
J
H
E
P
0
8
(
2
0
1
9
)
0
8
1

Published for SISSA by Springer

Received: June 4, 2019

Accepted: August 5, 2019

Published: August 14, 2019

An algebraic classification of exceptional EFTs

Diederik Roest, David Stefanyszyn and Pelle Werkman

Van Swinderen Institute for Particle Physics and Gravity, University of Groningen,

Nijenborgh 4, 9747 AG Groningen, The Netherlands

E-mail: d.roest@rug.nl, d.stefanyszyn@rug.nl, p.j.werkman@rug.nl

Abstract: We classify four-dimensional effective field theories (EFTs) with enhanced soft

limits, which arise due to non-linearly realised symmetries on the Goldstone modes of such

theories. We present an algorithm for deriving all possible algebras that can be non-linearly

realised on a set of Goldstone modes with canonical propagators, linearly realised Poincaré
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1 Introduction

Effective field theories (EFTs) of Goldstone modes are particularly interesting quantum

field theories where non-linearly realised symmetries yield special infra-red behaviour in

scattering amplitudes. Recently, much effort has been devoted to classifying EFTs us-

ing both on-shell methods [1] (constructing amplitudes using minimal assumptions, see

e.g. [2–9] and references therein), and Lie-algebras (classifying the algebras that dictate

the structure of these amplitudes [10–12]). Both approaches are completely insensitive

to the Lagrangian basis for the Goldstone self-interactions and hence avoid Lagrangian

redundancies associated with non-linear field redefinitions.

The simplest example of a Goldstone EFT with a non-linearly realised symmetry is that

of a single, shift symmetric scalar field π(x). While the Poincaré symmetries are linearly

realised on the scalar, the shift symmetry ensures that a global U(1) is non-linearly realised

(see e.g. [13] for a top-down approach to deriving this EFT). The shift symmetry is manifest

in observables thanks to Adler’s zero [14]: when expanded around psoft = 0, where psoft
is the momentum attached to an external leg, all π-scattering amplitudes begin at linear

order in this soft momentum.

A natural question to ask is if there are specific single scalar EFTs that have an

enhanced soft limit, i.e. where the leading order term in the soft amplitudes scales with

non-linear powers of psoft. This was answered in a combination of works [4–6] such that

we now have a “periodic table” of such EFTs. It consists of Galileons [15] and the scalar
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Dirac-Born-Infeld1 (DBI) action [16, 17] where the amplitudes begin at quadratic order

in psoft, and the Special Galileon [18] whose soft amplitudes begin at cubic order (see [19]

for a detailed discussion on the Special Galileon coset space). The scalar DBI and Special

Galileon EFTs are labelled exceptional since they have the maximal possible soft scaling2

for a given derivative power counting [5].

These enhanced soft limits arise due to the presence of additional non-linearly realised

symmetries beyond the scalar’s shift symmetry which have explicit dependence on the

space-time coordinates xµ. A soft weight of degree σ, where the leading order term in

soft amplitudes scales as pσsoft, requires the existence of a symmetry which includes a field-

independent term with σ − 1 powers of xµ.3 Indeed the symmetry transformations which

define Galileons and scalar DBI both have a linear dependence on the coordinates while the

Special Galileon is invariant under a transformation rule with a quadratic dependence. At

the level of transformation rules, the exceptional EFTs are those where at least one of the

non-linear symmetries includes field-dependent terms in its transformation rule in addition

to the field-independent part.4 This structure relates the coefficients of operators within

the EFT which have differing mass dimensions. In particular, it relates the propagator

to interactions. At the level of Feynman diagrams, the additional soft enhancement of

exceptional EFTs arises due to cancellations between contact and pole diagrams.

Given that these symmetries have to form a consistent Lie-algebra with the Poincaré

symmetries and the U(1), a Lie-algebraic classification is also a very efficient way of exam-

ining the existence of these special EFTs and indeed those consisting of other irreducible

representations of the Lorentz group. This approach is complementary to the amplitudes

one and has been explored for scalars in [10, 11] and Abelian gauge vectors in [12]. Our

primary aim in this paper is to outline an algorithm to efficiently derive all possible alge-

bras that can be non-linearly realised on a given set of Goldstone fields of any spin under

three assumptions:

• Each algebra contains the four-dimensional Poincaré algebra (consisting of transla-

tions Pµ and Lorentz generators Mµν) which is linearly realised on the Goldstones.5

1In this paper we use scalar DBI to refer to the non-linear realisation of a higher dimensional Poincaré

symmetry describing the fluctuations of a probe brane in Minkowski space. We refer to the same theory

coupled to a Born-Infeld vector as DBI. In the literature, both of these theories are often referred to as

simply “DBI”.
2These exceptional theories play a pivotal role in the double copy approach to amplitudes, see e.g. [8, 20].

See also [21, 22] for detailed discussions on the connection between symmetries and soft theorems for

exceptional EFTs.
3Note that this relationship between soft weights and symmetry transformations is true for scalars and

spin-1/2 fermions but needs to be adapted for gauge fields. Here we are also assuming the field-independent

parts of the symmetries are consistent with the existence of a canonical propagator. This is important for

understanding why, for example, the dilaton has a σ = 0 soft weight [23–25]. We will comment on this

further when appropriate.
4In this paper we always refer to the active form of the transformation rules where the coordinates do not

transform, as opposed to the passive form where the coordinates can transform. If the reader is unfamiliar

with this distinction we refer them to [26].
5Our results therefore apply to fields in Minkowski space. We refer the reader to [27] for recent work on

non-linear symmetries in (anti)-de Sitter space.
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In addition, we allow for other linear internal symmetries, where appropriate, and

non-linear generators. In the remainder of this paper we distinguish between linear

and non-linear generators rather than unbroken and broken ones.

• At quadratic order in fields, each Goldstone has a canonical propagator. For non-

linearly realised shift symmetries, the kinetic term is the operator with the fewest

powers of the field (assuming the absence of tadpoles in favour of Poincaré invari-

ant vacua). Therefore it must be invariant under the field-independent part of any

transformation. Allowing for scaling symmetries and a dilaton will give rise to the

unique exception corresponding to non-linear realisations of conformal algebras, as

discussed in section 3.

• The resulting low energy EFTs can be derived from the coset construction of non-

linear realisations and inverse Higgs constraints are necessary to eliminate any

inessential Goldstones (we explain this terminology in the following paragraph).

This last point might require some further explanation. For spontaneous breaking of space-

time symmetries, Goldstone’s theorem [28] does not apply and there can be fewer Goldstone

modes in the low energy EFT than non-linear generators6[29]. In the coset construction of

non-linear realisations [32–35], one introduces a Goldstone mode for every non-linear gen-

erator but for space-time symmetries one can then impose inverse Higgs constraints [35] to

eliminate certain Goldstone modes while still non-linearly realising all broken symmetries.

In this paper we call any Goldstone that can be eliminated by an inverse Higgs constraint

inessential7 as opposed to an essential one which cannot. In terms of enhanced soft lim-

its, inverse Higgs constraints are a crucial ingredient: as we discuss in detail in section 2,

the existence of explicit powers of xµ in symmetry transformations, which is necessary to

realise enhanced soft limits, requires the existence of inverse Higgs constraints.

There are two different types of algebras which are of interest. In the first case the

only non-vanishing commutators are those required by the existence of inverse Higgs con-

straints and those which define the Lorentz representation of the generators. Here all

transformation rules on the essential Goldstones are field-independent and correspond to

extended shift symmetries [37], i.e. polynomials in the space-time coordinates. These alge-

bras always exist: once the conditions for inverse Higgs constraints have been met, these

algebras satisfy all Jacobi identities automatically. In this case the enhancement of soft

limits is trivial unless the operators are Wess-Zumino terms which have fewer derivatives

per field than the strictly invariant operators (e.g. the leading order interactions of the

scalar Galileon are very well known examples of Wess-Zumino terms [38] with non-trivial

6A very simple example which illustrates this nicely is that of superfluids [30] where a shift symmetric

scalar is perturbed around a Lorentz breaking vacuum solution. There is only a single scalar fluctuation

even though the generators of Lorentz boosts are spontaneously broken. See [31] for a recent discussion

on symmetric superfluids. Our analysis does not capture superfluids since they do not linearly realise all

Poincaré symmetries.
7These fields are only inessential in terms of non-linearly realising the symmetries at low energies but

may well indeed be an important part of any (partial) UV completion [36].
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soft behaviour). The second case is defined by having at least one non-vanishing commuta-

tor between two non-linear generators. This leads to field-dependent transformation rules

for the Goldstones and exceptional EFTs. We are mainly interested in algebras of this type

(as suggested by the title of this paper) since these algebras are more difficult to construct

and lead to more restricted dynamics.

To classify exceptional symmetry algebras, our algorithm essentially boils down to

three separate steps. These will be explained in detail in section 2 but let us summarise

them here:

• Step I : construct the “inverse Higgs trees”. This involves constraining the presence of

non-linear generators on the right-hand side of commutators between translations Pµ
and non-linear generators. This is done by requiring the existence of inverse Higgs

constraints to eliminate inessential Goldstones, and satisfying Jacobi identities in-

volving two copies of translations and one non-linear generator, up to the presence

of linear generators. If there are multiple essential Goldstones then there are mul-

tiple, decoupled inverse Higgs trees and the result of this step is that all non-linear

generators in a given tree must live in the Taylor expansion of the corresponding

essential Goldstone.

For example, if we have a single essential scalar Goldstone we can only add fully

symmetric generators in the non-linearly realised algebra. Similarly, if we have a

single essential vector Goldstone all non-linear generators can have at most one pair

of anti-symmetric indices.

One can think of these inverse Higgs trees as the algebraic cousin to the on-shell soft

data which one provides within the soft bootstrap program to derive EFTs via soft

recursion techniques. Indeed, the trees contain information about the massless states

in the EFT, the linearly realised symmetries, and soft theorems.

• Step II : demand invariance of the canonical kinetic term for each Goldstone under

the field-independent part of every transformation rule. The field-independent part

of the transformation rules are fixed by step I. If a canonical kinetic term is to exist

in the resulting EFT, this is a necessary requirement since the canonical kinetic term

is the operator with the fewest powers of the field (unless the EFT includes the

dilaton which turns out to be the unique exception). This condition constrains the

Lorentz structure of the allowed non-linear generators and provides a very powerful

constraint on the non-linearly realised algebras. In addition to the kinetic terms,

the non-linearly realised symmetries allow for interactions between Goldstone modes

which should be considered as perturbative corrections [39].

• Step III : place further constraints on the algebra by satisfying the remaining Jacobi

identities. Generally speaking, the best order to calculate them in is the following:

first constrain the presence of linear generators on the right-hand side of commu-

tators between translations and non-linear generators by considering Jacobi identi-

ties involving two copies of translations. Then consider Jacobi identities involving
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one copy of translations and two non-linear generators and finally those involving

three non-linear generators. All Jacobi identities involving the generators of Lorentz

are automatically satisfied as long as the commutators of the algebra involve only

Lorentzian multiplets which is always the case in this paper.

We then apply our algorithm to a number of physically relevant cases. In each case, other

than non-linear realisations of conformal algebras, the existence of canonical propagators

ensures that the number of inverse Higgs constraints we must impose to reduce to only

the essential Goldstones is equivalent to σ − 1 for each inverse Higgs tree, as shown in

section 2.2. We then derive all possible algebras which can be non-linearly realised and our

results can be summarised as follows:

• Section 3.1: in the case of a single scalar, field-dependent transformation rules can

only arise in the presence of at most two inverse Higgs constraints. If one is required

to impose three or more inverse Higgs constraints to arrive at the single scalar EFT,

all transformation rules must be field-independent i.e. reduce to extended shift sym-

metries. Since the number of inverse Higgs constraints is equal to σ − 1, our results

tell us that single scalar EFTs with σ > 3 cannot be invariant under field-dependent

symmetry transformations. This implies that there are no exceptional real scalar

EFTs with σ > 3, as found in [5] via on-shell methods. Therefore, the only excep-

tional EFTs are those of the known scalar DBI and the Special Galileon. There is

also the non-linear realisation of the four-dimensional conformal algebra resulting in

the dilaton EFT describing the dynamics of a flat probe brane in five dimensional

AdS space. However, here there is no Adler’s zero and therefore no enhanced soft

limit either.

