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1 Introduction

A fruitful perspective on a large class of four-dimensional superconformal field theories is to

compactify the six-dimensional N = (2, 0) theory, which arises as the low energy effective

worldvolume theory on a stack of M5-branes, on a Riemann surface [1, 2]. In order to

preserve some supersymmetry, such theories are engineered by imposing a partial topolog-

ical twist in six-dimensions. An interesting way to study such dimensional reductions is

by considering them as renormalization group flows on the holographic dual supergravity

side from the ultraviolet AdS7 to the infrared AdS5 geometry [3]. In practice, one imposes

the partial topological twist holographically in the ultraviolet AdS7 regime (corresponding

to the dual of the N = (2, 0) theory), thus allowing for arbitrary metric on the Riemann

surface. Upon evolving along the renormalization group flow to the infrared AdS5 fixed

point one can either leave the topological twist manifest or relax that assumption in the

bulk of the flow (i.e. only set it as a ultraviolet boundary condition). The latter approach

was employed in [4] to prove that for particular types of flows, the metric on the Riemann

surface “smoothes out” to a constant curvature metric in the infrared.1

In this paper, we study the particular setup of a stack of M5-branes wrapping a genus-g

Riemann surface Σg, giving rise to N = 1 superconformal field theories in four dimensions.

On the field theory side, this corresponds to a reduction of the six-dimensional N = (2, 0)

theory on Σg with a partial topological twist preserving N = 1 supersymmetry. The

corresponding M-theory setup is given by the M5-branes wrapping a calibrated Kähler

two-cycle inside a Calabi-Yau threefold. Locally, the corresponding Calabi-Yau threefold

can be described as the total space of a complex rank-two vector bundle VC over the

Riemann surface

C2 VC

Σg

(1.1)

1See also [5], where a similar “holographic uniformization” was studied for M5-branes wrapping a par-

ticular class of Kähler four-cycles.
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with U(2) structure group. In the holographic supergravity approximation, this system

was studied in [6, 7], by reducing the bundle VC to two complex line bundles L1 and L2

over the Riemann surface L1⊕L2 → Σg. This breaks the U(2) structure group down to its

maximal torus. In supergravity, this results in truncating the gauged supergravity theory

down to the Abelian U(1)×U(1) theory of [8], and in [6, 7], they work out the corresponding

renormalization group flows from the ultraviolet AdS7 (with slices at constant radius given

by R3,1×Σg) to the infrared AdS5×Σg fixed points. Furthermore, they study and compare

various quantities from the supergravity and field theory perspective. Subsequently, it was

found in [9], that those quantities match objects in two-dimensional SU(2) Yang-Mills

theory on the same Riemann surface and its Morse theory treatment [10], where the group

SU(2) was argued to be precisely the structure group of VC, which is reduced to SU(2)

upon imposing that the total space is Calabi-Yau.2 One goal of the current paper is to

solidify and generalize this connection, by explicitly deriving the SU(2) two-dimensional

Yang-Mills theory at the infrared AdS5 fixed point from a very general supergravity setup.

For the purpose of this paper, we study this system of M5-branes wrapping a Rie-

mann surface Σg from an alternative angle, motivated to some extent by the AGT-

correspondence [12]. Namely, instead of treating it as an eleven-dimensional M-theory or

seven dimensional effective gauged supergravity, we reduce the theory to an effective three-

dimensional theory, which naturally appears upon imposing a physically well-motivated

ansatz. The three dimensional theory lives on the cobordism M3 given by the radial

(renormalization group flow) direction r times the Riemann surface (see figure 1 and fig-

ure 2). This effective three-dimensional “cobordism theory”, for which we can write down

an explicit Lagrangian, then describes the geometry and fields of the evolution of a general

class of holographic renormalization group flows. For instance, it describes the renormal-

ization group flow R1 of figure 1, between the ultraviolet (asymptotically twisted) AdS7

solution and the infrared AdS5 fixed points. In general, the metric on the Riemann surface

in the ultraviolet Σ
(UV)
g can be picked arbitrarily, since one imposes a topological twist

asymptotically, guaranteeing that we have proper supersymmetric solutions. In the in-

frared, the Riemann surface Σ
(IR)
g is then expected to be “smoothed out” or “uniformized”

as compared with Σ
(UV)
g [4]. Another example of an interesting renormalization group flow

R2, also described by the effective three-dimensional “cobordism theory”, is sketched in

figure 2, interpolating between different AdS5 solutions.

The perspective on such renormalization group flows in terms of an effective “cobordism

theory” is convenient if one wants to make explicit connections to other (known) theories.

For instance, in the current paper, we exploit it to realize the connection found in [9] be-

tween AdS5 fixed points and the two-dimensional SU(2) Yang-Mill theory on the Riemann

surface Σ
(IR)
g . In particular, upon explicitly imposing general natural, physically motivated

infrared boundary conditions on the “cobordism theory”, which require the entire system

to give vacuum AdS5 solutions, we show that the three-dimensional “cobordism theory”

indeed reduces to two-dimensional SU(2) Yang-Mills theory on Σ
(IR)
g , and in addition we

find that the metric on Σ
(IR)
g is in fact required to be constant curvature.

