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Abstract, A projectively invariant representation for groups of planar disjoint 
contours is proposed as a simultaneous polar reparametrization of multiple 
curves. Its origin is an invariant point and for each ray orientation, the cross-ratio 
of the intersections with its closest curves is taken as a value associated to the ra- 
dius. The sequence of cross-ratio values for all orientations represents a signature. 
With respect to other methods this representation is less reliant on single curve 
properties, both for the construction of the projective basis and for calculating the 
signature. The proposed representation has been originally developed for planar 
shapes, but an extension is proposed and validated for trihedral corners. Illumina- 
tion invariant measures are introduced into the representation to increase it dis- 
crimination capability. The whole approach is applied to shape-based retrieval 
from image databases. Experiments are reported on a database of real trademarks. 

1. Introduction 

The emerging field of  image databases [6,10,21,27] has created a demand for new que- 
rying techniques. Such techniques must cope with large amounts of  image data, without 
restrictions on the image content. Computer vision methods can be employed, provided 
that they do not rely on application-specific constraints [ 12]. 

Content-based, or similarity-based retrieval requires some semantic description. We 
hypothesize that this can be extracted in terms of  image properties. For example, search- 
ing for images containing a particular trademark amounts to searching for properties 
like colour [7] or shape [6,10]. However, all such properties are influenced by the view- 
ing conditions. The geometric changes introduced by varying viewing conditions can 
be modelled by either projective or affine transformations, while linear transformations 
can be used to model chromatic changes under different illuminants. The reliability of  
a search method depends on how well it can separate information influenced by viewing 
conditions from object properties, and use the latter. Separable object properties are 
called invariants and their application to computer vision was first broadly reviewed in 
[18]. 

For mathematical reasons, invariants are obtained more easily for planar geometric 
structures [3,23]. This has limited their use to object facets and trademark recognition. 
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Some studies have proposed the use of algebraic invariants, i.e. measures that are ob- 
tained from r e g u l a r  geometric structures, like a group of lines [26] or conics [19]. The 
difficulty of characterizing any object with such structures has constrained the use of 
algebraic invariants to specific (mostly industrial) classes of objects. Also, as pointed 
out in [ 15], the small number of these invariants fails to provide sufficient discrimina- 
tive capability when the amount of objects increases. 

Differential invariants (based on derivatives) were designed to generalize previous 
approaches to a larger class of objects and consist of expressing the local behaviour of 
a shape in a reference frame, defined by some regular invariant geometric structures 
[29,28]. Such structures could be invariant points [2], tangents [17,23], lines [9] and the 
represented curve should have a sufficient number of them. A simplified version of 
these invariants can be achieved by replacing the projective camera model by an affine 
model [20,25]. 

In practice, when invariant representations are used for shape-based retrieval, two 
major weaknesses can be observed. First, they focus on single-curve properties, thereby 
neglecting the fact that shapes are generally defined over a neighbourhood containing 
multiple curves. A lot of geometric information is thus lost. The second weakness is the 
tendency of purely geometric and local representations to produce a large number of 
false matches. The present article proposes a technique improving these two points. A 
geometric shape representation integrating multiple curves is combined with chromatic 
information invariant to illumination conditions. 

The rest of this paper is structured as follows: section 2 outlines the idea of the pro- 
posed representation and shows its projective invariance; Section 3 focuses on the prob- 
lem of finding reference lines, necessary for invariant reparametrization; in Section 4 
the method is extended with illumination invariance. Finally, in section 5 experimental 
results on invariance and database aspects such as shape comparison and indexing are 
reported. 

2. Projectively Invariant Description of Disjoint Curves 

In this section we express invariant relationships between multiple disjoint curves. A 
representation is derived and used for further experiments. Special attention is paid to 
guaranteeing projective invariance at each step of the representation construction. 

2.1 Building Multi-Curve Descriptors 

In order to represent geometric arrangements of multiple planar curves, one needs to 
represent relations between points on those curves. Let us suppose that each curve c in 
an image has its associated length parameter t and each of its points is defined as a point 
vector c ( t )  for some value of t ~ [0,1]. Let us take N C such curves into account with 
one point per curve, so that each point is allowed to move freely along its corresponding 
curve. The dimensionality of the representation space for the relationship between those 
points will be N c . In the case of three such curves, the 3D parameter space is already 
too large to search for relationships between the curves and to extract invariants. 

This dimensionality can be reduced by imposing some constraints on the free points 
taken from different curves. The simplest such relationship is cotlinearity of points. Any 
two points from two curves uniquely specify one line and therefore all other points are 
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uniquely defined with respect to this line. So, with the collinearity condition, the dimen- 
sionality of the representation space is two, whatever the number of curves. It should be 
noted that collinearity is a projectively invariant condition. 

As the number of curves in an image approaches a few hundred, two-dimensional de- 
scriptions for each pair of curves are still not a promising approach. We can reduce this 
description space to one dimension by constraining the line to pass through one point 
(e.g. C o in figure 1.b). By selecting this point as one extreme of the line, one obtains a 
one-parameter family of rays, uniquely defined by their orientation angle O. 

