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1 Introduction

While the ultraviolet divergences in maximally supersymmetric Yang-Mills theory [1] are

well known [2–4] the case of maximal supergravity [5–8] remains an open question. Explicit

calculations for the four-graviton amplitude diagram in four dimensions (N = 8, four ex-

ternal states) have reached four loops [9–11], up until which point the theory remains finite

under the same conditions on the dimension as for super-Yang-Mills theory. Investigations

through more general methods [12–30] on the other hand, are not conclusive on what con-

ditions will hold for maximal supergravity. Some studies point at a first possible divergence

at seven loops in four dimensions, for the 4-point amplitude [25, 27–30]. In fact, a scenario

with maximal supergravity as finite in four dimensions would be slightly confusing, as the

theory then would present a well-defined quantum theory, possible to treat perturbatively

without any alteration. String theory or M-theory is expected to present its ultraviolet

completion, and the general discussion (in short) concerns at what loop order the theory

diverges.
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In this, a few investigations using the pure spinor formalism [18, 19, 23, 28–30] have

been performed. The advantage of the formalism is that it makes it possible to keep the

maximal supersymmetry manifest off-shell: there exist actions for both maximally super-

symmetric Yang-Mills theory and maximal supergravity. As such, desired simplifications

might be expected to occur. Of the studies previously mentioned, the first ones were initi-

ated by Berkovits [18, 19, 23] and later partly extended by Björnsson and Green [28, 29].

They are performed from a string theory point of view, with the examinations of the am-

plitudes chiefly taking place in maximally supersymmetric Yang-Mills theory, before the

results are generalised to maximal supergravity. As a result, the maximal supersymmetry

is not manifestly present throughout the examinations, though the end result is charac-

terised by it. Our previous paper [30] instead started out from the supergravity action,

constructing a field theory description for the amplitudes. In this way, the description

could benefit from manifest, maximal supersymmetry throughout the examination.

The results of [30] were in accordance with those obtained by the previous investiga-

tions using pure spinors. The predicted limits for UV finiteness were in agreement with

each other, as were the limitations of the evaluation methods. However, we have since

approached the subject in a more detailed manner, the result which is the subject of this

article.

Our findings are peculiar. We argue that the previous investigations using pure spinors

have not taken the full loop regularisation into account, not as far as is necessary, which

is why we no longer can provide results in unison with what is known from the explicit

calculations for the four-graviton amplitudes: our method is not predictive enough, and

we can only state that the 4-point amplitude is finite in three dimensions, and possibly for

higher dimensions as well. Our previous conclusion that something new might be expected

to occur at five loops (if ever) does not necessarily hold. Either algebraic relations not yet

discerned by us occur already at two loops, or at different stages at and above two loops.

To begin with, we take a closer look at the loop regularisation introduced in order to

allow for loop momenta to exist in the amplitude description, while retaining the possibility

to perform examinations of the behaviour of the amplitudes. The most important finding is

that the operators in the loop structures cannot provide r11 (i.e. r to its degrees of freedom)

in maximally supersymmetric Yang-Mills theory, nor r (of 23 degrees of freedom) to any

higher power than 15 in maximal supergravity. This affects how far the loop regularisation

must be performed (to a greater extent than previously assumed). Another key feature

related to the loop integrations is the presence of total derivatives (i.e. vanishing terms).

Secondly, we have reformulated the b-ghost to simplify the analysis of how terms in

the amplitudes can combine in order to satisfy the loop integrations brought on by the

loop regularisation, while creating the divergences in the ultraviolet regime.

The most intriguing observation is that the amplitudes behave no worse than at seven

loops, and the 4-point amplitude no worse than at six loops, as one-particle irreducible loop

structures above those limits cannot be formed. In a worst case scenario, in combination

with the results of [25, 27–29], this would mean that the theory of maximal supergravity

in four dimensions diverges merely logarithmically.
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The article is organised as follows. We begin by giving a brief recapture of the essential

concepts of the field theory description of the amplitudes in the pure spinor formalism, and

refer to [30] for a detailed description1 (or [32] in a briefer format). Here, we use the case

of maximally supersymmetric Yang-Mills theory to illustrate the principles, as Yang-Mills

provides a well-known theory and its field theory description is far more concise than what

is true for supergravity. The limits on the dimension for finiteness in Yang-Mills theory

may be observed in (2.14).

We then proceed to the properties of the loop regularisation in relation to the di-

vergences with respect to small (λ, λ̄) and the subsequent recognition of extra degrees of

freedom of r. This occurs at an earlier stage than previously assumed, due to an effective

limit on the power of r below its degrees of freedom, discussed in connection to (3.1).

Finally, we proceed to the case of maximal supergravity. Here, a new shape of the

b-ghost, better fitted for calculations than the one in [30], is presented. We analyse the

basic principles for how the components in the b-ghost and the operators in the vertices can

combine to satisfy the loop integrations while furnishing the ultraviolet divergences. For

a definite statement on the UV divergences though, further examinations are necessary.

Perhaps manifest U-duality is required, or properties not yet recognised play a vital rôle

in the cancellation of certain terms.

The requirement of L ≤ 6 for 4-point one-particle irreducible loop structures is dis-

cussed prior to (4.13) and the general requirement of L ≤ 7 concerning the n-point (n ≥ 4)

equivalents around (4.10). Effectively, we observe a cut-off of the behaviour of the am-

plitudes at (six) seven loops. This occurs naturally for supersymmetric Yang-Mills theory

in the sense that the limit on (whole) dimensions does not alter past six loops, but has

interesting implications for supergravity.

2 Amplitude diagrams in the pure spinor formalism

The properties of the amplitude diagrams in D = 10, N = 1 supersymmetric Yang-Mills

theory and D = 11, N = 1 supergravity are, in a field theory approach in the pure spinor

formalism, set by the actions [33–36]:

SSYM ∼

∫

[dZ]tr

(

1

2
ψQψ +

1

3
ψ3

)

, (2.1a)

SSUGRA ∼

∫

[dZ]tr

(

1

2
ψQψ +

1

6
(λγabλ)

(

1−
3

2
Tψ

)

ψRaψRbψ

)

. (2.1b)

Each is characterised by manifest, maximal supersymmetry and reminiscent of a Chern-

Simons action, with Q being a BRST operator and ψ the pure spinor superfield. The

first part represents the abelian action, whereas the latter describes the interactions. As

can be noted, only 3-point vertices exist in the Yang-Mills theory, whereas supergravity

also contains 4-point vertices. In addition, there exists operators connected to the vertices

in supergravity, Ra and T , which by necessity act out of the vertices on different legs,

1An overview of the pure spinor formalism exist in e.g. [31].
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the different configurations of which are equivalent. In Yang-Mills theory, the only truly

relevant operator in the description, apart from Q, is the propagator.