2There is no obvious relation between this statement and the correspondence between the four-

dimensional N = 2 superconformal index and two-dimensional q-deformed Yang-Mills [11].
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r → ∞

r → 0AdS7

AdS5 × Σ(IR)
g

Σ(UV)
g

RG flow R1

Σ(IR)
g

M3

Figure 1. A schematic sketch of the holographic renormalization group flow R1 from the ultraviolet

(top) AdS7, whose slices at fixed radial coordinate r are given by R3,1 × Σ
(UV)
g , to the infrared

(bottom) AdS5 ×Σ
(IR)
g fixed points. The cobordism, M3 is given by the evolution of the geometry

of the Riemann surface along the flow. Furthermore, as showed in [4], the metric on the Riemann

surface “uniformizes” in the infrared.

M3

r → c2

r → c1

AdS5 × Σ(IR)2
g

RG flow R2

AdS5 × Σ(IR)1
g

Σ(IR)1
g

Σ(IR)2
g

Figure 2. A very schematic sketch of the holographic renormalization group flow R2 between

different AdS5 × Σ
(IR)i
g fixed points. This case relates two infrared theories and thus the Riemann

surfaces Σ
(IR)i
g are already uniform.
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The organization of this paper is as follows. We start in section 2 by introducing the

relevant N = 1 twist for M5-branes wrapping a genus-g Riemann surface Σg. In section 3,

we briefly introduce the Lagrangian and supersymmetry conditions of the maximally super-

symmetric SO(5) gauged supergravity, which is our main tool in the following. We continue

in section 4 by first introducing our ansatz in seven dimensions, and then we discuss the

effective three-dimensional “cobordism theory” that crystallizes upon imposing this ansatz.

In section 5, we impose physically relevant infrared boundary conditions (leading to AdS5

vacua) on our three-dimensional effective theory and show that (to leading order in the

infrared limit) it reduces to two-dimensional SU(2) Yang-Mills theory. Finally, in section 6

we discuss some consequences of our results, and propose some future directions.

2 Four-dimensional N = 1 superconformal field theories from M5-branes

We now briefly recall how to obtain N = 1 superconformal field theories upon compacti-

fying the six-dimensional N = (2, 0) theory on a genus-g Riemann surface Σg [6, 7, 13, 14]

(for a more in depth discussion, we refer the reader to [7]).3 To preserve N = 1 super-

symmetry requires us to implement a particular topological twist. The six-dimensional

N = (2, 0) theory has OSp(6, 2|4) superconformal invariance, whose bosonic subgroup is

given by SO(6, 2) × USp(4) ∼ SO(6, 2) × SO(5)R, the latter factor being the R-symmetry

group. To implement the partial topological twist, we have to embed the SO(2) symmetry

of the spin connection of the Riemann surface into the R-symmetry group.

Geometrically, the four-dimensional N = 1 field theory is engineered as a stack of

M5-branes on R3,1 × Σg. More precisely, to preserve N = 1 supersymmetry, the M5-

branes are wrapping a calibrated Kähler two-cycle Σg inside a Calabi-Yau threefold (see

for instance [15]). Locally (around the zero-section), the Calabi-Yau threefold can be

described by the total space of a complex rank-two vector bundle VC over the Riemann

surface Σg with structure group U(2), and the fact that it is Calabi-Yau requires

detVC = KΣg , (2.1)

with detVC → Σg the determinant bundle of VC, and KΣg the canonical bundle of Σg.

Consequently, we may write the Calabi-Yau threefold as the total space of a bundle KΣg⊗Ṽ,

with Ṽ an SU(2) bundle over the Riemann surface Σg.

For instance, one can recover theN = 2 twisted case (class S) by picking an appropriate

Ṽ bundle such that the total space simplifies to C × T ∗Σg. Alternatively, if the structure

group of Ṽ reduces from SU(2) to U(1), the Calabi-Yau threefold is decomposable, and one

arrives at the case discussed in [6, 7], where the Riemann surface Σg is a calibrated Kähler

3In the following we shall restrict to compact Riemann surfaces, i.e. without punctures. It would certainly

be very interesting to extend our analysis to Riemann surfaces with punctures, and we shall leave that for

future investigation.
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two-cycle in a (local) Calabi-Yau threefold given by the total space of the bundle

C2 L1 ⊕ L2

Σg

(2.2)

where Li are complex line bundles of Chern numbers c1(Li) = ni for i = 1, 2. Thus, in

terms of the more general setup, this case is given by VC = L1⊕L2, and one has to impose

the Calabi-Yau condition KΣg = L1 ⊗ L2, which translates to

n1 + n2 = 2g − 2 . (2.3)

Notice that in this case, there is an associated symmetry U(1)1 × U(1)2 acting as phase

rotations of the respective fibers of the complex line bundles Li.

3 Seven-dimensional gauged supergravity

We now introduce our main tool, the seven-dimensional maximally gauged supergravity,

which was shown to be given by a consistent truncation of eleven-dimensional supergravity

on a four-sphere [16–18]. Thus, any solution of this theory gives rise to a solution in

eleven dimensions, and therefore in the current paper we shall restrict to dealing with this

effective theory.