• Section 3.2: in the case of multiple scalars, the exceptional EFTs are very similar

to the single-field case. When no Goldstone satisfies more than one inverse Higgs

constraint, the most general exceptional EFT is built from three ingredients: firstly,

a multi-scalar DBI sector. These form a non-linear realisation of higher dimensional

Poincaré algebras, with the dimension of the algebra fixed by the number of scalars:

each scalar parametrisations an extra dimension [40]. Secondly, the DBI scalars can

couple to a number of Galileons, which represent particular contractions of Poincaré

algebras.8 Lastly, one can couple these two sectors to some internal coset space

G′/H ′. Again the presence of a single inverse Higgs constraint tells us that this EFT

has at most σ = 2 soft behaviour for each of the scalars.

If we have to impose two or more inverse Higgs constraints on any Goldstone, then

one Goldstone can be a Special Galileon. However, the others must have empty

inverse Higgs trees, i.e. they are the Goldstone modes of broken internal symmetry

8There are no known examples of a DBI scalar coupled to a Galileon scalar where the Galileon operators

are Wess-Zumino terms. This is required by a sensible EFT since even the kinetic term of a Galileon is

a Wess-Zumino operator. See [11] for more details. Here we are simply pointing out that the symmetry

breaking pattern is consistent which is of course a necessary requirement.
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groups. This proves that there is no multi-scalar version of the Special Galileon,9

as was suggested by the amplitude results of [9]. In the presence of additional in-

verse Higgs constraints, all symmetries must reduce to extended shift symmetries.

Other possibilities in addition to the above include the dilaton coupled to axions and

correspond to non-linear realisations of higher dimensional conformal algebras. Our

analysis for multi-scalars is not exhaustive for reasons discussed in 3.2 but captures

a very broad class of algebras.

• Section 3.3: for N spin-1/2 fermions, field-dependent transformation rules are incom-

patible with the existence of inverse Higgs constraints. If any inverse Higgs constraints

need to be imposed, only extended shift symmetries are possible. Examples include

a fermionic shift symmetry [41] and a shift linear in the coordinates, which would be

the fermionic generalisation of the scalar Galileon. The generator of this transforma-

tion rule has spin-3/2. In the absence of inverse Higgs constraints the exceptional

EFTs correspond to non-linear realisations of extended supersymmetry i.e. Volkov-

Akulov [42–44] and its multi-field extension (which can moreover be coupled to an

arbitrary number of shift symmetric fermions in comparison to the scalar DBI and

Special Galileon cases mentioned above). The soft behaviour in this case is restricted

to σ = 1 since there are no inverse Higgs constraints. We refer the reader to [45–47]

for discussions on the soft behaviour of Volkov-Akulov and [48] for phenomenological

applications of the multi-field extension. In contrast to the multi-scalar case, our

results here are exhaustive.

• Section 3.4: one can couple a gauge vector to the scalar Goldstone of an exceptional

EFT as long as it transforms appropriately under the generators in the scalar’s in-

verse Higgs tree. The gauge vector is not a Goldstone mode in these theories but

rather transforms as a matter field with a σ = 0 soft weight. Nevertheless, this re-

stricts the couplings between the scalar Goldstone and the gauge vector significantly,

leading to either the full Dirac-Born-Infeld theory with a scalar and a vector, or a Spe-

cial Galileon analogon thereof. We expect that the latter explains the scalar-vector

couplings found in [9]. It would be very interesting to investigate any connections

between this symmetry, with its scalar-vector couplings, and decoupling limits of

massive gravity [49, 50].

Before moving to the main body of the paper, we would like to emphasise that our

results are purely based on the existence of Lie-algebras and the above assumptions. We

do not have to assume anything about the structure of the leading order Goldstone interac-

tions. This algebraic method therefore offers definitive answers as to whether symmetries

can exist which is potentially an advantage over the amplitudes approach.

Our results have clear implications for model building in both cosmology and particle

physics. Indeed, non-linear symmetries can play a vital role in both. In the penultimate

section we discuss the relationship between positivity constraints, which provide constraints

9We thank James Bonifacio for pointing out that this might be very interestingly related to the fact one

cannot couple two massless gravitons to each other.

– 6 –



J
H
E
P
0
8
(
2
0
1
9
)
0
8
1

on low energy EFTs based on minimal assumptions regarding the UV completion, and

exceptionality. We end this paper with our concluding remarks and briefly introduce the

second in this series of papers where we replace the linear Poincaré symmetries with those

of N = 1 super-Poincaré [51]. We also speculate on a number of directions for future work.

2 Goldstone modes: lost in translations

In this section we outline the three steps in our algorithm. The first step is to incorporate

the necessary inverse Higgs constraints at the level of the algebra, while also satisfying

Jacobi identities which involve two copies of translations. This results in inverse Higgs

trees. The second step is to demand the presence of canonical propagators in the resulting

EFTs, which restricts the Lorentz representation of allowed non-linear generators in a very

powerful way. This is possible since in the absence of the dilaton and tadpoles, the kinetic

terms are the operators with the fewest powers of the field. After the first two steps the

algebra has been restricted as much as possible in a model-independent manner. The third

step is to then impose the final constraints from Jacobi identities.

2.1 Step I: inverse Higgs trees

Consider a theory with symmetry group G. Whenever this theory has a vacuum that breaks

this symmetry group down to a subgroup H, the non-linear generators Gi which live in the

coset space G/H will induce fluctuations around the vacuum field configuration |0〉:

φi(x)Gi|0〉 . (2.1)

When the non-linear generators are internal, Goldstone’s theorem tells us that each gener-

ator induces an independent massless fluctuation. In other words, the number of massless

modes φi equals the number of non-linear generators Gi, with i = 0, . . . , n (here we are

suppressing any Lorentz structure and indeed the following discussion applies for Goldstone

modes of any Lorentz representation). However, when space-time symmetries are sponta-

neously broken, the Goldstone modes generated by Gi may not all be linearly independent.

This requires

φi(x)Gi|0〉 = 0 , (2.2)

to have non-trivial solutions [29]. These solutions relate the Goldstone modes and thus

distinguish between essential Goldstones, forming an integral part of the Goldstone EFT,

and inessential ones that can be solved for in terms of the essentials. In order to see this

we act on (2.2) with the translation operator which acts on both the space-time dependent

Goldstone modes, on which it is represented as −i∂µ, as well as on the generators Gi. Then

the application of the one-form i
2dx

µPµ yields

0 = (∂µφ
i − fµjiφj)Gi|0〉, (2.3)

with the structure constants defined by

[Pµ, Gi] = ifµi
jGj + linear generators , (2.4)
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Representations

(s)

(s− 1) (s) (s+ 1)

(s− 2) (s− 1) (s) (s+ 1) (s+ 2)

Figure 1. The possible non-linear symmetries that can be realised on a spin-s Lorentz representa-

tion and their links via space-time translations.

where the latter term can contain the linear generators (including Pµ, Mµν). We can then

satisfy (2.3) by imposing

∂µφ
i − φjfµji +O(φ2) = 0 , (2.5)

where the higher-order terms will be determined by different commutation relations that we

will discuss later on. For fµj
i 6= 0 (i.e. when [Pµ, Gj ] ⊃ Gi), this tells us that one Goldstone

mode and the space-time derivative of another one are linearly dependent, even though the

corresponding generators are linearly independent. This indicates that we can reduce the

number of Goldstone modes. Another way of seeing that φj cannot form an essential part

of the low energy EFT is that the above commutator ensures that it is massive10 and could

therefore be integrated out of the path integral at energies below its mass.

We now focus on a particular essential Goldstone φ0. The inessential Goldstones

related to φ0 are given by

∂µφ
0 = fµi

0φi +O(φ2) . (2.6)

Note that we have not required Gi to be irreducible Lorentz representations, and indeed a

generic covariant derivative of φ0 will include a number of irreps which we have collectively

denoted as φi (and are implicitly summed over). Acting on (2.3) again with the translation

operator yields additional relations between the Goldstone modes

∂µ∂νφ
0 = fµi

jfνj
0φi +O(φ2) . (2.7)

Again, this relation may be imposed to project out inessential Goldstone modes in terms of

derivatives operators acting on φ0. The linear combination of generators appearing on the

right-hand side of (2.7) has a commutator with translations that includes the right-hand

side of (2.6), i.e. fµi
jfνj

0 6= 0.

The general procedure should now be clear: one starts off with an essential Goldstone

mode and applies a space-time derivative n times to (2.3). This yields an equation involving

10This is simple to see. At the level of the coset construction this would-be Goldstone appears linearly

in the covariant derivative of φi and therefore writing down an action which includes a term quadratic in

this covariant derivative will produce a mass for φj .
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n factors of structure constants that may be imposed as a constraint to project out an nth-

order inessential Goldstone mode. The generator corresponding to an nth-order inessential

must contain the generator of an (n − 1)th-order inessential in its commutator with Pµ
in order for such a constraint to be possible. We represent this algebraic structure, the

inverse Higgs tree, in figure 1. The lines connecting generators indicate that the lower one

contains the upper one in its commutation relation with translations.

Starting the inverse Higgs tree with a spin s essential Goldstone allows for spins s−1 to

s+ 1 at first order, with degeneracies (1, 2, 1) from left to right. Similarly, at second order

one a priori has spins ranging from s− 2 to s+ 2 with degeneracies (1, 4, 6, 4, 1). However,

there will be consistency conditions on the algebra that reduce this degeneracy, as we will

argue later in this section. At this point, the lines in the tree do not imply that other

non-linear generators are not present in the commutation relations with translations. A

generator at second order with spin (s−1) may have a direct connection with the essential

spin s, seemingly spoiling the ordering of the algebra in terms of levels in the inverse Higgs

tree. Additionally, when there are several essential generators and Goldstones, a particular

generator may a have a commutation relation with Pµ that contains generators appearing

in more than one tree i.e. associated with more than one essential Goldstone, making the

structure of inverse Higgs relations unclear.

However, by choosing a convenient basis for the generators, we can show that the

structure of inverse Higgs relations is unique. When we choose which generators to include

in the symmetry algebra, we choose a set of paths in the inverse Higgs trees attached to

the zeroth order generators. Each node in the path corresponds to a broken generator.

Then, the commutation relation of each generator with translations contains at least the

generator that comes before it in the inverse Higgs tree. We assume that each inverse Higgs

tree starts with a zeroth order generator G0,i that satisfies [P,G(0,i)] = linear generators.

We can then label each generator G
(i,n,p)
µ1...µm according to its Lorentz representation, the tree

i (with one tree for each essential Goldstone), node n and path p it is assigned to. The

commutation relations satisfy

[P,G(i,n,p)] = iG(i,n−1,p) + . . . , (2.8)

where the ellipses indicate non-linear generators besides G(i,n−1,p) and linear generators.

Additionally, we assume that none of the commutation relations between non-linear gen-

erators and translations contain one of the end points of the chosen paths: [P,G] 6⊃ Gend
for any G and Gend. In general, this sort of commutation relation is possible.11

However, in the cases we consider in this paper (scalar, spin- 12 , vector trees all restricted

to the generators compatible with canonical propagators) such a commutation relation

can always be removed by a basis change. In the case where there is a single essential

generator, we can show in generality that this scenario is impossible: if a generator G̃ in

a particular tree commuted into an end-point of that tree under translations, that would

amount to introducing a new generator for the node below the end-point and identifying

11A simple example of this set-up would be a scalar and a two-form essential Goldstone which both have

the same vector generator at level one in their respective trees.
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it with G̃. Such an identification implies that acting sequentially with translations yields

repeating patterns, rather than ever ending on a zeroth order generator which satisfies

[P,G(0,i)] = linear generators.

