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1 Introduction

A fascinating field of research, attracting the interest of both the high energy and the

condensed matter communities, consists of the 3d analogue of 2d bosonization. This phe-

nomenon can be more generally thought of as a limiting case of a broad web of non-

supersymmetric 3d dualities (see for example [1–5] for an incomplete list of references).

These 3d dualities share many common properties with their supersymmetric counter-

parts, and some attempts to derive them from the supersymmetric case appeared in [6–10].

This provides one of the main motivations for further investigations on the supersymmetric

side of 3d dualities.

So far most of the non-supersymmetric dualities discussed in the literature refer to

gauge theories with fundamental matter fields. Recently dualities involving QCD3 with
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two-index tensor matter fields appeared in [11–13]. In the supersymmetric case models

with two-index tensor matter fields played a relevant role in the generalizations of 4d

Seiberg duality, starting from the original example of [14]. Furthermore 4d theories with

fundamental and adjoint matter fields have been recently used as a perturbative description

of 4d N = 2 non-lagrangian SCFTs [15–18].

In general 3d dualities involving two-index tensor matter fields have been derived

by a circle reduction of the 4d cases [19–21] by following the prescription of [22]. This

is a stepwise procedure. The first step consists of finding, on R1,2 × S1, an effective 3d

description of the 4d duality. This can be thought of as a new 3d IR duality, UV completed

by the 4d physics. The final step consists of taking the 3d limit and it is accomplished

by real mass and Higgs flows. By applying this procedure 4d Seiberg duality (and its

generalizations) reduces to 3d Aharony duality (and its generalizations).

A different 3d limit was recently considered in [23] for the reduction of USp(2Nc)

SQCD4. This led the authors to discover new interesting families of 3d dualities with non-

trivial monopole superpotentials.1 A generalization of these new dualities to the cases with

tensorial matter fields has not been obtained yet.

Here we consider the circle reduction of USp(2Nc) SQCD4 with one antisymmetric

matter field. The 4d dualities involving this gauge and matter content have been originally

discussed in [28], in the presence of a power law superpotential for the antisymmetric

field. The generalization of Seiberg duality for such models was obtained and many tests

have been performed. The dynamics of these theories in the absence of the tree level

superpotential for the antisymmetric field has been discussed originally in [29], in the

presence of six fundamentals. It was shown that this theory confines in the IR without

chiral symmetry breaking.

More recently the analysis has been extended to USp(2Nc) gauge theories with eight

fundamentals, an antisymmetric and a set of extra singlets. Making use of exact mathe-

matical identities for N = 1 superconformal indices, the authors of [30] constructed a large

number of magnetic duals of this theory, all of which are related by the action of a reflection

group of the type of the E7-root system Weyl group. In [24] it was then shown that in the

rank-1 case these dualities can become a self-duality of a single theory that exhibits an IR

global symmetry enhancement to the full E7 algebra and in [31] this result was generalized

to arbitrary rank also showing that the symmetry actually enhances to E7 ×U(1).

In this paper we study the dimensional reduction of these 4d models, finding large

classes of new relations and dualities. In section 2 we study the reduction of USp(2Nc)

theories with 2Nf fundamentals Q, an antisymmetric A and superpotential W = trAk+1.

We generalize the structure of RG flows and 3d dualities already worked out for the case

without antisymmetric matter. The main results obtained in this section are highlighted

in red in figure 1. In section 3 we study the reduction of the 72 dual phases involving

USp(2Nc) gauge groups, eight fundamentals and an antisymmetric. We show that the

Weyl group of E7 is still at work, preserving the 4d dualities. Moreover we show that by

real mass flow we can generalize the result of [24] where the Weyl group of D6 relates two

1See also [17, 24–27] for other applications of monopole superpotentials to 3d N = 2 theories.
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classes of dual theories. On one hand one has USp(2Nc) theories with six fundamentals and

one antisymmetric. On the other hand there are U(Nc) gauge theories with four pairs of

fundamentals and anti-fundamentals and an adjoint. By further real mass flow a large web

involving USp/U dualities can be constructed. We have summarized this construction in

figure 2. It is interesting to observe that a generalization of the SU(3) global symmetry en-

hancements, discussed recently in [32–35] for U(1) with two fundamentals, is obtained here

for U(Nc) with two fundamentals and one adjoint. In section 4 we study the dimensional

reduction of the confining USp(2Nc) gauge theory with one antisymmetric and six funda-

mentals. We obtain new 3d confining theories with both USp(2Nc) with fundamentals and

one antisymmetric and U(Nc) gauge group with fundamentals, antifundamentals and one

adjoint. In section 5 we conclude discussing open questions and future lines of research.

In appendix A we review some useful mathematical tools that we used in our analysis.

Note added. Sections 3 and 4 of our work overlap with [36], that appeared today. We

are grateful to Sergio Benvenuti for informing us of its results.

2 2Nf fundamentals, one antisymmetric A and W = trAk+1

In this section we study the reduction to three dimensions of 4d theories with USp(2Nc)

gauge group, 2Nf fundamental fields Q and one antisymmetric field A, with superpotential

W = trAk+1. (2.1)

This theory has a Seiberg-like dual description [28], corresponding to a USp(2(k(Nf − 2)−
Nc)) gauge theory, with 2Nf dual fundamentals q and one antisymmetric a. In this case

the superpotential of the dual theory is

W = tr ak+1 +

k−1∑
j=0

trMk−j−1qa
jq , (2.2)

where the generalized mesons Mj are identified with the gauge invariant combinations

QAjQ and the contractions with the symplectic forms are left implicit. While the reduction

on S1 for this model has already been discussed in the literature [20, 21], here we will

study some further flows, constructing dualities involving 3d U(Nc) gauge theories with

fundamental flavor, adjoint matter and monopole superpotentials. These flows are triggered

by large real masses and large expectation values for the real scalars in the 3d N = 2

vector multiplet (a.k.a. Higgs flows). When k = 1 they reduce to the flows studied in [23]

for USp(2Nc) SQCD. In figure 1 we have depicted the various steps of the dimensional

reduction, the real mass and Higgs flows studied in the literature for the cases without

and with matter fields in tensorial representation. We highlighted in red the flows and the

models that we study in this section in order to complete the classification. Observe that

here we are not considering dualities with CS terms, as the ones considered in [37–40].
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Figure 1. In figure (a) we represented two different strategies, appeared in the literature, that

starting from 4d dualities led to Aharony duality. In the first case one starts from Seiberg dual-

ity [41], reduces on the circle obtaining a new effective duality [22] and then, by a real mass (and

a Higgs flow in the dual phase), one recovers Aharony duality [42]. In the second case one starts

from the duality of [43], reduces on a circle and then flows to a new duality [23], in the presence

of monopole superpotentials. It is then possible to either flow to the duality with a single term in

the monopole superpotential or to the conventional Aharony duality by a real mass flow. In figure

(b) we discussed the same type of reductions for theories with two-index tensorial matter. The first

reduction connects the 4d duality of [14] to the 3d duality of [44] and it has been studied in [19].

In the second case we observe that the 3d duality of [44] can be recovered also starting from the 4d

duality with USp(2Nc) gauge group, with fundamentals and an antisymmetric [28]. This duality

has been already reduced on a circle in [20, 21], while the other steps have not been performed yet

in the literature. We highlighted in red these new steps, and they will be the subject of our analysis.

2.1 The 3d duality with a monopole superpotential

The reduction to three dimensions of this model has already been discussed in the literature

in [20, 21]. This consists of the stepwise procedure introduced in [22] and reviewed in

appendix A.1. Observe that in this case the matter content allows the generation of the

KK superpotential even in the absence of superpotential interactions (see appendix A.2.7

for details). This generates an effective duality on S1. This effective duality on S1 can be

deformed into a 3d duality between USp(2Nc) gauge theories as discussed in [20, 21], by

a real mass flow. There is another interesting flow that can be performed, consisting of a

mixing between a real mass and Higgs flow, of the type introduced in [24] and thoroughly

investigated in [23, 25]. Such a flow can be triggered by splitting the real mass µa of the

2Nf fundamentals into Nf components ma and Nf components na and considering the

following real mass flow

µa → ma + s, µa+Nf → na + s, , a = 1, . . . , Nf (2.3)

with s → ∞. At the same time one needs to consider the Higgs flow σi → σi + s, with

i = 1, . . . , n. This leads to a 3d duality between a U(Nc) theory with Nf fundamentals Q,
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Nf anti-fundamentals Q̃ and one adjoint X with superpotential

W = trXk+1 + T0 + T̃0 (2.4)

and a U(k(Nf − 2)−Nc) theory with Nf fundamentals q, Nf anti-fundamentals q̃ and one

adjoint x, with superpotential

W = trxk+1 +

k−1∑
j=0

trMk−j−1qx
j q̃ + t0 + t̃0 (2.5)

where the generalized mesons are Mj = QXjQ̃. Turning on the linear monopole superpo-

tentials in (2.4) and in (2.5) breaks the topological and the axial symmetry and it fixes the

R-charges of the fundamentals. Furthermore this is consistent with the duality map: impos-

ing in the electric theory the monopole and the anti-monopole R-charge as ∆T0 = ∆
T̃0

= 2

fixes the R-charge of the fundamentals as

∆Q = ∆
Q̃

=
Nf − 2−∆X(Nc − 1)

Nf
(2.6)

In the magnetic theory a similar computation gives

∆q = ∆q̃ =
2−Nf + ∆x(Nc +Nf − 1)

Nf
(2.7)

The duality map ∆q = ∆X −∆Q is satisfied by (2.6) and (2.7).

We conclude this discussion with a remark on the linear monopole superpotentials

in (2.4) and in (2.5). The generation of such a superpotential for a U(Nc) gauge theory with

adjoint matter may appear incorrect, because the adjoint field adds two further zero modes

to the ones carried by the gaugino. Nevertheless we claimed that the linear superpotential

for the bare monopole and anti-monopole can be generated. This is motivated by the nature

of the UV completion of our theory: indeed the U(Nc) theory that we are describing

so far is UV-completed by a USp(2Nc) gauge theory with an antisymmetric field. By

performing the counting of the zero modes in this setup (see appendix A.2) one can observe

that the antisymmetric field does not lead to any further zero mode in the monopole

backgrounds that we are considering, and this signals the presence of the linear monopole

superpotentials. In other words the linear monopoles are inserted in the UV USp(2Nc)

theory, where they are perfectly consistent with the zero mode counting, and they modify

the Coulomb branch of the IR U(Nc), treated as an effective theory.