The maximally supersymmetric seven-dimensional SO(5) gauged supergravity was in-

troduced in [19], and is given by the gauging of an SO(5)g subgroup of the SL(5,R) symme-

try on the scalar manifold. Thus, it contains a gauged SO(5)g group together with a local

composite symmetry SO(5)c. The bosonic field content is given by the metric gµν , SO(5)g
Yang-Mills gauge fields Aij(1), three-forms Si(3) transforming in the fundamental represen-

tation of SO(5)g, and fourteen scalars Tij parametrizing the coset SL(5,R)/SO(5), with

Tij being a symmetric matrix with |detT | = 1.4 The bosonic Lagrangian of the theory is

given by5

L7 = R7 ∗71− 1

4
(T−1)ij(T

−1)k` ∗7DTjk ∧DT`i − (T−1)ik (T−1)j` ∗7 F ij(2) ∧ F
k`
(2)

−1

2
Tij ∗7Si(3) ∧ S

j
(3) +

1

2m
Si(3) ∧DSi(3) −

1

2m
εijk`m S

i
(3) ∧ F

jk
(2) ∧ F

`m
(2)

+
1

m
Ω(7) − V ∗7 1 , (3.1)

where ∗7 is the seven-dimensional Hodge star, and the covariant derivatives and field

strength are as follows

DTij = dTij + gAik(1) Tkj + gAjk(1) Tik ,

DSi(3) = dSi(3) + gAij(1) ∧ S
j
(3) ,

F ij(2) = dAij(1) + gAik(1) ∧ A
kj
(1) . (3.2)

4Notice in this presentation we have performed a particular gauge choice identifying the gauge symmetry

SO(5)g with the composite symmetry SO(5)c, and in the following we shall not distinguish the two.
5For the equations of motions, Bianchi identities and more information on the conventions used through-

out this paper, we refer to [5].
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Furthermore, the scalar potential is given by

V =
1

2
m2
(
2Tij Tij − (Tii)

2
)
, (3.3)

and Ω(7) is a Chern-Simons type term, whose explicit form can be found in [19].

Finally, we write down the supersymmetry conditions for the seven-dimensional SO(5)

gauged supergravity

0 = Dµε+
1

20
mTγµε−

1

40
(γµ

νρ − 8δµ
νγρ) ΓijεΠI

iΠJ
jFνρ

IJ

+
m

10
√

3

(
γµ

νρσ − 9

2
δµ
νγρσ

)
Γiε

(
Π−1

)
i
ISνρσ I , (3.4)

0 =
1

2
γµΓjε Pµ ij +

1

2
m

(
Tij −

1

5
Tδij

)
Γjε+

1

16
γµν

(
ΓklΓi −

1

5
ΓiΓkl

)
εΠI

kΠJ
lFµν

IJ

+
m

20
√

3
γµνρ

(
Γi
j − 4δi

j
)
ε
(
Π−1

)
j
ISµνρ I , (3.5)

where ΠI
i are composite scalars related to Tij as follows

Tij =
(
Π−1

)
i
I
(
Π−1

)
j
JδIJ , T = δijTij , (3.6)

and we introduced symmetric and anti-symmetric composite gauge fields Pµ ij and Qµ ij
respectively via

Qµ [ij] + Pµ (ij) =
(
Π−1

)
i
I
(
δI
J∂µ + gAµ I

J
)

ΠJ
kδkj . (3.7)

Lastly, capital letter gamma matrices Γi are elements in Cliff(5, 0), lower case ones γµ are

elements in Cliff(6, 1), and the covariant derivative acts on the Killing spinors as follows

Dµεa = ∂µεa +
1

4
ωµ

mnγmnεa +
1

4
Qµ ij

(
Γij
)
a
bεb , a = 1, . . . , 4 , (3.8)

with ωµ
mn the seven-dimensional spin connection. Finally, the mass parameter m is related

to the gauge coupling via

g = 2m. (3.9)

4 Three-dimensional effective “cobordism theory”

We now motivate our ansatz for the seven-dimensional gauged supergravity theory, de-

scribing M5-branes wrapping a Riemann surface Σg inside a Calabi-Yau threefold, and

subsequently discuss the resulting three-dimensional “cobordism theory” that arises upon

imposing this ansatz.

In the general setup of N = 1 superconformal field theories arising from a twisted

compactification of the six-dimensional N = (2, 0) theory on a Riemann surface Σg, Σg is

a calibrated two-cycle inside a Calabi-Yau threefold. The directions transverse to the M5-

branes arise from four directions tangent, and one (flat) direction normal to the Calabi-Yau

threefold. The corresponding normal bundle has U(2) structure group, and the condition

– 6 –
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for supersymmetry is given by requiring (locally) vanishing first Chern class of the total

space, which translates to a relation between the Chern classes of the normal bundle and

the one of the tangent bundle of Σg. Thus, for our (local) supergravity analysis in the

seven dimensionoal SO(5) gauged supergravity, we are expected to decompose SO(5) →
SO(4)→ U(2). In order to implement the particular twist, we write U(2) ∼ U(1)× SU(2),

and identify the SO(2) spin connection of the Riemann surface with the gauge fields of a

particular combination of U(1) factors inside U(2). With this in mind, let us introduce

our ansatz.

