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Abs t rac t .  This paper studies load balancing issues for classes of prob- 
lems with certain bisection properties. A class of problems has a-bisectors 
if every problem in the class can be subdivided into two subproblems 
whose weight (i.e. workload) is not smaller than an a-fraction of the 
original problem. It is shown that the maximum weight of a subproblem 
produced by Algorithm HF, which partitions a given problem into N 
subproblems by always subdividing the problem with maximum weight, 
is at most a factor of [ l / a ]  �9 (1 - a) (11~1-2 greater than the theoretical 
optimum (uniform partition). This bound is proved to be asymptotically 
tight. Two strategies to use Algorithm HF for load balancing distributed 
hierarchical finite element simulations are presented. For this purpose, a 
certain class of weighted binary trees representing the load of such ap- 
plications is shown to have 1/4-bisectors. The maximum resulting load 
is at most a factor of 9/4 larger than in a perfectly uniform distribution 
in this case. 

1 I n t r o d u c t i o n  

Load balancing is one of the major  research issues in the context of parallel com- 
puting. Irregular problems are often difficult to tackle in parallel because they 
tend to overload some processors while leaving other processors nearly idle. For 
these applications it is very important  to find methods for obtaining a balanced 
distribution of load. Usually, the load is created by processes tha t  are par t  of a 
(parallel) application program. During the run of the application, these processes 
perform certain calculations independently but  have to communicate  interme- 
diate results or other da ta  using message passing. One is usuMly interested in 
achieving a balanced load distribution in order to minimize the execution t ime 
of the application or to maximize system throughput.  

Load balancing problems have been studied for a huge variety of models,  
and many  different solutions regarding strategies and implementa t ion  mecha- 
nisms have been proposed. A good overview of recent work can be obtained 
f rom [5], for example.  [6] reviews ongoing research on dynamic  load balancing, 
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emphasizing the presentation of models and strategies within the framework of 
general classification schemes. 

In this paper we study load balancing for a very general class of problems. 
The only assumption we make is that all problems in the class have a certain 
bisection property. Such classes of problems arise, for example, in the context 
of distributed hierarchical finite element simulations. We show how our general 
results can be applied to numerical applications in several ways. 

2 U s i n g  B i s e c t o r s  f o r  L o a d  B a l a n c i n g  

In many applications a computational problem cannot be divided into many 
small problems as required for an efficient parallel solution directly. Instead, a 
strategy similar to divide and conquer is used repeatedly to divide problems into 
smaller subproblems. We refer to the division of a problem into two smaller sub- 
problems as bisection. Assuming a weight function w that measures the resource 
demand, a problem p cannot always be bisected into two subproblems Pl and 
P2 of equal weight w(p)/2.  For many classes of problems, however, there is a 
bisection method that guarantees that the weights of the two obtained subprob- 
lems do not differ too much. The following definition captures this concept more 
precisely. 

Defini t ion 1. Let 0 < a <_ �89 A class 7 ) of  problems with weight function 
w : P -+ ~+ has a-bisectors i f  every problem p E 7) can be efficiently divided into 
two problems Pl e 7) and P2 E 7 9 with w(pl) + w(p2) = w(p) and w(pl), w(p2) E 
law(p);  (1 - a )w(p) ] .  

Note that this definition requires for the sake of simplicity that all problems 
in 7) can be bisected, whereas in practice this is not the case for problems whose 
weight is below a certain threshold. We assume, however, that the problem to be 
divided among the processors is big enough to allow further bisections until the 
number of subproblems is equal to the number of processors. This is a reasonable 
assumption for most relevant parallel applications. 

Figure 1 shows Algorithm HF, which receives a problem p and a number N 
of processors as input and divides p into N subproblems by repeated application 
of a-bisectors to the heaviest remaining subproblem. A perfectly balanced load 
distribution on N processors would be achieved if a problem p of weight w(p) 
was divided into N subproblems of weight exactly w ( p ) / N  each. The following 
theorem gives a worst-case bound on the ratio between the maximum weight 
among the N subproblems produced by Algorithm HF and this ideal weight 
w ( p ) / N .  All proofs are omitted in this paper due to space constraints but can 
be found in [1]. 

