −εabcdWd into the trace part of

the Q-flux

Qa
abc = ∇aΩabc = −εabcd∇aWd

!
= 0. (A.11)

For the R-flux the same gives

εbcdeR
a,bcde = −3!εabcdWb∇cWd, (A.12)

which is obviously zero upon imposing Qa
abc = 0. For fluxes of the O(3,3) theory one ends

up with the same conclusions. The reason for such behaviour is that the dimensions of the

internal space is too small.

B Understanding TsT as an Ehlers transformation

In this appendix we explain the connection between Lunin-Maldacena (TsT) transforma-

tions [25] and Ehlers transformations in pure gravity [63], namely both are described by

SL(2,R) transformations in a lower-dimensional effective description. This bypasses any
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need to explain T-duality. Finally, we will relate this to the transformations of d = 11

supergravity that are the focus of this paper.

We start by recalling Ehlers transformations in pure gravity. Given a vacuum solution

to the Einstein equations, i.e. Rµν = 0, with an isometry direction, Ehlers transformations

generate new solutions from the old. Let us assume there is a Killing vector ∂t with the

metric

ds2 = −V (dt+A)⊗ (dt+A) + V −1γijdx
i ⊗ dxj , (B.1)

where V (xi) is a scalar and A ≡ Aidx
i is a one-form connection. The scalar factors have

been specially chosen so that we arrive in Einstein frame after dimensional reduction. We

have adopted the time direction for the isometry, but the arguments do not depend on the

signature or the dimensionality. However, for concreteness we will assume the space-time

is four-dimensional.

From the Rti = 0 component of the Einstein equation, we get

d(V 2 ∗3 F ) = 0, (B.2)

where F = dA and Hodge duality is taken with respect to the metric γij . Locally, we can

now define an additional scalar,

V 2 ∗ F = dω. (B.3)

Replacing F with its Hodge dual throughout, one arrives at the three-dimensional

Lagrangian:

L =
√
γ

(
R− 1

2

∂iV ∂
iV + ∂iω∂

iω

V 2

)
. (B.4)

Our target space of the sigma-model is a hyperbolic space, so any transformation of the

scalars (V, ω) that leaves the Lagrangian invariant is a symmetry of the equations of motion.

Therefore, we can redefine

τ = ω + iV, (B.5)

so that the metric on the H2 becomes

ds2 =
dτ ⊗ dτ̄

Im(τ)2
. (B.6)

The metric is invariant under the SL(2,R) transformation

τ → τ ′ =
aτ + b

cτ + d
, ad− bc = 1, a, b, c, d ∈ R. (B.7)

Ostensibly, there are three parameters, but only one of them is physical as rescalings of

the Killing vector and gauge transformations of the scalar potential remove two of these.

Now, let us turn our attention to TsT [25], which we will discuss initially in d = 10.

The transformation assumes U(1)2 symmetry, so we have a torus. Neglecting one-forms,

which will play no role, one starts by entertaining space-times of the form,

ds2
10 = e

1
6

(2Φ−C1−C2)γµνdxµ ⊗ dxν + e2C1dϕ2
1 + e2C2dϕ2

2,

B = hdϕ1 ∧ dϕ2,
(B.8)

– 17 –
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where the scalars Ci, h and Φ are assumed just to depend on the lower-dimensional co-

ordinates xµ. We will see that it reduces to an SL(2,R) transformation as in the Ehlers

case. Again, one dimensionally reduces, but this time on a torus. The lower-dimensional

effective Lagrangian becomes:

L =
√
γ

(
R− 1

6
∂µ(2Φ− C1 − C2)∂µ(2Φ− C1 − C2)− 1

2
∂µ(C1 − C2)∂µ(C1 − C2)

− 1

2
∂µ(C1 + C2)∂µ(C1 + C2)− 1

2
∂µh∂

µhe−2(C1+C2)

)
.

(B.9)

We can now introduce a complex coordinate

τ = h+ ieC1+C2 , (B.10)

observing that h is simply the two-form on the torus and eC1+C2 is the volume of the torus.

The TsT transformation is an SL(2,R) transformation of the form,

τ → τ ′ =
τ

γτ + 1
, (B.11)

where γ is a constant. It is worth taking note that the combinations 2Φ − C1 − C2 and

C1−C2 do not play any role in the transformation. As a result we see that the combination

e−2Φ√−g is invariant, in line with our expectations for a transformation based on T-duality.

Now, it is easy to make the connection to the deformations of d = 11 supergravity dis-

cussed in this paper. Assuming the following ansatz upstairs for the metric and three-form,

ds2
11 = e−

2
3

Φds2
10 + e

4
3

Φdz2, C = B ∧ dz (B.12)

where the ten-dimensional metric and field B are defined in (B.8), one can dimensionally

reduce on a three-torus to the same eight-dimensional theory (B.9). Thus, the transfor-

mations in this paper are also SL(2,R) transformations that are close cousins of Ehlers

transformations.
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[73] F. Hassler and D. Lüst, Non-commutative/non-associative IIA (IIB) Q- and R-branes and

their intersections, JHEP 07 (2013) 048 [arXiv:1303.1413] [INSPIRE].

[74] I. Bakhmatov, A. Kleinschmidt and E.T. Musaev, Non-geometric branes are DFT

monopoles, JHEP 10 (2016) 076 [arXiv:1607.05450] [INSPIRE].

[75] A. Chatzistavrakidis, F.F. Gautason, G. Moutsopoulos and M. Zagermann, Effective actions

of nongeometric five-branes, Phys. Rev. D 89 (2014) 066004 [arXiv:1309.2653] [INSPIRE].

[76] T. Matsumoto and K. Yoshida, Integrable deformations of the AdS5 × S5 superstring and the

classical Yang-Baxter equation — Towards the gravity/CYBE correspondence, J. Phys. Conf.

Ser. 563 (2014) 012020 [arXiv:1410.0575] [INSPIRE].

[77] T. Matsumoto and K. Yoshida, Lunin-Maldacena backgrounds from the classical Yang-Baxter

equation — Towards the gravity/CYBE correspondence, JHEP 06 (2014) 135

[arXiv:1404.1838] [INSPIRE].

[78] N.S. Deger and A. Kaya, Deformations of Cosmological Solutions of D = 11 Supergravity,

Phys. Rev. D 84 (2011) 046005 [arXiv:1104.4019] [INSPIRE].
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