We start with the ansatz for the seven-dimensional metric

ds2
7 = e−4ϕds2

M3
+ e2ϕds2

R3,1 , (4.1)

where ds2
M3

is an arbitrary metric on a three-manifold M3, the field ϕ depends on coordi-

nates of M3, and

ds2
R3,1 = d~x2 − dt2 . (4.2)

We require that the renormalization group direction resides within M3 and in particular

in the infrared of the flows, we want M3 together with R3,1 to turn into a “uniformized”

metric on the Riemann surface Σg together with AdS5 (see figures 1 and 2 for two explicit

examples of flows),

R3,1 ×M3
IR
 AdS5 × Σ(IR)

g . (4.3)

Furthermore, we are only turning on U(2) ⊂ SO(5) gauge fields along M3. Thus,

we embed U(2) ↪→ SO(4) ↪→ SO(5), or more precisely their corresponding Lie algebras.6

Therefore, our ansatz for the SO(5) gauge fields reads

Aab(1) = Aab , for a, b ∈ {1, . . . , 4} , (4.4)

with the remaining components turned off, and Aab are in fact U(2) gauge fields embed-

ded into SO(4) (i.e. u(2)-valued one-forms embedded into so(4)-valued one forms). We

emphasize that the gauge fields are only dependent on the (three) coordinates on M3.

Given the reduction of SO(5) to SO(4), we embed the scalars Tij parametrizing the

coset SL(5,R)/SO(5) into scalars T parametrizing SL(4,R)/SO(4). Thus, we pick the

following ansatz for the scalars

Tab = eλTab , T55 = e−4λ , Ta5 = T5a = 0 , (4.5)

with Tab a symmetric unimodular 4× 4 matrix, and λ as well as Tab only dependent on the

coordinates of M3. We now further simplify the ansatz for the scalars, by imposing that

T and consequently T are diagonal, i.e.

Tab = diag
(
e2λ1 , e2λ2 , e2λ3 , e2λ4 , e−2(λ1+λ2+λ3+λ4)

)
. (4.6)

6The particular embedding does not matter for our purposes, but in order to match to the truncation

in [8] (and the solutions of [6, 7]) one is required to make a particular choice.
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This allows us to introduce purely U(2) indices for the gauge fields, i.e. A = AIT I , with

T I generators of the Lie algebra u(2). However we shall mostly use the real so(4) notation,

i.e. A = AabOab, with Oab the u(2) generators embedded into so(4).

Finally, with the above choice of ansatz for the gauge fields and the scalar, we can

trivially solve the equation of motion for the three-form Si by setting

Si(3) = 0 , i = 1, . . . , 5 . (4.7)

Apart from this, we also require the theory to preserve N = 1 supersymmetry in four-

dimensions. Thus, we impose the following projection conditions on the Killing spinors [3]

γ67εa = iεa , (Γ12)abεb = iεa , (Γ34)abεb = iεa , γ5εa = εa , (4.8)

with a ∈ {1, . . . , 4}, which are consistent with the particular N = 1 twist. We shall in the

following assume that the Killing spinors εa surviving the above projection conditions are

non-vanishing and solely dependent on the coordinates of M3.

Now, let us reduce the seven-dimensional theory encoded in the Lagrangian (3.1) using

the ansatz outlined in the previous section. This three-dimensional effective theory is

expected to describe the cobordism between the ultraviolet Riemann surface (with arbitrary

metric) to the uniformized infrared Riemann surface, sketched in figure 1. Furthermore,

we believe that the generality of the ansatz also allows for this three-dimensional theory

to describe flows between the different AdS5 × Σ
(IR)i
g fixed point, as sketched in figure 2.

A careful analysis of the Lagrangian and the corresponding equations of motion and

Einstein equation gives the following effective three-dimensional Lagrangian L(CB) of the

“cobordism theory” living on the three-manifold M3

L(CB)(M3) = R3 (∗31)− 12 (∗3dϕ) ∧ dϕ− e2(2ϕ−λi−λj)
(
∗3F ij

)
∧ F ij

− e2(λi+λj) (∗3DΛij) ∧DΛij −
4∑

i,j=1

(∗3dλi) ∧ dλj

− g2

4
V3 (∗31) , (4.9)

where R3 is the three-dimensional Ricci scalar of M3, ∗3 is the three-dimensional Hodge

star operator, we introduced the notation

DΛij = δij e
−2λi dλi +

g

2

(
e−2λi − e−2λj

)
Aij , i = 1, . . . 4 , (4.10)

for the covariant derivative of the scalars, and the scalar potential is given by

V3 = e−4ϕ

(
1

2

4∑
i=1

e4λi +
1

2
e−4(λ1+λ2+λ3+λ4)

−e−2(λ1+λ2+λ3+λ4)
4∑
i=1

e2λi −
4∑
i>j

e2(λi+λj)

)
. (4.11)

Furthermore the U(2) gauge field (still embedded into SO(4)) Aij and its field strength F ij

are now fields of a purely three-dimensional theory.