2.2 Flowing to Kim-Park duality

Starting from the duality above we can flow to the duality of [44] as follows. First we

consider a U(Nc) gauge theory with Nf + 2 flavors and one adjoint with the superpoten-

tial (2.4). The dual theory has U(kNf − Nc) gauge group, Nf + 2 flavors, one adjoint

and the superpotential coincides with (2.5). Then we trigger the flow by shifting the real

masses as

mNf+1 → mNf+1 + s, mNf+2 → mNf+2 − s,
nNf+1 → nNf+1 − s, nNf+2 → nNf+2 + s,

(2.8)

– 5 –



J
H
E
P
0
2
(
2
0
1
9
)
0
1
3

with s → ∞. In the electric theory we obtain a 3d theory with U(Nc) gauge group, Nf

flavors, an adjoint and superpotential W = trXk+1. In the dual theory the situation is

more involved. Indeed in this case some of the components of the original mesons remain

massless even if they are not associated to the massless mesons of the electric theory. These

are the (Nf + 1)-th and the (Nf + 2)-th diagonal components of Mj . These fields are light

gauge singlets in the magnetic theory and their quantum numbers are compatible with the

following superpotential interactions

W = t0

k−1∑
j=0

(Mj)Nf+1,Nf+1 trxj + t̃0

k−1∑
j=0

(Mj)Nf+2,Nf+2 trxj (2.9)

where t0 and t̃0 are the bare monopole and anti-monopole of the U(kNf −Nc) theory. The

dressed monopoles of the dual theory can be defined as tj = t0 trxj and t̃j = t̃0 trxj . On

the other hand the singlets (Mj)Nf+1,Nf+1 and (Mj)Nf+2,Nf+2 can be identified with the

dressed monopoles of the electric theory, i.e. Tj = T0 trXj and T̃j = T̃0 trXj . The final

form of the superpotential of the dual theory is then

W = trxk+1 +

k−1∑
j=0

trMk−j−1qx
j q̃ +

k−1∑
j=0

(
tjT

k−1−j + t̃j T̃
k−1−j

)
(2.10)

reproducing the dual superpotential of the Kim-Park duality.

2.3 Duality with a single monopole superpotential

This case can be studied starting with Nf + 1 flavors and monopole superpotential (2.4).

The dual theory in this case has rank U(k(Nf − 1)−Nc). We consider the real mass flow

mNf+1 = η + s, nNf+1 = η − s (2.11)

In the electric theory this real mass flow reduces the number of flavors, and removes the

contribution of T̃0 to the superpotential (2.4). This gives a U(Nc) electric theory with Nf

flavors and superpotential

W = trXk+1 + T0 (2.12)

Observe that at the level of global currents this superpotential restores a combination of

the axial U(1)A and the topological U(1)J symmetries.

On the dual side the real mass deformation (2.11) reduces the number of flavors,

while it leaves the rank of the dual group invariant. The deformation (2.11) removes the

contribution of t̃0 to the monopole superpotential and it reduces the number of singlets,

from k(Nf + 1)2 to k(N2
f + 1). The first kN2

f components correspond to the generalized

mesons of the electric theory, Mj = QXjQ̃. The last k components correspond components

of the generalized mesons that remain light despite (2.11). We refer to these k components

as Sj , with j = 0, . . . , k−1. Their quantum numbers are compatible with the superpotential

W = trxk+1 +
k−1∑
j=0

trMjqx
j q̃ + t0 +

k−1∑
j=0

Sj t̃j (2.13)

where t̃j = t̃0 trXj are the dressed anti-monopoles of the magnetic theory. It is then

natural to identify Sj with the dressed monopoles of the electric theory.
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2.4 Partition functions

The sequence of reductions and dualities discussed above can be studied at the level of

localization. The 4d/3d reduction can indeed be analyzed by reducing the identity between

the superconformal indices relating the 4d duality (see appendix A.3 for details). This

provides a relation between the 3d partition functions localized on a squashed three sphere,

leading to the identity

ZUSp(2Nc)(~µ; τ) =

k−1∏
j=0

∏
1≤a<b≤2Nf

Γh(jτ + µa + µb)ZUSp(2Ñc)
(~̃µ; τ) (2.14)

where the parameters of the electric theory are related by the constraint (referred in A.3

as balancing condition)

2Nf∑
a=1

µa = 2(ω(Nf − 2)− (Nc − 1)τ) (2.15)

The parameter τ is constrained here by the superpotential, it corresponds to τ = ω
k+1 .

Indeed the antisymmetric field in this case is not charged under any non-R global symmetry

because of the superpotential. The parameter τ is purely imaginary and corresponds to the

R-charge of the antisymmetric field. The rank of the dual group is Ñc = k(Nf − 2)−Nc.

The parameters µ̃a are related to the electric ones by the duality map µ̃a = τ − µa.
Starting from the relation (2.14) we can shift the scalars σi → σi + s and consider the

real mass flow µa = ma + s, µa+Nf = na − s for 1 ≤ a ≤ Nf . This does not affect the

balancing condition (2.15) but it leads to the relation

ZU(Nc)(~m;~n; τ) =
k−1∏
j=0

Nf∏
a,b=1

Γh(jτ +ma + nb)ZU(Ñc)
( ~̃m; ~̃n; τ) (2.16)

where m̃a = τ − ma, ña = τ − na. Relation (2.16) represents the equivalence between

the partition functions of the models discussed in subsection 2.1. The presence of the

monopole superpotential is encoded in the constraint (2.15). Observe that the presence

of this constraint breaks the otherwise non-anomalous axial symmetry. The breaking of

U(1)J is encoded in the absence of an FI.

We can also reproduce the flow to the Kim-Park duality on the partition function. The

final relation was originally proved in [45] by considering the reduction of KSS duality on

S1. The flow from the effective duality on S1 to the Kim-Park duality required a Higgsing

in the dual phase. This Higgsing led to a product of gauge groups. One of them represented

the dual gauge group while the other needed to be dualized to set of singlet, corresponding

to the electric monopoles acting as singlets in the dual phase. On the partition function

this dualization was possible because of an exact relation at the level of the 3d partition

function, discussed in [46]. Interestingly this relation played a relevant role recently in [47],

in the reduction of AD theories to 3d.

Here we arrive at the same final identity proven in [45] by following a different strategy.

First we consider the monopole duality with Nf + 2 flavors. Then, on the electric side we

– 7 –
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shift the flavors as discussed in (2.8). The final identity is

ZU(Nc)(~m;~n; τ ; Λ) =

k−1∏
j=0

Γh

±Λ

2
+ ωNf + (j −Nc + 1)τ −

Nf∑
a=1

ma + na
2


×

Nf∏
a,b=1

Γh(jτ +ma + nb)ZU(Ñc)
( ~̃m; ~̃n; τ ;−Λ) (2.17)

Observe that the balancing condition becomes

Nf∑
a=1

(ma + na) + 2(mNf+1 +mNf+2) = 2(ωNf − (Nc − 1)τ) (2.18)

The parameters mNf+1 and mNf+2 are free, signaling the absence of a balancing condition

on the mass parameters ma and na. On the physical side the combinations mNf+1 +

mNf+2 represents the presence of an axial symmetry while the parameter Λ = 2(mNf+1 −
mNf+2) represents the Fayet-Iliopoulos (FI) term. It indeed appears as eiπΛ

∑
σi on the

l.h.s. of (2.17) and with an opposite side on the r.h.s. . The first term on the r.h.s. of (2.17)

represents the contribution of the dressed monopoles of the electric theory acting as singlets

on the dual side.

We conclude the analysis by considering the real mass flow studied in sub-section 2.3,

leading to the theory with a single monopole superpotential. In this case we consider the

electric theory with Nf + 1 flavors and deform it as in (2.11). The balancing condition

becomes

2τ(Nc − 1) +

Nf∑
a=1

(ma + na) + 2η = 2ω(Nf − 1) (2.19)

The presence of η in (2.19) signals the fact that an extra abelian symmetry has been

generated by the real mass flow. To understand the origin of this symmetry one can look

at the final identity relating the partition functions of the electric and of the magnetic

theory. In this case we have

ZU(Nc)(~m;~n; τ ;ω − η) = e
πi
2
k
∑Nf
a=1(m2

a−n2
a)

Nf∏
a,b=1

Γh(jτ +ma + nb) (2.20)

×
k−1∏
j=0

Γh

η + ω(Nf − 1) + τ(j −Nc + 1)− 1

2

Nf∑
a=1

(ma + na)

ZU(Ñc)
( ~̃m; ~̃n; τ ; τ−ω−η)

where m̃a = τ − ma, ña = τ − na and Ñc = k(Nf − 1) − Nc. The result matches the

expectations from the field theory analysis. Indeed one can read the charges of the singlets

from the partition function and check that they coincide with the ones obtained for the

singlets Sj in the superpotential (2.13).
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3 Eight fundamentals and E7 symmetry

In this section we re-consider the gauge and field content discussed above, i.e., supersym-

metric gauge theories with a symplectic gauge group, fundamentals Q (here we restrict to

2Nf = 8) and one anti-symmetric tensor matter field A. However, here we have models

without a power law superpotential for the field A. These theories have been analyzed

in [24, 30, 31] where it has been shown that these models present an IR enhancement of

the global symmetry to E7 × U(1). In the following we will study the reduction of these

models to 3d, showing the appearance of monopole superpotentials and constructing an

intricate web of dualities. These new dualities generalize the 3d SU(2)/U(1) duality dis-

covered in [24] to a USp(2Nc)/U(Nc) duality. We also emphasize the key role played by

monopole superpotentials in the analysis and check many of the claims by testing them

with the three sphere partition function.

3.1 The 4d theory

The 4d theories have been largely discussed in [30, 31] and here we will just briefly review

some of the main aspects of these models necessary for our analysis. One can divide

the 4d theories into 4 classes, depending on the global symmetry and on the presence of

singlets that can be added without further breaking of the flavor symmetry. The first two

classes, (A) and (B) have a classically unbroken SU(8) global symmetry, while the other

two classes, (C) and (D) have a smaller SU(4) × SU(4) classical global symmetry. In the

following we discuss some of the salient features of these theories.

(A) The theory has a global SU(8)×U(1)×U(1)R symmetry group and the fields transform

under the gauge and global symmetries as

USp(2Nc) SU(8) U(1)′ U(1)R

Q 2Nc 8 1−Nc
4 RQ

A Nc(2Nc − 1)− 1 1 1 RA

(3.1)

The anomaly freedom of the R-symmetry imposes the constraint

(Nc + 1) + (Nc − 1)(RA − 1) + 4(RQ − 1) = 0 (3.2)

(B) This is a Seiberg dual phase, the global symmetry group visible in the lagrangian

is maximal, i.e. SU(8) × U(1) × U(1)R. This dual theory has Nc mesons in the two

index antisymmetric representation of the non-abelian SU(8). These 28 dimensional

mesons act as singlets in the dual phase and they can be expressed in terms of the

matter fields of the electric phase as

M (j)
rs = QrQsA

Nc−1−j with 1 ≤ r < s ≤ 8 and j = 0, . . . , Nc − 1 (3.3)

The eight dual fundamentals q and the dual antisymmetric a interact with the meson

through the superpotential

WB =

Nc−1∑
j=0

trM (j)qqaj (3.4)
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(C) In this case the global SU(8) symmetry is explicitly broken to SU(4)×SU(4)×U(1)B,

where the subscript B in the abelian factor indicates that this symmetry acts like a

baryonic symmetry giving an opposite charge to the fundamentals of the two SU(4)

factors. There are Nc mesons M (j) in the 4 × 4 representation of the non-abelian

symmetry group and there is a superpotential

WC =

Nc−1∑
j=0

trM (j)qpaj (3.5)

where the four anti-fundamentals q refer to the first SU(4) factor and the four funda-

mentals p refer to the second SU(4) factor. Up to permutations there are 1
2

(
8
4

)
= 35

inequivalent theories, having the same field content in terms of gauge group and

charged matter. All these models are claimed to be dual to the ones presented in (A)

and (B).