For each ray r(O), we can detect its intersection points P I ,  P2 .... with all image 
curves (cf. figure 1.c). It is now possible to characterize this set of points with some 
function and plot this function against the parameter O. This provides a "signature" 
s(Co) for any choice of the origin C o , which is based on multiple curves and describes 
information about their spatial arrangement. The number of rays N r cast from C o over 
the interval [0, 2rt] defines the signature's resolution, and can be defined a priori. 

This representation scheme will be of interest only if it guarantees projective invari- 
ance of the signature. For this to be true, all stages of the signature construction method 
should be projectively invariant. Collinearity of intersection points is already so. The 
invariance of the position of the centre point C o is provided by construction methods 
addressed in Section 3. Also, the way rays are cast from C o should be invariant. This 
is equivalent to the invariance of the pararnetrization r(O), and is studied in the follow- 
ing subsection. Subsection 2.3 then describes how to obtain an invariant value for a set 
of intersection points on the ray, and how to construct a shape signature. 

2.2 Reparametrization of Rays 

Let N r be the total number of rays originating from C O . A configuration where C O 
is the centre of coordinates and the distribution of the orientation parameter ~ is uni- 
torm over the 2~ interval is referred to as canonical and is shown in figure 1.a. In figure 
1 .b a projectively transformed version of these rays is presented. This configuration will 
be referred to as image coordinate frame and corresponds to the unknown projective 
transformation of the canonical frame. C o corresponds to the invariant point detected 
in the image. 

Let 0 be a new orientation parameter which now describes the unknown, projective- 
ly distorted, distribution of rays in the image. This non-uniform distribution has to be 
compensated for projective transformation or, in other words, a correspondence be- 
tween the canonical and the projected rays should be found. 

Let M denote the 3x3 matrix of the unknown 2D projective transformation from ca- 
nonical to image frame. This matrix is expressed in homogeneous coordinates up to a 
scale factor which can be fixed by setting the value of one of its elements. The transfor- 
mation thus has eight degrees of freedom (DOFs). As already pointed out, C O is by con- 
struction an invariant point detected in the image, whose coordinates are thus known. 
Establishing the correspondence between Ca and the centre of coordinates in the ca- 
nonical frame gives the equation: M[O 0 1~ = g C~ . This equation gives two 
elements of the matrix M which, after their substitution, leaves six DOFs. 

Once the correspondence between centres is established, the transformation between 
canonical and image rays can be seen as a transformation between two pencils of rays. 
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Although in the canonical frame the orientation is already given by the angle , in the 
image system the parameter 0 has to be determined. Each of  these pencils is a one-di- 
mensional projective space and the transformation between them can be described by a 
1D projective transformation with three DOFs [13]. This means that t h r e e  reference 
rays are needed to establish the full correspondence between rays in canonical and pro- 
jected frames. Its explicit form is derived using the duality of  lines and points in the pro- 
jective space. 

In figure 1.a. the first and second homogeneous coordinates of  the 1D projective 
space are respectively the vertical and horizontal axes. The projective line l corre- 
sponds to all points with second coordinate equal to 1. A point with coordinate ta on 
the line is dual to the ray with angle ct and because the distance from 1 to the centre is 
1, then ta = t a n s .  Let us take three reference rays t~ ,c~ 2 ,ct 3 and one unknown ray 

in the canonical pencil and their corresponding rays in the image frame: 
01 , 0 2 , 0 3 , 0 .  For the canonical frame the respective dual points on the line are: 
t13~l ,tl3(2 ,tl~ 3 , t~ ,  Under a 1D projective transformation a well-known invariant value 
called cross-ratio can be defined for f o u r  points in terms of  distances between them 
[3,13,18]. This value, will thus be the same in both frames. Equating the expressions for 
the cross-ratio of  points in the canonical frame and for the corresponding points in the 
image frame gives: 

(t03 -- to2)( t  o - to, ) ( /% -- ta:) (tc~ - / % )  
= ( 1 )  

(t o - t0:)(t03 - to, ) ( ta  - ta: ) ( ta3  - ta, ) 

Taking three rays with predefined orientations cq ,  c~ 2 , ct 3 in the canonical frame 
and three corresponding rays invariantly identified in the image space with orientations 
01 , 0 2 , 0 3 allows their tangents to be computed and substituted into eq.1. We thus ob- 
tain an expression relating tangents of  any image orientation 0 and canonical orienta- 
tion or. 

Fig. 1. Canonical (a) and image (b) coordinate frames with reference and sampling rays for 
N, = ~00. In (b), the fourth ray indicates the symmetry frontier. The sampling rays (black) follow 
the projective transtbrmation determined by the reference rays 01 , 0 e , 0 3 . (c) Intersection of 
image curves with rays originating from a point C o . White squares represent the intersections 
points. 