2.1 The pure spinor formalism, in short

The actions in (2.1) originate in an observation of the properties of the abelian theories: the

covariant spinor derivative Dα acting on the 1-form Cα(x, θ) (Yang-Mills theory) and the 3-

form Cαβγ(x, θ) (supergravity), each containing the physical fields of the theories, represent

the equations of motion, contingent upon certain irreducible representations being removed.

These properties are captured in full [6, 7, 33–35] by a construction [33, 34] with the bosonic

spinor λα (of ghost number one) contracted with the indices of the derivative and physical

fields, provided the spinor is pure:

λα : λγaλ = 0. (2.2)

That is, Qψ = 0 with Q = λD etc. gives the equations of motion, with

{Dα, Dβ} = −2(γa)αβ∂a. (2.3)

In addition, the components of ψ remain untouched until subject to the equation of motion,

which allows for off-shell degrees of freedom and an extension of the theory so that ψ

contains more fields (of non-zero ghost number) than C: antifields etc. In this way, the

necessary components for a formulation with an action are introduced, while the original,

free theory remains retainable at ghost number zero in ψ.

Moreover, (2.3) shows Q to be a BRST operator, and the description above that of

a BRST formulation, with a natural extension to a theory of interactions in the Batalin-

Vilkovisky formalism [37, 38]. In essence, the symmetry operator Q is replaced with a

generalised action acting on fields nonlinearly through an antibracket, the only available

option (as it is not desirable to split ψ into fields and antifields) being [35]

(A,B) ∼

∫

δA

δψ

δB

δψ
[dZ], (2.4)

resulting in a formulation with the equation of motion (S, ψ) = 0. The action is obtainable

through the master equation (S, S) = 0, with a starting point in the BRST action (the

first parts of (2.1)) for consistency. However, for a full description of the theories, further

characteristics of the pure spinor formalism are of vital importance: BRST equivalence,

gauge fixing, the concept of integration and that of general regularisations.

Firstly, BRST equivalence (Q-equivalence) represents a freedom of the formalism

caused the fact that any calculation is performed between on-shell, external states. Con-

sequently, any term is only defined up to BRST equivalent terms:

1 ↔ 1 + {Q,χ}, (2.5)

χ being a fermion of appropriate ghost number and dimension. So called regulators, e{Q,χ},

can be introduced at any time.
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Secondly, gauge fixing cannot be performed in the conventional way for the same reason

as mentioned in connection to the antibracket. Instead, gauge fixing in string theory is

imitated through a Siegel gauge [39] resulting in a propagator b/p2 where the b-ghost obeys

{Q, b} = ∂2, bψon-shell = 0 (2.6)

and automatically should have the property of bb = 0.

Thirdly, to obtain an integral measure which captures the full dynamics, the superspace

is typically extended [40] to contain two extra variables (λ̄α, rα), counterparts to (λα, θα)

obeying λ̄γaλ̄ = λ̄γar = 0, with λ̄ of ghost number −1. In this non-minimal formalism2 Q is

extended to Q = λD+rω̄, a regulator with −(rθ+λλ̄) in the exponent can be constructed,

and a well-defined concept of integration can be formulated. The regulator removes any

divergences in the limit of large (λ, λ̄) and furnishes extra (r, θ) for the integration over

the non-minimal superspace variables, should that be necessary. That is, if the amount

provided by the operators in the amplitude diagrams does not suffice to satisfy e.g.

[dr] ∼ λ̄α1 . . . λ̄αi ⋆ T̄
α1...αi

β1...βj

∂

∂rβ1

. . .
∂

∂rβj

, (2.7)

where the set (i, j) is (3, 11) in Yang-Mills theory [40] and (7, 23) in supergravity [35, 41, 42].

Finally, general regularisations are necessary in the non-minimal formalism as too

high, negative powers of scalars3 of (λ, λ̄) otherwise would cause divergences with respect

to small (λ, λ̄). This can always be avoided through the introduction of new sets of vari-

ables and corresponding regulators and integral measures [19, 30]. The procedure has a

definite drawback though: it renders examinations of the remaining expressions severely

difficult. Effectively, it is not strictly put to use, though vital as a concept. However,

at the introduction of loops the unregularised propagator is too local to allow for loop

momenta of (λ, λ̄). The current, string theory inspired solution to this problem, the loop

regularisation [19], consists of recognising the momenta of the loop(s) as variables, in effect4

∂a → ∂a +
∑

I

∂I
a (2.8)

for each derivative on a propagator making up a part of the loop(s) I, and allowing for

an integration over the loop momenta. The procedure comes with the introduction of a

regulator with exponent:

k
(

(λD)S + (λγabD)Sab −NN̄ −NabN̄
ab
)

, k > 0. (2.9)

2The derivative with respect to λ is denoted by ω and shows up in the gauge invariant (ωα modulo

(γaλ)αX
a, X any 1-form) configurations of N = λω, Nab = λγabω [40]. The corresponding is true for λ̄.

For r there is s: S = λ̄s, Sab = λ̄γabs. Our conventions for the derivatives in supergravity are [λα, ωβ ] = εαβ

and {rα, sβ} = εαβ , as further commented on in section 4.
3In maximally supersymmetric Yang-Mills theory the only scalar possible to form out of (λ, λ̄) is ξ = (λλ̄).

For finiteness, the power of it may not go below −10 [40]. In maximal supergravity there also exists

η = (λγabλ)(λ̄γabλ̄), where each 2-form is referred to by σ. There, the power of ξ may not go below −22

for finiteness, whereas the equivalent for σ is −11 [35].
4For convenience, the loop components are kept implicit in the notation.
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The propagator regularised in this way is not too local for loop integrations, while exami-

nations of the amplitudes can be performed. The latter however includes the consideration

of a conversion of the variables in the operators present in the loop(s), when acted on

by (2.9). Most notably, a conversion of

e{Q,χ}rαe
−{Q,χ} : rα → rα + k(γabλ̄)α(λγ

abD), (2.10)

is allowed for.5 The properties of this are discussed in more detail in section 3.

2.2 The structure of the amplitude diagrams

A general amplitude diagram may be divided into the following parts: external fields, tree

diagrams and loop clusters, the last term denoting one-particle irreducible sets of loop

diagrams. The ultraviolet behaviour of an amplitude is no worse than that of the most

badly behaved loop cluster in it, which is why the focus of these examinations is on loop

clusters of L loops, connected to other diagram parts through j outer legs. Moreover, for

the purpose of discerning the UV divergences in maximally supersymmetric Yang-Mills

theory and maximal supergravity, it is sufficient to consider diagrams constructed out of

3-point vertices, a fact that will become apparent in section 4.

In addition, it can be shown6 that any loop must have at least four outer legs: there

are no bubbles or triangles [43, 44]. As such a general loop cluster (planar or non-planar)

consists of

3(L− 1) + j (2.11a)

propagators, some7 of which are outer (existing due to the outer legs) and

2(L− 1) + j (2.11b)

vertices, including j outer ones. For loop clusters, the limits on outer legs are

j ≥ 4, L ≤ 2

j ≥ 3, L = 3

j ≥ 2, L ≥ 4,

(2.11c)

where L < 4 appear as special cases due to the absence of bubbles and triangles and the

overall limit of j ≥ 2 occurs for reasons concerning total derivatives and the non-existence

of vacuum amplitudes.