T h e o r e m  2. Let 7' be a class of problems with weight function w : 7 ) --+ ]~+ that 
has a-bisectors. Given a problem p E 7) and a positive integer N ,  Algorithm H F  
uses N - 1 bisections to partition p into N subproblems Pl, . . . ,  PN such that 

l<_i<Nmax w(P/)< w(P)-- - - N - - "  ' ( l  - 
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InImt:  problem p, positive integer N 
begin 

e ~ -  (p}; 
while ]P] < N do 

begin 
q ~-- a problem in P with maximum weight; 
bisect q into ql and q2; 
P 4- (P O {ql, q2}) \ {q); 
end; 

output P; 
end. 

Fig. 1. Algorithm HF (Heaviest Problem First) 

It is not difficult to see that  the bound given in Theorem 2 is asymptotically 
tight. This means that  for sufficiently large N there exists a sequence of bisections 
such that  the maximum load generated by Algorithm HF is arbitrarily close to 
this bound. For this purpose, the original problem is first split into a number of 
subproblems P l , . . . ,  Pn of equal weight. Each of Pl, .  �9 Pn- 1 is then split into 
[ l / a ]  subprobtems using a sequence of [1/aJ - 1 exact a-bisections, whereas Pn 
is split similarly but without doing the final bisection step. 

The construction outlined above suggests that  the bound from Theorem 2 
might not be tight for small values of N, however. Indeed, we can prove that  
for all a < 1/5 and for all N < i / a ,  Algorithm HF partitions a problem from a 
class of problems with a-bisectors into N subproblems such that  the weight of 
the heaviest subproblem is at most w(p)(1 - a) y - 1 .  Hence, the ratio between 
the maximum weight and the ideal average weight is bounded by N(1 - a )  N - l ,  
which is smaller than [ l / a ]  ( l - a ) [1 /~J -2  for the range where this bound applies. 

3 Application of Algorithm HF to Distributed Finite 
Element Simulations 

In this section, we present the application of Algorithm HF for load balancing 
in the field of distributed numerical simulations with the finite element (FE) 
method [2]. The FE method is used in statics analysis, for example, to calculate 
the response of objects under external load. In this paper, we consider a short 
cantilever under plane stress conditions, a problem from plane elasticity. The 
quadratic cantilever is uniformly loaded on its upper side. Its left side is fixed 
as shown in Figure 2, top left. The definition of the object's shape, its struc- 
tural properties, and the boundary conditions lead to a system of elliptic partial 
differential equations. 

We substructure the physical domain of the cantilever recursively. With the 
method of [4], a tree data  structure is built reflecting the hierarchy of the sub- 
structured domain (see Figure 2). This data  structure contains a system of linear 
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Fig. 2. The example application 

equations Su = f for each tree node. Its stiffness matrix S determines the un- 
known displacement values in the vector u at the black points shown in Figure 2 
(right), dependent on the external and reaction forces f .  In the leaves, the sys- 
tem of equations is constructed by standard FE discretization and the so-called 
virtual displacement method. In an internal node, the system of linear equations 
is assembled out of the equation systems of its children. 

For the solution of all those equation systems, we use an iterative solver which 
traverses the tree several times, promoting displacements in top-down direction 
and reaction forces in bot tom-up direction. Since the adaptive structure of the 
tree is not known a priori, a good load balancing strategy is essential before the 
parallel execution of the solving iterations. 

We assign a load value s = Cbnb(p) + Csn,(p) to each tree node p, with 
nb(p) black points on the border without boundary conditions, and ns (p) black 
points (not ghost points) belonging to the separator line of node p. The load 
value s models the computing time of node p, where the constants C~ and Cb 
are independent of node p, and Cs ~ 6C6. These values can be easily collected 
during the tree construction phase. 

In order to distribute the work load among the processors, we need to know 
the computing time of whole subtrees of the FE tree. So for each node p, we 
accumulate the load in the subtree with root p to get the weight value w(p): 

f s i f p  is leaf w(p) 
/?(p) q- w(cl) § w(c~) i f p  is root or internal node 

where cl and c2 are the children of p. 
For a bisection step according to Algorithm HF, we remove the root node p 

from the tree of weight values. This yields two subtrees rooted at the children 
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cl and c2 of p, and the weight of the root node p is ignored for the remainder 
of the load balancing phase. The results of Theorem 2 are well approximated 
because i(p) (work load for the one-dimensional separator) is negligible compared 
to w(p) (work load for the two-dimensional domain) in our application with 
commensurately large FE trees. 

Algorithm HF chops N subtrees off the FE tree, each of which can be tra- 
versed in parallel by the iterative solver. These N subtrees contain the main 
part  of the solving work and may be distributed over the available N proces- 
sors, whereas the upper N - 1 tree nodes cannot exploit the whole number of 
processors, anyway. 

