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latest data confirms at 4.9σ CL the short-baseline oscillation anomaly. We analyze pub-

lished IceCube data based on two different active-sterile mixing schemes using one ad-

ditional sterile neutrino flavor. We present exclusion regions in the parameter ranges

0.01 ≤ sin2 θ24 ≤ 0.1 and 0.1 eV2 ≤ ∆m2
42 ≤ 10 eV2 for the mass-mixing and flavor-mixing

schemes. Under the more conservative mass-mixing scheme, 3σ CL allowed regions for the

appearance experiment and MiniBooNE latest result are excluded at & 3σ CL. In case of

less-restrictive flavor-mixing scheme, results from the appearance experiments are excluded

at & 2σ CL. We also find that including prompt component of the atmospheric neutrino

flux relaxes constraints on sterile mixing for ∆m2
42 & 1 eV2.
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1 Introduction

The anomalies reported by the LSND [1] and MiniBooNE [2] detectors (Short Baseline

experiments); reactor [3, 4] and Gallium experiments [5], can not be explained within the

standard 3-ν oscillation framework. A possible solution is to consider the existence of

additional neutrino flavors, which are sterile with respect to electroweak interactions. In

fact, addition of one sterile neutrino of mass ∼ 1 eV fits the data well. Sterile neutrino

mixing with active neutrinos have been studied for the last decades as an extension of

the Standard Model, to study and explain these anomalies [6–12]. On the other hand,

constraints have been derived on the sterile neutrino parameters using accelerator data

that do not involve oscillations [13, 14]. One also needs to consider that as extra neutrinos

are more massive, it is difficult to fit within the cosmological constraints. In fact recent

cosmological data disfavor a heavy sterile neutrino [15–19], although other recent works

propose alternative solutions to this conflict [20–24].

Several experiments have been conducted recently in search of sterile neutrinos [25–30],

while many phenomenological studies have been performed to shed lights on anomalies in

the reactor and Gallium experiments [31–33], as well as on the current and future short-

and long-baseline experiments [34–36]. Recent IceCube and MINOS results show a strong

tension between the appearance and disappearance experiments. IceCube collaboration

reported a search for the νµ+ν̄µ disappearance results for the IC86 string configuration data

taken during the 2011–2012 period; which excluded the allowed region of the appearance
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experiments, including the LSND and MiniBooNE, at 99% CL [37]. Further studies have

been performed to shed light on IceCube results [38–43]. However, the latest MiniBooNE

results combined with LSND results amount to a 6.0σ evidence for new physics beyond the

Standard Model [44].

Propagation of sterile neutrino over long baseline through the Earth’s mantle and/or

core has an effect on muon neutrino oscillations due to matter effect and MSW reso-

nance [45–50], which produces an enhancement to the νµ − νs oscillations, thus causing a

depletion in the muon neutrino flux, with a distortion of the energy and zenith angle distri-

butions of atmospheric neutrino events in a detector. IceCube analyses take into account

conventional atmospheric neutrino flux contribution [37], but for the range of neutrino en-

ergy up to 106 GeV the prompt atmospheric neutrino flux contribution could change the

total number of events measured by the detector. Furthermore, different mixing schemes

of sterile neutrinos with active neutrinos can change the exclusion regions derived from the

IceCube data.

In this paper we analyze IceCube public data in order to derive constraints on mixing

angle and mass-square difference with active neutrinos. We use the mass- and flavor-mixing

schemes for a sterile neutrino in 3+1 scenario [47] as well as prompt atmospheric neutrino

flux [51] contributions to the data. The paper is divided into the following sections: in

section 2 we explain probabilities of the mass-mixing and νs − νµ flavor-mixing schemes.

In section 3 we use conventional atmospheric neutrino flux and prompt contribution to

calculate muon neutrino flux at the IceCube detector. In section 4 we obtain the number

of events based on the IceCube detector data tensors and fluxes of the last section. In

section 5 we use a χ2 statistical test for studying the models and derive constraints on the

mixing parameters. Finally, in section 6 we give results and summary.