For our analysis of the loop clusters, we will look at the parts provided by the propaga-

tors and vertices present and how they can combine: the number of them (as stated above)

is sufficient for a full analysis, and will be used throughout this article. The different loop

configurations are disregarded, but included in the general analysis.

5The conversion into λ̄α(λD) renders a zero result by the irreducible representations of (λ̄, r) in the

operators, which are displayed in (2.13) and (4.4).
6Section 2.3 and section 4.2 discuss this in more detail with respect to the pure spinor formalism.
7For L > 1, the number of outer propagators is j. L = 1 constitutes a special case as one propagator

must represent the inner propagator, yielding a total of j − 1 outer propagators.

– 6 –



J
H
E
P
0
4
(
2
0
1
5
)
1
6
5

2.3 The loop regularisation & the ultraviolet divergences

With the loop regularisation comes integrations over the loop momenta: ∂, D, ω, ω̄ and

s. The first one causes the ultraviolet divergences when too high a power of ∂2 is present,

formed out of the components of the diagram in combination with the loop regularisation

as described in (2.10). Components outside a loop cluster do not contribute with any loop

momenta and therefore do not affect the ultraviolet divergences. Inside a loop cluster, mo-

menta are shared between the loops and sometimes forced out of a loop or the loop cluster.

In total, the condition on the theory in order for it to be finite in the ultraviolet regime is

LD − 6(L− 1)− 2j + 2m < 0, (2.12)

with L denoting the number of loops present in the loop cluster, D the dimension (possibly

after dimensional reduction) and m the number of ∂2 formed out of the operators and the

regulators in the loop cluster. This occurs as each propagator carries 1/∂2 and unpaired

∂a:s remaining in a loop give a zero contribution, either at the integration [dpI ] or as a

total derivative, which will be further discussed in section 3.1. If several loop clusters are

present, the condition must hold for each of them.

The key issue in the investigations of the UV properties is the maximal m, dependent

on the (regularised) operators in the loop cluster. The derivatives in these remain in a/their

loop if possible, otherwise they act on other components: on other derivatives/variables or

out of the loop. Out of the remaining ones, the integration over the loop variables must

be satisfied. [dsI ] brings down the necessary s23 from λλ̄Ds of the loop regulator. [dDI ]

then claim D32 before the remaining expression needs to be analysed with respect to m.

We will use maximally supersymmetric Yang-Mills theory as an illustrative example in

this, before discussing the loop regularisation in section 3 and the more complicated case

of maximal supergravity in section 4. In Yang-Mills theory, five original D:s, i.e. not from

the loop regulator,8 are claimed by [dDI ] per loop. In addition, for reasons that will be

clear in section 3, each9 bj contributes with no more than one such D (or ∂ in its stead)

as bb = 0 forces at least one derivative out of the loop cluster, a process treatable without

loop regularisation, by Q-equivalence. This immediately prohibits bubbles and triangles,

also noted in [28, 29].

The b-ghost in maximally supersymmetric Yang-Mills theory is [40, 45, 46]

b = −
1

2
ξ−1(λ̄γaD)∂a +

1

16
ξ−2(λ̄γabcr)

(

Nab∂c −
1

24
DγabcD

)

−

−
1

64
ξ−3(rγabcr)(λ̄γ

aD)N bc −
1

1024
ξ−4(λ̄γabcr)(rγ

cder)NabNde

(2.13)

where it is useful to note that the last term in b1 is proportional to (rγaD)(λ̄γaD). As

(λ̄γa)α(λ̄γa)
β = 0 and b2 encodes λ̄[αrβrγ] we then have that any pair of {Dα, Dβ} con-

structed out of these terms gives a zero result. Similarly, none of the N (2) acts on ξ, so it

8The loop regulator provides λγ(2)D and λD, out of which at most D11 can be constructed. Moreover,

the original D:s in b can give at most D5 (antisymmetrised covariant derivatives).
9We will denote the parts of b by their (unregularised) power of r, as bn: 0 ≤ n ≤ 3. While referring to

a b-ghost on an outer leg, we will use bj .
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is no surprise that bb = 0. In addition, the original ∂:s show up as (λ̄γa)α∂a and therefore

cannot form ∂2.

For the formation of ∂2 it is essential that rα provides10 (λγabD)(λ̄γab)α by the loop

regularisation. At the introduction of the regularised D:s, new ∂:s can be formed, in effect

out of r2 and rD. Moreover, since the former shows up in the configuration of (λγa)α∂a and

the latter in (λ̄γa)α∂a, a formation of ∂2 in the regularised setting demands the equivalence

of r3D or r2∂. Therefore, the restriction11 of the D:s and ∂:s available to a number of

L − 6 + j for L ≥ 2 and j − 4 for L = 1 constrain the ∂2:s possibly present to the same

amount. Consequently, given (2.12), we can immediately conclude that supersymmetric

Yang-Mills theory is finite in the ultraviolet regime for dimensions

D < 8, L = 1

D < 4 +
6

L
, L ≥ 2

(2.14)

in consistency with what is well known [47–53]. The analysis may also be performed with

respect to r, giving further restrictions for large j.

3 The nature of the loop regularisation

The introduction of a regulator with exponent as in (2.9) together with an integration

over the loop momenta ensures enough non-locality of the propagator to allow for the

construction of examinable loop structures. It is not without complications though. The

most obvious issue is the conversion of r into λλ̄D. By Q-equivalence, any regularised

expression is equivalent to the initial one. However, combinations of unregularised terms

often result in expressions proportional to zero, while divergent with respect to small (λ, λ̄),

including singularities concerning η in supergravity. As (0/0) makes no sense we need to

consider the regularised operators to capture the full theory, thereby introducing extra

(λ, λ̄) and finite results with respect to small (λ, λ̄).

Clearly, sufficient regularisation in this context (as well as for tree diagram parts,

under general regularisation) provides finite terms12 with respect to small (λ, λ̄). Further

conversions of r are not necessary for a full analysis, where vanishing results are allowed for.

Moreover, the highest surviving power of r in a regularised expression by Q-equivalence

encodes the extra terms originating in the regularisation of that rx (not contingent upon

the survival of the lower terms).

So far, e.g. in [28–30], this has been interpreted as though it were only necessary to

consider the regularisation of r when the number present exceeded its degrees of freedom

(11 in Yang-Mills theory, 23 in supergravity). It has been assumed to constitute the point

at and below which terms do not (with loop regularisation: wrongly) vanish, that is: due

to too high a power of r.