(D) There is a second family of theories with an SU(4)2 manifest global symmetry group.

This theory has two types of mesons, each one in the antisymmetric representation

of one of the two SU(4) factors. Referring to these mesons as M (j) and N (j) the

superpotential becomes

WD =

Nc−1∑
j=0

tr
(
M (j)qqaj +N (j)ppaj

)
(3.6)

Also in this case there are 35 inequivalent theories and they are claimed to be dual

to the ones discussed in (A), (B) and (C).

The duality among these 72 models has been claimed in [30], by use of the integral identities

of [48] between their superconformal indices. These identities correspond to the action of

the Weyl group of E7 on the chemical potentials associated to the global symmetries. One

can then imagine that the set of 72 dual theories forms an orbit for the action of the

Weyl group of E7 with stabilizer the parabolic subgroup S8
∼= W (A7) corresponding to the

manifest global symmetry of the lagrangian which acts by permutation of the fundamental

fields. The size of the orbit is then given by the ratio of the orders of the two groups, which

is precisely the number 72. In the case of even Nc it has been also observed [31] that all

the models can be deformed in such a way that one deals with 72 self dual phases. In such

cases the (self)-duality group enhances the SU(8) ×U(1) global symmetry to E7 ×U(1).

3.2 Reduction to 3d

The models described above can be reduced to 3d by a circle compactification. The pre-

scription of [22], reviewed in appendix A.1, is necessary in order to preserve the duality

among the different 72 phases. We reduce the spectrum and the interactions of each phase

and then add the KK monopole superpotential (see A.2.7 for details). The presence of

the KK monopole superpotential imposes further constraints on the 3d real masses of the

matter fields. In this case the constraint is

(Nc + 1) + (Nc − 1)(∆A − 1) + 4(∆Q − 1) = 0 (3.7)
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where ∆Q and ∆A are the 3d R-charges of the fundamentals and of the antisymmetric

respectively. Observe that the constraint (3.7) is equivalent to the one imposed in 4d by

the anomaly freedom of the R-current. The KK monopole superpotential constrains the

global symmetries as well, preventing the generation of possible axial symmetries.

This procedure preserves the duality among the 72 USp(2Nc) theories with eight fun-

damentals and an antisymmetric. This can indeed be thought of as a duality between 3d

effective theories. This claim can be tested by reducing the identities between the supercon-

formal indices to identities between the three sphere partition functions. The final identities

already appeared in the literature in [46] (see [49] for a seminal work). Here we translate in

a physical language many of the results of [46], deriving an interesting set of new 3d N = 2

dualities. The starting point consists of considering the exact mathematical identity

ZUSp(2Nc)(~µ; τ) =

Nc−1∏
j=0

∏
1≤r<s≤4

Γh(jτ + µr + µs)
∏

5≤r<s≤8

Γh(jτ + µr + µs)ZUSp(2Nc)(
~̃µ; τ)

(3.8)

where we defined µ̃ = {µr + ζ, µr+4 − ζ} for r = 1, . . . , 4 and

2ζ =
8∑
r=5

µr − 2ω + (Nc − 1)τ = −
4∑
r=1

µr + 2ω − (Nc − 1)τ (3.9)

This identity holds provided the constraint

2(Nc − 1)τ +
8∑
r=1

µr = 4ω (3.10)

is imposed on the mass parameters µr and τ . The relation (3.8) together with the invari-

ance of the integral under permutations of the eight µr variables provides the invariance

under the action of W (E7) [46, 49]. Observe that (3.8) can be viewed as a master relation

and that all possible other dualities can be proved by alternating (3.8) and permutation.

For example the duality between the two models with a manifest SU(8) global sym-

metry follows from (3.8). It is obtained by alternating the transformation (3.8) and three

permutations. More precisely one first applies (3.8) to the µi ordered as above. Then one

permutes the µ̃ variables exchanging µ̃3 and µ̃4 with µ̃5 and µ̃6 and apply (3.8) again.

The last permutation corresponds to exchange ˜̃µ3 and ˜̃µ4 with ˜̃µ7 and ˜̃µ8 and apply (3.8)

for the third time. Observe that each time we apply the transformation (3.8) we gener-

ate 12Nc new mesons, corresponding to Nc times the two antisymmetric representation of

each SU(4) global symmetry group. However the duality with the manifest SU(8) global

symmetry has Nc mesons in the antisymmetric representation of SU(8) corresponding to

28Nc components. One can observe explicitly that the extra 8Nc components are pairwise

massive and eliminate them on the integral identity by iterating the relation (A.47). The

final relation that one obtains is

ZUSp(2Nc)(~µ; τ) =

Nc−1∏
j=0

∏
r<s

Γh(jτ + µr + µs)ZUSp(2Nc)(
~̃µ; τ) (3.11)

with µ̃r = ω − Nc−1
2 τ − µr.
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It is interesting to observe that this last duality reduces to one of the cases discussed in

section 2 if we add to the superpotential the deformation W = ANc+1. This superpotential

deformation corresponds on the dual side to the contribution W = aNc+1 for the dual

antisymmetric field. This deformation breaks the U(1)′ symmetry and it forces τ = 2ω
Nc+1 .

It corresponds to the reduction of the duality of [50] studied in [21]. Indeed in this case

the dual mode must have USp(2(k(Nf − 2) − Nc)) gauge symmetry, where here k = Nc

and Nf = 4. The identity (3.11) corresponds to the one obtained in [21] if the actual value

of τ is inserted in the balancing condition.

We conclude by observing that the global symmetry of the integrals can enhance to

W (E7) if Nc is even, similarly to the 4d case. First one adds the superpotential

∆W =

Nc
2
−1∑

j=0

trM (j)QQAj +

Nc∑
j=2

βjtrA
j (3.12)

Then one observes that all the theories are self dual if this deformation is provided. At the

integral level this signals the fact the we must have an integral identity in which each phase

is just a re-parametrization of the real masses, without further uncharged matter fields

distinguishing the different phases. This corresponds to an enhanced symmetry and not to

a duality. This can be proven on the partition function by showing that the generator of

the Weyl reflection that does not correspond to a permutation is just a re-parametrization

of the masses. The further generator is the one generating the identity (3.8). The addition

of the superpotential (3.12) corresponds to multiplying the identity (3.8) by the terms

∏
r<s

Nc
2
−1∏

j=0

Γh(2ω − jτ − µr − µs)×
Nc∏
j=2

Γh(2ω − jτ) (3.13)

On the l.h.s. some of the terms simplify against the contributions of the mesons in (3.8).

The mesonic contributions that do not simplify correspond to the term

∏
r=1,...,4
s=5,...,8

j=0,...,Nc
2
−1

Γh(2ω−jτ−µr−µs)
Nc−1∏
j=Nc

2

 ∏
1≤r<s≤4

Γh(2ω−jτ−µr−µs)
∏

5≤r<s≤8

Γh(2ω−jτ−µr−µs)


(3.14)

We can substitute in this expression the real masses µ̃r = µr − ζ for r = 1, . . . , 4 and

µ̃r = µr + ζ for r = 5, . . . , 8 and when necessary plug in the condition (3.9). The final

result is that in the dual theory we remain with the same pre-factor added to the l.h.s.

of (3.8) in terms of the µ̃ masses.

∏
r<s

Nc
2
−1∏

j=0

Γh(2ω − jτ − µ̃r − µ̃s)×
Nc∏
j=2

Γh(2ω − jτ) (3.15)

Recalling that the identity (3.8) together with the permutations of µ generates the group

W (E7), proves that this is a symmetry of the integrals and supports the claim that the

model with the superpotential (3.12) enhances the global symmetry group to E7.
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3.3 Real mass flows: USp(2Nc) models and the action of D6

The next step consists of removing the KK monopole superpotential to obtain conventional

3d N = 2 models. This is done by integrating out some flavors, i.e. by assigning a large real

mass to them. When this procedure is done consistently on a pair of dual theories such a

duality can be preserved in the 3d limit [22]. In the case discussed here we have a set of dual

phases connected by a larger symmetry group than the one expected from the action. The

concepts of global symmetry and of duality are here strongly connected, and depending on

the details of the model the action of a duality group can become the action of a global

symmetry group. The group underlining this web of theories is the Weyl group of E7.

We have just reviewed its action on the complex combinations µ, representing the real

masses and the R-charges of the matter fields. By a real mass flow the W (E7) symmetry

group is generically broken to a subgroup. This subgroup is associated to the action of the

global symmetry group of the IR theory. In the following we study an explicit realization

of such a mechanism by assigning an opposite large mass to two fundamentals in the

USp(2Nc) theory with one antisymmetric and eight fundamentals. This assignment must

be done consistently with the duality map (3.9). For example we can assign the large

masses as µ7 = M + ξ7 and µ8 = −M + ξ8, with M > 0. The parameters ξ7,8 can be

eliminated after using the original constraints between the real masses (3.10), signaling the

fact that we will be left with a set of unconstrained real masses at the end of the flow.

This is consistent with the generation of an extra symmetry, constrained before by the

presence of the KK monopole superpotential. This is similar to the generation of the axial

symmetry in the reduction of 4d Seiberg duality to 3d Aharony duality. This signals the

fact that the monopole superpotential vanishes as well.

Let us consider the effect of such a mass deformation in one of the dual phases intro-

duced above. We proceed as follows: we pick up a pair of dual models, treating them as

a representative of the duality. We discuss the real mass flow for this pair of dual models

and then extract the necessary information to reconstruct the full duality symmetry. We

first study the following reduction between a pair of dual models:

• On the electric side we consider 3d N = 2 USp(2Nc) gauge theory with an anti-

symmetric and eight fundamental quarks. In this case the electric theory, after the

real mass flow, becomes USp(2Nc) with six fundamentals and one antisymmetric.

The real mass parameters are unconstrained.