In practice, let us take the canonical reference orientations as [ ~  ,c~2,t~ 3 ] = 
[ - r t / 4 ,  O ,  r t / 4  ] (cf. figure 1.a) which correspond to tangents [ t~,, tc~ 2 , t% ] = [-- 1 , 0 , 1  ] 
(interval of  highest tangent stability). By substituting them into eq. 1, we obtain the map- 
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ping between the tangents t a and t o in the canonical and image frames: 

( t%to2)( t  ~ + 1) + (to t % ) ( t  ~ - 1) - 2tato3to~ 
t o = (2) 

(t03(1 - ta) - to~ ( t ~ + 1) + 2tat02) 

Once this correspondence is established, we construct rays with a uniform distribu- 
tion in the canonical frame and transform them to the image frame with the above for- 
mula (cf. figure 1.b). All rays so defined in the image space are projectively invariant 
with respect to the reference rays. They are fully invariant provided that reference rays 
were invariantly identified. It should be noted that working with tangents in eq.2 pro- 
vides correspondence only up to the central symmetry. This direction ambiguity is re- 
moved during ray construction. As will be shown later, at least one point is available on 
one reference ray, thereby allowing the selection of  the positive direction. 

To summarize, we now possess a method for projective normalization of  ray orien- 
tations from an invariant point, given three reference rays. This normalization has re- 
moved five DOFs from the projective transformation matrix thus leaving only three. 

2.3 Calculating the Signature 

In this section we show how to attribute an invariant value to a given ray using its points 
of  intersection with image curves. The three remaining DOFs correspond to a 1D pro- 
jective transformation a long  each ray which lets us focus on the projective line. The 
cross-ratio invariant requires a minimum of  four points on this line. By taking the centre 
point and t h e f i r s t  three other points on one ray, one can compute their cross-ratio, pro- 
viding an invariant value for that  ray. Using the notation of  figure 1.c the cross-ratio will 
be computed as: cr<O  = qCoe lle,e31>/<le,e jICoe3l) where Ixyl denotes the dis- 
tance IIx - yll or the determinant of  the corresponding homogeneous coordinate vectors. 
The fact that only the three closest curves to the point C O will be used is an attractive 
property. Indeed, the signature will be based on multiple curves, expressing their rela- 
tive position, but this will be done locally, without going beyond the three closest 
curves. 

Projective invariance is now achieved. To construct a signature, we take in the ca- 
nonical frame N r uniformly spaced rays and transform them, with the help of  the ref- 
erence lines, to the image domain. For each ray obtained, a cross ratio of  three intersec- 
tion points gives the signature value. In practice, cross-ratio values are bound. If  curves 
can not be closer that dmin pixels due to edge detector properties and the image size 
does not exceed dm~ x pixels~ then the upper bound for the cross-ratio is: 

Crmu x = (dma x -  drain) / (4 (dmaxdmin )  ) . With dmin = 3 and dma x = 600 the Crm,,x 
we have crma ~ = 50 which can be used as a normalization factor for signature com- 
parison. When the number of  intersections is less than three, the signature value is un- 
defined and arbitrarily set to zero. 

To compare the signatures of  two patterns, we need a matching measure. Let c rl(cc), 
cr2(c~) be the signature values at orientation cc for two different patterns. In order to 
emphasize the suitability of  the signature itself, we consider the simplest function be- 
tween signatures s 1 and s 2 , given by the normalized sum of  Euclidean distances across 
all rays: 
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N r - 1 

d(sm' Sn) ----" 1/(CrmaxNr)~cL =0 II c F I ( ~ )  - c r 2 ( a ) l l  (3) 

where Ilxll denotes in this case the absolute value but could be extended to the L 2 norm 
for multidimensional signatures (cf. section 5). 

The following example illustrates the invariance of these signatures. In figure 2 (a) 
and (b) the same group of curves is viewed from two different viewpoints (they are pro- 
jectively equivalent). For both images, one invariant point and three reference rays 
(gray) are shown. In this case, N r = 100 and the two corresponding signatures are 
shown in figure 2.c. Their normalized difference, according to eq.3, is 0.03. More ex- 
tensive tests with variations of distance under projective transformation are presented 
in the experimental results section. 

Fig. 2. Projectively equivalent shapes (a), (b). Example of signatures (c) computed from these 
shapes. In (d) The "cover zone" of the signature in the original image is shown. 

It should be noticed that for the simpler case of affine projection the number of DOFs 
is six, which is two degrees less than in the projective case. The equivalent representa- 
tion for affine case would then require two reference rays and three points on each ray. 
This configuration can be used for angles but is not further studied in this paper. 

Given a triplet of lines representing the reference frame, it is possible to define a re- 
gion of the image whose outline is formed by the last curves participating in the signa- 
ture (i.e. the third point for each ray). An example of such outline is shown in figure 2.d. 
leading to two interesting observations. First, the signature remains local for objects 
presenting a high density of curves while spanning multiple curves. Second, attention 
should be paid to gaps in some curves which produced unpredictable variations in the 
signature values. This also suggests a possible way to improve our definition of distance 
between signatures, namely the possibility to disregard small intervals of ~ where two 
signatures clearly diverge. 

3. Construction of Invariant Reference Frames 

In the previous section we have shown that exactly three projectively invariant lines 
passing through one point are necessary to build an invariant signature for such a point. 
The present section addresses the issue of constructing these reference lines from such 
invariant curve properties as points and tangents. 