2 Sterile mixing schemes and oscillation probabilities

The 3+1 active-sterile neutrino general mixing scheme consists of 4 flavor states νTf =

(νe, νµ, ντ , νs) and 4 mass states νTmass = (ν1, ν2, ν3, ν4) with relation νf = Ufνmass. The

unitary matrix Uf takes the form Uf = R34R24R14R23R13R12, where Rij is a rotation

matrix in the i–j plane (for matrices with indices j 6= i + 1, ± sin θij −→ ± sin θije
∓iδij ,

with CP-violation phase δij). At high energies, E ≥ 100 GeV, electron neutrino effect

on muon neutrino probabilities can be neglected due to two factors: first, atmospheric

flux of electron neutrinos is very low compared to muon neutrinos; and second, the νe
is mostly converted to νs. The CP phase value is also not important. Therefore a good

approximation is to neglect the mixing of ν1 [47]. In this approximation the unitary matrix

takes the form

Uf = R34R24R23. (2.1)

Under this parametrization we briefly describe the following two mixing schemes [47].

2.1 Mass mixing scheme

In this scheme the sterile neutrino mixes with a linear combination of the neutrino mass

states 3 and 4, and for this condition the model is also called the maximal 3–4 mixing
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scheme. The unitary matrix in this case is parametrized as Uf = U23Uα, where Uα is

rotation of the neutrino mass states ν3 and ν4 on the angle α, and U23 is the rotation

matrix in 2–3 plane. Therefore,

Uf =

 cos θ23 − sin θ23 cosα sin θ23 sinα

sin θ23 cos θ23 cosα − cos θ23 sinα

0 sinα cosα

 . (2.2)

For values sin2 θ23 = 1/2, the elements Uµ4 and Uτ4 are equal. The relation between α and

general rotation angles of eq. (2.1) satisfies the conditions:

cosα = cos θ24 cos θ34 , sin θ24 = sin θ34/ cos θ34. (2.3)

2.2 νs − νµ flavor mixing scheme

For this scheme, there is no mixing between the 3-4 states (θ34 = 0) and Uf = U24U23. The

mixing matrix takes the form

Uf =

 cos θ24 cos θ23 − cos θ24 sin θ23 − sin θ24
sin θ23 cos θ23 0

sin θ24 cos θ23 − sin θ23 sin θ24 cos θ24

 . (2.4)

Therefore, the νs state does not mix with ν4 (Uτ4 = 0). The LSND and MiniBooNE νµ
oscillation results in this scheme is encoded in the element Uµ4 = − sin θ24 with mixing

angle θ24. On the other hand, in mass-mixing scheme, the important parameter is Uµ4 =

sin θ23 sinα and the mixing is governed by the angle α. The relationship between θ24 and

α in case of sin2 θ23 = 1/2 is the following

sin2 θ24 =
sin2 α

2− sin2 α
. (2.5)

2.3 Probabilities

To calculate the probabilities, we solve numerically the Schrödinger equation for neutrino

propagation inside the earth in flavor base with the Hamiltonian:

Hf =
1

2E
UfMUTf + Vf (2.6)

and with diagonal matrix M = diag(m2
2, m

2
3, m

2
4). Here the potential matrix in the flavor

base is Vf = diag(0, 0, −Vµ), where we have subtracted matrix VµI proportional to the

identity matrix I. We also assume normal mass hierarchy and use ∆m2
32 = 2.5× 10−3 eV2

and sin2 θ23 = 1/2, which are consistent with current experimental results [52–54]. The

matter potential can be approximated as:

Vµ = − GFρ

2
√

2mN

≈ −1.78× 10−14

(
ρ

g/cc

)
eV, (2.7)
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Figure 1. Mass mixing scheme probabilities for ν̄µ (left panels) and νµ (right panels) for a mantle

crossing trajectory (top panels) and a mantle-core-mantle crossing trajectory (bottom panels). The

continuous lines correspond to Pµµ, dashed lines to Pµs and dotted lines to Pµτ . The green and

pink lines (unlabelled) correspond to Pµµ and Pµτ with no sterile neutrino mixing.