• On the magnetic side we consider 3d N = 2 USp(2Nc) gauge theory with an anti-

symmetric, eight fundamental quarks and superpotential WD in (3.6). The situation

in this dual theory is more interesting. The mesons M (j) are light and survive in the

low energy spectrum. The other mesons that survive are the components N
(j)
56 and

N
(j)
78 . While the first set corresponds to the Nc generalized mesons of the SU(2) ⊂

SU(4) original flavor symmetry, the second set is associated to Nc new singlets, that

we denote as Tj . By looking at the charges of these singlets, they correspond to

the dressed electric monopoles, combinations of the bare monopole T0 of the electric

theory with powers of the antisymmetric field X, i.e., Tj = T0trAj . This is consistent
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with a superpotential of the form

WTj =

Nc∑
j=1

TNc−jtr p5p6a
j−1 (3.16)

The interaction with the other meson N
(j)
56 vanishes, because the fields p7 and p8 are

massive in the dual phase. Nevertheless the charges of this meson are consistent2

with the interaction

WN56 =

Nc∑
j=1

N
(j)
56 tj−1 (3.17)

where tj represents the dressed monopole of the magnetic theory tj = t0tr aj . The

final structure of the superpotential of the dual theory is

W =

Nc∑
j=1

(
trM (j)qqaj−1 + TNc−j tr p5p6a

j−1 +N
(j)
56 tj−1

)
(3.18)

One can also follow this real mass flow on the partition function. The duality is preserved

if the divergent terms coincide in the relation (3.8) after the infinite shifts are performed.

The real mass flow is performed by using the relation (A.48). The divergent term in the

electric partition function is a phase e
iπ

ω1ω2
φe with

φe = 2Nc (2M + ξ7 − ξ8) (ξ7 + ξ8 − 2ω) (3.19)

In the dual model there are two phases contributing to the divergent term. The first comes

from the mesons and the second one from the dual fundamentals, φm = φmes. + φfund..

They are

φmes. = 2Nc (2M + ξ7 − ξ8) (µ5 + µ6 + (Nc − 1)τ + ξ7 + ξ8 − 2ω)

φfund. = −2Nc (2M + ξ7 − ξ8) (µ5 + µ6 + (Nc − 1)τ) (3.20)

One can check that φe = φm leading to the equality

ZUSp(2Nc)0(~µ; τ) =

Nc−1∏
j=0

∏
1≤r<s≤4

Γh(jτ + µr + µs)Γh(jτ + µ5 + µ6) (3.21)

× Γh

(
4ω − (2Nc − 2 + j)τ −

6∑
r=1

µr

)
ZUSp(2Nc)0(~̃µ; τ)

where µ̃r = µr + ζ for r = 1, . . . , 4 and µ̃r = µr − ζ for r = 5, 6 and 2ζ = 2ω −
∑4

r=1 µr −
(Nc − 1)τ . Observe that this relation corresponds to theorem 5.6.11 of [46] after applying

the identity Γh(2ω − x)Γh(x) = 1 on the last term in (3.21). As explained there, the

integrals have an W (D6) symmetry, generated by the combined action of the permutation

of the parameters µr and by the transformation (3.21).

2Observe that further checks are necessary to prove the existence of such an interaction.
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One can also study the real mass flow triggered by µ7 = M+ξ7 and µ8 = −M+ξ8 on the

dual model that preserves the whole SU(8) flavor symmetry, identified by the superpotential

WB in (3.4). In this case some of the components of the mesons of the dual theory are

massive, while there are Nc singlets, associated to the combination Q7Q8A
j , massless in

the dual theory, that do not give rise to any generalized meson in the dual theory. They

correspond to the dressed monopole operators of the electric theory, T0 trAj , acting as

singlet in the dual phase. By looking at the charges of these singlets under the global

symmetry one can observe that there is a superpotential interaction compatible with the

presence of these fields. The interaction is

W =

Nc−1∑
j=0

Tj tNc−1−j (3.22)

where tj = t0 tr aj are the dressed monopoles of the dual theory. We can perform some

checks of this duality.

• As a first consistency check we observe that if the antisymmetric acquires a mass term

and it is integrated out, the superpotential (3.22) corresponds to the one expected

for the Aharony duality for USp(2Nc) with six fundamentals and Nc = 1.

• Another check of the duality just stated consists of studying the real mass flow on

the partition function. Proceeding as above we arrive at the relation:

ZUSp(2Nc)(~µ; τ) = ZUSp(2Nc)(
~̃µ; τ)

Nc−1∏
j=0

∏
1≤r<s≤6

Γh(jτ + µr + µs)

× Γh

(
4ω − (2Nc − 2 + j)τ −

6∑
r=1

µr

)
(3.23)

with µ̃r = ω− n−1
2 τ−µr, for r = 1, . . . , 6. From this relation we can read the real mass

m̂
(j)
ele of the j-th electric dressed monopole m̂

(j)
ele = 4ω− (2Nc−2+j)τ−

∑6
r=1 µr. The

j-th magnetic dressed monopole has real mass m̂
(j)
mag = 4ω−(2Nc−2+j)τ−

∑6
r=1 µ̃r.

It follows that m̂
(j)
ele + m̂

(Nc−1−j)
mag = 2ω, corresponding to the constraint imposed by

the superpotential (3.22).

• As a last check we can show that also in this case the duality reduces to the one

studied in [21] if we add a superpotential W = trAk+1 to the antisymmetric field in

the electric side and an analogous one on the dual side. In this case the dual theory

is expected to have USp(2(k(Nf − 1) − Nc)) gauge symmetry, where Nf = 3 and

k = Nc. The identity (3.23) coincides with the one derived in [21] after the actual

value of τ is inserted in the balancing condition.

We can modify this duality to a self duality if Nc is even. On the field theory side this

can be done by flipping half of the singlets Tj and M (j). On the partition function this is
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done equivalently by multiplying both sides of the identity (3.21) by

Nc
2
−1∏

j=0

1∏
1≤r<s≤6 Γh(jτ + µr + µs)Γh

(
4ω − (2Nc − 2 + j)τ −

∑6
r=1 µr

) (3.24)

and then using Γh(x)Γh(2ω−x) = 1 together with the balancing condition. By proceeding

in a similar fashion one can work out the explicit matter content and superpotentials

of the other possible phases. We can also count the number of dual phases: there are

|W (D6)|/|W (A5)| = 32 dual phases. This corresponds to the calculation performed in [24].

We will further comment on this number in sub-section 3.5, where we will explain its

algebraic origin and study further real mass flows, constructing a full duality web.

3.4 Higgs flow and new U(Nc)/USp(2Nc) dualities

The action of the Weyl group of D6 on the real mass parameters can be also obtained by

engineering a different flow on the original duality. This is essentially the same type of flow

studied in [24], that led the authors to conjecture an SU(2)/U(1) duality. Similarly here we

will claim the existence of an USp(2Nc)/U(Nc) duality. In this case the real mass flow has

to be supplemented by an Higgs flow, that has indeed the effect of breaking the USp(2Nc)

gauge symmetry to U(Nc). In order to study such a flow here we first order the masses

µi as (m1,m2,m3, n4, n1, n2, n3,m4) and then we consider the infinite shifts mr + M and

nr −M for r = 1, . . . , 4 and M > 0. The change in the labels of the masses is done only

to match with the notations of [46].

The Higgs flow is triggered by assigning a vev to the scalar σ in the vector multiplet.

This is equivalent to consider the shift σi → σi + M . This shift breaks USp(2Nc) with

eight fundamentals and an antisymmetric into U(Nc) with four flavors and one adjoint.

The mass parameters are still constrained by the relation

2(Nc − 1)τ +

4∑
r=1

(mr + nr) = 4ω (3.25)

signaling the presence of a superpotential

W = T0 + T̃0 (3.26)

This is the type of flow from symplectic to unitary gauge groups studied in [23, 24], and

indeed the superpotential (3.26) is the generalization of the one obtained in the case with-

out antisymmetric matter. As already observed in sub-section 2.1 this superpotential is

generated because the UV completion of this model is a USp(2Nc) gauge theory with an

antisymmetric matter field. Such a matter content does not induce further zero modes

allowing the generation of (3.26).

We then study the R charges and the global charges of the monopoles to infer the con-

straints on the real masses induced by the superpotential (3.26). For the R-charges we have

∆T0 = ∆
T̃0

= 2(1−∆Q) + 2(1−∆Q̃)−∆X(Nc − 1) (3.27)
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Similar relations can be written down for the other global charges. By imposing ∆T0 =

∆
T̃0

= 2 (and Q
(i)
T0

= Q
(i)

T̃0
= 0 for the other global symmetries) we observe that the con-

straint (3.25) is recovered. This analysis can be performed in all of the dual phases, leading

to the same constraint (3.25). It has been shown in [46] that also in this case W (D6) is

a symmetry of the three sphere partition function. We can also count the number of dual

phases: there are |W (D6)|/|W (A3)|2 = 256!
(4!)2

= 40 dual phases; again this corresponds to

the calculation performed in [24].

We now have two different theories in which W (D6) acts as a symmetry on the mass

parameters. It is tempting to conjecture a duality among such theories. Such a duality

can be proven at the level of the partition function.

3.4.1 USp(2Nc)/U(Nc) dualities from the partition function

Let us apply the Higgs and real mass flow just discussed on the l.h.s. of (3.8), performing

the large M limit on the various terms in both sides of the duality encoded in (3.8). We

can simplify the calculation as explained in [23] by using the symmetries of the integrand.

This is necessary also to obtain the correct dimension of the Weyl group when flowing from

USp(2Nc) to U(Nc).

Then we need to compare the divergent terms and only if they coincide we can read the

equivalence between the finite parts. We will now just compute their phases by using (A.48).

In the electric theory there are three sources of divergences, the contribution from the

fundamental quarks, the contribution from the antisymmetric field and the contribution

from the gauge sector. After using the balancing condition (3.10) the contribution
∑Nc

i=1 σi
vanishes. It signals the absence of an FI in the final result, as expected. This is consistent

with the presence of the superpotential (3.26). The phase is

φe = −4MNc(2ω + τ(Nc − 1))− 2Ncω

4∑
i=1

(mr − nr) +Nc

4∑
r=1

(m2
r − n2

r) (3.28)

Next we need to study the phase corresponding to the divergent pre-factor in the

partition function of the dual theory. In this case there is no Higgsing taking place and

we have just two sources generating the large shift in M , the dual quarks and the mesons.

The dual quarks generating the shift are the one parameterized by ν4 + ζ and µ4 − ζ.

Their contribution to the phase together with the contribution of the massive mesons

cancels (3.28) after imposing the balancing condition (3.10).

Summarizing: all the phases cancel and one remains with the identity of theorem 5.6.15

in [46] with the same constraints on the masses and the same duality map. The identity is

ZU(Nc)0(~m;~n; τ) =

Nc−1∏
j=0

3∏
r=1

Γh(jτ +mr + n4, jτ +m4 + nr)ZUSp(2Nc)0(~µζ ; τ) (3.29)

where

µζ = {m1 + ζ,m2 + ζ,m3 + ζ, n1 − ζ, n2 − ζ, n3 − ζ} (3.30)

There is a constraint

2ζ =m4+n1+n2+n3−2ω+(Nc−1)τ = 2ω−(Nc−1)τ−n4−m1−m2−m3 (3.31)
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This shows that one can obtain the duality between the U(Nc) and the USp(2Nc)

theory discussed above flowing from the W (E7) invariant case on the partition function.

The electric theory has superpotential (3.26), coming from the Higgs flow from USp(2Nc)

to U(Nc).