3.1 Construction of New Lines 

Projectively invariant properties of a curve include points and straight lines. Points on 
the curve are projectively invariant if they are cusps, inflections or bitangent points of 
contact. A straight line, given either by a bitangent line, inflection tangent or by a piece 
of straight curve is also projectively invariant [23]. Cusps are not considered, due to 
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their relatively high instability. For bitangents and inflections either tangents or points 
can be used but tangents are used first whenever possible because of their higher stabil- 
ity [18, 29]. 

Unfortunately, none of  these properties has a configuration where three lines meet  in 
one point. Therefore, different invariant properties should be combined to build a 
frame. By taking the intersection of two tangents of  invariant properties on the curve, 
one obtains an invariant point C o and two lines. Linking one further invariant point and 
C o by a line would complete the construction with the third line. 

In order to reduce the number of  combinations, the grouping operation underlying 
the construction of  invariant frames should respect the order of  invariant components 
along the curve. All invariant lines are associated with some points on the curve. Bitan- 
gents have two points of  contact with the curve and can be considered as two separate 
points with equal tangents (of course their intersection will in this case be avoided). The 
straight part of  a curve can be approximated by a line segment. For grouping purposes, 
its two endpoints can be considered as points of  contact for this line. All invariant prop- 
erties of  one curve are thus ordered and their successive triples can be used for frame 
construction. The unknown direction of a curve still leads to an ambiguity about the glo- 
bal order of  points, i.e. the same frame should be obtained if the order of  points in the 
triple is reversed. To achieve this in a local fashion, we suggest to construct the centre 
point C O as the intersection of  tangents of  the two external points of  the triple. The third 
line would then pass through C o and the middle invariant point. 

Let us take, for example, a triple of  invariant points, such as the bitangent point B l 
and the two inflections 1 t , 12 of  figure 3.a with their respective tangents b 1 , l j ,  12 . 
Taking the intersection of tangents from the first and third points ( l  1 and 12 ) gives the 
centre point C o . The third line 13 is passed through C o and the middle point in the triple 
which is B~. The order between the three constructed rays is selected in correspondence 
with canonical rays and becomes the following: l~, 13,  12 . 

Fig. 3. (a) Three-line configuration constructed from a bitangent and two inflections. A bitangent 
(bbb and two inflections I 1 , 12 are used to construct a reference frame of three lines: I l , l 3 , 12 . 

Constructing a reference frame using bitangents that have been fitted to multiple curves. 

The constructive approach described above is a general method for constructing ref- 
erence frames by selecting successive triples of  invariant properties. The only exception 
is the particular case when a straight line is the middle invariant property in the triple. 
Indeed, taking the intersection of external (rather than neighbouring) points in the triple 
places in general the centre point rather far from the curve. This prevents points on the 
ray from being too close to the centre point and thus from producing degenerate values 
of  the signature for a whole range of  orientations. 
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3.2 Bitangents of Multiple Curves 

As mentioned above, curves play the role of  grouping operator for invariant points. 
However, practice shows that the topology of  curves in the image is affected by per- 
spective projection and image noise. In curve zones where a particular projective trans- 
formation increases the curvature, a potential gap can be expected because of  the fixed 
geometry and finite resolution of  edge detectors. Thus, curve topology depends on the 
transformation and can not be relied on for grouping remote invariant properties. To 
overcome this problem, more invariant properties are needed to increase their density 
along the curves. We make the assumption that within a local neighbourhood curved 
contours belong to the same object and so are coplanar. In the case of  trademarks, 
curved contours rarely correspond to 3D edges and we expect this hypothesis to hold. 
Quantitatively, this assumption depends on the number of  planar facets in the scene and 
on the number of  curves belonging to each facet. To validate it experimentally we have 
found that for our database of  trademarks (cf. section 5) approximately 4% of  neigh- 
bouring curve pairs do not belong to the same object. 

I f  neighbouring curves do belong to the same rigid object, t h e i r  j o i n t  projectively in- 
variant properties can be used. In this case, only bitangents are suitable since they have 
two-point contact and so can be fitted to a pair of  curves. For each curve a subset of  
neighbouring curves is thus constructed and bitangents are fitted to them. We impose 
the condition that such bitangents do not intersect other curves so as to keep properties 
local. 

Figure 3.b illustrates this stage. The curve c I does not have any invariant points of  
its own; therefore no invariant frame could be found for it. However, several invariant 
properties can be found in common with its neighbours c 2 , c 3 and c 4 , such as the three 
bitangents b l , b2, b 3 . These lines are sufficient to construct at least one reference 
frame for c 1 o Taking the intersection of  b 1 and b 3 produces the centre point C o and 
the third line would pass through B 2 . 

We statistically estimated the advantage of  using multi-curve properties for signature 
construction with respect to methods based on a single curve. For our database we found 
an average of  0.19 bitangents, 0.62 lines, and 0.17 inflections per curve. This gives a 
total of  0.98 invariant properties per curve while the number of  triplets of  these proper- 
ties, necessary for frame construction is on average below 0.24 for each individual 
curve. However, if we consider bitangents spanning two curves, their occurrence per 
curve is 1.7 and the average number of  triples increases to 0.76. This affects the density 
of  reference frames in the image making it high enough to not only cover the whole ob- 
ject with invariant descriptors, but also to provide sufficient level of  redundancy to deal 
with noise and occlusion. 