With this restriction, it is clear that we can remove non-linear generators other than

G(i,n−1,p) from the right-hand side of (2.8). Since all [P,G] cannot contain end-point

generators, there is a linear combination of generators independent from G(i,n,p) (but of

the same Lorentz representation) that yields the combination of generators appearing in

the ellipses. We can simply subtract that linear combination from G(i,n,p) by a change of

basis. We therefore obtain

[P,G(i,n,p)] = iG(i,n−1,p) + linear generators . (2.9)

Therefore, choosing a particular set of paths in the algebraic structure displayed in figure 1

fixes the inverse Higgs relations one can impose. In particular, when we have several

essential generators, the inverse Higgs trees decouple as far as the commutation relations

with translations are concerned. This final point is an important part of our ability to

perform classifications for multi-scalars and multi-fermions.

Let us return to equation (2.7) and see what sort of consistency conditions it imposes on

our algebra. Clearly, the left-hand side is symmetric in (µ↔ ν). This imposes f[µ2
1fν]1

0 =

0. The same condition may be derived from imposing Jacobi identities on the structure

constants appearing in (2.7). The Jacobi identity involving two translations and a non-

linear generator at second order, (P, P,G2), relates the different routes from the second

order Goldstones to the essential. Picking e.g. a specific second order generator with s− 1,

the two routes from the essential towards it (via spin s and s − 1 at first order, forming

a parallelogram) are related due to the symmetry, as indicated in blue in figure 1. In

total, these reduce the independent generators at second order to (1, 2, 4, 2, 1), identical to

a Taylor expansion to quadratic order of a spin s representation.

The observation (2.7) restricts the possible space-time symmetries which can be realised

by φ0. For example, if the essential Goldstone is a scalar the non-linearly realised algebra

can only contain symmetric generators at any order, and no anti-symmetric ones (as also

found after studying Jacobi identities [10]). A similar argument applies to an essential

vector Goldstone which cannot realise an algebra with p-form generators with p > 2 [12].

Similarly, leaving out generators will have implications for generators higher up in the tree

structure: due to the Jacobi identities, leaving out the first-order generators with spin s−1

will also imply the absence of the second-order generators with spin s− 2 and s− 1.

As an example, the essential scalar inverse Higgs tree is displayed in figure 2. At first

order in the tree we have a vector while at second order we have a scalar and a symmetric

traceless generator. The higher order structure follows straightforwardly with all generators

appearing in the scalar’s Taylor expansion. In the figure each generator is an irrep and

when a generator is connected by lines to several above it, all these connections must be

there simultaneously for consistency with Jacobi identities.

The above general discussion follows from the first part of the commutator between

translations and non-linear generators (2.4). It does not restrict the linear generators that

can appear on the right-hand side of this commutator. Moreover, it does not involve the
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Scalar tree

•

•

•

Figure 2. The non-linear symmetries that can be realised on a scalar, and their space-time relations.

commutator between a pair of non-linear generators. These parts of the algebra will become

important, however, at higher order in fields. These follow from the coset construction of

non-linear realisations, both for internal [32, 33] and space-time symmetries12 [34, 35]. It

can be seen as a generalisation of the covariant derivatives (2.3) with higher-order, field-

dependent terms. Setting these non-linear conditions to zero is referred to as imposing

inverse Higgs constraints13 [34, 35].

The ordering of non-linear generators manifests itself in the transformation rules of the

essential Goldstone φ0. Starting with the lowest level generator G0, it acts on the essential

Goldstone as

δ0φ
0 = c0 + . . . , (2.10)

where c0 is a constant, again with any Lorentz structure suppressed, while . . . represents

field-dependent terms following from the coset construction. Due to (2.7) and its gener-

alisations, higher order generators act as monomial shifts in the coordinates plus field-

dependent terms,

δnφ
0 = cnx

n + . . . , (2.11)

where cn are constants in the appropriate Lorentz representations. In the absence of field-

dependence, these symmetries are referred to as extended shift symmetries of order n [37].

This again highlights the relation to the Taylor expansion of the essential Goldstone mode.

Furthermore, as explained in the introduction, this implies that the addition of higher-

order generators makes the scattering amplitudes for the essential Goldstone softer and

softer since the soft degree increases linearly in n. We can now see more clearly why the

dilaton EFT has σ = 0. Even though the coset construction ensures that the dilaton has a

symmetry of the form (2.10), the coset does not give rise to a canonically normalised kinetic

12In contrast to the internal case (with only scalar generators) which has coset universality, for space-time

symmetries there is no proof that all non-linear realisations are equivalent to a particular coset construction.
13See [52, 53] for more detailed discussions on the necessary requirements for the existence of inverse

Higgs constraints.
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term for the dilaton. Once we canonically normalise, every term in every transformation

rule for the dilaton becomes field-dependent. So an analysis of soft amplitudes, where the

propagator is indeed canonical, reveals σ = 0 [23–25].

While the invariant operators of the order n extended shift symmetries require at least

n+1 derivatives per field, this is not true in general for their Wess-Zumino terms. Moreover,

when the transformation law (2.11) contains field-dependent terms, this relation between

the order in the inverse Higgs tree and the number of derivatives can be violated. This

is what gives the exceptional EFTs their enhanced soft limit at a given power counting

by ensuring that contact and pole Feynman diagrams can cancel between each other. As

we will see later in the paper, the leading operators of the higher-dimensional Anti-de

Sitter algebras are a third exception to this counting of derivatives, even though they are

invariants (not Wess-Zumino terms) without enhanced soft limits. In the following sections,

we will carry out an exhaustive classification to arbitrary finite order in the inverse Higgs

tree for different choices of essential Goldstones.

2.2 Step II: canonical propagators

The existence of a canonical propagator for the essential Goldstones further restricts the

Lorentz representation of the allowed non-linear generators. For bosons, the second order

differential operator (2.7) will contain a projection that also appears in the kinetic term of

the essential Goldstone. This particular generator, with a specific transformation δ2φ
0 =

c2xx, will therefore not leave the kinetic term invariant. Since the latter is the operator

with the fewest powers of the field (at least in the absence of tadpoles and the dilaton)

this is not a viable part of any transformation rule, even if it is augmented with other

terms. This rules out the possibility of adding this particular second order generator in

any non-linearly realised algebra. We will illustrate how this can be a powerful constraint

on the algebra in the context of the examples we consider in section 3 i.e. scalars, fermions

and vectors.

First consider an essential scalar Goldstone denoted π. We know from our step I

discussion that all non-linear generators must be fully symmetric, since they must live

in the scalar’s Taylor expansion. The field-independent part of the transformation rule

generated by nth order non-linear generators is therefore

δnπ = sµ1,...,µnx
µ1 . . . xµn (2.12)

where for now sµ1,...,µn are not Lorentzian irreps since they include traces. Now invariance

of the kinetic operator π�π up to a total derivative requires the symmetry parameter

(and the corresponding generator) to be traceless. Of course, at each order in n there is

only a single generator with this property, which has spin n. Therefore, the inverse Higgs

tree collapses onto a single branch: the top diagonal in figure 2. As a consequence, since

a soft weight of order σ requires the presence of a symmetry transformation with σ − 1

powers of xµ, the number of inverse Higgs constraints required to reduce to the essential

Goldstone mode is equivalent to σ−1. This analysis carries over to any number of essential

scalars given that, as discussed in section 2.1, the inverse Higgs trees for different essential
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Goldstones decouple: in each tree we can only add fully symmetric and traceless generators

at each order.

Next consider an essential spin-1/2 fermion λα. Since we are specialising to four space-

time dimensions in this paper, in the following we will employ SU(2) × SU(2) notation for

all space-time indices using (σµ)αα̇ to map between SU(2) × SU(2) and SO(1, 3) e.g. for

translations we have Pαα̇ = (σµ)αα̇Pµ. In this notation the Weyl kinetic term for the

fermion is simply λα∂
αα̇λ̄α̇. Again from step I we know that all generators in the fermion’s

inverse Higgs tree must live in the Taylor expansion of the fermion i.e. the field-independent

part of the transformation rules at order n are

δnλα = tαβ1...βnβ̇1...β̇nx
β1β̇1 . . . xβnβ̇n (2.13)

where again the parameters tαβ1...βnβ̇1...β̇n are not irreps but are symmetric in exchange

of βi and βj if we also exchange β̇i and β̇j . Demanding that the Weyl kinetic term is

invariant under these transformations up to a total derivative requires the parameters to

be fully symmetric in the sets (α, β1, . . . , βn) and (β̇1, . . . β̇n). Therefore, in comparison to

the essential scalar case, at each order in the inverse Higgs tree there is a single irrep which

can be included which in this fermionic case has spin14 1
2(1 + n). It follows that again the

number of inverse Higgs constraints is equal to σ − 1. The extension to multiple fermions

is trivial, since there the inverse Higgs trees again decouple so we can only include a single

generator at each order in each tree.

Finally consider an essential U(1) gauge vector Aµ which follows very similarly to the

previous discussions. Again all field-independent parts of the transformation rules must

live in the Taylor expansion of the essential vector i.e. they must take the form

δnAµ = uµν1,...,νnx
ν1 . . . xνn (2.14)

where again uµν1,...,νn are not Lorentz irreps. However, they must be symmetric in

(ν1, . . . νn). There are therefore two distinct possibilities at each order in n: either uµν1,...,νn
is fully symmetric in which case (2.14) generates gauge transformations or uµν1,...,νn has

one pair of anti-symmetric indices. This last possibility is the interesting one, since it can

in principle constrain vector EFTs further than simply requiring gauge symmetry. If sym-

metries of this type are to leave the U(1) kinetic term FµνF
µν (where Fµν = ∂µAν −∂νAµ)

invariant up to a total derivative, only the traceless part of these generators can be included

in any non-linearly realised algebra. At each order in n we therefore have gauge symmetries

plus one extra non-linear generator.

It should be noted that the above discussion can be (but is not necessarily) modified

in the presence of several Goldstones. For instance, when classifying the EFTs of a number

of scalar Goldstones that all have a constant shift symmetry, the lowest order terms in

a derivative expansion are the two-derivative kinetic terms, and hence the above discus-

sion applies. We will investigate this in detail in section 3.2. However, if one also has a

dilaton-like Goldstone that has a non-linear scaling symmetry, the lowest order terms will

14We remind the reader that in SU(2)×SU(2) notation, one can only take traces with the anti-symmetric

tensors εαβ , εα̇β̇ so fully symmetric generators are irreps.
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be potential terms and hence the above discussion will be modified: the relevant represen-

tations are not restricted to the diagonal of figure 2. Interestingly, there is a unique case

of this type that arises in the EFTs based on higher-dimensional Anti-de Sitter algebras.

This will also be discussed at the appropriate point in the next section.

2.3 Step III: towards exceptional EFTs

Step I and step II have now severely constrained the allowed algebras that can be non-

linearly realised. We have fixed the right-hand side of all commutators between non-

linear generators and translations, up to the presence of linear generators. We have also

eliminated many non-linear generators at each order by demanding that the Goldstone EFT

contains canonical propagators for each essential Goldstone. We have seen that the latter

is very powerful for scalars, fermions and vectors and will enable us to perform exhaustive

classifications in the following section. Step III is now very simple and requires us to

satisfy the remaining Jacobi identities in the following order: first constrain the presence

of linear generators on the right-hand side of commutators between translations and non-

linear generators by considering Jacobi identities involving two copies of translations, then

consider Jacobi identities involving one copy of translations and two non-linear generators

and finally those involving three non-linear generators.

The aim of the game is to then find examples where each of these steps allows for

non-linearly realised algebras with at least one non-zero commutator between non-linear

generators. These lead to field-dependent transformation rules for the Goldstones and

exceptional EFTs.

3 Exceptional EFTs

In this section we illustrate our algorithm using a number of examples where we can

exhaustively classify all algebras that can be non-linearly realised. We will again employ

SU(2) × SU(2) indices, since we are working in four space-time dimensions. We use the

following convention for commutators between a tensor Tα1,...αnα̇1,...α̇m and the Lorentz

generators Mβγ , M̄β̇γ̇

[Tα1...αnα̇1...α̇m ,Mβγ ] = 2n! iεα1(βTγ)α2...αnα̇1...α̇m ,

[Tα1...αnα̇1...α̇m , M̄β̇γ̇ ] = 2m! iεα̇1(β̇
T|α1...αn|γ̇)α̇2...α̇m , (3.1)

where we have explicitly symmetrised in (β, γ) or (β̇, γ̇) with weight one, where necessary.