In the USp(2Nc) dual theory the monopole superpotential is set to zero because of the

real mass flow and we are dealing with a set of unconstrained real masses. The correct

constraints are imposed by the dual superpotential, involving the gauge singlets, identified

with some of the mesons of the U(n) theory. The superpotential of the USp(2Nc) dual

theory3 corresponds to the one discussed in [31] and it is

W =

Nc∑
j=1

tr

(
M (j)qqAj−1 +N (j)ppAj−1

)
(3.32)

where M and N are gauge singlets, q and p are the quarks of the two SU(3) global sym-

metries, and A is in the antisymmetric of USp(2Nc). The real masses of the quarks q

correspond to the first three entries in (3.30) while the ones of the quarks p to the last

three entries. The duality then identifies the singlets M (j) and N (j) with the mesons

QrQ̃4X
Nc−j and Q4Q̃rX

Nc−j respectively, where r = 1, 2, 3 and j = 1, . . . , Nc. This im-

poses the constraints on ζ discussed in (3.31), breaking a baryonic-like symmetry. It is

interesting to observe that while the monopole superpotential of the electric theory (3.26)

breaks the topological symmetry, the superpotential (3.32) of the dual theory, involving the

mesonic operators, breaks the baryonic symmetry. This behavior is reminiscent of mirror

symmetry and may play a crucial role in a deeper understanding of this duality.

3.5 The general scheme

In this section we study the general web of dualities and enhancement of the Weyl group

symmetry that can be derived from the reduction of 4d N = 1 USp(2Nc) with eight

fundamentals and one antisymmetric. This web is obtained generalizing the real mass and

Higgs flows that led to the dual models with the W (D6) enhancement. In order to do that

let’s discuss formally the flow from the case with W (E7) enhancement to the case with

W (D6) enhancement.

In that case we reduced the manifest global symmetry by assigning real masses. The

partition function had a reduced discrete symmetry group, corresponding to a W (D6)

subgroup of W (E7). There are different ways to construct such subgroups, corresponding

to new dualities, transforming for example USp(2Nc) into U(Nc).

The discussion was made mathematically precise in [46] by showing that the symmetry

of the new integrals is a subgroup of W (E7). This subgroup acts as a discrete symmetry on

the IR partition functions and it is obtained by letting the variables µ of the E7 case go to

infinity in the direction of a vector in eight dimensional Euclidean space. This vector corre-

sponds to ~b1 = (0, 0, 0, 0, 0, 0, 1,−1) in the first case and to ~b2 = (1, 1, 1, 1,−1,−1,−1,−1)

in the second case (up to normalizations). Observe that the vectors ~bi are defined modulo

3Observe that this superpotential has already appeared in the literature in [51]. The duality discussed

here can indeed be reduced to the one conjectured in [51] through a real mass flow.
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permutations. These permutations explore the degenerations of the 32 USp(2Nc) models

with six fundamentals and of the 40 U(Nc) models with four flavors. The vectors orthogo-

nal to ~bi form two different embeddings of the root system of D6. The discrete symmetry

of the IR partition functions corresponds to the reflections in these roots. It is possible to

transform the system defined by ~b1 to the system defined by ~b2 by acting with the “broken”

elements of W (E7): this is the mathematical interpretation of the USp(2Nc)/U(Nc) duality

that we discussed above at physical level. The classification scheme has been completely

carried out in [46] and here we report the results, translating them in a physical language.

In order to classify the other possible Weyl group symmetry enhancements we need

to iterate the flow, by further real mass and Higgs flows. In this way we can construct

models with USp(2Nc)2κ and U(Nc)κ gauge groups, antisymmetric matter and a lower

amount of fundamentals. These flows preserve the dualities and this translates in a possible

enhancement of the Weyl group symmetry for some of the IR theories. For example starting

from the W (D6) case one can flow to a case with enhancement of the Weyl group symmetry

to W (A5). In terms of the gauge group and of the charged matter content we have two

possibilities (counted up to parity transformations).

• USp(2Nc)1 with five fundamentals and an antisymmetric. The Weyl group symmetry

in this case enhances to W (A5). Accordingly, there are |W (A5)|
|W (A4)| = 6 dual models.

• U(Nc)0 with three fundamental flavors and an adjoint. Also in this case the Weyl

group symmetry enhances to W (A5) and there are |W (A5)|
|W (A2)|2 = 20 models.

In figure 2 we reported the full structure of the RG flow, by iterating the procedure. At

each level we specify the degeneration of the models, and we can observe that is it always

consistent with the ratio of the orders of the enhanced Weyl group and that of the Weyl

group of the naive global symmetry of the classical action.

From the figure we can extract some physical consequences.

Each row represents a set of models with the same three sphere partition function.

This is the first step to claim a duality between these models. The equivalences among

the various partition functions hold if the correct duality maps, the CS contact terms and

the balancing conditions are specified. These constraints can be obtained by studying the

flows from the UV models. We refer the interested reader to [46] where these results have

been computed and listed.

Moreover each box in the figure is associated to a degeneration of integrals, and conse-

quently of models. The manifest global symmetry in each of these models can enhance to a

larger symmetry group. This can happen by consistently deforming the superpotentials, in

the various dual phases, transforming the duality into a self duality. In this way the Weyl

group symmetry enhancement of the integrands becomes a discrete symmetry enhance-

ment of the full partition functions. This is a necessary condition for the global symmetry

enhancement. More refined analyses (for example the analysis of the operators counted by

the superconformal index, or the study of the Hilbert series) are then necessary in order

to see if the Weyl group symmetry enhancement can be promoted to an enhancement of

global symmetry to the full group/algebra.
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USp(2n),F=8,k=0  72

USp(2n),F=6,k=0  32

USp(2n),F=0,k=6  1

USp(2n),F=1,k=5  1

USp(2n),F=2,k=4  1

USp(2n),F=4,k=2  2

USp(2n),F=5,k=1  6

USp(2n),F=3,k=3  1

U(n),F=(3,2),k=1/2  4 U(n),F=(2,2),k=0  12

U(n),F=(3,1),k=1  1 U(n),F=(2,1),k=1/2  3

U(n),F=(3,0),k=3/2  1 U(n),F=(2,0),k=0  3

U(n),F=(2,0),k=1  1 U(n),F=(1,1),k=1  2

U(n),F=(1,0),k=3/2  1

U(n),F=(0,0),k=2  1

E
7

D
6

A
5

A
3

A
2

A
1

A
1

A
2

U(n),F=(4,4),k=0  40

U(n),F=(3,3),k=0  20

Figure 2. Weyl group symmetry enhancements obtained from USp(2Nc) with eight fundamentals

and antisymmetric defined on R3×S1. The rectangles represent the partition function of sets of 3d

N = 2 models, with gauge group USp(2Nc)2k or U(Nc)−k, where k refers to the CS level. In the

symplectic case there is one antisymmetric matter field A and F fundamentals, while in the unitary

case there is one adjoint and a pair F = (F1, F2) of fundamentals and anti-fundamentals. The

numbers appearing in a square on the left of each box correspond to the degeneration of integrands

with the same gauge and charged matter content (up to spacetime parity and charge conjugation).

They can in principle differ by the presence of hyperbolic gamma functions corresponding to extra

singlets, i.e. that do not appear in the integrands. These degenerations are obtained by modding

the enhanced Weyl group symmetry of the integrands, defined in the grey column on the left of the

picture, by the manifest Weyl group symmetry, specified by the value(s) of F . The red arrows in

the figure specify the RG flow connecting the UV to the IR models in the diagram.

We conclude with an observation about the U(Nc)0 model with two fundamentals and

an adjoint. In this case one can observe an enhancement of the Weyl group symmetry to

W (A2). In the limit of Nc = 1 this model coincides with the model discussed in [33–35],

where the global symmetry has been indeed conjectured to enhance to SU(3). Here we

observe,4 at the level of the partition function, that the model is also dual to a U(1)−3/2

gauge theory with three fields at charge 1 (see also [52]). This last theory has a non trivial

monopole superpotential and it corresponds to a self dual case of the duality studied in [23]

with U(Nc)k/2 gauge groups, Nf fundamentals and Nf − k anti-fundamentals.

4Furthermore in [52] it has been shown that this model is dual to an SU(3)5/2 gauge theory with a

manifest SU(3) global symmetry.
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Finally, we also observe that the enhancement of U(Nc) with two pairs of fundamental

flavors to A3 ×A1 corresponds to the SO(6) enhancement discussed in [35].

4 Six fundamentals and confining theories

In this section we study the dimensional reduction of a USp(2Nc) gauge theory with an

antisymmetric and six fundamentals. This model can be obtained from the one with eight

fundamentals by a superpotential mass deformation. It has been observed in [30] that in

this case the superconformal index supports an enhancement of the global symmetry to

E6.5 Here we will not comment on the enhancement of the global symmetry for this case.

We will rather study the consequences of this mass deformation in the dual model with

the maximal amount of global symmetry, which becomes a confined WZ model. The 4d

theory was studied in [29], and it was indeed shown that, in the IR, this theory confines

without breaking the chiral symmetry. The confined degrees of freedom are expressed in

terms of gauge invariant combination of the matter fields. They correspond to the gauge

invariant operators

Sk ∝ trAk+2, Mk ∝ QAkQ, k = 0, 1, . . . , Nc − 1 (4.1)

There is also a superpotential interaction in the confined description, with a number of

terms rapidly growing with Nc. For Nc = 2, 3, 4 these superpotentials have been given

in [29].

This theory can be reduced to 3d, in both the confining and in the confined phase.

In the first case one has a 3d effective USp(2Nc) gauge theory with an antisymmetric and

six fundamentals. This theory has also a KK monopole superpotential, W = ηY . The

confined theory on the other hand has the same fields and interaction of the 4d parent.

This is consistent with the results of [54, 55], where the reduction of U(Nc) confining gauge

theories was discussed in details.

The 3d duality obtained by this reduction has a well studied mathematical counterpart

in the analysis of hyperbolic integrals. Indeed the matching between the partition function

relating the two theories was already proven by [49, 56, 57]. The explicit relation is

ZUSp(2Nc)(~µ; τ) =

Nc∏
j=2

Γh(jτ)

Nc−1∏
j=0

∏
1≤a<b≤6

Γh(jτ + µa + µb) (4.2)

with the relation among the mass parameters

2(Nc − 1)τ +
6∑

a=1

µa = 2ω (4.3)

This relation, that corresponds to impose the anomaly free constraints on the 4d R-current,

signals the presence of the KK monopole superpotential in the confining theory. In the

confined case it is consistent with the superpotentials of [29].

5See also [53] for related discussions.
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For concreteness let us analyze the dynamics of the USp(4) case. Higher ranks can

be studied in a similar fashion. First we need to obtain the R-charges at the fixed point.