– 8 –
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5 Two-dimensional Yang-Mills at the infrared fixed point

We shall now take the “infrared limit” of our effective three-dimensional “cobordism the-

ory” living on M3. Given the renormalization group flows R1 and R2 depicted in figures 1

and 2, we impose that in the infrared limit we get AdS5 × Σ
(IR)
g solutions. Thus, the

infrared “boundary conditions” for ϕ are fixed as follows7

ϕ = g(IR) − log r + o(1) , (5.1)

where by o(1) we denote terms that vanish at r → ∞, and g(IR) is a function dependent

on the coordinates on Σ
(IR)
g . More concretely, the metric on M3 is to leading order in the

infrared limit given by

(e−g(IR)r)4 ds2
M3
∼ e2g(IR)

r2
dr + e2h0 ds2(Σ(IR)

g ) , (5.2)

where h0 is a constant. This simply yields a metric of the form AdS5×Σ
(IR)
g starting from

the seven-dimensional metric ansatz in equation (4.1).

Furthermore, the field strength and composite scalars satisfy the following asymptotic

boundary conditions

F ij = F(IR)
ij + o(1) , T ij = T(IR)

ij + o(1) , (5.3)

with F ij(IR) the (non-Abelian) field strength of Aij(IR), a U(2) gauge field on Σ
(IR)
g , and T(IR)

composite scalars, both of which are only dependent on the coordinates on Σ
(IR)
g .

Given these boundary conditions, one can solve the resulting equations of motion and

supersymmetry conditions of the seven-dimensional gauged supergravity. We have done so

by implementing the extensive system of equations into Mathematica, and by doing so, a

somewhat tedious analysis shows that for the scalars, we require8[
T(IR), A(IR)

]
= 0 , (5.4)

as well as

dT(IR) = 0 . (5.5)

Furthermore, the explicit equations imply that the Σ
(IR)
g metric determined by the function

g(IR) has constant curvature.9

Thus, we conclude that the three-dimensional effective Lagrangian in equation (4.9)

reduces (up to some constant factors) to the two-dimensional Lagrangian10

L(IR)(Σ
(IR)
g ) ∝ ∗2 F(IR)

I ∧ F(IR)
I + o(1) (5.6)

7For any real function p(x), we define p ∈ o(q), provided p(x)/q(x)→ 0 for x→∞.
8In the notation of the section 4, this translates to DΛij = 0 = dλi.
9The fact that Σg “uniformizes” to a constant curvature metric in the infrared is not that surprising.

Indeed, such a statement was explicitly derived (in a less general setting) in [4] and conforms with the field

theory intuition [1].
10We emphasize again that this statement is actually rather non-trivial, since the equations (5.4) and (5.5),

as well as the fact that the metric on Σ
(IR)
g is constant curvature, derived from the supergravity equations

are non-trivial and crucial in concluding the reduction to two-dimensional Yang-Mills on Σ
(IR)
g .
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on the Riemann surface Σ
(IR)
g . This corresponds to two-dimensional U(2) Yang-Mills theory

on Σ
(IR)
g . We have neglected the (constant) scalars and metric factors in the theory, as

they are explicitly determined from solutions of two-dimensional Yang-Mills theory by the

corresponding equations of motion.

Thus, we observed that infared AdS5 ×Σ
(IR)
g solutions to our seven-dimensional holo-

graphic M5-brane setup reduce to two-dimensional U(2) Yang-Mills theory, a theory with

known classical solutions [10].11 Notice that we have yet to impose the Calabi-Yau con-

dition (2.1), but before doing so, we shall discuss gauge-inequivalent solutions of the U(2)

Yang-Mills theory on a (compact) Riemann surface Σ
(IR)
g following [10, 20, 21].

The critical loci of two-dimensional Yang-Mills theory obviously contain flat connec-

tions on Σ
(IR)
g . However, there are further (unstable) loci given by solutions to the two-

dimensional Yang-Mills equation with non-zero curvature. In order to find such (gauge-

inequivalent) solutions, we start by writing the two-dimensional Yang-Mills equation as

dAf = 0 , with f = ∗2FA , (5.7)

where dA is the covariant derivative with respect to the gauge connection A of the U(2)-

bundle VC over the Riemann surface, and FA is the corresponding curvature two-form.

Thus, f is a covariantly constant section of the adjoint bundle associated to VC.12 This im-

plies that the U(2) structure group reduces to the centralizer CU(2)(f) ⊂ U(2) with respect

to f . Put in more physical terms, the background curvature breaks the gauge group down

to CU(2)(f). Hence, any (non-flat) solution to (5.7) can be described as a flat connection

for the gauge group CU(2)(f), twisted by the constant curvature line bundle associated

to the U(1) ⊂ U(2) generated by f . However, (gauge-inequivalent) flat connections are

in one-to-one correspondence with group homomorphisms from the fundamental group

π1(Σ
(IR)
g ) into the structure group of the bundle modulo conjugation. Thus (see Theorem

6.7 of [10]), gauge-inequivalent solutions to (5.7) are described by conjugacy classes of the

(two-dimensional unitary) representations

ρ : ΓR → U(2) , (5.8)

with ρ(π1(Σ
(IR)
g )) ⊂ SU(2), and ΓR the central extension of π1(Σ

(IR)
g ) by R.13 Given such a

homomorphism ρ, the field strength F (ρ) associated to the corresponding gauge field A(ρ)