3.3 Extension to 3D Faceted Objects 

The construction of  the invariant signature described above has been defined for shapes 
such as trademarks located on a planar surface. However, trademarks are often placed 
on pack boxes that have orthogonal sides~ If  a box corner is visible from the camera, 
two or three facets are visible simultaneously. Trademarks located on each facet can be 
represented independently, but in this case the integration of  the information from dif- 
ferent facets would also be of  considerable interest. In this section we address the issue 
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of finding a reference frame of  three rays for each facet using the assumption of  facet 
orthogonality.  In this work we assume that the corner point is lying on the optical axis. 

b) c) 

~ X / X  X' 'I X t , 12 1 ~ X'2 

Fig. 4. (a) Projective configuration for the case of an orthogonal comer with three visible facets 
(seen from C O ). (b) Three-ray configuration recovered for the facet X l X 2 . (c) Three-ray con- 
figuration reconstructed for facet X z X 2 with correct definition of the midray 

Figure 4.a illustrates a homogeneous projective configuration, corresponding to a 
visible orthogonal corner. In this case p is the projective plane (image plane) and C o 
is the optical centre. The corner point X 0 will be selected as coordinate centre for con- 
venience. Let  the basis unit vectors X 1 , X 2 , X 3 lay on 3D corner edges. For  now we 
will study the case when all the three facets are visible. 

The vectors X 1 , X 2 , X 3 will project  onto vectors x I , x 2 , x 3 on the plane p .  As we 
are interested only in rays corresponding to the edges of  the corner, only the orientation 
of the vectors x 1 , x 2 , x 3 is important, and not their length. This corresponds to an ar- 
bitrary depth of  the corner in the scene or, equivalently, to arbitrary posit ion of  the pro- 
ject ive  plane along the line CoX 0 . Thus we can consider that it passes through X 0 and 
it is defined by its normal np in the X 1 , X 2 , X 3 frame. Let np be defined as the vector 
X3 = [0 0 1] rotated around X 1 by the angle 13 and then around X 3 by the angle 7- 
The corresponding rotation matrices are denoted by Rx, a n d  Rx3 thus np = RxRx3X3. 

Let us take the facet spanned by Xl and X 2 as an example. As we saw in section 3, 
ray normalization in the plane requires three reference rays. The two vectors spanning 
the facet already give two such rays and so we need to find the third one. One excellent  
candidate is the bisector of  the angle between X 1 and X 2 because the triple of  rays will 
then correspond to the canonical frame [(x I ,(x 2 ,~3 ] defined in section 2.2. Since X z 
and X 2 are orthogonal and of  unit length, their bisector is spanned by the vector 
X s + X 2 . Let  X12 denote this vector and x12 its projection on the plane p (not shown 
on the figure). In the following, we shall show that orthogonality of  facets imposes a 
r igidity constraint on the orientation of  three rays and exploit  this to derive a closed- 
form expression for the orientation of  x12. 

The vector x I which defines the ray of  projection of  X l on p is defined by: 

X 1 = (rip X Xl )  X np (4) 

and the same formula applies to three other vectors x 2 , x 3 , x12. By definition, all these 
vectors lay on the p plane in space. Let  x i denote the orientation (tangent) of  any such 
vector x i in the projective plane with respect to some basis, we then need to find xle 
from x 1 , x2, x 3 . Together with x 1 and x 2 , x12 will become the third reference ray for 
the facet X 1 X 2 and will complete the construction ofpro jec t ive ly  invariant f lame de- 
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scribed in the previous section. The same reasoning applies to the other two facets. 

The orientation x i of a vector x i lying in the projective plane, can be measured only 
with respect to a selected basis in this plane. The coordinates of  vectors x i are already 
expressed with respect to the three unit vectors X 1 X 2 X 3 . Keeping the same basis we 
rotate the projective plane p together with the four orientation vectors x i around the 
centre X 0 so as to align it with one facet. Selecting, for example,  the one spanned by 
vectors X 1 and X 2 , these latter vectors become the basis of the transformed plane (cf. 
figure 4.b). So, we can use the coordinates of  the transformed vectors to calculate their 
orientations (tangents). 

In practice, the rotation of  the plane p can be sought as a rotation of  its normal np 
so that after the transformation the normal is aligned with X 3 . This rotation is in fact 
the inverse transformation of  np definition i.e. the two rotations Rx3 ,  Rx~ applied in 
the reverse order. Mult iplying these two matrices together gives the final transformation 
matrix. By applying this transformation to four vectors x i in the projective plane de- 
fined by (eq.4) we obtain new vectors x' i all belonging to the X 1 X 2 plane (cf. figure 
4.b). Taking the ratio of  t h e f i r s t  and s e c o n d  coordinates of  each vector gives a tangent 
for each ray as follows: x~ = 1 / ( c v t ~ ) ,  x 2 = - t ~ / c v ,  x12 . =  (t[~- 1 ) / ( ( t~  + 1)cv) 
where t~ = tan[~ and c v = cos ' / .  By construction, x 3 is aligned wi th the  X 2 axis and 
so its orientation x 3 is zero. By rearranging terms we obtain an expression for x~2 : 

