
0. Introduction. 

Let K be an imaginary quadratic field, with ring of integers 0 and class- 

number h . Let A be an elliptic curve over ~ with complex multiplication by 0, 

and let j (A) be the modular invariant of A . Then j (A) is an algebraic integer 

of degree h over Q : its conjugates generate the Hilbert class~field H of K . 

This fundamental result has its practical drawbacks. For example, the curve A 

cannot be defined over ~ when the class-number of K is greater than one. We can 

often circumvent this problem by passing to the category of elliptic curves up to 

isogeny. Specifically, when the discriminant of K is odd, one has a large supply 

of curves defined over their field of moduli F = ~(j (A)) which are iso~enous to 

all of their Galois conjugates over H . Arithmetically these curves behave as if 

they were defined over ~ . I call them ~-curves,and these notes are devoted to 

their study. 

In Chapter I we recall some of the general theory of elliptic curves with com- 

plex multiplication. The treatment will be brief: many excellent references on 

this subject have already appeared in print. In Chapter 2 we classify elliptic 

curves A over H with complex multiplication by 0 . We show which curves de- 

scend to F = ~(j(A)) and which descended curves are actually ~-curves. 

In Chapter 3, we study the arithmetic of descended curves at all completions of 

the field F . For simplicity, we restrict to the case where K has prime discrimi- 

nant -p . In Chapter 4 we investigate the global arithmetic of ~-curves. Chapter 

5 is devoted to a detailed study of the Q-curve A(p) , with multiplication by the 

integers 0 of ~(-~p) and good reduction at all places of F not dividing p . 

We end with a discussion of some questions which remain open. 