In these and all following equations, the symmetrisation with weight one of groups of indices

such as α1, . . . , αn will be implicit (and similarly for the dotted indices).

3.1 Single scalar Goldstone

We begin with a single scalar Goldstone where all non-linear generators are fully symmetric

and traceless, as argued in section 2. We denote the nth order generator in the inverse Higgs

tree by Gn ≡ Gα1,...,αnα̇1,...α̇n where n = 0, 1, . . . Z, i.e. we include generators up to a finite
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order Z with G0 corresponding to the essential. These generators are fully symmetric in the

sets (α1, . . . , αn), (α̇1, . . . , α̇n) since they correspond to symmetric traceless Lorentz tensors.

The appearance of non-linear generators in [Pγγ̇ , Gα1...αnα̇1...α̇n ] ≡ [Pγγ̇ , Gn] is fixed by

our above analysis of inverse Higgs trees while the commutator between two non-linear

generators remains unconstrained. We have

[Pγγ̇ , Gn] =
1

2
iεγα1εγ̇α̇1Gα2...αnα̇2...α̇n

+ iAPγγ̇ (only for n = 0)

+Bεγα1M̄γ̇α̇1 − B̄εγ̇α̇1Mγα1 , (only for n = 1) (3.2)

where A and B are respectively real and complex parameters. The fact that B is com-

plex suggests that there are two different Lorentz structures involving the Lorentz genera-

tors. In SO(1, 3) notation this is clearly the case, since we can write down both Mµν and

εµνρσM
ρσ on the right-hand side when n = 1. We could have also added a term of the form

εγα1εγ̇α̇1Pα2α̇2 in the [Pγγ̇ , G2] commutator, but this can always be removed by a change of

basis. The general form of the [Gα1...αmα̇1...α̇m , Gβ1...βnβ̇1...β̇n ] ≡ [Gm, Gn] commutators is:

[Gm, Gn] =

n∑
k=0

iC
(m,n)
k

k∏
q=1

εαqβqεα̇q β̇qGαk+1...αmβk+1...βnα̇k+1...α̇mβ̇k+1...β̇n

+ iDm
m−1∏
q=1

εαqβqεα̇q β̇qPαmα̇m (only for m = n+ 1)

+

m−1∏
q=1

εαqβqεα̇q β̇q(E
mεαmβmM̄α̇mβ̇m

− Ēmεα̇mβ̇mMαmβm) , (only for m = n)

(3.3)

where C
(m,n)
k and Dm are real parameters and Em are complex parameters. Note that

C
(m,n)
k = 0 if 2k < (n+ m− Z). We have also assumed in the above that m ≥ n without

loss of generality.

We now constrain the form of these commutators using the remaining Jacobi identities.

We consider the two cases of Z ≤ 2 and Z ≥ 3 separately, since the former has already

been computed in [10] (and was confirmed by our own analysis of this case).

Z ≤ 2. Up to and including two inverse Higgs relations, there are two branches of

solutions depending on whether A vanishes or not. This distinguishes between the cases

where the essential Goldstone realises a shift or a scaling symmetry.

For A = 0 we also have B = 0 and G0 generates a shift symmetry for the scalar.

There are two distinct algebras up to first-order (Z = 1), with one arising as a singular

contraction of the other. These correspond to the five-dimensional Poincaré algebra and

its Galilean contraction. They are respectively non-linearly realised by the scalar DBI

action [16, 17] and the Galileons [15]. At the level of transformation rules, the scalar DBI

transformation rule has field-dependence while this is lost in the Galilean contraction, where

the transformation rule is reduced to a first order extended shift symmetry. As discussed,
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this field-dependence is responsible for the scalar DBI being an exceptional EFT [5]. Both

EFTs have a quadratic scaling in soft scattering amplitudes, which is related to the fact

that in each case we only need to impose a single inverse Higgs constraint (to remove the

vector generator Gαα̇). We refer the reader to [10] for full details on the transformation

rules and algebras but let us state here that schematically the five-dimensional Poincaré

algebra has

[G0, G1] = aP, [G1, G1] = aM , (3.4)

which will be a recurring theme in what follows.15

In the presence of G2, this set of generators again leads to two distinct algebras with

one a contraction of the other. Both require the sub-algebra up to order Z = 1 to be

that of the contracted five-dimensional Poincaré. The uncontracted Z = 2 algebra is

that of the Special Galileon [19, 37] which has non-vanishing commutators between non-

linear generators. The contraction again loses this property, thereby reducing the G2

transformation rule to a second order extended shift symmetry. The Special Galileon is

an exceptional EFT due to the field-dependence in the transformation rule generated by

G2. Since in both cases we need to impose two inverse Higgs constraints, both algebras

lead to EFTs with a cubic soft scaling in scattering amplitudes. Again, we refer the reader

to [10, 19, 37] for full details on the Special Galileon algebra. However, let us state that

the non-zero commutators between non-linear generators are of the form16

[G1, G2] = bP, [G2, G2] = bM. (3.5)

Note the close similarity between the structure of these commutators and those in (3.4).

For A 6= 0, G0 is the generator of dilatations. Jacobi identities ensure that the algebra

up to first-order is that of the four-dimensional conformal algebra. It is not possible

to extend the conformal algebra with the addition of G2 apart from in two space-time

dimensions (see for [31] more details.). Due to the lack of shift symmetry and Adler’s zero

for the scalar, there is no sense in which the resulting EFT of the dilaton has an enhanced

soft limit. We note that there are two well known bases for the conformal algebra but both

give rise to identical EFTs17 [54].

Z ≥ 3. We now turn our attention to the case with more than two inverse Higgs relations,

which is yet to be studied. We begin with the Jacobi identity which involves two copies of

translations. Similar to the case with two inverse Higgs relations, this immediately fixes

A = B = 0 leaving only [P,Gn] = Gn−1 as required to satisfy inverse Higgs relations. Next

we consider the Jacobi identity with one copy of translations and two non-linear generators.

By projecting onto different Lorentz structures, we find that all other parameters are also

forced to vanish other than DZ and Re(EZ), which are fixed to be proportional. We are

therefore left with a single free parameter. The only non-vanishing commutators which

15We note that this also includes scalar anti-DBI where the non-linearly realised algebra has two time-like

directions. Whether the exceptional EFT is scalar DBI or scalar anti-DBI depends on the sign of the a.
16Again the parameter b can be positive or negative, similar to (anti-)DBI.
17This is not always guaranteed in the presence of inverse Higgs constraints [52].
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contain non-linear generators are those required by inverse Higgs constraints, and the

following, schematically

[GZ−1, GZ ] = DZP, [GZ , GZ ] = DZM . (3.6)

Note that this structure is identical to the Z = 1 and Z = 2 cases above.

Finally, we consider the remaining Jacobi identities which involve three non-linear

generators. Right away the Jacobi identity involving the generators (GZ−2, GZ−1, GZ)

fixes DZ = 0 since we must have [P,GZ−2] 6= 0 to reduce to the single scalar Goldstone.

Therefore for Z ≥ 3 all commutators between non-linear generators vanish. It follows that

all symmetries reduce to extended shift symmetries and no further exceptional EFTs.

We have therefore proven, using only Lorentz invariance, the existence of inverse Higgs

constraints, and Jacobi identities, that the only exceptional scalar EFTs are scalar DBI

and the Special Galileon: exceptional theories with σ > 3 do not exist. We refer the reader

to [5] for similar results derived using on-shell methods.

3.2 Multiple scalar Goldstones

We now consider the case where there are N > 1 essential scalar Goldstones. Most of our

discussion on the single scalar carries over to this case. In particular, the inverse Higgs trees

attached to the different scalar essentials decouple and each attains the same structure as

in the previous section: only symmetric, traceless generators at each order. We label the

generators Gin ≡ Giα1,...,αnα̇1,...α̇n
according to the tree i they belong to with i = 1, . . . , N

and their rank n within that tree. Now translations act as

[Pγγ̇ , G
i
n] =

1

2
iεγα1εγ̇α̇1G

i
α2...αnα̇2...α̇n

+ iAiPγγ̇ (only for n = 0)

+Biεγα1M̄γ̇α̇1 − B̄iεγ̇α̇1Mγα1 (only for n = 1) , (3.7)

with each tree containing a finite number Zi of non-linear generators. The coefficient Ai

may, without loss of generality, be set to zero for all but a single non-linear scalar generator

i.e. there can only be a single dilaton. The commutators [Gin, G
j
m] are also very similar to

the previous section, but coefficients now carry the appropriate extra indices

[Gim, G
j
n] =

N∑
k=1

n∑
w=0

w∏
q=1

εαqβqεα̇q β̇q iD
(i,m;j,n)k
w Gk

αw+1...αmβw+1...βnα̇w+1...α̇mβ̇w+1...β̇n

+ iF ij,m
m−1∏
q=1

εαqβqεα̇q β̇qPαmα̇m (only for m = n+ 1)

+

m−1∏
q=1

εαqβqεα̇q β̇q(H
ij,mεαmβmM̄α̇mβ̇m

−H̄ ij,mεα̇mβ̇mMαmβm) (only for m = n)

+
m∏
q=1

εαqβqεα̇q β̇q iX
ij,m (only for m = n) , (3.8)
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where we have taken m ≥ n. The parameters D
(i,m;j,n)k
w and F ij,m are real, whereas H ij,m

are complex in general. The linear scalar generators Xij,m are defined by this commutation

relation. Since they are linearly realised, they commute with translations, form a sub-

algebra, and their commutation relations with non-linear generators can only produce

non-linear generators.

When m = n, the right-hand side needs to be anti-symmetric under the simultaneous

exchange of the Lorentz indices on Gim and Gjm and the tree labels i and j. This imposes

the conditions

D(i,n;j,n)k
w = −D(j,n;i,n)k

w , H ij,m = Hji,m , X ij,m = −Xji,m . (3.9)

In particular, when there are two scalar essentials (N = 2), there is only a single linear scalar

generator at each order: Xij,m ≡ Xm. We also have D
(i,m;j,n)k
w = 0 when 2w < (n+m−Zk).

We now consider the following cases separately: first we investigate the case where

there are no inverse Higgs constraints i.e. Zi = 0. We then consider the case where no

tree involves more than a single additional non-linear generator i.e Zmax = 1. Finally, we

consider the case where at least one essential Goldstone contains at least two additional

non-linear generators in its inverse Higgs tree i.e. Zmax ≥ 2. Our analysis here will not

be completely general but we carry out a thorough analysis, highlighting a number of

interesting results.

Zmax = 0. In the case Zmax = 0 all generators other than translations and Lorentz

transformations are scalars. We collectively denote them as (Y i, D) for simplicity, where

D is the generator of dilatations. We assume that D is a non-linear generator while Y i

includes both linear and non-linear generators. After imposing all the constraints from

Jacobi identities we have

[Pαα̇, Y
i] = 0, [Pαα̇, D] = iPαα̇ , (3.10)

and

[Y i, Y j ] = iDij
kY

k, [D,Y i] = iEijY
j , (3.11)

with the constraints

D[ij
kE

k]
l = 0, D[ij

lD
k]l
m = 0 . (3.12)

In the presence of dilatations, each Y i can therefore have a non-trivial scalar weight. In

general the scalars of these theories are said to span a non-linear sigma-model. In the

two-scalar cases they include the well known coset spaces18

SO(3)

SO(2)
,

SO(1, 2)

SO(2)
, (3.13)

which appear often in the inflationary literature, e.g. as α-attractors [55]. Given our defi-

nition of exceptional EFTs, such non-linear sigma-models define an exceptional EFT since

the two-derivative action, which includes interactions, is completely fixed by symmetry.

Indeed, the transformation rules include field-dependent pieces.