This now seems too naive, the crucial observation of which is that the operators in

the loop clusters in Yang-Mills theory and supergravity cannot form (r11, r23). The former

10In this way r ∼ D ∼ ∂1/2 and b ∼ r3, while the corresponding for the propagator is r−1.
11By (2.11), [dDI ] and the circumstances of bj .
12Appendix A describes the extent of this for loop clusters in Yang-Mills theory.
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is the case most easily illustrated. Out of the configurations of (λ̄, r) in (2.13) at most

r10λ̄n (n > 1) can be formed.13 The components of the b-ghost simply cannot support a

configuration with r11. Since the only other r:s present occur in external states and at the

final superspace integration, and therefore do not show in our analysis of the loop clusters,

this means that r11 is absent for our purposes.

The corresponding for maximal supergravity is slightly more involved, but it is possible

to note that the (λ̄, r) in the operators (4.4) combine in a specific way (4.2) as to only be

compatible with the final [dr] for up to r15. Any higher power of r out of the configurations

provided by the operators concerned cannot be combined with antisymmetrised r:s to form

r23 in the irreducible representation of (02003) which is required by (2.7) [35]. This occurs

due to the set combinations of (λ̄, r) of the operators and the subsequent λ̄nr23 of the final

expression, where it must be possible to replace r23 with λ̄7, as specified by (2.7), with a

non-zero result. The relevant λ̄nr15 can be found in (C.4).

The absence and divergence14 (in the loop clusters) of

(rx>10, rx>15) (3.1)

calls for a regularisation of r down to a power of (10, 15), constituting non-zero config-

urations of (λ̄, r). This is sufficient, as any f(λ, λ̄, r) can be regularised (loop/general)

to finiteness with respect to small (λ, λ̄). The subsequent highest non-zero configuration

λxλ̄yrz (with loop regularisation: the highest z) encodes the further regularisations.15 Di-

vergent terms in this way remaining after loop integration (of an entire loop cluster) are

taken care of by the general regularisation.

We will now continue by observing some key characteristics of the amplitude diagrams,

due to the loop regularisation and the integration over the loop momenta. The main

points concern Q-equivalence, total derivatives and loop momenta claimed by the loop

integrations.

3.1 Characteristics of the loop regularisation

Important to note is that the regulators present do not alter basic properties such as16

bb = 0. Regardless of how many terms each b has been converted into, once two full sets (in-

cluding terms that may give a zero result at the loop integration) show up next to each other

(on the same propagator), the result is zero. In general, if no parts of two operators A and B

have acted out on other propagators in the process of ending up next to each other, we have

e{Q,χ}Ae−{Q,χ}e{Q,χ}Be−{Q,χ} = e{Q,χ}ABe−{Q,χ}. (3.2)

if so is allowed by Q-equivalence, which is described below.

13For any analysis concerning rxλ̄y, their irreducible representations are very useful. These are listed

in [54], for the case of maximally supersymmetric Yang-Mills theory, together with a LiE program for how

to compute them. Note that the building blocks, with λ̄ in (00010), are the fermionic λ̄r in (00100), the

bosonic λ̄r2 in (01001) and the fermionic λ̄r3 in (02000). The spinors in each set are antisymmetrised, and

the [dr] in (2.7) require r3 in (00030), replaceable by λ̄3.
14Each r is accompanied by ξ−1 in Yang-Mills theory, and by σ−2 in supergravity.
15In line with this, we may observe that none of the components of a regularised r is required by loop

integration, as noted for Yang-Mills theory in section 2.3 and for supergravity in section 4.2, i.e. the non-zero

configuration of rxλ̄n may equivalently remain.
16There is unfortunately an incorrect statement on this in [30].
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A second important observation has to do with general loop properties concerning

derivatives: a derivative in a loop remains there, without acting on anything, if so is

possible. Otherwise, the derivative in some way acts on another component: derivative,

variable or across a vertex, i.e. out of the loop.

Total derivatives

The consequences of the two observations above are more far-reaching than perhaps as-

sumed at a fist glance. The fact that bb = 0 prohibits two full b-ghost to remain in a loop

has implications in combination with the loop integrations, which claim derivatives and

make use of the loop regulator, bringing down other derivatives and variables. Each loop

integration claims ω, ω̄ and s to a number of their degrees of freedom (11, 23), whereas

D:s are claimed to a full set of fermions (16, 32). The integrations over ∂ claim none, but

result in the ultraviolet divergences described in (2.12).

The required ω̄:s are provided by the loop regulator (2.9) as no other operator contains

any, compare (2.13) and (4.4). This also brings down a full set of ω on one inner propagator

of the loop in question, a propagator which may be considered to be the gathering point for

the loop components at the loop integration. Moreover, the other ω:s present in the loop

are not forced to act on anything (i.e. remains in the loop as a derivative) by any other

relations than bb = 0 and (possibly) (λγabλ)[R
a, Rb]. Any ω not forced to act on something,

possibly out, is added to the ω:s brought down by the loop integration, and represents a

total derivative at the loop integration: a vanishing expression. In addition, since bb = 0

only forces one derivative in b out of a loop (as that b acts across a vertex), splitting the

b, only bj :s contain ω (maximum one) with a non-zero result. The R:s on the other hand

effectively act into different loops (with respect to ω). For the outer vertices, one R can be

equivalently considered to act out of the loop cluster, simplifying the analysis. Only these

R:s carry ω with a non-zero result, and since they act out of the loop cluster, they do not

affect the UV divergences. In total, this diminishes the number of operator components

necessary to consider as parts of the loop cluster.

The requirements of s and D are less dramatic. A loop integration over s claims

the required loop momenta from the loop regulator, for the same reasons as for ω̄, which

subsequently brings about the same number of D:s (11, 23). In Yang-Mills theory, these

must be combined with D5 from the operators (original, not brought down by the loop

regularisation) for the loop integration over D to be satisfied. No other combination is

accepted, and otherD:s in the loop are forced to act on other components. For supergravity,

at least 9 originalD:s are required, though the end composition might possibly vary between

9 and 11, which is further commented on in section 4.2.

An obvious, possible result of D being forced to act on other components, like another

D, is ∂. The corresponding loop integration does not claim any loop momenta, but result

in UV divergences as described in connection to (2.12). Important to note is that unpaired

∂a:s remain in a loop, if not part of bj and forced out of the loop cluster akin to ω. In the

loop cluster, they give a vanishing result by the combination of representing either a total

derivative (when not constituting a momenta of that loop) or an odd function. Only ∂2:s
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survive in the loop clusters, and from the next paragraph and (4.4) we can conclude that

any term containing a ∂a that cannot combine into ∂2 may be disregarded.

Q-equivalence

In the analysis of a part of a diagram, Q-equivalence allows for up to (r10, r15) before

loop regularisation needs to be considered. Moreover, any such examined entity can be

regularised, and the observed properties of the initial parts carry over to the regularised

combination, equivalently combined after regularisation.