where ρ is matter density calculated from the density profile of the earth according to

the Preliminary Reference Earth Model [55]. The probability relation for muon neutrinos

between the schemes is given by [47]

P (f)
µµ =

(
2

√
P

(mass)
µµ − 1

)2

, (2.8)

where P
(f)
µµ and P

(mass)
µµ refer to the flavor- and mass-mixing schemes, respectively. For a

detailed review of probability calculations please consult reference [47].

Figures 1 and 2 show the probabilities for the mass- and flavor-mixing schemes, respec-

tively. These Probabilities have the following properties. Because the matter potential is

negative, the MSW resonance effect occurs in the anti-neutrino channel. This is shown as a

single dip/peak located at the resonance energy E ∝ ∆m2
42/2Vµ, a few TeV for ∼ 1 eV scale

sterile neutrino, for mantle crossing trajectories with cos θz = −0.6. The depth (height) of

the MSW resonance dip (peak) is proportional to sin2 α or sin2 θ24 in case of mass-mixing

or flavor-mixing schemes, respectively. In the mass-mixing scheme, ν̄µ dominantly converts

to ν̄s at the resonance energy, while in the flavor-mixing scheme ν̄µ entirely converts to ν̄s.

When |cos θz| < 0.82, the trajectories cross mantle-core-mantle and this parametric reso-

nance is more complex, as shown in the cos θz = −1 plots. At the parametric resonance ν̄µ
dominantly converts to ν̄τ for the mass-mixing scheme with sin2 α > 0.02, while again ν̄µ
entirely converts to ν̄s in the flavor mixing scheme.
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Figure 2. Same as figure 1 but for flavor mixing scheme probabilities.

For the neutrino channel there is no dip or peak due to sterile mixing, but for energies

less than ∼ 0.5 TeV, the νµ survival probability Pµµ is diminished due to increase of Pµs
or Pµτ transition probability (see figures 1 and 2). The effect of 2–3 mixture also becomes

substantial at energies E < 0.5 TeV. For probability calculations below 100 GeV, please

consult reference [56].

3 Fluxes

Atmospheric neutrinos are produced as decay products in hadronic showers resulting from

collisions of cosmic rays with nuclei in the atmosphere. At low energies the muon and elec-

tron neutrinos come mainly as secondary products of the pion and kaon mesons (known as

the conventional atmospheric neutrino flux). At higher energies an extra contribution to the

total flux is relevant due to prompt decay of the charmed mesons (D0, D+, D+
S ,Λ

+
C) created

from collisions of cosmic rays, and a crossover between the conventional and prompt atmo-

spheric neutrino fluxes occurs between 105–106 GeV. For this work we have used Gaisser-

Honda model of the conventional muon neutrino flux [57–59] extended to PeV neutrinos [60]

and Enberg-Reno-Sarcevic model for the prompt contribution [51].

After propagation through the Earth, primary fluxes of atmospheric muon (φ0µ) and

electron (φ0e) neutrinos can be used to calculate the νµ flux at the detector as

φµ = φ0µPµµ + φ0ePeµ ≈ φ0µPµµ . (3.1)

A similar equation holds for the anti-neutrinos. Here the last approximation follows from

the facts that φ0µ � φ0e and Peµ � 1. However, we take into consideration the contribution
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Figure 3. Zenith-angle (86◦–180◦) averaged atmospheric muon neutrino and antineutrino flux

data [61] and models [51]. The total flux is composed of conventional and prompt components

(orange dot-dashed lines) and shown without νs mixing (black continuous line) and with νs mixing

(blue-dashed line for mass mixing and red-dashed line for flavor-mixing).

from the tau leptons, created by the ντN charge-current (CC) interactions. The tau leptons

decay into muons with branching ratio ε ∼ 0.18 and the corresponding event is recorded as

νCC
µ . The ντ flux at the detector equals φτ ≈ φ0µPµτ , since, again, φ0µ � φ0e and Peτ � 1.