k ( x  1 - k )  
x 1 2 -  x l + k  ' (5) 

where k = ~ / - x~x  2 . The first observation is that x12 depends only on two rays span- 
ning the facet it belongs to. This is true as long as x 3 is aligned with the horizontal axis 
and the order between x~ and x 2 is correct. Selecting the correct order, however,  can 
not be done in the absence of x 3 and should be done in the c l o c k w i s e  direction as illus- 
trated in figure 4.b. A second remark is that x I and x 2 should be of  different sign. This 
condition is a consequence of  the rigidity imposed by the orthogonali ty of  facets and it 

is always satisfied when x 3 is aligned with the horizontal axis. So, i f  we find a Y-junc- 
tion in the image, we align one ray with the horizontal axis and evaluate the midray for 
the other two according to the proposed formula. 

Let  us consider now the case when only two facets are visible. The rays projected 
onto the image plane are shown in figure 4.c. This case differs from the previous one by 
the fact that all pairwise angles between rays in the image plane are less than ~ / 2  and 
thus can be easily detected in the image~ The same rotations are applied to align x 3 with 
the horizontal axis. However,  two other rays, due to the rigidity constraint, are now 
placed on the opposite sides of X 1 . However,  the expression in eq.5 will give a correct 
midray orientation only when the orientations of  rays x 1 , x 2 are measured with first and 
second coordinates reversed. 

Let  us consider figure 5 for a practical example. A box corner can be detected in the 
image by searching for Y-junctions of  lines. Three rays were detected, shown in the fig- 
ure 5.a. For  the facet S a bisector was detected according to the proposed method and 
a signature evaluated. This operation was also performed with a different view of  the 
same box, shown in figure 5.b. Again, a signature was evaluated and a comparison be- 
tween the two is provided in figure 5.c. It can be seen that except for few points, the 
signature profiles match rather well. 
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Fig. 5. (a) A bisector ray found for the facet S. In (b) the same ray is found for an image of the 
same comer viewed from another viewpoint. In (c) the signatures constructed from the two cor- 
responding facets are shown. 

It should be noticed that, unlike the planar case, in 3D signatures for all facets corre- 
spond to three re/2 intervals in the canonical frame. There is no circular order for these 
intervals. A comparison technique that takes the best distance over 3 circular permuta- 
tions of intervals should thus be considered. 

4. Illumination Invariance for Indexing 

The method presented above for computing a pattern signature is purely geometric. In 
order to increase its discriminating capability some chromatic information could be 
added to the signature. In line with the whole approach, this information is required to 
be invariant to illumination changes. Several models exist to describe chromatic chang- 
es under illuminant variations [5,7]. Invariance to illumination must be seeked as invar- 
lance to a specific transformation model. One of the optimal approximations is the scal- 
ing model [5] where, under illuminant change, each colour channel changes its intensity 
according to a separate scale factor. In this case chromatic values measured one point 
under one illuminant [R G B] ehan~e to [R' G' B'] according to the following ex- 
pression: IR" "G B~ = [sRR sdG s~B~. Let us assume that two neighbouring pixels 1 
and 2 belong to the same-surface. Dueto their proximity we consider them as subject to 
the same illuminant. In this case, the following relation [7] allow the scaling factors of 
the previous expression to be discarded: (R'I G'2)/(R'2G'~) = (R1G2)/(R2GI). 

Such ratios are therefore locally invariant to illumination. In chromatically uniform 
image areas, this ratio should be approximately constant. The disadvantage of this 
method is that local changes of colours occurring at the border of two surfaces result in 
large variations of this ratio, making recognition unstable. 

In our case, we have an invariantly constructed ray with four points. It would be in- 
teresting if we could complement the geometric information represented by their cross- 
ratio with a more stable chromatic measure computed on intervals between such points. 
Since curves in an image correspond to chromatic variations, the areas they enclose tend 
to be more uniform or textured and can thus be well described by simple functions. 

The simplest method to model their variations is to take averages over the profile be- 
tween points of intersection and work with these values to find a possible invariant to 
illumination. Such an illumination invariant value can be stored with each geometric 
signature point and used as an additional dimension for discrimination. 

Let b f denote the average value of the part of the chromatic profile under some ca- 
nonical illuminant. Here the index L = { 1, 2, 3 } indicates the interval and the index 
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F = {R, G, B} indicates the chromatic channel. Under a change of illumination each 
point in the interval and therefore also the average will be subject to a vertical scaling 
with a factor s v . For instance, bl g will become sRb ~ . 

Due to the unknown projective transformation along the ray the density of points in 
each interval changes. For the operation of averaging this amounts to weighting differ- 
ently the chromatic value of each point over the interval. The net effect on the average 
value is a change that can be modelled also by a scale factor a / .  So, under a change of 
illumination, a chromatic average b r becomes SFaLbFL and can be denoted as b 'F . Giv- 
en nine intervals with their averages, three unknown chromatic factors and three un- 
known factors a L this leaves three independent invariant values. Using ratios elimi- 
nates all parameters, providing the following three expressions: l,,Rn, a/~t,,Rh, C~ u 2 c "  1 ~ k ~ "  1 c ,  2 1 ,  

b,3Cb,~/(b,]b, a2 ) t,,l~t,,e/th, l~l,,~, , ~, l v3-t~,  3 ~" l J- These can be used to characterize the signature 
from a chromatic point of view in addition to the geometric invariant descriptors. Over- 
all, the proposed invariant signature consists of N c vectors containing the cross-ratio of 
points detected on each ray, plus three chromatic invariants. 