18They also include the algebra of the scaling superfluid presented in [31] and we refer the reader there

for more details.
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Zmax = 1. We now turn to the case where Zmax = 1. Here we find it useful to separate

the calculation into two sub-cases: in the first we do not allow any non-linear generators in

the dilaton’s inverse Higgs tree (if the dilaton exists in the first place), while in the second

case we do allow for that vector generator which we denote as K. Schematically, the Jacobi

identity (P, P,G) imposes [P,K] ∝ D + M where D is the generator of dilatations. This

means that K necessarily generates special conformal transformations. Because the case

Zmax = 1 without the dilaton was considered in [10, 11], we will focus on what changes

when the dilaton is included.

In the following the generators Gi are scalars which are connected to the non-linear

vectors Giαα̇. Furthermore, we have scalars XI which do not fit into the previous two

categories i.e. they can be linearly realised or correspond to scalar Goldstones with empty

inverse Higgs trees.

Without special conformal transformations. In the first sub-case, after we have

imposed all the constraints from Jacobi identities on the Ansatz (3.7)(3.8), the part of the

algebra that does not involve dilatations reduces to

[Pγγ̇ , G
i
αα̇] =

1

2
iεγαεγ̇α̇G

i ,

[Giαα̇, G
j ] = iH ijPαα̇

[Giαα̇, G
j

ββ̇
] = 4iH ij(εαβM̄α̇β̇ + εα̇β̇Mαβ) + iεαβεα̇β̇Y

ij ,

[XI , XJ ] = if IJKX
K ,

[XI , Gi] = iBiI
jG

j + iDiI
JX

J ,

[XI , Giαα̇] = iBiI
jG

j
αα̇ + iCiIPαα̇ . (3.14)

We arrive at this result by eliminating the generator D from the right-hand side of each of

the above commutators. Then the calculation reduces to the case considered in [11]. We

will consider the commutators involving D in a moment.

The [Giαα̇, G
j

ββ̇
] commutator defines the scalars Y ij . These generators are not inde-

pendent from Gi and XI . In general, a linear combination of Gi and XI generators can

appear on the right-hand side of the commutator for i 6= j.19 There are several additional

constraints on the coefficients in (3.14). The full list appears in [10]20 and we refer the

reader there for full details. Here we simply comment on the structure of the solutions.

We start by assuming that no non-linear generators appear on the r.h.s. of a commu-

tator between a pair of non-linear generators. The matrix H ij can be made diagonal by

a basis change. Then, the non-zero elements can be made 1 or −1 by rescaling genera-

tors. Scalar Goldstones whose first-order vectors have a non-vanishing commutator take

19The commutation relations of the Y ij generators are fixed by Jacobi identities, but that does not

identify the linear combination of Gi and XI generators that appears in the commutator. In particular, we

can always add a central charge C. When linearly realised, this does not change the transformation laws

or invariants derived from the coset construction.
20Note that the coefficients aiA and eAi of equation (4.1) in [10] are fixed (up to a basis change) by the

inverse Higgs trees to be diagonal and zero, respectively. We have furthermore divided the scalar sectors in

a different way, which is why we are able to remove the term [G,Gαα̇] ∝ Gαα̇.
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the DBI form while those with a vanishing commutator correspond to Galileons which can

be coupled to the DBI scalars. The matrix H ij fixes the commutation relations of the Y ij

with themselves and with Giαα̇. In the case that H ij = δij , the symmetry algebra contains

a factor ISO(1, 3 +N) and Y ij generate the SO(N) subgroup. This algebra is non-linearly

realised by the multi-DBI exceptional EFT [40].

We now consider the commutations relations between dilatations D and the other

generators. We fix the dilatation weight of the translation generator to unity i.e. [Pγγ̇ , D] =

iPγγ̇ . The remaining commutation relations are

[D,Gi] = iBi
jG

j , [D,Giαα̇] = i(Bi
j − δij)G

j
αα̇ + iJ iPαα̇ ,

[D,XI ] = iSI iG
i + iT IJX

J , (3.15)

with constraints

T [ij]J = 0, S[ij]
k = J [iδj]k, H ij = −(Bik − δik)Hkj . (3.16)

The pair of indices ij on the T and S coefficients is a special case of the general index I,

as before. In addition to these, we have the usual constraint of the form (3.12) that relates

the structure constants of the scalar subalgebra to the dilatation weights. Finally, the last

constraint fixes the weights of the higher-dimensional translation and boost generators.

Taking H ij diagonal, it follows that the DBI scalars have zero scaling weight. The weights

of the Galileon directions are not fixed by this equation.

We note that, similar to the Zmax = 0 case, there are many different solutions to the

Jacobi identities for different choices of the generator content. However, the structure of

those solutions is very simple: in every case the vectors generate the symmetry algebra of a

higher-dimensional space with the scalars corresponding to DBI or Galileons. Furthermore,

one can add a dilaton and some internal coset space G/H. The dilatation weights of the

DBI scalars vanish and their representation under the internal coset space must satisfy the

constraints of [10].

Let us explain in more detail why we can couple a DBI scalar to a

Galileon. Consider the six-dimensional Poincaré algebra with generator content:

Pµ,Mµν , P4, P5,Mµ4,Mµ5,M45 where (4, 5) refer to the two extra dimensions. In the usual

construction of multi-DBI, P4, P5 correspond to the two essential scalars, while Mµ4,Mµ5

correspond to two inessential vectors which are eliminated by inverse Higgs constraints.

M45 is a linearly realised SO(2) between the two scalars. However, we can take a singular

contraction by rescaling P5 → ωP5,Mµ5 → ωMµ5 and M45 → ωM45 with ω →∞ such that

the scalar corresponding to P4 is a DBI scalar with [Mµ4,Mν4] = Mµν , [P4,Mµ4] = Pµ while

the scalar corresponding to P5 reduces to a Galileon with [Mµ5,Mν5] = 0, [P5,Mµ5] = 0.

We therefore have a DBI scalar coupled to a Galileon but let us stress that the presence

of M45 is crucial since [Mµ4,Mν5] = ηµνM45, both before and after the contraction. This

algebra also appears in [11].

Existence of this algebra is a necessary condition for the existence of the corresponding

EFT but more work is required to see if both the DBI and Galileon scalars can have stan-

dard kinetic terms which can be augmented by interactions. Indeed, the Galileon kinetic
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term is a Wess-Zumino and therefore a more thorough analysis than the coset construc-

tion is required. It would be very interesting to check if there is a sensible realisation of

this algebra.21

So far we have assumed that only linear generators appear on the r.h.s. of commutators

between a pair of non-linear generators but this is not forced upon us by Jacobi identities.

Indeed, Jacobi identities allow for non-linear scalars to appear on the r.h.s. of the commu-

tator between a pair of non-linear vector generators. For example, consider an algebra with

the generators G1, G1
αα̇, G

2, G2
αα̇ and G3 where G1,2 are scalar generators corresponding to

essential scalar Goldstones each with a tree containing a vector G1,2
αα̇ i.e.

[Pα1α̇1 , G
1
α2α̇2

] = iεα1α2εα̇1α̇2G
1, [Pα1α̇1 , G

2
α2α̇2

] = iεα1α2εα̇1α̇2G
2, (3.17)

and with G3 another scalar generator whose corresponding Goldstone has an empty inverse

Higgs tree. The above structure from Jacobi identities allows for the commutator

[G1
α1α̇1

, G2
α2α̇2

] = iεα1α2εα̇1α̇2G
3 , (3.18)

where G3 is a central extension of the bi-Galileon algebra which cannot be eliminated by a

basis change. This algebra satisfies Jacobi identities and can be non-linearly realised by a

sensible EFT that is not equivalent to any of the cases mentioned elsewhere in the paper.

We leave a more general analysis of these possibilties for future work.

With special conformal transformations. Next we consider the case where we include

Kαα̇. We immediately have

[Pγγ̇ ,Kαα̇] = −iεγαεγ̇α̇D + i
2εγαM̄γ̇α̇ + i

2εγ̇α̇Mγα . (3.19)

The Jacobi identity (P,K,D) fixes the subalgebra spanned by D, Kαα̇ and the Poincaré

generators to the ordinary AdS5 algebra. We have checked that it is not possible to extend

this algebra with other non-linear vector generators. This is an unsurprising result, because

the AdS4+n algebra satisfies Zmax = 2 for n > 1. It is not possible to truncate these algebras

to a Zmax = 1 component. We will return to the higher-dimensional Anti-de Sitter algebras

in the following subsection.

Zmax ≥ 2. We now consider the case where at least one of the trees, say i = 1, includes

a second-order non-linear generator i.e. Z1 ≥ 2. We do not assume anything about the

other trees. However, their structure will be constrained by Jacobi identities. We will

primarily concentrate on the cases where the r.h.s. of commutators between a pair of non-

linear generators contains a linear generator, [G,G] = linear+ . . .. We concentrate on these

cases since they represent the natural extension of the DBI and Special Galileon algebras,

which are the only exceptional ones in the single scalar case. The appearance of linear

generators in the commutation relation of two broken generators is a necessary condition

for the symmetry to have a passive form where it acts on the coordinates. When only

linear generators appear in [G,G], the coset is said to be symmetric.

21We thank Tomas Brauner for discussions in this regard.
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Note, however, that there can still be exceptional EFTs where linear generators do not

appear in the commutators of broken generators (as with e.g. non-linear sigma models). We

outline some of the constraints on these algebras, but will not attempt a full classification

of the possibilities.

We begin with the Jacobi identities involving two copies of translations and one non-

linear generator since these Jacobi identities do not mix the different trees. It is simple

to see that each tree that includes a second-order generator must have A = B = 0 i.e. an

essential scalar generator can only generate dilatations if its tree has at most one non-linear

generator (which of course corresponds to special conformal transformations).

We now move onto Jacobi identities involving one translation generator and two non-

linear generators from any tree i.e. (P,Gim, G
j
n). This tells us that Bi = 0 for all trees,

so any algebras involving at least one second-order, traceless generator cannot form an

extension the conformal algebra. For this reason we will assume that the dilaton is not

included for the moment and come back to that possibility later. The remaining constraints

tell us the following:

• H ij,Zi = 4iF ij,Zj if i and j label two trees with Zi = Zj . All other H and F

coefficients are zero. This structure strongly resembles (3.6).

• The linear scalars Xij,m can only appear if Zi = Zj = m.

• The appearance of non-linear generators Gk in the commutators [Gi, Gj ] is also highly

constrained. The only allowed structure is [Gi
Zi
, Gjm] ⊃ Gk

m−Zi where m ≥ Zi and

k is an arbitrary tree label. Furthermore, the (P,G,G) Jacobi identity tells us that

[Gi
Zi
, Gjm+1] ⊃ Gkm+1−Zi whenever [Gi

Zi
, Gjm] ⊃ Gk

m−Zi , for the same k.

We now consider Jacobi identities with three non-linear generators, (Gi, Gj , Gk). We

begin by taking the second-order generator G1
α1α2α̇1α̇2

from the i = 1 tree, together with two

vectors Gj
ββ̇
, Gkγγ̇ from any trees in the algebra. From inspecting the terms proportional to

G1
α1α2α̇1α̇2

we obtain Hjk,1 = 0, telling us that any tree with Z = 1 cannot realise the DBI

structure (3.6). We also see that any scalar generator which has a non-zero commutator

with G1
α1α2α̇1α̇2

cannot appear in any commutator involving two vectors.

From this Jacobi identity we can also infer that it is impossible to couple several Special

Galileons. Indeed, if we take i = j = 1 and Zk = 2, there are two terms proportional to

non-linear scalars given by

iF ik,2εα1γεα̇1γ̇εα2βεα̇2β̇
Gj0 − iF

ij,2εα1β1εα̇1β̇
εα2γεα̇2γ̇G

k
0 (3.20)

with symmetrisation over the α indices assumed, as usual. These terms only cancel when

i = j = k. Therefore, at most one Special Galileon can exist at once. The same result, for

the case of two scalar fields, was found from amplitude methods in [9].

The terms proportional to non-linear scalars impose important constraints as well.