To be detected as a νµ event in the same muon energy bin the ντ energy needs to be ≈ 2.5

times higher than the νµ energy.

In figure 3 we shown the initial muon neutrino and antineutrino flux, averaged in

zenith-angle bin from 86◦ to 180◦. The data points are measurements by IceCube 79-

string (magenta data points) and 86-string (orange data points) configurations [61]. The

orange dot-dashed lines represent the conventional and prompt fluxes, while the black

continuous line corresponds to the total. The effect of sterile-neutrino mixing is shown as

the blue (red) dashed lines for the mass-mixing (flavor-mixing) scheme with sin2 α = 0.08

(sin2 θ24 = 0.08). The general feature of the sterile neutrino effect is a depletion of total

flux in the ≈ 102–104 GeV range. Note that the data points are systematically higher than

the model for Eν & 105 GeV. This is likely due to an astrophysical diffuse flux component.

4 IceCube data and event statistics

We use publicly available IC86 data from the IceCube collaboration’s website1 which has

also been used in IceCube sterile neutrino study [37]. This data release contains 20,145

well-reconstructed up going muon neutrino events, detected over a live time of 343.7 days

(2011–2012). The data release also contains detector response arrays for the IC86 config-

uration and conventional atmospheric flux models. These tensors/arrays have the form:

1http://icecube.wisc.edu/science/data/IC86-sterile-neutrino.
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T (Eν , cos θz, Eµ), where Eµ is the reconstructed muon energy (logarithmically spaced in

10 bins ranging from 400 GeV to 20 TeV), the muon direction is spaced in 21 bins from

cos θz = −1 to 0.24, and the neutrino energy Eν is logarithmically spaced in 200 bins from

200 GeV to 1× 106 GeV. The tensors have units of GeV cm2 s sr.

We calculate the number of expected events with and without sterile neutrino mix-

ing using the “nominal” detector response tensors that correspond to standard detector

sensitivity according to

N(cos θz, Eµ) =
∑

(Eν)bins

T (Eν , cos θz, Eµ)φ̄(Eν , cos θz) , (4.1)

where φ̄(cos θz, Eν) is the flux at the detector, averaged for the same energy and zenith-

angle bins as the tensor. These expected events can be compared with the experimental

data. In figure 4 we plot an example of zenith angle (left panel) and reconstructed muon

energy (right panel) distributions of expected events based on given models and compare

with IC86 neutrino event data [37]. For this particular example we have used the νs mass-

mixing scheme and atmospheric neutrino flux model with (histogram labeled as C+P)

and without (histograms labeled as C) the prompt component. The effect of prompt flux

component is evident at energies & 5 × 103 GeV (right panel). The histograms labeled

sin2 α = 0 correspond to no νs mixing and those models match with data better than the

model with sin2 α = 0.08. We perform a detailed chi-square test next in order to derive

constraint on the νs mixing parameters.

5 Statistical test

In order to find sensitivity to sterile neutrino mixing parameters using experimental data

with uncertainties in both model and data, we use the following χ2 function [49]

χ2(sin2 θ∗,∆m2
42; β̂) =

∑
i,j

[(Nij)exp − β0β2[1 + β1(0.56 + (cos θz)i)](Nij)mod]2

(σ2ij)stat + (σ2ij)syst

+
(1− β0)2

γ20
+
β21
γ21

+
(1− β2)2

γ22
+
β23
γ23

, (5.1)

where θ∗ = α or θ24 represents the mass mixing scheme or flavor mixing scheme, re-

spectively. The parameters β̂ = (β0, β1, β2, β3) take into account the uncertainties of the

atmospheric neutrino flux normalization; zenith dependence tilt; muon to electron neutrino

ratio; and power-law index of the conventional flux, respectively. Experimental data and

theoretical model data are represented as (Nij)exp and (Nij)mod, respectively, with the i-th