5. Experimental Results 

In this section, we first test the stability of the proposed invariant representation under 
different types of image noise. Second, we assess its usefulness for image database ap- 
plications with standard performance measures used in information retrieval. 

A database of 203 images of 41 planar objects (c.f. figure 6 for a few samples) was 
collected using different acquisition devices (camcoder and two digital cameras). Im- 
ages were taken from different viewpoints under various illumination conditions (day- 
light, neon/bulb lamp). The signature extraction process was run fully automatic and 
produced an average 40 valid signatures for each image. For each image we computed 
the cover zone (cf. section 2.3) of all its signatures which, on average, amounts to 2.1 
times the image surface. The average overlap is thus 50% of the cover zone. 

Fig. 6. Thirteen typical images from the database. The last row features faceted objects. 

Separate tests were conducted for faceted objects. A database of 170 corner views of 
53 boxes was collected under the same conditions as described above. Retrieval tests 
are presented at the end of this section. 

5.1 Stability of the Invariant Representation 

The construction of the invariant representation can be divided into three steps: curve 
detection, extraction of invariant properties, grouping and signature evaluation. The sta- 
bility of each step is estimated with respect to "image noise" produced from various 
sources. These include viewpoint transformation and resolution changes. The latter can 
be modelled by a scaling transformation while viewpoint change can be approximated 
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by a general projective transformation (cf. section 2.2). Illumination changes are pro- 
duced by different lamps, and their effects are only estimated with respect to database 
retrieval (cf. section 5.2). 

In order to make curve extraction less sensitive to changes in resolution, scale and 
illumination, we use a multiscale edge detector [14] on the RGB colour planes. In this 
way we considerably reduce curve gaps. Furthermore a multiscale approach prevents 
from detecting spurious curves as the resolutions increases. Because of this multiscale 
analysis the edge detector cannot separate two curves if they are less than 5 pixels apart. 

The scaling range that a shape can withstand depends on the smallest distance be- 
tween its curves with respect to its full size. Let r be such a ratio and s be the image 
size (maximum camera resolution in pixels). It is straightforward to express the maxi- 
mum resolution reduction after which the closest curves can still be discriminated, 
which is: s r / 5 .  Given typical values, such as r = 0.06 and s = 512 the maximum 
scaling factor allowed for full-image objects amounts to 6.1 and will be used as a ref- 
erence scale for resolution stability tests. 

A similar reasoning can be made about the allowed range of the projective transfor- 
mation (change in viewpoint). In this case, for the same viewpoint position, remote 
parts of the object are subject to stronger contraction. Thus, distance reduction depends 
not only on the transformation parameters, but also on the image position of the point 
to be transformed. To quantify this reduction, a value that combines both parameters 
and position should be used. For this purpose we use "homogeneous depth" i.e. the val- 
ue of the third homogeneous coordinate after the transformation M (cf. section 2.2). 

The depth for the frontal view of the object is equal to 1.0 and under any projective 
transformation the maximum reduction will occur at object corners. For the same values 
of r and s introduced above, the average maximum distance between closest curves at 
highest resolutions is 15 pixels. If two curves, separated by this distance are found in 
the corner of the image, the distance between their transformed versions can be ex- 
pressed as a function of the "depth". The upper bound for the range of allowed projec- 
tive transformations is equal to 1.68 (homogeneous coordinates). This value is obtained 
by setting the obtained distance equal to the minimal allowed distance of 5 pixels and 
by solving for the "depth". For the real images of the database the viewpoint position 
with respect to the object was unknown and so the depth is estimated by recovering 
transformation with respect to a reference frontal image. 

Next, we evaluate the robustness of the recovery of invariant properties. As long as 
curves are detected, the detection of bitangents, inflections and lines presents no major 
problems. However these properties exhibit different degree of numerical stability, as 
can be seen in figure 7.a for scaling and in figure 7.b for the projective transformation. 
Each graph represents the proportion of detected features (manually verified a posteri- 
ori) with respect to ideal situation, averaged over the database. It can be seen that up to 
75% of the allowed transformation range we still obtain 80% of the same invariant 
properties. In figure 7.c we show an example image of an object taken from a viewpoint 
at the extreme of the allowed interval. 

Finally, we consider the stability of the grouping and signature construction process. 
The grouping operation is clearly sensitive to curve gaps. The decreasing number of de- 
tected reference frames as a function of viewpoint transformation is also shown in fig- 
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ure 7.b (triples). This can be explained by the fact that extreme viewpoints increase the 
number of curve gaps at high curvature points. 