This calculation is performed by extremizing the three sphere partition function. We

obtain ∆τ ' 0.184 and ∆1,...,6 ' 0.272. The R-charges of the singlets are ∆S0 ' 0.369,

∆M0 ' 0.544, and ∆M1 ' 0.728. This shows that the singlet S0 hits the bound of unitarity,

∆ < 1
2 . The SU(6) invariant WZ superpotential in this case is

W = S0M
3
0 +M0M

2
1 (4.4)

and it implies that the first term is irrelevant and flows to zero in the IR. One can take

care of the presence such an accidental symmetry also in the electric theory by adding a

new singlet, β2, with a superpotential interaction ∼ β2 trA2. A similar argument applies

for higher ranks, and this modifies the electric superpotential, that eventually becomes

W =

Nc∑
j=2

βj trAj + ηY (4.5)

On the other hand the dual superpotential is cubic and corresponds to

W =
∑
ijk

MiMjMkδi+j+k,2(Nc−1) (4.6)

where M3 corresponds to the contraction of the SU(6) indices with an ε tensor. This

procedure can be easily carried on from the point of view of the partition function. Indeed

one can just divide both members of (4.2) by the contributions of the Sk singlets and then

use the relation Γh(x)Γh(2ω − x) = 1. The final equality is

ZUSp(2Nc)(~µ; τ)

Nc∏
j=2

Γh(2ω − jτ) =

Nc−1∏
j=0

∏
1≤a<b≤6

Γh(jτ + µa + µb) (4.7)

We can summarize the duality as follows

• In the electric side we have a USp(2Nc) gauge theory with six fundamentals, one

antisymmetric and Nc − 1 singlets βj . The superpotential is given in (4.5).

• In the magnetic side we have a WZ model, with singlets Mj =QAjQ, j=0, . . . , Nc−1,

interacting through the SU(6) invariant superpotential (4.6).

The field content of the electric and of the magnetic theory is

USp(2Nc) SU(6) U(1)R U(1)′

Q 2Nc 6 ∆ 1−Nc
3

A Nc(2Nc − 1) 1 1−3∆
Nc−1 1

βj 1 1 2− j 1−3∆
Nc−1 −j

Mj 1 15 2∆ + j 1−3∆
Nc−1

2(1−Nc)
3 + j

(4.8)

It is possible to study a 3d conventional limit by real mass and Higgs flow. We consider

these two cases separately in the following sections.
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4.1 Real mass flow

In this case we assign a large mass to two fundamentals reducing the theory to USp(2Nc)

with four fundamentals and an antisymmetric. In such cases the meson Mij , in the an-

tisymmetric representation of SU(6) splits into an antisymmetric meson of SU(4) and a

monopole. For example, if we consider the case Nc = 2, the superpotential of the confined

phase, before turning on the real mass, is

W = S2εijklmnM
ij
0 M

kl
0 M

mn
0 +

1

3
εijklmnM

ij
0 M

kl
1 M

mn
1 (4.9)

In the IR we have

W = S2Y0εijklM
ij
0 M

kl
0 +

1

3
Y0εijklM

ij
1 M

kl
1 +

1

3
Y1εijklM

ij
0 M

kl
1 (4.10)

where the fields Yi = Y trAi corresponds to the dressed monopoles of the confining theory

acting as singlets in the confined phase. It can be indeed checked that the charges of

Yi obtained from the superpotential (4.10) correspond to the ones obtained by using the

quantum formula for the monopole charge (A.41) in the electric theory. This claim can be

corroborated by studying the partition function. Indeed in this case we arrive at the identity

ZUSp(2Nc)(~µ; τ) =

Nc−1∏
j=0

Γh

(
2ω − (2Nc − 2− j)τ −

4∑
a=1

µa

)

×
Nc∏
j=2

Γh(jτ)
∏

1≤a<b≤4

Γh(jτ + µa + µb) (4.11)

where the mass parameters are unconstrained. The first term in the r.h.s. of (4.11) corre-

sponds to the contribution of the dressed monopoles Yi, for i = 0, . . . , Nc − 1.

Again we can study the dynamics of the models and observe that the superpotential

terms involving the singlet Sk are irrelevant. Proceeding as above we end up with the

following duality:

• In the electric side we have a USp(2Nc) gauge theory with four fundamentals, one

antisymmetric and Nc − 1 singlets βj . The superpotential is given by

W =

Nc∑
j=2

βj trAj (4.12)

• In the magnetic side we have a WZ model, with singlets Mab
j = QaAjQb and Yi, with

j = 0, . . . , Nc − 1, interacting through the superpotential

W =
∑
i,j,k

εabcdYiM
ab
j M

cd
k δi+j+k,2(Nc−1) (4.13)
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The field content of the electric and of the magnetic theory is:

USp(2Nc) SU(4) U(1)R U(1)′ U(1)A

Q 2Nc 4 ∆ 0 1

A Nc(2Nc−1) 1 ∆A 1 0

βj 1 1 2−j∆A −j 0

Mj 1 6 2∆+j∆A j 2

Yj 1 1 2−4∆+(j−2(Nc−1))∆A j−2(Nc−1) −4

(4.14)

4.2 Higgs flow

A second interesting 3d limit can be taken by shifting the scalars σi by a large real quantity

s. If this flow is supported by a real mass flow µa → ma+s and µa+3 → na−s for a = 1, 2, 3,

the final theory has U(Nc) gauge group, three pairs of fundamental and antifundamental

quarks and a monopole superpotential

W = T0 + T̃0 (4.15)

This theory is dual to a set of singlets interacting through a superpotential. For example

if Nc = 2 we have

W = S2εijkεlmnM
il
0 M

jm
0 Mkn

0 +
1

3
εijkεlmnM

il
0 M

jm
1 Mkn

1 (4.16)

where the mesons Mab
j = QaX

jQ̃b are in the bifundamental representation of the SU(3)

non-abelian flavor symmetry group. Here X represents the adjoint matter field and j =

0, . . . , Nc − 1. In this case there are no monopoles of the electric theory acting as singlets

in the magnetic dual. Indeed all the massless components of the original (antisymmetric)

mesons become components of the new (bifundamental) meson in the theory with the

reduced flavor. It is possible to reproduce this behavior on the partition function. Indeed

this duality corresponds to an exact identity obtained in [46]. The identity is

ZU(n)0(~m;~n; τ) =

Nc∏
j=2

Γh(jτ)

Nc−1∏
j=0

4∏
a,b=1

Γh(jτ +ma + nb) (4.17)

where the parameters satisfy the relation

2(Nc − 1)τ +

3∑
a=1

(ma + na) = 2ω (4.18)

Observe that the symmetries of the integrals in (4.11) and (4.17) are consistent with the

D5 enhancement [58]. It would be interesting to further study this enhancement along the

lines of section 3.
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The IR dynamics of this model can be obtained after decoupling the irrelevant super-

potential terms in the dual phase. We end up with the following duality:

• In the electric side we have a U(Nc) gauge theory with three pairs of fundamentals Q

and anti-fundamentals Q̃, one adjoint X and Nc − 1 singlets βj . The superpotential

is given by

W =

Nc∑
j=2

βj trXj + T0 + T̃0 (4.19)

• In the magnetic side we have a WZ model, with singlets Mab
j = QaX

jQ̃b interacting

through a cubic SU(3)L × SU(3)R ×U(1)′ invariant superpotential

W =
∑
ijk

εa1a2a3εb1b2b3M
a1b1
i Ma2b2

j Ma3b3
k δi+j+k,2(Nc−1) (4.20)

The field content of the electric and of the magnetic theory is:

U(Nc) SU(3)R SU(3)L U(1)R U(1)′

Q Nc 3 1 ∆ 1
3(Nc − 1)

Q̃ Nc 1 3 ∆ 1
3(Nc − 1)

X N2
c − 1 1 1 1−3∆

N−1 1

βj 1 1 1 2− j 1−3∆
N−1 −j

Mj 1 3 3 2∆ + j 1−3∆
N−1

2
3(Nc − 1) + j

(4.21)

5 Conclusions

In this paper we reduced 4d theories with antisymmetric matter fields to 3d, finding new

dualities and relations. We summarize here our main results.

• In section 2 we completed the picture in figure 1, showing that the general aspects

of the reduction of USp(2Nc)/U(Nc) dualities with fundamental matter persist when

adding anti-symmetric/adjoint matter with a power law superpotential. We have

provided arguments from field theory and localization to confirm our claims.

• In section 3 we obtained a family of 3d effective USp(2Nc) theory with eight fun-

damentals and one anti-symmetric matter field in which the action of the E7 Weyl

group is manifest on the real masses, leading to the generalization of the dualities

of [30] to 3d. Furthermore we constructed a whole web of USp(2Nc)/U(Nc) dualities,

generalizing the SU(2)/U(1) results of [24] to higher ranks and to lower symmetry

groups, as summarized in figure 2.

• In section 4 we reduced 4d confining USp(2Nc) theories with six fundamentals and

an antisymmetric matter field. Also in this case we obtained new relations for both

USp(2Nc) and for U(Nc) theories.
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There are some general lessons that we can extract from our analysis. One of them re-

gards the structure of the monopole superpotentials in the presence of unitary gauge groups

and adjoint matter. If such a theory is considered as UV complete the zero modes counting

does not allow the generation of any monopole superpotential, because each adjoint field

carries two zero modes. Nevertheless, as we widely discussed in the paper, we claimed

the existence of linear monopole/anti-monopole superpotentials. Such terms correspond

to monopoles of the UV completion, i.e. USp(2Nc) models with anti-symmetric matter,

where the zero mode counting allows the generation of the monopole superpotentials. It

would be interesting to further investigate this phenomenon, finding other example of its

applicability and discussing its relation with the index theorems that in general prevent

the generation of the superpotentials that we have constructed here.

The problem of finding an UV completion should be analyzed together with the study

of accidental symmetries. This requires the minimization of the partition function [59] and

an analysis along the lines of [60–62]. We leave this interesting problem to future analysis.

Another result that requires some investigation is the extension of the flows discussed

in figure 1 to the case of Brodie duality [63], involving two adjoints and a non trivial

superpotential. Recently, this duality has been reduced to 3d in [64]. The main difference

that emerged from the analisys is the presence of superpotentials involving monopoles with

charge 2. It would be interesting to study how this behavior modifies our analysis and if a

structure similar to the one in figure 1 does appear for this case as well.

Further studies may involve the existence of 3d dualities between USp(2Nc) and U(Nc)

theories. It should be interesting to investigate if and under which conditions one can find

4d analogs of these dualities. Another interesting possibility regards the existence of 3d

dualities between orthogonal and unitary gauge theories.

We wish to conclude with a comment on the global symmetry enhancements: here we

have observed the fact that, thanks to localization, it is possible to prove that the action of

the Weyl group is larger that the one expected from the classical global symmetry. It is by

itself a signal of the possibility of a global symmetry enhancement but further investigations

are usually necessary for a complete understanding. Anyway we think that this mechanism

can be used as a guideline for the existence of this sort of enhancements.
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A Aspects of 3d N = 2 theories

In this appendix we collect some relevant results on 3d N = 2 theories. We focus on the

reduction of 4d dualities to 3d dualities and its realization in terms of localization.