(j-th) index refers to cos θz (Eµ) bin according to equation (4.1). The distribution of events

can be rotated around the point cos θz = −0.56 (middle point in the cos θz = [0, 0.12] range

of response tensors) with an angle determined by β1. The errors on the fitting parameter

set β̂ used for calculation are: γ0 = 0.2, γ1 = 0.04, γ2 = 0.05 and γ3 = 0.1. The sta-

tistical error is calculated as (σij)
2
stat = (Nij)exp and the uncorrelated systematic error as

(σij)
2
syst = f2(N2

ij)exp with a parameter f , which quantifies the detector precision. We will

present constraints on sterile neutrino mixing parameters with f = 5% and 10%.
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Figure 4. Zenith angle (left panel) and neutrino energy (right panel) distributions of IC86 neutrino

event data [37] and models. The models shown are for conventional (C) atmospheric flux-only and

without (with) νs mixing using orange (green) continuous histogram; and for conventional+prompt

(C+P) atmospheric flux and without νs mixing using magenta dashed histogram.

We minimize the χ2 function in equation (5.1) by varying the β̂ parameters for fixed

values of the mixing angle sin2 θ∗ and mass-squared difference ∆m2
42. The difference in

minimized χ2 for models with and without νs mixing

4χ2 = χ2
min(with sterile neutrino) − χ2

min(no sterile neutrino) , (5.2)

is then used to quantify the rejection significance of the νs mixing parameters for a given

mixing scheme. In case of no νs mixing and for f = 10%, using both the conventional and

prompt atmospheric fluxes we obtain χ2
min = 178 for 204 degrees of freedom. The best-fit

parameter values in this case are β0 = 1.01, β1 = 0.0003, β2 = 1.0006 and β3 = 0.02. We

report constraints on sin2 θ∗ and ∆m2
42 derived from our analysis of IC86 data in the next

section.

6 Results and discussion

6.1 Constraints on νs mixing parameters

The results of our analysis of IC86 public data are shown in figure 5, with the top two panels

for the mass-mixing scheme, by converting the angle α to θ24 according to equation (2.5),

and the bottom two panels for the flavor-mixing scheme. The exclusion regions in the

∆m2
42–sin2 θ24 parameter space are right to the black continuous curves at 1σ–6σ CL (from

left to right) according to our analysis using the conventional atmospheric flux only. The red

dashed lines represent the same but using both the conventional and prompt atmospheric

fluxes. The left (right) panels are for f = 5% (10%) uncorrelated systematic uncertainties.

Larger systematics of course relax constraints on the mixing parameters. Furthermore, the

flavor-mixing scheme also gives less tighter constraints on the allowed parameters. This is

because 2 sin2 θ24 ≈ sin2 α, for small values of sin2 α according to equation (2.5), on each

point of the exclusion curves in figure 5; which makes the flavor-mixing scheme the less

restrictive model.
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Figure 5. Exclusion regions in the sterile neutrino mixing parameter space for the mass-mixing

(MMS at top panels) and flavor-mixing (FMS at bottom panels) schemes. The left (right) panels

are for f = 5% (10%) uncorrelated systematic uncertainties. The continuous black lines correspond

to confidence levels from 1σ to 6σ with initial conventional atmospheric flux and the red dashed

lines correspond to the same but including also the atmospheric prompt flux contribution. The blue

dotted line corresponds to IceCube’s 99% CL exclusion region [37] and the green dot-dashed line

represents 99% CL exclusion region from the combined disappearance experiments [62]. The shaded

areas correspond to allowed regions from the appearance experiments. The latest MiniBooNE 3σ

allowed regions are shown with purple dashed contours [44]. See main text for more details.