Taking the trees i and k to be the same, i = k = 1, and j to be some tree that obeys

Zj = 1, we find

F 11,2 = −2D(12;j1)mD(11;m1)j . (3.21)
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The coefficient on the left-hand side F 11,2 determines whether the Special Galileon struc-

ture (3.6) is realised by the tree i = 1. The coefficients on the right-hand side tell us

whether the commutator [G1
2, G

j
1] (where the subscript refers to the number of Lorentz

indices) contains a vector V which satisfies [G1
1, V ] ∝ Gj0. We will now show that no such

vector V can exist. To do so we inspect the Jacobi identity involving three vectors, two

of them from trees with Z ≥ 2 and one of them from a tree with Z = 1. Inserting the

constraint [Gi
Zi
, Gjm] ⊃ Gk

m−Zi , we find

[Gi1, G
j
1] 6⊃ G

k
0 (if Zi = 1, Zj = 2) , (3.22)

which implies that the right-hand side of (3.21) is equal to zero.

We have therefore seen that if the EFT includes a Special Galileon, it must be the

only one and can only couple to other scalars which have empty inverse Higgs trees. This

rules out, for example, a Special Galileon coupled to a standard Galileon as well as multi-

Special Galileon theories. This is in stark contrast to the Zmax = 1 case where we can have

multi-DBI. Furthermore, if the EFT contains any scalar which has Z ≥ 3, no exceptional

algebras exist as one would expect from our single scalar analysis.22

In conclusion, the Zmax ≥ 2 coset spaces that we have studied here are(
SG(1, 3 + 1)

SO(1, 3)
× G′

H ′

)
,

(
Extended shifts

SO(1, 3)
× G′

H ′

)
, (3.23)

where SG refers to the Special Galileon algebra and G′/H are internal coset spaces.23

Off-diagonal generators and dilatons. An important caveat concerns our restriction

to purely symmetric and traceless representations in inverse Higgs trees, i.e. from Zmax =

2 onward. As explained in section 2, these are the unique transformations that leave

the kinetic terms invariant provided the latter are the lowest order terms in a derivative

expansion. This is a general statement in the absence of a dilaton. In the presence of

a dilaton, however, non-linearly realised symmetries may relate the dilaton potential to

kinetic terms.

An interesting example of this possibility is provided by the AdS4+n algebra, that can

be written as

[PA, D] = PA ,

[KA, D] = −KA + PA ,

[PA,KB] = 2MAB + 2ηABD ,

[KA,KB] = 2MAB ,

22This assumes that we only allow for linear generators on the r.h.s. of commutators between a pair of

non-linear generators. However, other algebras certainly exist. A simple example would be a Zmax = 2

generalisation of the Zmax = 1 discussion above where a scalar with an empty inverse Higgs tree corresponds

to a central extension of an algebra which previously only gave rise to extended shift symmetries.
23Note that as is usual in the coset construction for spacetime symmetries, the translation generators

are included in G/H rather than H. So in these coset spaces the linearly realised subalgebra is therefore

Lorentz×H ′.
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[MAB, PC ] = ηACPB − ηBCPA ,
[MAB,KC ] = ηACKB − ηBCKA ,

[MAB,MCD] = ηACMBD − ηBCMAD + ηBDMAC − ηADMBC ,

with A = (µ, i2, . . . in). For n = 1, this only involves a dilaton Goldstone and its inverse

Higgs vector of special conformal transformations, as discussed in section 3.1. However,

when n ≥ 2 this set-up is augmented with n − 1 trees consisting of an axion Goldstone,

its inverse Higgs vector of Lorentz boosts, as well as a Z = 2 scalar arising from special

conformal transformations in the higher-dimensional directions.24 It is discussed in [56]

how the lowest order invariant that includes the kinetic terms also generates a potential

term for the dilaton. This combination allows for the Z = 2 scalar in the axion trees,

which was ruled out in the general discussion above under the assumption of having shift

symmetries and no dilatations.

Crucially, the combination of special conformal transformations in one inverse Higgs

tree, and a Z = 2 symmetric traceless generator in another, was ruled out in the above.

Moreover, the inclusion of any off-diagonal generators other than the Z = 2 scalar requires

the Z = 2 symmetric traceless one, as discussed in section 2. This implies that the above

exception based on conformal symmetry is the unique one; adding additional Goldstone

modes to this can only give rise to higher-dimensional Anti-de Sitter algebras. However,

these would not be exceptional EFTs with soft limits as defined in this paper, due to the

different implications of scaling symmetries.

Finally, let us mention that we can still include the dilaton with an empty inverse

Higgs tree, i.e. without special conformal transformations. Here the algebras are the ones

discussed above but generators can have a non-vanishing scaling weight with generalisations

of the (3.12) constraints.

3.3 Spin-1/2 Goldstones

We now study the case where the essential Goldstones are N spin-1/2 fermions χiα, with

i = 1, . . . , N . Any higher-order generators we add to this algebra to realise more symme-

tries on the essential fermions must also be fermionic, as they are related to other non-linear

generators by space-time translations. Moreover, since the anti-commutator between two

fermionic generators can only give rise to bosonic generators (in this case only linear gen-

erators), the algebras at every order in the inverse Higgs tree will always form subalgebras.

Note that this is very different to the bosonic case where there is much more freedom in

a commutator between two non-linear generators, as illustrated by the discussion above.

For this reason our analysis here will be exhaustive, in contrast to the multi-scalar case.

Given our discussion in 2.1 we know that the inverse Higgs tree for each fermion decou-

ples. Section 2.2 tells us that if the essential fermions are to have canonical propagators,

we can only add a single non-linear generator at order n in each inverse Higgs tree which

24This algebra allows for (at least) two inequivalent Inönu-Wigner contractions, leading either to the

Poincaré or the Galileon algebra, as discussed in the single-field case in [57]. Importantly, the contraction

that gives rise to Poincaré does not preserve the structure of the inverse Higgs relations.
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has spin-(n + 1/2). We again consider non-linear generators up to finite order Zi, allow-

ing for different top levels for each fermion, denoted χin ≡ χiα1...αn+1α̇1...α̇n
with Hermitian

conjugate χ̄in ≡ χ̄iα1...αnα̇1...α̇n+1
, where n = 0, . . . Zi. The inverse Higgs tree fixes the

commutators between translations and non-linear generators to be

[Pγγ̇ , χ
i
n] = iεγα1εγ̇α̇1χ

i
α2...αn+1α̇2...α̇n , (3.24)

while commutators between two non-linear generators are only constrained by the linear

symmetries. We have

{χim, χjn} =A(ij,m)
m∏
q=1

εαqβqεα̇q β̇qMαm+1βm+1 (m = n)

+B(ij,m)
m−1∏
q=1

εαqβqεα̇q β̇qεαmβmεαm+1βm+1M̄α̇mβ̇m
(m = n)

+ C(ij,m)
m−1∏
q=1

εαqβqεα̇q β̇qεαmβmPαm+1α̇m , (m = n+ 1) (3.25)

with m ≥ n and complex parameters, and

{χim, χ̄jn} =D(ij,m)
m−1∏
q=1

εαqβqεα̇q β̇qεα̇mβ̇mMαmαm+1 (m = n+ 1) (3.26)

+ E(ij,n)
n−1∏
q=1

εαqβqεα̇q β̇qεαnβnM̄β̇nβ̇n+1
(n = m+ 1) (3.27)

+ F (ij,m)
m∏
q=1

εαqβqεα̇q β̇qPαm+1β̇m+1
, (m = n) (3.28)

where again all parameters are complex. We now consider Zi = 0 and Zmax ≥ 1 separately.

Zi = 0. First consider the case where Zi = 0, where the results are well known. The

allowed algebras correspond to N -extended super-Poincaré and Inonu-Wigner contractions

thereof. The only non-trivial and non-vanishing commutators in the uncontracted alge-

bra are25

{χiα, χ̄
j

β̇
} = 2δijPαβ̇ . (3.29)

At lowest order in derivatives, the EFT which non-linearly realises the N -extended super-

Poincaré algebra is that of multi Volkov-Akulov (VA) [42]. The commutator (3.29) guar-

antees that the transformation rules for each fermion are field-dependent and therefore VA

is an exceptional EFT with σ = 1 soft behaviour.

25The appearance of δij is guaranteed by positivity in Hilbert space. This is a necessary requirement

in any linear realisations of the symmetry algebra, but not in non-linear realisations as the currents don’t

integrate into well-defined charges in the quantum theory. Here we still assume the requirement of positivity

in Hilbert space. This is a reasonable assumption if one anticipates that the non-linear realisations have a

(partial) UV completion to a linearly realised theory, or to be a particular limit of such a theory.

– 25 –



J
H
E
P
0
8
(
2
0
1
9
)
0
8
1

In addition there are many different contractions of this algebra that give rise to new

ones. We can take the limit where {χiα, χ̄
j

β̇
} = 0 for all i, j in which case all transformation

rules reduce to shift symmetries for each fermion, see [41]. However, we do not have to

perform this contraction for all N generators. We can do it to none, all or any other number

in between. Indeed we can realise an EFT consisting of N1 shift symmetric fermions and

N2 VA fermions with the only constraint that N = N1 + N2. The N = 1 contracted case

was studied in detail in [41], where it was shown that in four-dimensions the only Wess-

Zumino term one can write down is the fermion’s kinetic term, i.e. all interactions need at

least one derivative per field.

Zmax ≥ 1. We now consider adding higher-order non-linear generators with inverse Higgs

relations. We allow for different top levels in each tree but we assume that at least one tree

has Z ≥ 1. We follow exactly the same process as we did previously: we use the Jacobi

identities (Pµ, χm, χn), (Pµ, χm, χ̄n) and (χm, χm, χ̄n) and find that all free parameters

must vanish. We therefore find that for Zmax ≥ 1 the only non-trivial commutators are

those required by inverse Higgs constraints, which results in extended shift symmetries

for all the fermions. There are no other exceptional EFTs. This includes the fermionic

generalisation of scalar multi-Galileons,26 which are invariant under shifts linear in the

coordinates. This theory, for the case of a single fermion essential, was also discovered

in [9] using soft amplitudes. We have therefore seen that field-dependent transformation

rules for the essential fermions are incompatible with inverse Higgs constraints. The only

exceptional fermion EFT is that of Volkov-Akulov and its multi-field extensions.

3.4 Vector Goldstone

After the above classifications for the cases of scalar or spin-1/2 fermion Goldstone modes,

we would now like to discuss a number of aspects when turning to a vector instead.

At lowest order this involves the introduction of a vector generator that is sponta-

neously broken, with an associated vector Goldstone mode. In contrast to the fermion

case, it turns out to be impossible to introduce a deformation of this algebra with a non-

vanishing r.h.s. for the commutator of a vector with itself [12]. In other words, there are no

exceptional algebras when just introducing an essential vector generator. This implies that

the field transforms with a constant shift, ruling out a mass term. Without gauge sym-

metry, such theories will therefore generically propagate a ghost or an infinitely strongly

coupled longitudinal mode; however, this conclusion can be circumvented in a number of

ways, as we will see.

In the inverse Higgs tree, one can introduce three different non-linear generators at the

first level, corresponding to an anti-symmetric tensor as well as a symmetric and traceless

tensor and a trace. The latter two of these would belong to the possible gauge symmetry

of the vector, which can be seen as an infinite sequence of non-linearly realised symmetries

of the form

δAµ = uµ + uµνx
ν + uµνρx

νxρ + . . . , (3.30)

26See [58] for a discussion on bi-Galileons.
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where the uµ··· parameters are symmetric and contain traces. Therefore, the first non-

trivial extension of this symmetry under which the field strength transforms consists of

the anti-symmetric component δAµ = bµνx
ν + . . ., where the dots indicate possible field-

dependent terms. There are similar structures at higher powers of the coordinates that

involve mixed symmetry tensors. However, these always require the two-form generator

Bµν to be included as well, and moreover the transformations up to and including first

order generators always form a subalgebra [12]. It therefore suffices to investigate the

implications of this algebra.