A.1 4d/3d reduction and KK monopole

Preserving a 4d supersymmetric duality in 3d can be done by compactifying the dual phases

on a finite size circle. The procedure consists of dimensionally reduce the field content and

to add the effective 3d dynamics due to the finite size. This lifts possible 4d anomalous

symmetries that can potentially become non-anomalous in 3d. Such symmetries are indeed

broken by the presence of superpotential terms involving the KK monopoles. The KK

monopoles contribute to the effective superpotential if in the spectrum there are only two

fermionic zero modes, coming from the gaugino in the adjoint representation, while the

matter fields do not carry further fermionic zero modes.6 The counting of these zero modes

follows from an application of the index theorem. Essentially the circle compactification

splits the 4d instanton in a set of BPS monopoles, counted by the Callias theorem [65], and

in one KK monopole. The total amount of zero modes for these configurations corresponds

to the number of zero modes of the original 4d instanton, obtained from the Atiyah-Singer

index theorem. The difference between the two indices counts the number of zero modes

in the KK monopole. A more direct result follows from [66], where an index theorem on

R3 × S1 was derived (see also [67]). In this case the counting of the zero modes in the KK

monopole background from each matter fields associated to the affine root. For example

the presence of fundamental matter fields does not modify the number of zero modes and

the KK monopole is generated. Here we have been interested in USp(2Nc) gauge groups

with antisymmetric matter. The index of [66] has been computed for this representation

in [68], and one can see that also in this case the KK monopole superpotential is generated,

because no further fermionic zero modes associated to the affine root are present.

A.2 Counting of zero modes

In this section we review the counting of zero modes of fermions in a monopole/instanton

background. Our derivation will closely follow that of [65] and [66].

A.2.1 Lie algebra conventions

Here we collect a few well known facts about root systems of Lie algebras which are useful

in the counting of zero modes. For a standard reference on the subject see [69].

Let G be a connected, simply connected and semisimple Lie group with Lie algebra g.

The rank r of G is the dimension of any of its maximal torus subgroups or equivalently

the dimension of the corresponding Cartan subalgebra. Having chosen a particular such

Cartan subalgebra h ⊂ g we pick a basis of commuting generators {hi}ri=1 ⊂ h that satisfy:

trR[hihj ] = T (R)δij (A.1)

for any irreducible representation R of g.

6Actually this condition can be made milder in the presence of potential interactions involving the

fermions carrying the extra zero modes.
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We denote the roots of the algebra as ∆ = {αi}dim(G)−r
i=1 ⊂ h∗, the simple roots as

{βi}ri=1 ⊂ ∆ and the inverse of any root α in the root system ∆ as:

α∨ = 2α
α·α ∈ h∗ α · α ≡

∑r
i=1 α(hi)α(hi) (A.2)

We define the co-roots Hi to be the duals of the inverse simple roots β∨j , i.e., those elements

of the cartan algebra that satisfy the relation:

w(Hi) = β∨i · w (A.3)

for any weight w ∈ h∗ of the algebra.

A particular choice of simple roots defines an associated fundamental Weyl chamber

corresponding to the convex subset {v ∈ h |βi(v) > 0, ∀i = 1, . . . , r} ⊂ h. Moreover one

can split the root system ∆ into two components:

∆ = ∆+ ∪∆− (A.4)

where ∆+ (∆−) are the positive (negative) roots, i.e., those that are positive (negative)

integer combinations of the simple roots. The Weyl vector ρ is then defined as the half-sum

of all the positive roots:

ρ =
1

2

∑
α∈∆+

α (A.5)

Given a root system ∆ and a choice of simple roots {βi} one can define a partial order on

∆+ as follows. For any positive root α =
∑r

i=1miβi, define the degree (or level) of α as:

deg(α) =

r∑
i=1

mi ∈ Z (A.6)

then the degree map endowes ∆+ with the structure of a partially ordered set, the root

poset. The highest root is the root with the highest degree and it is unique with respect

to this property. It is customary to write the highest root and its inverse as:

θ =

r∑
i=1

kiβi and θ∨ =

r∑
i=1

k∨i β
∨
i (A.7)

where ki are called the Kac labels of the algebra and k∨i are the Dynkin numbers. We will

refer to the lowest root −θ as the affine root and define its dual co-root H0 as:

H0 = −k∨i Hi (A.8)

so that w(H0) = −θ∨ · w for every weight w.

The weights of G form a lattice in h∗ generated by the fundamental weights {λi}
defined by the relation:

β∨i · λj = λj(Hi) = δij (A.9)
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By definition then the weight lattice and the co-root lattice are integral dual to each

other. It is a well known result that the sum of all fundamental weights coincides with the

Weyl vector:

ρ =
r∑
i=1

λi (A.10)

which then implies that ρ(Hi) = β∨i · ρ = 1 for every co-root Hi.

Finally, we recall the useful formula:

Λ · (Λ + 2ρ) = C2(R) (A.11)

where Λ is the highest weight of the representation R and C2(R) is the value of the

quadratic Casimir element in that representation.

A.2.2 Callias index theorem

Consider a Euclidean theory on R3 × S1 with a massless Dirac fermion ψ in the represen-

tation R of the gauge group G. Coordinates are chosen as {xi}i=1,2,3 on R3 and x4 on

S1. We look for solutions of the Dirac equation for ψ, i.e., zero eigenfunctions of the Dirac

operator:

Dψ = γµ(∂µ +Aµ)ψ =

[
0 −∇†

∇ 0

][
ψ+

ψ−

]
= 0 (A.12)

where ∇ and ∇† are Fredholm operators acting on spinors of definite chirality and, on an

anti-selfdual background, satisfy:

∇†∇ = −DµD
µ + 2γmBm and ∇∇† = −DµD

µ (A.13)

where Bm = 1
2εmlkFlk = F4m is the magnetic field on R3.

What we are interested in computing is the difference in the number of zero modes of

∇ and those of ∇†. This quantity is a topological invariant and is called the index of ∇:

IR ≡ ind(∇) = dim ker(∇)− dim ker(∇†) (A.14)

Using the fact that ker(∇†∇) = ker(∇) and ker(∇∇†) = ker(∇†), the index can be

conveniently computed by the formula:

IR = lim
M2→0

trR

[
M2

∇†∇+M2

]
− trR

[
M2

∇∇† +M2

]
(A.15)

Observe that the trace in (A.15) is both over the representation R and over the Hilbert

space on which the differential operator γµ∂µ acts, i.e., the Hilbert space of sections of the

spinor bundle.

In terms of the 4d Dirac operator we can write:

IR(M2) = trR

[
γ5

M2

−D2 +M2

]
= MtrR

[
γ5

D +M

−D2 +M2

]
= MtrR

[
γ5

1

−D +M

]
(A.16)
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Observe that in the previous formula it appears the propagator of the Dirac fermion ψ as:

〈ψ(x1)ψ̄(x2)〉 =

〈
x1

∣∣∣∣ 1

D −M

∣∣∣∣x2

〉
(A.17)

corresponding to the Euclidean action −ψ̄(−D +M)ψ where the mass M has been intro-

duced as an auxiliary parameter. Hence we can write:

IR(M2) = −MtrR[γ5〈ψψ̄〉] =

∫
S1

dx4

∫
R3

d3xMtrR〈ψ̄γ5ψ〉 (A.18)

The r.h.s. of (A.18) can be expressed using the Atiyah-Singer index theorem for the abelian

anomaly of a 4d theory with a massive Dirac fermion ψ:

∂µJ
µ
5 ≡ ∂µ(ψ̄γµγ5ψ) = −2Mψ̄γ5ψ − ch2(F ) (A.19)

where the second term on the right of (A.19) is the second Chern character of the bundle

associated to the representation R:

ch2(F ) =
1

8π2
trR[F ∧ F ] (A.20)

Substituting (A.19) in (A.18) the index can finally be rewritten as:

IR(M2) = −1

2

∫
S1

dx4

∫
S2
∞

εijk〈J i5〉dxjdxk −
1

2

∫
R3×S1

ch2(F ) (A.21)

A.2.3 BPS monopole background

The first type of background for which we are interested in counting fermionic zero modes

is that of a static 4d monopole solution of ’t Hooft-Polyakov. For a more general gauge

group G we consider the embedding of the SU(2) solution into the group G as in [70, 71].

These are usually referred to as BPS monopole backgrounds.

Because the solution is “static”, the fourth component A4 of the gauge connection

behaves effectively as a Higgs field Φ for the connection Ai on R3. The theorem of Callias

then states that the index of (A.14) depends on the topology of the Higgs field by counting

the winding number of the map |Φ|−1Φ as it goes around the 2-sphere at spatial infinity.

In this set up we have that the Higgs field Φ ∼ A4 is constant in x4 but varies along

R3. Finiteness of the energy of the solution imposes the following restrictions:

|Φ| → 1, F → 0, DΦ→ 0 for |x| → ∞ (A.22)

so that the connection is asymptotically pure gauge. Because, the Higgs field is covariantly

constant on the sphere at spatial infinity, we can write:

Φ(x)|S2
∞

= Adg(x)Φ∞ (A.23)

where Φ∞ ≡ Φ(p) is the value of the Higgs field at some fixed reference point p ∈ S2
∞ and

g : S2
∞ → G. This corresponds to a global trivialization of the adjoint bundle of which Φ

is a section and can always be done since the bundle is topologically trivial on R3.
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The field Φ is then equivalent to the pair (Φ∞, g) and defines a map to the orbit of

the VEV Φ∞ in the Lie algebra g under the adjoint action of G. We assume that the VEV

breaks the gauge group maximally, i.e., we choose Φ∞ such that its stabilizer in G is a max-

imal torus T ∼= U(1)r ⊂ G. This implies that orbit is isomorphic the coset space G/T and:

Φ : S2
∞ → G/T (A.24)

The homotopy class of the Higgs field then specifies an element of the second homotopy

group of this coset, which for G simple and simply connected is:

π2(G/T ) ∼= Zr (A.25)

With this choice of VEV the BPS solution can be written explicitly as:

A4|S2
∞

= Φ∞ (A.26)

F |S2
∞

=
n

2

εijkx
idxjdxk

|x|3
with n ≡

r∑
i=1

niHi (A.27)

where we have performed a patch-wise gauge transformation to make the Higgs field

constant.

The solution is described by the following parameters:

• Φ∞ ∈ h parametrizes the choice of asymptotic VEV for the Higgs field A4. We choose

Φ∞ such that:

βi(Φ∞) > 0 (A.28)

for any simple root βi ∈ h∗. It follows that Φ∞ is regular with respect to the chosen

basis of simple roots βi and lies into the fundamental Weyl chamber (other choices

are possible but are all related by the action of the Weyl group).

• ni ∈ Z is the magnetic charge7 of the fundamental BPS monopole associated to the

simple co-root Hi ∈ h; these integers describe the topology of the Higgs field and

formally correspond to elements of π2(G/T ).

Substituting (A.26) and (A.27) in (A.21) and taking the M → 0 limit, the limit is

given by [66]:

IBPS
R = trR

[⌊
Φ∞L

2π

⌋
n

]
=

dim(R)∑
i=1

⌊
wi

(
Φ∞L

2π

)⌋
wi(n) (A.29)

where L is the size of the circle S1, bxc = max{m ∈ Z |m ≤ x} is the floor function and

wi are the weights of the representation R.