11Indeed, the supergravity constraints fix the remaining fields in terms of the gauge fields, and additionally

imposing the Calabi-Yau condition (2.1), one arrives at the solutions of [6, 7].
12Recall that we denoted by VC the complex rank-two bundle over the Riemann surface with U(2) structure

group, whose total space is a local Calab-Yau threefold.
13For Σ

(IR)
g a Riemann surface of genus g ≥ 1, the fundamental group is generated by 2g genera-

tors {a1, · · · , ag, b1, . . . , bg} with the relation
∏
i [ai, bi] = 1, and the commutator is defined as [ai, bi] =

aibia
−1
i b−1

i . The universal central extension Γ of π1(Σ
(IR)
g ) by Z is defined by introducing a further gener-

ator J commuting with ai and bi, ∀i and with the relation
∏
i [ai, bi] = J . Then, the (normal) subgroup of

this extension, generated by J is isomorphic to Z. Extending the center of Γ from Z to R gives the group

ΓR via the exact sequence

0→ R→ ΓR → Σ(IR)
g → 0 . (5.9)
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is explicitly written as

F (ρ) = f (ρ) ⊗ ω(Σ(IR)
g ) , (5.10)

with ω(Σ
(IR)
g ) the volume form on Σ

(IR)
g , and f (ρ) is an element of u(2) given by dρ : R→

u(2). Thus, it remains to find all the possible f (ρ).

If ρ is an irreducible representation, f (ρ) is simply given by µ12 ∈ u(2), with µ ∈ R.

However the Chern class of a principal U(2)-bundle is integral,

1

2π

∫
Σ

(IR)
g

TrF (ρ) ∈ Z , (5.11)

and thus we conclude that

F (ρ) =

(
πm 0

0 πm

)
ω(Σ(IR)

g ) (5.12)

for some integer m ∈ Z.

However, in the case when ρ is (maximally) reducible, f (ρ) is central with respect to

a subgroup U(1) × U(1) ⊂ U(2). Since f (ρ) is constant, its adjoint action determines a

bundle map ad(VC) → ad(VC) via adf (ρ)( · ) = [f (ρ), · ]. Thus, we can decompose ad(VC)

into subbundles associated to different eigenvalues of adf (ρ) . In particular, this means that

the original U(2) bundle is decomposed into a U(1)1 ×U(1)2-bundle,

VC → L1 ⊕ L2 . (5.13)

Now the respective Chern classes for the Li are given by the integers ni ∈ Z, with the total

Chern class being their sum n1 + n2. Thus, we find that

F (ρ) =

(
2πn1 0

0 2πn2

)
ω(Σ(IR)

g ) . (5.14)

However, we have yet to impose the Calabi-Yau condition (2.1). This will impose the

condition

c1(VC) = 2g − 2 , (5.15)

and thus it will lead to the constraint

m = 2g − 2 , (5.16)

in the case of irreducible representation, and

n1 + n2 = 2g − 2 , (5.17)

for reducible representations ρ. In particular this conditions further implies that we end

up with a two-dimensional SU(2) Yang-Mills theory on the Riemann surface Σ
(IR)
g .

Given this analysis, we conclude that starting from a rather general ansatz, the in-

frared N = 1 AdS5 solutions arising from M5-branes wrapping Kähler two-cycles inside a
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Calabi-Yau threefold are in fact in correspondence with the critical points of SU(2) two-

dimensional Yang-Mills theory on Σ
(IR)
g . Let us briefly remark on some straightforward

consequences of this relation (we shall remark on some more speculative consequences

in our conclusion). The following connections between the N = 1 superconformal field

theories dual to the AdS5 fixed points and two-dimensional SU(2) Yang-Mills have been

observed in the reference [9], where the authors study the corresponding superconformal

indices and use it to determine the number of relevant and marginal deformations of the

fixed points. The latter was already derived in [7].

• The non-Abelian U(2) ⊂ SO(4) field strength of the seven-dimensional gauged su-

pergravity reduces to the ones in (5.12) and (5.14) (up to some constant normal-

ization and scalar factors) embedded into the Lie algebra so(4), and imposing the

constraints (5.16) and (5.17). Notice that in the former case, when ρ is irreducible,

only the central U(1) part of U(2) ∼ SU(2) × U(1) is fixed, and we are actually

dealing with flat SU(2) connections. This case corresponds to the N = 1 Maldacena-

Núñez solutions, whereas another extremal case given by n1 = 0 or n2 = 0 gives the

enhanced N = 2 Maldacena-Núñez solutions [3].

• The dimension of the conformal manifold of the corresponding N = 1 superconformal

field theories is given by the sum of the dimension of the complex structure moduli

space of the Riemann surface Σ
(IR)
g and the dimension of the moduli space of the

critical (stable and unstable) points of the SU(2) Yang-Mills theory on Σ
(IR)
g .14 Thus,

dimM(n1,n2)(CFT) = dimM(Σ(IR)
g ) + dimMρ,(n1,n2)(VC) , (5.18)

where M(n1,n2)(CFT) is the conformal manifold of the N = 1 superconformal field

theories of [7], labelled by the integers (n1, n2), M(Σ
(IR)
g ) is the complex structure

moduli space of the Riemann surface Σ
(IR)
g , and Mρ,(n1,n2)(VC) is the moduli space

of the critical points labelled by the representation ρ as well as the Chern numbers

(n1, n2).

• The number of relevant deformations of the N = 1 superconformal field theories dual

to the AdS5 fixed points (see [9]),

(g − 1) + |n1 − n2| (5.19)

is precisely reproduced by the Morse index of critical SU(2) connections.