Also, in figure 5 we show IceCube 99% CL exclusion region [37] with the blue dotted

line and a 99% CL exclusion region using combined disappearance experiments, including

IceCube, with the green dot-dashed line [62]. The orange shaded areas represent allowed

regions with 99.73% CL (3σ) for combined appearance experiments including decay-in-

flight (DiF) data. The blue shaded areas are allowed regions at 99% CL and excluding the

DiF data, while the green shaded area is the same allowed region at 99% CL but including

the DiF data. The purple dashed contours for the MiniBooNE latest result correspond to

3σ allowed region [44]. When it is necessary to convert mixing angles from appearance or

disappearance experiments we use the formula

sin2 θ24 =
sin2 2θµe

4|Ue4|2(1− |Ue4|2)
, (6.1)

with |Ue4| = 0.1 [62].
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We note that our exclusion regions begin to be less restrictive for ∆m2
42 & 1 eV2, when

taking into account the prompt atmospheric flux contribution. This change is greater

as the value of the mass-square difference increases and is greater also for smaller sigma

values. Although the difference between the significance regions with and without the

prompt component is small for the range of energies studied here, our study suggests

that prompt-type contribution could be important for ∆m2
42 & 10 eV2 and sin2 θ24 .

0.01. This is because the prompt flux contribution increases the total number of events at

higher energies which tends to replenish the lost events caused by sterile neutrino mixing,

thus relaxing slightly the bound limits. We find that the 3σ allowed regions from the

combined appearance experiments (orange shaded areas) are excluded at & 3σ (& 4σ)

CL in case of flavor-mixing (mass-mixing) scheme with 10% systematics, both with and

without the prompt atmospheric flux component. The 3σ allowed regions from the latest

MiniBooNE appearance results are mostly excluded at & 3σ CL in case of the flavor-

mixing scheme, when considering only the conventional atmospheric flux component; but

some smaller regions survive when including the prompt flux component (see bottom right

panel of figure 5). In case of mass-mixing scheme, most allowed regions from the latest

MiniBooNE appearance results are excluded at & 3σ CL, both with and without the

prompt atmospheric flux component (see top right panel of figure 5).

6.2 Summary

In this paper we have used the mass mixing scheme and νµ − νs flavor mixing scheme to

calculate the effect of one sterile neutrino on oscillations through propagation inside the

Earth. We have analyzed the cases with initial conventional and conventional + prompt

atmospheric neutrino flux to see the differences of the two scenarios, for both schemes. In

order to calculate the number of events and sensitivity of the IceCube neutrino detector to

sterile neutrino mixing, we have used publicly available IceCube data tensors for detector

characteristics in the muon energy range of 200–104 GeV.

We have performed a chi-square test of the sterile-neutrino mixing models using mea-

sured event distributions in energy and zenith-angle bins [37] in order to calculate the

exclusion regions in the ∆m2
42–sin2 θ24 plane. We find that the flavor-mixing scheme in

general provides less restrictive constraints on the mixing parameters, as expected. Our re-

sults are also in general more restrictive than IceCube limit, in particular for ∆m2
42 & 1 eV2.

An important finding of our analysis is that including the prompt atmospheric flux

contribution in the sterile neutrino analysis is required. This is because neutrinos with

energy up to 106 GeV is used for muon event calculation in IceCube data and the prompt

component becomes significant at & 105 GeV. The prompt component relaxes slightly the

exclusion regions above ∆m2
42 ∼ 1 eV2. Future studies could give larger differences for

∆m2
42 & 10 eV2 and sin2 θ24 . 0.01 values. In principle a cosmogenic flux component could

be required as well when probing large ∆m2
42 values.

We exclude the combined appearance experiments’ 3σ CL allowed regions in the ∆m2
42–

sin2 θ24 parameter space at & 3σ CL, in case of less restrictive flavor-mixing scheme and

with 10% uncorrelated systematics. The 3σ CL allowed regions from the latest MiniBooNE

results are excluded at & 3σ CL when using conventional atmospheric flux only. Some small
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allowed regions survive at ∼ 3σ CL when we include prompt atmospheric flux component,

thus keeping tension between the appearance and disappearance experiments.
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