7For each fundamental monopole to be properly quantized as an SU(2) BPS solution embedded into

the larger gauge group G we need n to be a vector in the co-root lattice of G. In fact, if n is an integer

linear combination of co-roots then its eigenvalues are integers in all representations. This can be shown by

considering that every weight w is a linear combination of fundamental weights λi with integer coefficients,

so that, using (A.9) we have w(n) ∈ Z.
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In the small radius limit we have |wi
(

Φ∞L
2π

)
| � 1 for every weight wi so that:⌊

wi

(
Φ∞L

2π

)⌋
=

{
0 for 0 ≤ wi

(
Φ∞L

2π

)
< 1

−1 for −1 < wi
(

Φ∞L
2π

)
< 0

(A.30)

Then we can rewrite (A.29) as a sum over the “negative” weights:

IBPS
R = −

∑
{w|w(Φ∞)<0}

w(n) =

dim(R)∑
i=1

[
−1 + sgn(wi(Φ∞))

2

]
wi(n) (A.31)

and, using the fact that the weights of any representation sum to zero, we get the final

formula:

IBPS
R =

dim(R)∑
i=1

1

2
sgn(wi(Φ∞))wi(n) (A.32)

Observe that because of the static nature of the solution, the counting of zero modes

on R3 × S1 gives the same result as that of a 3d theory obtained in the limit of vanishing

radius for S1. That might not be the case for KK monopole backgrounds coming from 4d

instanton configurations.

A.2.4 KK monopole background

When the theory lives on R3 × S1 there is also a second type of topologically non-trivial

background called winding instanton or KK monopole. This type of solution is the com-

pactification of a standard 4d instanton on R4 and can be obtained from a BPS solution

by applying an anti-periodic “gauge transformation”8 along the x4 direction [72, 73]. In

this case the fourth component of the gauge field cannot be taken to be constant along

the compact direction and in fact it defines a non-trivial Wilson line that wraps the S1.

A similar computation to the one in A.2.3 yields the index of the Dirac operator in a KK

monopole background as:

IKK
R = trR

[⌊
Φ∞L

2π

⌋
n0H0

]
+

1

2
n0trR[H0H0]

=

dim(R)∑
i=1

1

2
sgn(wi(Φ∞))wi(n0H0) + 2n0

T (R)

θ · θ
(A.33)

where H0 is the “affine” co-root (A.8), T (R) is the Dynkin index of the representation and

n0 ∈ Z is the KK monopole charge.

A.2.5 Adjoint representation

Here we show that, for a suitable choice of adjoint scalar VEV, a fermion ψ in the adjoint

representation of any gauge group G carries exactly two zero modes for every unit of BPS

or KK monopole charge.

8The quotation marks here are due to the fact that because the transformation is not periodic, it does

not define a proper gauge transformation. In fact, the transformed solution is not gauge equivalent to the

BPS one.
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The counting of BPS zero modes is given by the index of (A.32) which can be written as:

IBPS
adj =

dim(G)∑
i=1

1

2
sgn(αi(Φ∞))αi(n) (A.34)

Because we have chosen the VEV of the Higgs field to lie in the fundamental Weyl cham-

ber (A.28), the sum ranges over the negative roots with a minus sign and over the positive

roots with a plus sign and the 1/2 in front takes care of the double counting, therefore we

can write:

IBPS
adj =

∑
α∈∆+

α(n) = 2ρ(n) =

r∑
i=1

2ni (A.35)

where ρ is the Weyl vector (A.11). The computation of the index for a KK monopole goes

as follows:

IKK
adj = −2n0ρ · θ∨ + 2n0

T (adj)

θ · θ

= 2n0

(
−2θ · ρ+ T (adj)

θ · θ

)
= 2n0

(
1 +
−θ · (θ + 2ρ) + T (adj)

θ · θ

)
(A.36)

where θ · (θ + 2ρ) is the value of the quadratic Casimir element C2(adj) on the adjoint

representation. Using the fact that C2(adj) = T (adj) we finally obtain the desired result:

IKK
adj = 2n0 (A.37)

A.2.6 USp and U case

In the main text of this paper we consider USp(2N) theories with matter in the fundamental

and antisymmetric representations as well as U(N) theories with matter in the fundamental

and adjoint. Here we give the result for the counting of zero modes for those groups and

those representations.

In the case of a USp(2N) gauge group we have one zero mode contribution coming

from the BPS monopole associated to the long simple root:

Ifund. = nN (A.38)

and one for every unit of monopole charge associated to the short simple roots coming from

the antisymmetric representation:

Iantisymm. =
N−1∑
i=1

2ni (A.39)

In particular, we observe that in both representations there are no contributions to KK

monopole zero modes.

In the case of a SU(N) gauge group we have:

Ifund. = ni (A.40)
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for i the largest integer such that wi(Φ∞) > 0 where wi is the i-th weight of the fundamental

representation of SU(N). Therefore there is one contribution coming from the i-th BPS

monopole and none coming from the KK monopole. Similarly, for the case of a U(N) gauge

group there are no fundamental zero mode contributions to the KK monopole [22].

A.2.7 Monopole superpotentials

Once a 4d duality is reduced on S1 we are in the presence of a new 3d effective dual-

ity. Such a duality has the field and gauge content of the 4d theory and in addition an

extra superpotential involving the KK monopole. These effective dualities can then be

transformed into more conventional 3d dualities, by real mass and higgs flow. Actually,

richer structure of RG flows have been more recently analyzed in [25], leading to families

of new 3d dualities with non-trivial monopole superpotentials. For example it has been

shown that the 4d duality of [43], that relates USp(2Nc) gauge theories with fundamentals,

can be reduced in this way to a duality between unitary theories with linear monopoles

in the superpotential. Many of the salient features of these reductions can be captured

reducing the 4d superconformal index to the 3d partition function. This reduction gives

indeed the 3d identities between the 3d dualities obtained from the field theory side. An

important aspect of these reductions regards the constraints between the fugacities in the

superconformal index. These constraints are necessary in 4d to enforce the constraints

imposed by superconformality, i.e. the vanishing of the beta function or equivalently the

anomaly freedom of the R-symmetry current. The constraints translate in a constraint on

the parameters of the 3d partition functions (the real masses of the associated field theory).

These constraints signal the presence of monopole superpotentials and are usually referred

to in the mathematical literature as balancing conditions. We encounter such conditions

often in our analysis.

Observe that the presence of a monopole in a superpotential fixes the R-charge and the

abelian flavor charges of such a superpotential term, R[W ] = 2 and Fk[W ] = 0 where the

index k runs over the abelian non-R global symmetries. The charge of a monopole operator

with magnetic charge n as in (A.27) under any global symmetry can be computed in terms

of the charges of the fermions of the theory by a one loop computation. The quantum

correction to the monopole charge is obtained at one loop and it is

QA[monopole] = −1

2

∑
i

QA[ψi]|wi(n)| (A.41)

where wi is the weight of the i-th fermion ψi under the gauge group and QA[ψi] is its charge

under the abelian symmetry A.

A.3 Squashed three sphere partition function

Here we provide some general formulas used in the paper. The partition function of a

3d N = 2 gauge theory, with gauge group G, on a squashed three sphere is given by the

general formula [59, 74–76]

ZG;k(λ; ~µ) =
1

|W |

∫ G∏
i=1

dσi√
−ω1ω2

e
kπiσ2i
ω1ω2

+
2πiλσi
ω1ω2

∏
I Γh (ω∆I + ρI(σ) + ρ̃I(µ))∏

α∈G+
Γh (±α(σ))

, (A.42)
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where the hyperbolic gamma function Γh (see for example [46]) correspond to the contri-

butions of the one loop determinants and are defined as

Γh(x;ω1, ω2) ≡ Γh(x) ≡ e
πi

2ω1ω2

(
(x−ω)2−ω

2
1+ω

2
2

12

)
∞∏
j=0

1− e
2πi
ω1

(ω2−x)
e

2πiω2j
ω1

1− e
− 2πi
ω2
x
e
− 2πiω1j

ω2

. (A.43)

We denote as b the squashing parameter of the ellipsoid defined by the relation

x2
1 + x2

2

b2
+
x2

3 + x2
4

1/b2
= 1 (A.44)

and define ω1 = ib, ω2 = i/b and 2ω ≡ ω1 + ω2. In formula (A.42) σ and µ are real

quantities, in the Cartan of the gauge and of the flavor symmetry. We denoted with an α

the positive roots of the gauge group and with ρ(σ) and ρ̃(µ) the weights of the gauge and

of the flavor symmetry respectively, necessary to parameterize the one loop contribution of

each chiral field. The parameter λ corresponds to a possible FI term, while the R charge

of each chiral field is identified by ∆I . The Gaussian factor in the integrand corresponds

to the contribution of the classical action and it is identified with the CS term at level k.

Possible CS terms involving the flavor symmetries can be turned on and are associated to

the contact terms as discussed in [77, 78].

In the paper we mainly studied the partition function of USp(2Nc) gauge theories with

2Nf fundamentals and one antisymmetric matter field. By calling µa (a = 1, . . . , 2Nf ) the

mass parameters of the fundamentals and τ the mass parameter of the antisymmetric, the

three sphere partition function becomes

ZUSp(2Nc)(~µ; τ) =
Γh(τ)Nc−1

2NcNc!(−ω1ω2)Nc/2

∫ Nc∏
i=1

dσi

∏2Nf
a=1 Γh(µ̃a ± σi)

Γh(±2σi)

∏
i<j

Γh(τ ± σi ± σj)
Γh(±σi ± σj)

(A.45)

We also used the partition function of U(Nc) gauge theories with Nf fundamental flavors

and an adjoint. In this case the partition function has the general form In this case we

define two mass parameters for the flavor, ma and na (i = a, . . . , Nf ), for the fundamentals

and the anti-fundamentals respectively. We denote as τ the mass parameter of the adjoint.

The three sphere partition function in this case is

ZU(Nc)(~m;~n; τ ; Λ) =
Γh(τ)Nc−1

Nc!(−ω1ω2)Nc/2

∫ Nc∏
i=1

dσi eiπΛσi

Nf∏
a=1

Γh(ma + σi)

×
Nf∏
a=1

Γh(na − σi)

× ∏
1≤i<j≤Nc

Γh(τ ± (σi − σj))
Γh(±(σi − σj))

(A.46)

where the parameter Λ refers to the FI term. Observe that we did not consider possible

constraints among the parameters. Such constraints have to be added in the presence of

non-trivial superpotential interactions, like monopole superpotentials.

In the analysis we made use of two relevant formulas relating the hyperbolic gamma

function. The first formula

Γh(2ω − x)Γh(x) = 1 (A.47)
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allows to integrate out pairs of fields associated to superpotential mass terms. The second

formula

lim
x→±∞

Γh(x) = e−
πi
2

sgn(x)(x−ω)2 (A.48)

allows to integrate out fields with a large real mass. The gaussian factor in this formula

reproduces the CS terms generated on the field theory side.
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