6 Conclusions and outlook

In this paper we introduced an alternative viewpoint on the holographic setup of M5-branes

wrapping nontrivial calibrated cycles inside special holonomy manifolds. We focused on the

example of M5-branes wrapping a Riemann surface Σg, with a particular twist, leading to

N = 1 superconformal field theories in four dimensions. This corresponds to the Riemann

surface Σg wrapping a Kähler two-cycle inside a Calabi-Yau threefold. We then set up

14Generically the supergravity moduli give the dimension of a submanifold of the field theory conformal

manifold [22], however in this case one can show that they are in fact equal by computing the dimension

independently from either side. We thank Y. Wang for pointing this out.
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a proper physically motivated ansatz for the effective seven-dimensional SO(5) gauged

supergravity describing this particular system with the corresponding twist. This led to a

three-dimensional effective theory on the cobordism M3 (see figure 1 and figure 2), which

we believe to describe flows R1 between AdS7 and AdS5 and flows R2 between different

AdS5 fixed points. Finally, upon imposing proper infrared boundary conditions one can

show that we precisely land on two-dimensional Yang-Mills theory on the infrared Riemann

surface, which further is required to be of constant curvature metric.

An obvious next step is to explicitly attempt a construction of the renormalization

group flows R2 (see figure 2) between different AdS5 infrared fixed points. We believe that

such flows should be described in terms of the effective “cobordism theory” outlined in

section 4. In fact it might be fruitful to embed this effective theory into an already known

and studied three-dimensional (super)gravity theory, and use possibly known results to

conclude the structure of the cobordism M3. Furthermore, the fact that we explicitly ob-

serve the Yang-Mills Lagrangian in the infrared is suggestive that this part of the theory

remains unchanged along those flows. However, the explicit solutions in [6, 7] suggest that

the scalars as well as the metric undergo a nontrivial profile when flowing from one fixed

point to another.

A straightforward generalization of our treatment in this paper is to explore whether

two-dimensional Yang-Mill theory also appears in the infrared when one adds punctures on

the Riemann surface (see the references [23–25] for supergravity duals of the six-dimensional

N = (2, 0) theory reduced on Riemann surfaces with punctures). The classical solutions

and moduli spaces of two-dimensional Yang-Mills theory on non-compact Riemann sur-

faces with punctures are more involved. Thus, employing two-dimensional Yang-Mills on

Riemann surfaces with punctures to find a possible classification of AdS5 fixed points could

be very interesting.

Finally, it is interesting to perform a corresponding analysis for the case of M5-branes

wrapping n-dimensional manifolds Mn with n > 2. Preliminary results suggest that the

effective theory living on the internal M
(IR)
n similarly reduces to a Yang-Mills theory with

gauge group given by the structure group of the bundle over Mn, with the total space of

the bundle locally describing the special holonomy manifold. In the future, we intend to

study in more detail three-manifolds M3 inside a G2-manifold and four-manifolds M4 inside

a Spin(7)-manifold, since in those cases the corresponding (normal) bundle is particularly

interesting (and nontrivial).
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[16] M. Cvetič et al., Embedding AdS black holes in ten-dimensions and eleven-dimensions, Nucl.

Phys. B 558 (1999) 96 [hep-th/9903214] [INSPIRE].

[17] H. Nastase, D. Vaman and P. van Nieuwenhuizen, Consistent nonlinear K K reduction of

11-D supergravity on AdS7 × S4 and selfduality in odd dimensions, Phys. Lett. B 469 (1999)

96 [hep-th/9905075] [INSPIRE].

– 14 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/JHEP08(2012)034
https://arxiv.org/abs/0904.2715
https://inspirehep.net/search?p=find+EPRINT+arXiv:0904.2715
https://arxiv.org/abs/0907.3987
https://inspirehep.net/search?p=find+EPRINT+arXiv:0907.3987
https://doi.org/10.1142/S0217751X01003935
https://arxiv.org/abs/hep-th/0007018
https://inspirehep.net/search?p=find+EPRINT+hep-th/0007018
https://doi.org/10.1007/s00220-013-1675-4
https://doi.org/10.1007/s00220-013-1675-4
https://arxiv.org/abs/1109.3724
https://inspirehep.net/search?p=find+EPRINT+arXiv:1109.3724
https://arxiv.org/abs/1710.09479
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.09479
https://doi.org/10.1103/PhysRevD.85.121901
https://arxiv.org/abs/1112.5487
https://inspirehep.net/search?p=find+EPRINT+arXiv:1112.5487
https://doi.org/10.1007/JHEP06(2012)005
https://doi.org/10.1007/JHEP06(2012)005
https://arxiv.org/abs/1203.0303
https://inspirehep.net/search?p=find+EPRINT+arXiv:1203.0303
https://doi.org/10.1016/S0370-2693(99)00500-6
https://arxiv.org/abs/hep-th/9903269
https://inspirehep.net/search?p=find+EPRINT+hep-th/9903269
https://doi.org/10.1007/JHEP04(2014)036
https://doi.org/10.1007/JHEP04(2014)036
https://arxiv.org/abs/1212.1467
https://inspirehep.net/search?p=find+EPRINT+arXiv:1212.1467
https://inspirehep.net/search?p=find+%22Roy.Soc.Lond.,A308,523%22
https://doi.org/10.1103/PhysRevLett.106.241602
https://arxiv.org/abs/1104.3850
https://inspirehep.net/search?p=find+EPRINT+arXiv:1104.3850
https://doi.org/10.1007/s11005-010-0369-5
https://arxiv.org/abs/0906.3219
https://inspirehep.net/search?p=find+EPRINT+arXiv:0906.3219
https://doi.org/10.1007/JHEP01(2010)088
https://doi.org/10.1007/JHEP01(2010)088
https://arxiv.org/abs/0909.1327
https://inspirehep.net/search?p=find+EPRINT+arXiv:0909.1327
https://doi.org/10.1007/JHEP07(2013)107
https://doi.org/10.1007/JHEP07(2013)107
https://arxiv.org/abs/1111.3402
https://inspirehep.net/search?p=find+EPRINT+arXiv:1111.3402
https://arxiv.org/abs/hep-th/0305074
https://inspirehep.net/search?p=find+EPRINT+hep-th/0305074
https://doi.org/10.1016/S0550-3213(99)00419-8
https://doi.org/10.1016/S0550-3213(99)00419-8
https://arxiv.org/abs/hep-th/9903214
https://inspirehep.net/search?p=find+EPRINT+hep-th/9903214
https://doi.org/10.1016/S0370-2693(99)01266-6
https://doi.org/10.1016/S0370-2693(99)01266-6
https://arxiv.org/abs/hep-th/9905075
https://inspirehep.net/search?p=find+EPRINT+hep-th/9905075