Another strategy divides the entire given FE tree into N partitions of ap- 
proximately equal size by cutting edges (and not root nodes of subtrees). For 
this purpose, we set w(p) = ~(p) in each tree node. So this application of Algo- 
r i thm HF takes into account that the main memory resources of the processors 
become the limiting factor if very high accuracy of the simulation is required. 

4 W e i g h t e d  T r e e s  w i t h  G o o d  B i s e c t o r s  

Let T be the set of all rooted binary trees with node weights ~(v) satisfying: 

(1) e(p) _< t(cl)  + g(c2) for nodes p with two children cl and c2 
(2) g(p) > g(e) if e is a child of p 

The weight of a tree T = (V, E) in T is defined as w(T) = ~ v e y  ~(v). 
This class T of binary trees models the load of applications in hierarchical 

finite element simulations, as discussed in Section 3. Recall tha t  in these ap- 
plications the domain of the computation is repeatedly subdivided into smaller 
subdomains. The structure of the domains and subdomains yields a binary tree 
in which every node has either two children or is a leaf. The resource demands 
(CPU and main memory) of the nodes in this FE tree are such that  the resource 
demand at a node is at most as large as the sum of the resource demands of its 
two children. 

Note that  (1) and (2) ensure that the two subtrees obtained from a tree in T 
by removing a single edge are also members of T.  The following theorem shows 
that  trees from the class T can be �88 by removal of a single edge unless 
the weight of the tree is concentrated in the root. 

T h e o r e m  3. Let T = (V ,E)  be a tree in T ,  and let r be its root. I f  ~(r) 
3w(T), then there is an edge e �9 E such that the removal ore partitions T into 
s btrees T1 and with w(Tl),w(T ) �9 

1 According to Theorem 2 a problem p from a class of problems that  has ~- 
bisectors can always be subdivided into N subproblems Pl, . . . ,  PN such that  
maxl<i_<N w(pi) _< w(ff). 94. The following corollary gives a condition on trees in T 
that  ensures that  they can be subdivided into N subproblems using �88 

C o r o l l a r y  4. Let T = (V ,E)  be a tree in T ,  and let r be its root. Let N be 
a positive integer. I f w ( T )  > 4 ( N -  1)~(r), Algorithm HF partitions T into N 
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subtrees by cutting exactly N - 1 edges such that the maximum weight of  the 
9 w(T) resulting subtrees is at most ~ �9 N " 

Note that  an optimal rain-max k-partition of a weighted tree (i.e., a part i t ion 
with minimum weight of the heaviest component after removing k edges) can 
be computed in linear time [3]. These algorithms are preferable to our approach 
using Algorithm HF in the case of trees that  are to be subdivided by removing 
a minimum number of edges. Since the heaviest subtree in the optimal solu- 
tion does obviously not have a greater weight than the maximum generated by 
Algorithm HF, the bound from Corollary 4 still applies. 

5 C o n c l u s i o n  

The existence of s-bisectors for a class of problems was shown to allow good 
load balancing for a surprisingly large range of values of c~. The maximum load 
achieved by Algorithm HF is at most a factor of [ l / a ]  �9 (1 - a)L1/~J-2 larger 
than the theoretical opt imum (uniform distribution). 

Load bMancing for distributed hierarchical FE simulations was discussed, and 
two strategies for applying Algorithm HF were presented. The first strategy tries 
to make the best use of the available parallelism, but requires tha t  the nodes of 
the FE tree representing the load of the computat ion have good separators. The 
second strategy tries to partit ion the entire FE tree into subtrees with approxi- 
mately equal load. For this purpose, it was proved that  a certain class of weighted 
trees, which include FE trees, has 1/4-bisectors. Here, the trees are bisected by 
removing a single edge. Partitioning the trees by removing a minimum number 
of edges ensures that  only a minimum number of communication channels of 
the application must be realized by network connections. Our results provide 
worst-case bounds on the maximum load achieved for applications with good 
bisectors in general and for distributed hierarchical finite element simulations in 
particular. For the latter application, we showed that  the maximum resulting 
load is at most a factor of 9/4 larger than in a perfectly uniform distribution. 

At present we are implementing the load balancing methods proposed in this 
paper and integrating them into the existing finite element simulations software. 
We expect considerable improvements as compared to the static (compile-time) 
processor allocation currently in use. See [1] for first results. 
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