For example the examination of two b-ghosts on each side of a 3-point vertex can be

carried through in this manner (compare (2.13) and (4.4)). The process of one of the b:s

acting across the vertex and the result in relation to the other b therefore can be analysed

without prior loop regularisation, though the r:s better not be considered to leave their

original propagators. If the two b:s make up part of a loop, the property of bb = 0 then forces

one derivative of each term in the acting b onto the third leg. Moreover, a regularisation

of the split b is Q-equivalent to the expression of a regularised b, split due to bb = 0. So it

comes to be that any bj at most contributes with one original D or ∂ to the loop structure;

compare with the relevant terms of b0 and b1 in (2.13) and (4.4).

4 Maximal supergravity

In D = 11, N = 1 supergravity the spinors are symplectic, making it convenient to use an

implicit εαβ = ε[αβ] to capture the way spinor indices are connected to each other.17 In

order to further express the operators in a simple form, we use

L
(p)
a0b0,a1b1,...,apbp

= (λ̄γ[[a0b0 λ̄)(λ̄γa1b1r) . . . (λ̄γapbp]]r), (4.1)

where [[. . .]] denotes antisymmetrisation between the p+1 pairs of indices. This tensor has

the properties of

L(n)L(m) ∝ (λ̄γ(2)λ̄)L(n+m), (4.2)

[∂̄, η−(p+1)L
(p)
a0b0,...,apbp

} = 2(p+ 2)η−(p+2)L
(p+1)
ab,a0b0,...,apbp

(λγabλ), (4.3)

where ∂̄ = rω̄. The operators, i.e. the b-ghost18 and the operators in the vertices: Ra and

T , are then possible to express as:

b=
1

2
η−1(λ̄γabλ̄)(λγ

abγiD)∂i (4.4a)

+ η−2L
(1)
ab,cd

(

(λγaD)(λγbcdD)+2(λγabcijλ)N
di∂j+

2

3
(ηbpη

d
q−ηbdηpq)(λγ

apcijλ)Nij∂
q

)

−
1

3
η−3L

(2)
ab,cd,ef

(

(λγabcijλ)(λγdefD)Nij−12

[

(λγabceiλ)ηfj−
2

3
ηf [a(λγbce]ijλ)

]

(λγdD)Nij

)

+
4

3
η−4L

(3)
ab,cd,ef,gh(λγ

abcijλ)

[

(λγdefgkλ)ηhl −
2

3
ηh[d(λγefg]klλ)

]

{Nij , Nkl}

17This affects ordering. The spinors have one chirality, with (rα, λ̄β) e.g. as (λ̄r) = −(rλ̄).
18We here present a different b-ghost compared to that of [30] in order to facilitate the analysis of the

theory. By fulfilling (2.6) it provides a Q-equivalent alternative. However, note that the b-ghost in [30]

suffered from sign errors; the overall signs for the b2 and b3 should have been negative.
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Ra = η−1(λ̄γabλ̄)∂b−η−2Lab,cd
(1) (λγbcdD)

+2η−3Lab,cd,ef
(2)

[

(λγbcdeiλ)ηfj−
2

3
ηf [b(λγcde]ijλ)

]

N ij (4.4b)

T = 8η−3(λ̄γabλ̄)(λ̄r)(rr)Nab (4.4c)

Here, we may immediately note that T “has to” act out of the loop cluster. Otherwise the

ω would constitute a total derivative, with a vanishing result. This limits 4-point vertices

to be present in loop clusters as structures with the one property of providing extra outer

legs. A j-point loop cluster made out of 3-point vertices can be changed into a (j+1)-point

loop cluster through the addition of one outer leg to a vertex, a process which changes none

of the properties of the loop cluster, apart from eventual (λ̄r)2 = 0, as the additional term

is outside of it. No extra conditions on the operators inside are introduced. Because of this,

it is sufficient to examine loop clusters made solely out of 3-point vertices for a complete

picture of the UV divergences of the amplitudes, and we will therefore not deal with 4-point

vertices, or T , any further in this article.

Secondly, as the operators in the vertices act on any leg in an equivalent manner (as

long as the legs are separate), each outer vertex can be interpreted as providing one Ra

acting out of the loop cluster, and the other one in. The former does not contribute to

the divergences of the loop cluster, and the components of the latter that give vanishing

contributions may be disregarded, same as goes for all operators of the inner vertices. For

example, the R2 is “absent” due to its containing ω. The R0 on the other hand contains

(λ̄γabλ̄)∂b, which cannot combine into ∂2, as we soon will show.

4.1 The effective operator contributions inside a loop

We will now examine the terms of b and Ra for further observations concerning what does

(not) contribute to the ultraviolet divergences, with respect to the formation of ∂2 and

the combination of D into D32 per loop, to satisfy [dDI ]. To begin with the former, we

may note that any pair of original D:s from the operators above, acting on each other,

vanishes.19 Including regularised contributions, we have a set of D up for combinations:

(λγmnγiD)∂i (λγmD) (λγimnD) (λγjmD) (λγmnD), (4.5)

indices contracted with λ̄γmnλ̄ and where a contraction of the j with a corresponding m-

index yields a vanishing result. The two last terms correspond to regularised r:s, by (2.10):

(λ̄r) : (λ̄γmnλ̄)(λγ
mnD)

(λ̄γ[[abλ̄)(λ̄γcd]]r) : 4(λ̄γ[[abλ̄)(λ̄γc
mλ̄)(λγd]]mD)

(4.6)

These do not act on the D:s or converted r:s in the bn or Ra
n they originate from, nor on

the configuration of operators originally on their propagator (at most RbR), as the original

expression effectively contains [r,D] etc.20

19For the relations involved, see appendix B, in particular the last equation of (B.5). It gives at hand

that the antisymmetrisation of the L(n)-indices is encoded by the irreducible representations of the rest of

the expression, with the indices contracted with λ̄γmnλ̄ in a position of choice. For the purpose of original

{D,D} ∝ ∂ we have the three first terms in (4.5).
20The relevant terms are possible to analyse in a Q-equivalent manner, without regularisation.
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The first term in (4.5) acting on Dα gives ∝ ∂2(λγmn)α which cannot be combined with

any of the terms above. After that, it is suitable to observe that any ∂m cannot form ∂2 with

a ∂ formed out of the D:s above, as this would result in [mnn′]. Since ∂m cannot combine

with a ∂n or any of the original ∂:s either, we have that it gives a vanishing contribution,

and it may be disregarded in further examinations.21 Then the fifth term cannot act on any

other D either, and only the latter part of the third: (λγimnD) = (λγiγmnD)+ηim(λγnD),

which comes with the formation of ∂m, (λ̄r) or its regularised counterpart (the fifth term

in (4.5)). Nor can two terms of the second kind form ∂.