J
H
E
P
0
8
(
2
0
1
8
)
0
3
8

[18] H. Nastase, D. Vaman and P. van Nieuwenhuizen, Consistency of the AdS7 × S4 reduction

and the origin of selfduality in odd dimensions, Nucl. Phys. B 581 (2000) 179

[hep-th/9911238] [INSPIRE].

[19] M. Pernici, K. Pilch and P. van Nieuwenhuizen, Gauged Maximally Extended Supergravity in

Seven-dimensions, Phys. Lett. B 143 (1984) 103 [INSPIRE].

[20] C. Beasley and E. Witten, Non-Abelian localization for Chern-Simons theory, J. Diff. Geom.

70 (2005) 183 [hep-th/0503126] [INSPIRE].

[21] N. Caporaso, M. Cirafici, L. Griguolo, S. Pasquetti, D. Seminara and R.J. Szabo, Topological

Strings, Two-Dimensional Yang-Mills Theory and Chern-Simons Theory on Torus Bundles,

Adv. Theor. Math. Phys. 12 (2008) 981 [hep-th/0609129] [INSPIRE].

[22] Y. Tachikawa, Five-dimensional supergravity dual of a-maximization, Nucl. Phys. B 733

(2006) 188 [hep-th/0507057] [INSPIRE].

[23] D. Gaiotto and J. Maldacena, The Gravity duals of N = 2 superconformal field theories,

JHEP 10 (2012) 189 [arXiv:0904.4466] [INSPIRE].

[24] I. Bah, M. Gabella and N. Halmagyi, Punctures from probe M5-branes and N = 1

superconformal field theories, JHEP 07 (2014) 131 [arXiv:1312.6687] [INSPIRE].

[25] I. Bah, AdS5 solutions from M5-branes on Riemann surface and D6-branes sources, JHEP

09 (2015) 163 [arXiv:1501.06072] [INSPIRE].

– 15 –

https://doi.org/10.1016/S0550-3213(00)00193-0
https://arxiv.org/abs/hep-th/9911238
https://inspirehep.net/search?p=find+EPRINT+hep-th/9911238
https://doi.org/10.1016/0370-2693(84)90813-X
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B143,103%22
https://arxiv.org/abs/hep-th/0503126
https://inspirehep.net/search?p=find+EPRINT+hep-th/0503126
https://doi.org/10.4310/ATMP.2008.v12.n5.a2
https://arxiv.org/abs/hep-th/0609129
https://inspirehep.net/search?p=find+EPRINT+hep-th/0609129
https://doi.org/10.1016/j.nuclphysb.2005.11.010
https://doi.org/10.1016/j.nuclphysb.2005.11.010
https://arxiv.org/abs/hep-th/0507057
https://inspirehep.net/search?p=find+EPRINT+hep-th/0507057
https://doi.org/10.1007/JHEP10(2012)189
https://arxiv.org/abs/0904.4466
https://inspirehep.net/search?p=find+EPRINT+arXiv:0904.4466
https://doi.org/10.1007/JHEP07(2014)131
https://arxiv.org/abs/1312.6687
https://inspirehep.net/search?p=find+EPRINT+arXiv:1312.6687
https://doi.org/10.1007/JHEP09(2015)163
https://doi.org/10.1007/JHEP09(2015)163
https://arxiv.org/abs/1501.06072
https://inspirehep.net/search?p=find+EPRINT+arXiv:1501.06072

	Introduction
	Four-dimensional N = 1 superconformal field theories from M5-branes
	Seven-dimensional gauged supergravity
	Three-dimensional effective ``cobordism theory"
	Two-dimensional Yang-Mills at the infrared fixed point
	Conclusions and outlook