It was shown in [12] that it is impossible to have non-vanishing commutation relations

between non-linear generators of this subalgebra. Therefore, there are no exceptional EFTs

for a single gauge vector at this level, as was also found from an amplitude perspective

in [9]. The only non-trivial possibility beyond gauge symmetry is therefore to have the

field-independent transformation δAµ = bµνx
ν , which can be seen as the vector analogon

of the scalar Galileon transformations. However, there are no corresponding interactions

which do not introduce additional ghostly degrees of freedom [59].

Discarding gauge symmetry, there are two interesting algebras that we would like to

discuss. The first one only includes the symmetric and traceless non-linear generators Zµν
at first level in the tree. This generator content allows for an exceptional algebra that

is given by the complexified version of Poincaré i.e. C4 n SU(4), see also [19]. This is

the isometry group of an eight-dimensional ambient space with two invariant tensors, a

Minkowski metric and a complex structure. The pull-back of these invariant tensors onto

the worldvolume theory yields the covariant tensors

gµν = ηµν + ∂µAρ∂νA
ρ , Fµν = ∂[µAν] , (3.31)

which at the one-derivative-per-field level are the only building blocks for interactions.

With these building blocks, however, the theory will (possibly unsurprisingly) propagate

a ghost. However, this can be remedied by including a central extension of the algebra:

one can add a scalar generator on the r.h.s. of the commutator of the vector generator

with translations. In other words, one can inverse Higgs the vector itself in terms of an

essential scalar. The resulting symmetry breaking pattern is identical to that of the Special

Galileon [19], and so is the theory: due to the central extension one can add Wess-Zumino

terms that give rise to a healthy kinetic term for the essential scalar Goldstone.

This construction therefore leads to a known theory, but sheds light on its symme-

try and geometric interpretation: the Special Galileon algebra is a central extension of

complexified Poincaré. Moreover, in the process we have introduced a vector that can be

retained as a matter field with a specific transformation under the Special Galileon trans-

formations. When writing the above vector as Aµ = ∂µφ + mÃµ using the Stuckelberg

trick, we introduce a gauge symmetry of the form

δφ = −mλ , δÃµ = ∂µλ . (3.32)

Moreover, the covariant tensors g and F depend on both fields in a specific way. In the

limit m→ 0, these become (after an overall rescaling of the field strength)

gµν = ηµν + ∂µ∂ρφ∂ν∂
ρφ , Fµν = ∂[µÃν] . (3.33)
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Both are covariant tensors under the non-linear transformations. The transformation rules

generated by Zµν read (up to a specific gauge transformation)27

δφ = zµν(xµxν + ∂µφ∂νφ) , δÃρ = 2zµν(∂µφ∂νÃρ + Ãµ∂ν∂ρφ) . (3.35)

Note that the gauge vector forms a linear representation of the highest order generator of

the essential scalar’s inverse Higgs tree (it does not transform under the scalar and vector

generators which sit at level 0 and 1 respectively). We therefore have a field content con-

sisting of a scalar that is a Special Galileon Goldstone, and a gauge vector that transforms

as a matter field. These symmetries require specific couplings between the fields in the re-

sulting EFT: these have to be constructed from the above, and therefore are e.g. at lowest

order given by

√
−ggµνFνρgρσFσµ . (3.36)

Due to the non-linear symmetry, these must have soft limits of σ = 3 and σ = 0 for the

scalar and vector, respectively. Interactions of this kind with exactly these soft limits were

recently proposed in [9]. Therefore we expect that the above symmetry for the vector

explains the non-trivial couplings found in that work but a more complete study of the

possible interactions would be an interesting avenue for future work.

To close the vector discussion, there is an alternative exceptional algebra when includ-

ing only the anti-symmetric generator instead at the first level. This has an analogous geo-

metric interpretation, in this case with two metric structures in the eight-dimensional space-

time that break the isometries down to a double copy of four-dimensional Poincaré [12].

The covariant objects are gµν and the symmetric combination of ∂µAν . While this theory

propagates a ghost (and does not allow for gauge symmetry or a central extension), it might

be related to a sensible EFT by including a cosmological constant: in AdS space-time there

is a theory of a massive vector with a double copy of the AdS isometries as non-linear sym-

metries, which arises in a specific decoupling limit of massive gravity [27, 62]. It would be

very interesting to investigate the relations of this theory to its flat space-time counterpart

discussed here.

3.5 Positivity and exceptionality

A very active area of research over the past years has been based on constraining low

energy EFTs by demanding that any UV completion has certain properties e.g. is unitary,

Lorentz invariant and local, see e.g. [46, 63–68] and references therein. These assumptions

place constraints on the Wilsonian coefficients of the low energy EFT which usually go by

27Note the close similarity to the DBI scalar coupled to a gauge vector, with transformations [60, 61]

δφ = yµ(xµ + φ∂µφ) , δAµ = yν(φ∂νAµ +Aν∂µφ) . (3.34)

The gauge vector forms a linear representation of the vector generator of the scalar algebra (which is again

the generator which sits at the highest level in the inverse Higgs tree) and requires specific couplings to

the DBI scalar. The special pedigree of this theory can be seen from e.g. its higher-dimensional origin,

its possible supersymmetrisation and, given the present discussion, also from the perspective of soft limits,

which would be σ = 2 and σ = 0 for the scalar and vector, respectively.
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the name of positivity constraints. For example, the coefficient of s2 in the forward limit of

2→ 2 scattering amplitudes must be strictly positive. Theories which do not satisfy these

constraints live in a field theory swampland.

Before ending this paper we wanted to use the positivity constraints to further em-

phasise how special the scalar DBI and VA EFTs are. Indeed, both of these satisfy the

positivity bounds whereas they are violated by the anti-DBI and Special Galileon EFTs.

The anti-DBI symmetry fixes the s2 coefficient to be negative, while the Galileon symmetry

fixes it to vanish.28 Since in this paper we have derived all exceptional EFTs, we now see

that the scalar DBI and VA EFTs are the only ones for scalars and spin-1/2 fermions which

satisfy positivity bounds.

4 Conclusions

This paper provides a systematic approach towards the construction of effective field theo-

ries with linearly realised Poincaré symmetries and additional non-linear symmetries. Our

results can be phrased in the following way.

We begin with space-time itself. The starting point is space-time translations with

generators Pµ to which we associate the space-time coordinates xµ. These can be seen

as the essential Goldstones for the coset construction of space-time itself, transforming

non-linearly under translations with a constant shift. An additional symmetry structure

can be added, namely, Lorentz generators whose Goldstones can be seen as inessential

since they are related to translations via [P,M ] = P . This additional symmetry does

therefore not introduce new associated coordinates but is instead realised as a higher-order

transformation on the original ones. Moreover, since [M,M ] = M this is an exceptional

algebra in the sense defined in section 2 and it does not allow for additional non-linear

generators, thus completing the Poincaré space-time structure.

In order to build a field theory, one has to include additional generators associated

with new coset coordinates φ(x) (with any Lorentz structure suppressed). As outlined in

section 2, any additional symmetries realised on the same field necessarily build up an

inverse Higgs tree via commutators with space-time translations, of the schematic form

[P,Gi] = Gi−1 with the possible non-linear generators fixed by the Taylor expansion of

the essential Goldstone. The requirement of a canonical propagator restricts the possible

symmetries at every order of the inverse Higgs tree and for scalars and fermions reduces to

a single Lorentz representation, and thus a unique structure at every order.

The final step towards finding exceptional algebras with highly constrained EFTs,

then consists of a (model-dependent) classification of possible commutators between differ-

ent non-linear generators. We have performed this classification in full generality for single

scalar and for multiple spin-1/2 fermion EFTs and have presented a very thorough analysis

for multiple scalars. Assuming a shift symmetry at lowest order,29 the only exceptional

possibilities for a single scalar turn out to be the five-dimensional Poincaré algebra and the

28Note that although Galileons, which violate positivity, describe the dynamics of the longitudinal mode

of a massive graviton in the decoupling limit, there is a region of parameter space for massive gravity which

satisfies positivity bounds thanks to the presence of other helicity degrees of freedom [68].
29If instead one opts for a dilatation symmetry at lowest order this results uniquely in conformal algebras.
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Special Galileon algebra. Turning to multiple scalars, one encounters higher-dimensional

Poincaré algebras as well as trivial couplings between DBI scalars (or a Special Galileon

scalar) and shift-symmetric axions (or indeed any scalars which realise an internal symme-

try group). We have also seen that one can couple DBI scalars to Galileons but more work

is required to see if a sensible realisation of this algebra exists. For fermions, the only non-

trivial algebra that can be constructed is the super-Poincaré one (coupled to an arbitrary

number of shift-symmetric fermions). We have proven these statements to arbitrary high

order in the inverse Higgs trees. Remarkably, in all cases the commutators between non-

linear generators produce Poincaré generators, instead of non-linear generators themselves,

exactly mirroring the symmetric structure of space-time discussed above.

In the final subsection we have also addressed the possible couplings between two

different Poincaré representations: a scalar and a vector. As would be expected, this

includes the coupling between the Goldstone scalar of an exceptional algebra and a gauge

vector transforming as a matter field. For the Special Galileon case, we anticipate this to

be relevant for the scalar-vector interactions and soft limits identified in [9].

These results underline the generality of the algebraic approach, with the structure of

the inverse Higgs tree plus the invariance of the kinetic terms giving rise to an unambiguous

series of non-linear generators. This makes the full problem amenable to a general analysis,

as illustrated by the specific examples that we have fully analysed. Similar analyses can

be performed for different Poincaré representations, or couplings between different irreps.

Moreover, the outlined approach is by no means specific to the case of Poincaré in-

variant field theories, and can mutatis mutandis be applied to theories with a different

linear symmetry. An example of this would be SUSY EFTs, with a linearly realised super-

Poincaré symmetry. In N = 1 superspace, each non-linear generator creates a Goldstone

superfield. Once again, there can be degeneracies between the various Goldstone exci-

tations. On top of the ordinary inverse Higgs constraints, which relate some Goldstone

modes to the space-time derivatives of others, there are new superspace inverse Higgs

constraints. These relate some Goldstone superfields to the superspace derivatives of oth-

ers. The basic algebraic structure that underlies superspace inverse Higgs constraints is

[Qα, Gi] = Gi−1+. . ., where Qα are the fermionic supertranslations. Once again, this simple

algebraic structure makes it possible to perform an exhaustive classification of exceptional

EFTs. Our results for linear supersymmetry are presented in a companion paper [51].

Other contexts where this analysis could prove useful are time-dependent backgrounds

as considered in cosmology, initiated in [31], as well as non-relativistic settings as considered

in condensed matter physics [69], where it is also natural to wonder about the role of

Goldstone modes, their soft-limits and the most general non-linear symmetries.
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[20] M. Carrillo González, R. Penco and M. Trodden, Radiation of scalar modes and the classical

double copy, JHEP 11 (2018) 065 [arXiv:1809.04611] [INSPIRE].

[21] Z. Yin, The infrared structure of exceptional scalar theories, JHEP 03 (2019) 158

[arXiv:1810.07186] [INSPIRE].

[22] A.L. Guerrieri, Y.-t. Huang, Z. Li and C. Wen, On the exactness of soft theorems, JHEP 12

(2017) 052 [arXiv:1705.10078] [INSPIRE].

[23] R.H. Boels and W. Wormsbecher, Spontaneously broken conformal invariance in observables,

arXiv:1507.08162 [INSPIRE].

[24] P. Di Vecchia, R. Marotta, M. Mojaza and J. Nohle, New soft theorems for the gravity

dilaton and the Nambu-Goldstone dilaton at subsubleading order, Phys. Rev. D 93 (2016)

085015 [arXiv:1512.03316] [INSPIRE].

[25] M. Bianchi et al., Exploring soft constraints on effective actions, JHEP 10 (2016) 036

[arXiv:1605.08697] [INSPIRE].

[26] P.J. Olver, Applications of Lie groups to differential equations, Springer, Germany (1986).

[27] J. Bonifacio, K. Hinterbichler, A. Joyce and R.A. Rosen, Shift symmetries in (Anti) de Sitter

space, JHEP 02 (2019) 178 [arXiv:1812.08167] [INSPIRE].