The vanishing of ∂m and ω except on bj gives at hand that we in loops, regarding the

examination of non-zero contributions, effectively have the operators:22

beff.loop =
1

2
η−1(λ̄γabλ̄)(λγ

iabD)∂i+

+ η−2L
(1)
ab,cd

[

(λγaD)(λγbcdD) + 8(λγa[sλ)(λγbcd]ω)∂s
]

+ (4.7a)

+ η−3L
(2)
ab,cd,ef

[

6(λγdefD)(λγ[abλ)(λγc]ω)− 16(λγfD)(λγa[bλ)(λγecd]ω)
]

(Ra)eff.loop = −η−2Lab,cd
(1) (λγbcdD) (4.7b)

though it is important to remember that there are implicit terms (with vanishing contri-

butions) in the description, taking care of e.g. bb = 0.

We may also observe that the only non-zero ∂-contributions come from b0, b1, rr → ∂

and r(λγmD) → λ∂. However, ∂2 seems possible to form out of any combination of these

structures, such as ∂2 (unregularised) and r4:

r2 → ∂ : {(λγimD), (λγjnD)} ∝ (λγijmnsλ)∂s (4.8a)

r4 → ∂2 : (λγijmn
sλ)(λγ

klm̄n̄sλ)∂2 ∝ (λγm̄n̄λ)(λγklγijmnλ)∂2 (4.8b)

This complicates the deduction of the restrictions on ∂2 that ought to occur, though an

important point is that the units of (λγimnD)(λ̄γitr) at most can contribute the worth of

one D (original or regularised) to the formation of ∂2, and in effect ∂ itself.

4.2 The consequences of the loop integrations over s and D

At the integration over s, a total of 23 (λγabD)(λ̄γabs) and (λD)(λ̄s) (at most one of the

latter) are provided by the loop regulator, as s23 in the irreducible representation of (02003)

needs to be claimed by [ds] for a non-zero result. For each loop, these can be interpreted

to show up on one inner propagator. There, the momenta effectively belong to that loop

only, and it is where that loop’s momenta effectively can be considered to congregate at the

loop integration, as the loop turns into a vertex. It is equivalent to assume a set of RbR to

exist on that propagator (no components acting on one another) prior to (λDλ̄s)23 being

singled out. Moreover, the (part of the) regulator providing these shows as e.g. {e{Q,χ}, r}

(r already considered to be regularised) and effectively:

{(λDλ̄s)23, e{Q,χ}re−{Q,χ}} ∝ [(λD)23, e{Q,χ}re−{Q,χ}](λ̄s)23. (4.9)

21∂m may only exist in b0 as forced to act out of the loop cluster.
22Compare with (C.1).
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Consequently, the (λD)23 brought into the loop by the integration over s does not act on

any D initially on the propagator, originating in a regularisation or not. Those D:s must

be antisymmetrised with the D23, and each other.

Now, (λD)24 is the maximal antisymmetrisation of 2- and 0-form λD:s that can be

formed, consisting of 24 λγ(2)D or 23 λγ(2)D and one (λD), in the irreducible representa-

tions of 1x(05006)+1x(06004)+1x(07002)+1x(08000). However, for the integration over D

these in combination with λγmD (at most 2), λγimnD and the λ2D2 of b1 must form λ23D32

with irreducible representations of λ32. This is not possible. For the integration over D to

provide a non-zero expression, at most 23 2- and 0-form λD can contribute to the D32.

This means that any r initially on the propagator can be regularised, thus providing

finiteness with respect to small (λ, λ̄). However, only the original r in the regularised

expression gives a non-zero contribution at the loop integration. Moreover, for each loop

we have at least r2 from the R:s on the propagator (sometimes r3, if b1 is required), so a

minimum of r:s present in a loo cluster is always 2L, a number which cannot exceed 15

with a non-zero result. Consequently,

L ≤ 7 (4.10)

for loop clusters.23 Amplitude diagrams containing more loops than that do so with the

loops divided upon several loop clusters. Interestingly, this gives that an amplitude diagram

does not behave worse than at seven loops.

A second consequence of the maximal contribution of 2- and 0-form λD to the inte-

gration over D is that at least 9 original D:s are claimed by each loop integration. As

mentioned, and obvious from [mnn′] = 0, at most two of these24 can come in the shape of

λγmD. For example, the absence of bubbles and triangles follows directly from this, even

without the consideration of Q-equivalence, since a loop with j propagators thus cannot

contribute with more than 2j + 2 original D:s to the loop integration. A closer examina-

tion including Q-equivalence, as in the last part of section 3.1, sets the maximal number

of original D:s provided by the loop components to

1 + 2j, L = 1

10 + 2j, L = 2

9L− 7 + 2j, L ≥ 3,

(4.11)

since at most one original D is provided by each bj . In that way, at most D2 is pro-

vided per vertex (possibly both λγimnD) while the inner propagators through b1 may yield

(λγmD)(λγnabD) until the fist part hits its maximum of 2L.

The loop integration requirement of D9L (original, covariant derivatives) in combina-

tion with (4.11) gives the requirement of

j ≥ 4 (4.12)

23This might seem odd, but the loop regularisation gives at hand an expression regularised with respect

to small (λ, λ̄). If too many loops are present in the loop cluster, the loop integrations then set the

expression to zero.
24The corresponding for λγimnD is 9, but then of course there is also the combination of λ2D2 in b1,

where the indices mn can be moved at will by (B.5).
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for any loop cluster in maximal supergravity, not merely for single loops as by (2.11c) in

Yang-Mills theory. The presence of b1 has further consequences though. For the 4-point,

L ≥ 3 loop cluster, these must amount to at least 2L− 1 on the inner propagators for the

[dDI ]:s to be satisfied. This gives a maximum of L−2 inner propagators free of b1, resulting

in a minimum of two cases of r3 on the inner propagators subject to [dsI ] and (λλ̄Ds)23

from the loop regulator.25 The requirement for a non-zero result, modified compared to

above, follows as

j = 4 ⇒ 2L+ 2 ≤ 15 ⇔ L ≤ 6. (4.13)

The 4-point loop cluster is only supported up to 6 loops; the 7-loop cluster requires at least

five outer legs.

4.3 The ultraviolet divergences

A complication with respect to the examinations of the ultraviolet divergences in maximal

supergravity is that more components can form ∂2 than what is true for the case of Yang-

Mills theory. The entity can be constructed out of r4 as well as original ∂:s. Moreover, the

observed limits on what is allowed in connection to the loop integrations are few, and it

seems like there should be more to discern from the formalism in that respect.

Out of the structures of the operators, the most important features to be noted in re-

spect to the limits on what may form ∂2 are the vanishing of (λ̄γmnλ̄)∂m and the property

that (λ̄γmnλ̄)(λγimnD)(λ̄γitr) only can provide the worth of one D to ∂2:s. The last one

inevitably means that for large j, the addition of an outer leg does not limit the require-

ments on the dimension (for finiteness) any further, since it at most adds the equivalent of

D4/∂2 to the loop components that may form ∂2. However, for low j it provides no useful

information, even if both r:s in L(2) might be affected. It merely infers, in combination with

that b0 at most can provide D2 (by ∂) to the loop structure, that the worth of D from the

inner propagators and that of D2 from the vertices (using r ∼ D ∼ ∂−1/2) are prohibited

from affecting the divergences. However, these 7(L − 1) + j D:s are already known to be

removed from the loop cluster26 by the [dDI ]:s (9L) and the recognised presence of up to

r15, before the conversion of r into D by loop regularisation needs to be considered.

A definite difference in comparison to Yang-Mills theory is that ∂2 might be formed in

loop clusters not subject to the conversion in (2.10), as the original ∂:s seem to be able to

combine. However, these occur to a limited extent due to the requirement of original D:s

described in (4.11) in combination with that bj at most contributes with one original D or

∂. For the 4-point amplitude they are limited to exist for L > 3, on L−2 inner propagators

(the only ones not occupied by b1) or on L − 3 inner and one bj . The ∂2:s formed in this

way are limited to27

[(L− 2)/2], (4.14)

if even that, considering that these cases often would constitute a ∂ remaining in the

loop. Additional outer legs do not worsen the ultraviolet behaviour set by (4.14), since

25The other side of the coin is that with x b1:s on these inner propagators, the other L − x ones must

constitute b0 ∝ ∂, each forming ∂2 within their own loop integration.
26As is the r2L, or e.g. r2L+2 for L > 1, j = 4, that remains after loop regularisation.
27[x] representing a rounding of x to the closest lower integer.
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their presence at most adds and frees ∂ (with respect the [dDI ]) enough to compensate

for the 1/∂2 accompanying each propagator. In total, the possible formation of one ∂2

for 4 ≤ L ≤ 5 and two for 6 ≤ L ≤ 7 even fails to compensate for the requirement of

additional outer legs in supergravity, compared to Yang-Mills theory. The property of ∂2

forming from original ∂:s as such causes no worse an ultraviolet divergence than that of

unregularised Yang-Mills theory. The relevant examination concerns loop clusters with

regularised r:s and then, the above is included per default.

A worst case scenario with as many parts of the regularised operators as possible acting

into ∂2 would look like (2.12)

LD − 6(L− 1)− 2j + 2

[

9(L− 1) + 8(L− 1) + 5j − 9L− x

4

]

, (4.15)

x denoting the components not party of the formation of ∂2 after the removal of D9L for

the loop integration, and the expression within brackets being required to be positive. At

present, our highest confirmed x is that of 15, the default for regularised loop components.

The subsequent limit on the dimension fails to give a conclusive result. By it, a 4-point

amplitude is finite in the ultraviolet regime if

D < 8, L = 1

D < 2 +
8

L
, L ≥ 2.

(4.16)

Compared to the known limits on the dimension for finiteness in maximal supergravity,

coinciding with maximally supersymmetric Yang-Mills theory up to L = 4 etc., what this

tells us is that the are more restrictions on the terms combining into ∂2 than observed so far.

It is either pure coincidence or a curious fact that the removal of r to its degrees of

freedom, 23, comes very close to the “anticipated” result of (2.14) up to L = 4 [9–11] and

D < 2+ 14/L [28, 29] above it, in agreement with [22, 25] (it differs slightly by the contri-

butions caused by j ≥ 4). The recognised, effective extra degrees of freedom of r (between

r16 and r23), by the loop regularisation, after all is not caused by r exceeding its degrees of

freedom, but is due to the configurations of the variables (irreducible representations etc.).

It would be interesting to know if this affects the contribution of converted r:s to the loop

integrations.

In that case, there is likely an additional constraint concerning the contributions from

j too. As may be noted, the parts of bj not proportional to ω cannot contribute with more

than the worth of D2 to the loop cluster, which currently is not the case for the other parts.

5 Conclusions & outlook

In the pure spinor superfield formalism, a key feature in determining the actual ultraviolet

divergences of amplitude diagrams is how far terms in one-particle irreducible loop struc-

tures (loop clusters) need to be regularised with respect to small (λ, λ̄). A regularisation

to finiteness gives the complete picture, allowing for zero results, but it complicates the

analysis in an unnecessary way, sometimes requiring a general regularisation in addition
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to the loop regularisation. Configurations of (λ, λ̄, r) encode further regularisations by

Q-equivalence, provided they are non-zero.

During loop regularisation, the key component of (λ, λ̄, r) is r and the highest power

of it that can be present. This has been assumed to be constituted by its degrees of free-

dom: 11 in maximally supersymmetric Yang-Mills theory and 23 in maximal supergravity.

However, an examination of what can be provided by the operators and regulators of the

loop structures shows that r cannot be provided to a higher power than 10 in Yang-Mills

theory, and 15 in supergravity.

To what extent this affects previous studies using pure spinors in maximally super-

symmetric Yang-Mills theory like [28, 29] is difficult to tell, but as the change of the limit

is slight, the consequences might be negligible. However, for maximal supergravity, the

assumption of r23 [30] is completely wrong, unless the regularisations past the degrees of

freedom of r somehow do not affect the ultraviolet divergences.

The presumption of r15 to set the limit of what is necessary to consider in relation to

the ultraviolet divergences of the loop clusters is not enough to give results as predictive as

those of other studies, with respect to what dimensions the theory is finite in. For results

such as the 4-pt requirements of D < 8 for L = 1, D < 4+6/L for 2 ≤ L ≤ 4 [9–11] and the

limit of D < 2+14/L for L ≥ 5 [28, 29], more examinations of the formalism are required.

Most importantly though, the pure spinor formalism states a cut-off of the loop de-

pendence at L = 7, due to the loop integrations and the maximal power of r as 15. That

is, loop clusters of more than seven loops cannot be formed, and those with seven loops

demand five outer vertices to be connected to them (four being the default requirement).

Diagrams with more than seven loops must be one-particle reducible for a non-zero result.

This is especially interesting in combination with the previous predictions for L ≥ 5

of [25, 27]. The combined results imply a finiteness of 4-point amplitudes in D = 4,

possibly with a logarithmic divergence for amplitudes with more external states, especially

if the results of [28, 29] hold. At that point, it becomes important if another property of

maximally supersymmetric Yang-Mills theory carries over to maximal supergravity: the

softening of the limit on the dimension at an increase of the number of states directly

attached to the loop cluster. That is crucial for determining the ultraviolet divergences in

D = 4, i.e. if there is a logarithmic divergence at seven loops.

It now seems quite likely that maximal supergravity in D = 4 at most diverges log-

arithmically. For a confirmation of this in a pure spinor setting, a study of the actual

combination of terms in the loop clusters is required, in addition to the conceptual analysis

above. It is not obvious that merely the presence of manifest supersymmetry is enough

to yield the correct results; perhaps manifest U-duality is required as well. In general,

constraints are difficult to discern, though the loop integrations over D possibly provide

restrictions on the UV divergences. The contributions from the outer legs are also critical

for general predictions; in fact, that is likely to be true for the 4-point diagrams as well.
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A Finite loop clusters in Yang-Mills theory

Here, we will have a quick look at how far a loop cluster needs to be regularised for finiteness

with respect to small (λ, λ̄) in maximally supersymmetric Yang-Mills theory, in principle

following the argumentation of [29]. The corresponding for supergravity remains to be

performed.