[28] J. Goldstone, A. Salam and S. Weinberg, Broken symmetries, Phys. Rev. 127 (1962) 965

[INSPIRE].

[29] I. Low and A.V. Manohar, Spontaneously broken space-time symmetries and Goldstone’s

theorem, Phys. Rev. Lett. 88 (2002) 101602 [hep-th/0110285] [INSPIRE].

[30] D.T. Son, Low-energy quantum effective action for relativistic superfluids, hep-ph/0204199

[INSPIRE].

[31] E. Pajer and D. Stefanyszyn, Symmetric superfluids, JHEP 06 (2019) 008

[arXiv:1812.05133] [INSPIRE].

[32] S.R. Coleman, J. Wess and B. Zumino, Structure of phenomenological Lagrangians. 1., Phys.

Rev. 177 (1969) 2239 [INSPIRE].

[33] C.G. Callan Jr., S.R. Coleman, J. Wess and B. Zumino, Structure of phenomenological

Lagrangians. 2., Phys. Rev. 177 (1969) 2247 [INSPIRE].

[34] D.V. Volkov, Phenomenological lagrangians, Fiz. Elem. Chast. Atom. Yadra 4 (1973) 3

[INSPIRE].

[35] E.A. Ivanov and V.I. Ogievetsky, The inverse Higgs phenomenon in nonlinear realizations,

Teor. Mat. Fiz. 25 (1975) 164 [INSPIRE].

[36] S. Endlich, A. Nicolis and R. Penco, Ultraviolet completion without symmetry restoration,

Phys. Rev. D 89 (2014) 065006 [arXiv:1311.6491] [INSPIRE].

[37] K. Hinterbichler and A. Joyce, Goldstones with extended shift symmetries, Int. J. Mod. Phys.

D 23 (2014) 1443001 [arXiv:1404.4047] [INSPIRE].

[38] G. Goon, K. Hinterbichler, A. Joyce and M. Trodden, Galileons as Wess-Zumino terms,

JHEP 06 (2012) 004 [arXiv:1203.3191] [INSPIRE].

– 32 –

https://doi.org/10.1103/PhysRevD.95.065019
https://arxiv.org/abs/1612.01738
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.01738
https://doi.org/10.1007/JHEP11(2018)065
https://arxiv.org/abs/1809.04611
https://inspirehep.net/search?p=find+EPRINT+arXiv:1809.04611
https://doi.org/10.1007/JHEP03(2019)158
https://arxiv.org/abs/1810.07186
https://inspirehep.net/search?p=find+EPRINT+arXiv:1810.07186
https://doi.org/10.1007/JHEP12(2017)052
https://doi.org/10.1007/JHEP12(2017)052
https://arxiv.org/abs/1705.10078
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.10078
https://arxiv.org/abs/1507.08162
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.08162
https://doi.org/10.1103/PhysRevD.93.085015
https://doi.org/10.1103/PhysRevD.93.085015
https://arxiv.org/abs/1512.03316
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.03316
https://doi.org/10.1007/JHEP10(2016)036
https://arxiv.org/abs/1605.08697
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.08697
https://doi.org/10.1007/JHEP02(2019)178
https://arxiv.org/abs/1812.08167
https://inspirehep.net/search?p=find+EPRINT+arXiv:1812.08167
https://doi.org/10.1103/PhysRev.127.965
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,127,965%22
https://doi.org/10.1103/PhysRevLett.88.101602
https://arxiv.org/abs/hep-th/0110285
https://inspirehep.net/search?p=find+EPRINT+hep-th/0110285
https://arxiv.org/abs/hep-ph/0204199
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0204199
https://doi.org/10.1007/JHEP06(2019)008
https://arxiv.org/abs/1812.05133
https://inspirehep.net/search?p=find+EPRINT+arXiv:1812.05133
https://doi.org/10.1103/PhysRev.177.2239
https://doi.org/10.1103/PhysRev.177.2239
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,177,2239%22
https://doi.org/10.1103/PhysRev.177.2247
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,177,2247%22
https://inspirehep.net/search?p=find+J+FECAA,4,3
https://doi.org/10.1007/BF01028947
https://inspirehep.net/search?p=find+J+%22Teor.Mat.Fiz.,25,164%22
https://doi.org/10.1103/PhysRevD.89.065006
https://arxiv.org/abs/1311.6491
https://inspirehep.net/search?p=find+EPRINT+arXiv:1311.6491
https://doi.org/10.1142/S0218271814430019
https://doi.org/10.1142/S0218271814430019
https://arxiv.org/abs/1404.4047
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.4047
https://doi.org/10.1007/JHEP06(2012)004
https://arxiv.org/abs/1203.3191
https://inspirehep.net/search?p=find+EPRINT+arXiv:1203.3191


J
H
E
P
0
8
(
2
0
1
9
)
0
8
1

[39] N. Kaloper, A. Padilla, P. Saffin and D. Stefanyszyn, Unitarity and the Vainshtein

mechanism, Phys. Rev. D 91 (2015) 045017 [arXiv:1409.3243] [INSPIRE].

[40] K. Hinterbichler, M. Trodden and D. Wesley, Multi-field galileons and higher co-dimension

branes, Phys. Rev. D 82 (2010) 124018 [arXiv:1008.1305] [INSPIRE].

[41] D. Roest, P. Werkman and Y. Yamada, Internal supersymmetry and small-field Goldstini,

JHEP 05 (2018) 190 [arXiv:1710.02480] [INSPIRE].

[42] D.V. Volkov and V.P. Akulov, Is the neutrino a Goldstone particle?, Phys. Lett. B 46 (1973)

109.

[43] E.A. Ivanov and A.A. Kapustnikov, General relationship between linear and nonlinear

realizations of supersymmetry, J. Phys. A 11 (1978) 2375 [INSPIRE].

[44] E.A. Ivanov and A.A. Kapustnikov, The nonlinear realization structure of models with

spontaneously broken supersymmetry, J. Phys. G 8 (1982) 167 [INSPIRE].

[45] R. Kallosh, A. Karlsson and D. Murli, Origin of soft limits from nonlinear supersymmetry in

Volkov-Akulov theory, JHEP 03 (2017) 081 [arXiv:1609.09127] [INSPIRE].

[46] B. Bellazzini, Softness and amplitudes’ positivity for spinning particles, JHEP 02 (2017) 034

[arXiv:1605.06111] [INSPIRE].

[47] W.-M. Chen, Y.-t. Huang and C. Wen, New fermionic soft theorems for supergravity

amplitudes, Phys. Rev. Lett. 115 (2015) 021603 [arXiv:1412.1809] [INSPIRE].

[48] B. Bellazzini, F. Riva, J. Serra and F. Sgarlata, The other effective fermion compositeness,

JHEP 11 (2017) 020 [arXiv:1706.03070] [INSPIRE].

[49] C. de Rham, G. Gabadadze and A.J. Tolley, Resummation of massive gravity, Phys. Rev.

Lett. 106 (2011) 231101 [arXiv:1011.1232] [INSPIRE].

[50] K. Hinterbichler, Theoretical aspects of massive gravity, Rev. Mod. Phys. 84 (2012) 671

[arXiv:1105.3735] [INSPIRE].

[51] D. Roest, D. Stefanyszyn and P. Werkman, An algebraic classification of exceptional EFTs.

Part II: supersymmetry, arXiv:1905.05872 [INSPIRE].

[52] R. Klein, D. Roest and D. Stefanyszyn, Spontaneously broken spacetime symmetries and the

role of inessential Goldstones, JHEP 10 (2017) 051 [arXiv:1709.03525] [INSPIRE].

[53] I.N. McArthur, Nonlinear realizations of symmetries and unphysical Goldstone bosons, JHEP

11 (2010) 140 [arXiv:1009.3696] [INSPIRE].

[54] P. Creminelli, M. Serone and E. Trincherini, Non-linear representations of the conformal

group and mapping of Galileons, JHEP 10 (2013) 040 [arXiv:1306.2946] [INSPIRE].

[55] R. Kallosh, A. Linde and D. Roest, Superconformal inflationary α-attractors, JHEP 11

(2013) 198 [arXiv:1311.0472] [INSPIRE].

[56] R. Klein, D. Roest and D. Stefanyszyn, Symmetry breaking patterns for inflation, JHEP 06

(2018) 006 [arXiv:1712.05760] [INSPIRE].

[57] C. de Rham and A.J. Tolley, DBI and the Galileon reunited, JCAP 05 (2010) 015

[arXiv:1003.5917] [INSPIRE].

[58] A. Padilla, P.M. Saffin and S.-Y. Zhou, Bi-galileon theory I: motivation and formulation,

JHEP 12 (2010) 031 [arXiv:1007.5424] [INSPIRE].

– 33 –

https://doi.org/10.1103/PhysRevD.91.045017
https://arxiv.org/abs/1409.3243
https://inspirehep.net/search?p=find+EPRINT+arXiv:1409.3243
https://doi.org/10.1103/PhysRevD.82.124018
https://arxiv.org/abs/1008.1305
https://inspirehep.net/search?p=find+EPRINT+arXiv:1008.1305
https://doi.org/10.1007/JHEP05(2018)190
https://arxiv.org/abs/1710.02480
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.02480
https://doi.org/10.1016/0370-2693(73)90490-5
https://doi.org/10.1016/0370-2693(73)90490-5
https://doi.org/10.1088/0305-4470/11/12/005
https://inspirehep.net/search?p=find+J+%22J.Phys.,A11,2375%22
https://doi.org/10.1088/0305-4616/8/2/004
https://inspirehep.net/search?p=find+J+%22J.Phys.,G8,167%22
https://doi.org/10.1007/JHEP03(2017)081
https://arxiv.org/abs/1609.09127
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.09127
https://doi.org/10.1007/JHEP02(2017)034
https://arxiv.org/abs/1605.06111
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.06111
https://doi.org/10.1103/PhysRevLett.115.021603
https://arxiv.org/abs/1412.1809
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.1809
https://doi.org/10.1007/JHEP11(2017)020
https://arxiv.org/abs/1706.03070
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.03070
https://doi.org/10.1103/PhysRevLett.106.231101
https://doi.org/10.1103/PhysRevLett.106.231101
https://arxiv.org/abs/1011.1232
https://inspirehep.net/search?p=find+EPRINT+arXiv:1011.1232
https://doi.org/10.1103/RevModPhys.84.671
https://arxiv.org/abs/1105.3735
https://inspirehep.net/search?p=find+EPRINT+arXiv:1105.3735
https://arxiv.org/abs/1905.05872
https://inspirehep.net/search?p=find+EPRINT+arXiv:1905.05872
https://doi.org/10.1007/JHEP10(2017)051
https://arxiv.org/abs/1709.03525
https://inspirehep.net/search?p=find+EPRINT+arXiv:1709.03525
https://doi.org/10.1007/JHEP11(2010)140
https://doi.org/10.1007/JHEP11(2010)140
https://arxiv.org/abs/1009.3696
https://inspirehep.net/search?p=find+EPRINT+arXiv:1009.3696
https://doi.org/10.1007/JHEP10(2013)040
https://arxiv.org/abs/1306.2946
https://inspirehep.net/search?p=find+EPRINT+arXiv:1306.2946
https://doi.org/10.1007/JHEP11(2013)198
https://doi.org/10.1007/JHEP11(2013)198
https://arxiv.org/abs/1311.0472
https://inspirehep.net/search?p=find+EPRINT+arXiv:1311.0472
https://doi.org/10.1007/JHEP06(2018)006
https://doi.org/10.1007/JHEP06(2018)006
https://arxiv.org/abs/1712.05760
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.05760
https://doi.org/10.1088/1475-7516/2010/05/015
https://arxiv.org/abs/1003.5917
https://inspirehep.net/search?p=find+EPRINT+arXiv:1003.5917
https://doi.org/10.1007/JHEP12(2010)031
https://arxiv.org/abs/1007.5424
https://inspirehep.net/search?p=find+EPRINT+arXiv:1007.5424


J
H
E
P
0
8
(
2
0
1
9
)
0
8
1
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