In short, the contribution is λ̄/ξ from the propagators, and r/ξ from the r:s, which

is possible to deduce from (2.13). A further identifiable characteristic is that each loop

integration gives at hand λ3 (each [dN ] claims 8, but each [dS] brings down 11 from the

loop regularisation). In the presence of 3(L− 1) + j propagators the end result is:

λ3

(

λ̄

ξ

)j(r

ξ

)x

(A.1)

Of these, the first λ3 needs to remain and be claimed by [dλ] [40], and a regularisation of

r as in (2.10) takes care of the divergence coupled each such variable. In conclusion, in

maximally supersymmetric Yang-Mills theory a loop regularisation

ry → (λ̄λD)y : y = x+ j − 10, x+ j ≤ 10 (A.2)

is necessary for the loop cluster to provide an finite entity. As can be observed, this does

not suffice for j > 10. Then, a general regularisation is needed. However, any of these

regularised expressions is Q-equivalent to terms with up to r10.

B Spinor and pure spinor identities in D = 11

Our convention for antisymmetrisation of indices is such that

(γab)αβ =
1

2

[

(γaγb)αβ − (γbγa)αβ
]

(B.1)

and the general Fierz identity is

(AB)(CD) =
5

∑

p=0

1

32p!
(Cγa1...apB)(Aγap...a1D), (B.2)

where the spinors have been assumed to be bosonic. With an appropriate sign dependent

on the statistics of the operators added, it holds for all mixes of fermionic and bosonic

operators. In specific for the pure spinor, it reduces to

(Aλ)(λB) = −
1

64
(λγabλ)(AγabB) +

1

3840
(λγabcdeλ)(AγabcdeB), (B.3)

which results in a few useful identities for the pure spinor, some of which are

(γjλ)α(λγ
ijλ) = 0

(γiλ)α(λγ
abcdiλ) = 6(γ[abλ)α(λγ

cd]λ)

(γijλ)α(λγ
abcijλ) = −18(γ[aλ)α(λγ

bc]λ)

(γijkλ)α(λγ
abijkλ) = −42λα(λγ

abλ)

(γijλ)α(λγ
abcdijλ) = −24(γ[abλ)α(λγ

cd]λ)

(γiλ)α(λγ
abcdeiλ) = λα(λγ

abcdeλ)− 10(γ[abcλ)α(λγ
de]λ),

(B.4)
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also presented in [30]. There, we also presented the first three of the following relations,

all important with respect to L(n):

(λ̄γ[ij λ̄)(λ̄γkl]r) = 0

(λ̄γikλ̄)(λ̄γ
jkr) = (λ̄γij λ̄)(λ̄r)

(λ̄γikr)(λ̄γ
jkr) = (λ̄γijr)(λ̄r) +

1

2
(λ̄γij λ̄)(rr)

(λ̄γ[abλ̄)(λ̄γc]dλ̄) = 0

(λ̄γabλ̄)(λ̄γcdλ̄)fac =
1

2
(λ̄γacλ̄)(λ̄γbdλ̄)fac

L
(1)
ab,cdf

abc = (λ̄γabλ̄)(λ̄γcdr)f
abc.

(B.5)

For general spinor calculations,

(γa1...ap)αβ = (γa1γa2...ap)αβ − (p− 1)ηa1[a2(γa3...ap])αβ

(γa1...ap)αβ = (γa1...ap−1γap)αβ − (p− 1)(γ[a1...ap−2)αβη
ap−1]ap

(γbγa1...ap)αβ = 2p× ηb[a1(γa2...ap])αβ + (−1)p(γa1...apγb)αβ

(B.6)

can also be of use. Of course, there are plenty more relations to be deduced, but the above

constitute the most important ones, used in this article.

C The b-ghost and Ra in maximal supergravity

For actual calculations, it is sometimes practical to use expressions of the b and Ra where

gauge invariance is manifest, but not displayed in the sense of the N and Nab operators,

i.e. a reformulation of the operators in (4.4):

b =
1

2
η−1(λ̄γabλ̄)(λγ

abγsD)∂s+

+ η−2L
(1)
ab,cd

[

(λγaD)(λγbcdD)− 4(λγa[bλ)(λγs]cdω)∂s − 6(λγ[abλ)(λγc]ω)∂d
]

+

+ η−3L
(2)
ab,cd,ef

[

6(λγdefD)(λγ[abλ)(λγc]ω)− 8(λγfD)(λγa[bλ)(λγe]cdω)
]

+

+ 16η−4L
(3)
ab,cd,ef,gh(λγ

abλ)(λγceλ)
{

(λγdω), (λγfghω)
}

(C.1a)

and

Ra = η−1(λ̄γabλ̄)∂b − η−2Lab,cd
(1) (λγbcdD)−

− 6η−3Lab,cd,ef
(2) (λγefλ)(λγbcdω).

(C.1b)

The property of bb = 0 is easy to verify for r0. It is also possible to note, with some help

of (B.5), that each {D,D} in the same relation by default yields zero, as well as that the

terms with ω do not act on η (most easily seen from (4.4)). Especially useful is the last

relation in (B.5), due to the property of [ab, cd]. It is also important to remember that

L(n) for n > 1 contains less irreducible representations than what is allowed for by the
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antisymmetrisation of n 2-forms:

L(0) : (01000)

L(1) : (01000), (10100)

L(2) : (00200), (02000), (10100), (20010)

L(3) : (00200), (02000), (10110), (11100), (20010), (30002)

(C.2)

and that additional λ̄γ(2)λ̄ merely are added to the irreducible representations above, as

one such is part of them all. Note also that b3 does not support (20010) or (30002).

During the check of r1, it is furthermore handy to observe that by (B.5)

2(γmn)αβ∂
d = (γdγiγmn)αβ∂i (C.3a)

when the relevant indices are contracted with (λ̄γmnλ̄)(λ̄γcdλ̄) as well as that

(λ̄γmnλ̄)(λ̄γ[[abλ̄)(λ̄γcd]]r)(λγ
abλ)(λγcdγiγmn)α =

=
1

2
(λ̄γmnλ̄)(λ̄γabλ̄)(λ̄γcdr)(λγ

abλ)(λγcdγiγmn)α
(C.3b)

sets the λ̄3r in both [ab, cd] and (ab, cd), i.e. to zero.

That said, we have not checked for the entire bb = 0, but deem it extremely likely. In

the general discussion it might also be interesting to note that

L(15) : (08000) ⇒ L(15) = (λ̄γ(2)λ̄)8(λ̄r)(rr)7 (C.4)

is proportional to T in (4.4c). T can combine with up to L(12), where the combination

including r15 is in (07000), the above with one λ̄γ(2)λ̄ less.
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