By definition, the stage of signature construction itself is not sensitive to gaps in 
curves (cf. section 5). These might cause a change in the signature values only within 
limited intervals and their influence on the distance between signatures can be neutral- 
ized by the use of robust estimators [11 ]. Nevertheless, the presence of spurious curves 
can undermine a large part of the signature. That is why the s a m e  curves should be de- 
tected when viewed from different viewpoints. This is achieved by the use of multiscale 
detector, as illustrated by variation of the proportion of curves in figure 7.b. 

1000 ............... 
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Fig. 7. Robustness of the signature construction process. Proportion of detected features as a 
function of resolution changes (a) and projective transformations (b). (c) Example of the extreme 
projective image transformation withstood by the method, for a typical shape. 

For the case of orthogonal facets, reference frame detection is greatly simplified. De- 
tection of lines is facilitated by specular reflections on box edges, by different illumina- 
tion conditions for each facet (higher contrast on the edge) and finally by the relatively 
long edges of the box that are hardly subject to projective distortion. The grouping op- 
eration is performed by selecting line triples and by verifying that three criteria are sat- 
isfied. First, three lines rarely intersect at one unique point, but rather form a "triangle 
of intersection". Therefore, the surface of this triangle should be small. The second con- 
dition is on the orientation of rays. Orthogonality of facets imposes a condition on the 
rays orientation that should be satisfied. Finally, lines often do not reach the "corner" 
point, introducing gaps between their endpoint and the comer point. Therefore the third 
constraint imposes that the sum of these gaps should not exceed a fixed percentage of 
the three lines total length. 

5.2 Evaluation of the Content-Based Retrieval Capabilities 

In this section we present two types of experiments in order to assess the suitability of 
the proposed invariant signature for content-based shape retrieval. Initially, an individ- 
ual signature is used as a query to the database while in the second stage all signatures, 
automatically extracted from the same image are used as queries. In both cases, separate 
tests with four different subsets of the database are performed. In case one, only one ver- 
sion of each image is included in the database (frontal view). In case two, close views 
of the same object but under different illumination conditions are considered. In the 
third case, object views from different viewpoints are included within the allowed 
range. The fourth case combines the images of the last two. 

Shape-based retrieval was performed by pairwise comparison between signatures, 
using the Euclidean distance on the whole equally-weighted vector including geometric 
and chromatic information (cf. eq. 8). The search process is thus linear in the database 
size, although faster approaches can easily be introduced 1.. Given a query signature, 
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the retrieval performance was assessed using standard information retrieval measures 
on the ranked hits, namely precision and recall. Precision is the proportion of correct 
bits in the set of retrieved items up to the last correct one. Recall is the proportion of 
target images that have been retrieved among the top N hits, N > 1. 

In the first experiment, individual signatures were used for matching with the con- 
tents of four datasets. However, only the signatures for which a correct answer exist in 
the database were used. Table 1 shows the average values of the precision for all signa- 
tures of the frontal view, matched against all other signatures in the four separate data- 
sets. Images from which the query was extracted were removed from their correspond- 
ing "front-view" dataset. 

Table 1: Performance results 

On average, most of the correct signatures are among the N = 15 top-ranked hits, 
for all types of allowed transformations. In general, if at least one signature of an object 
(complex objects may provide several signatures) is detected in the image its discrimi- 
native power is sufficient enough to perform shape-based retrieval. 

In the second experiment, the same four datasets are used as the database contents, 
but the way to define a query is different. For all objects in the database, other fl'ontal 
views (different from those already in the database) are used for signature extraction. 
All automatically extracted signatures are used for separately querying the database. 
The N = 15 top-ranked hits were retained for each case. By using a simple voting 
scheme for all signatures of the same object, the rank of each signature was accumulated 
into an object rank. The central part of Table 1 shows the precision results using this 
rank, averaged across all queries. 

Using the same procedure, we then performed retrieval test for faceted objects. Sim- 
ilar datasets were constructed. Views taken from different points in space but under the 
same illumination conditions were included in the first set. Views with all conditions 
allowed to vary were gathered in the second set ("Both"). Retrieval was performed by 
comparing three signatures of a test image with the whole collection of signatures. It 
can be seen (cf. Table 1 ) that retrieval performance is more stable and better than in a 
mere planar case. This stability can be explained by the more robust extraction of ref- 
erence rays and by the fact that when one facet becomes hardly visible, the others auto- 
matically offers a good view to the camera. 
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6. Conclusions 

In this article we have presented an approach for representing planar complex shapes. 
The proposed representation is projectively invariant and describes the local arrange- 
ment of  neighbouring curves with respect to the invariant properties of  one or move 
curves. This method presents two major advantages, First, less information is required 
with respect to previous approaches for one curve to produce a reference frame. Only 
three concurrent rays are necessary, against four points in a general projective case. Sec- 
ond, the local arrangement of  neighbouring curves is incorporated into the description. 
This makes curves without any invariant properties at all also useful. Both advantages 
can be exploited to extend the application of  invariant methods to a broad class of  
shapes found in the real-world situations and its extension to 3D faceted objects broad- 
ens its field of  application to package boxes. 

The proposed geometric construction is appropriate for the integration of  chromatic 
information. Together with projective invariance, illumination invariant measures are 
associated with the shape description. This helps discriminate geometrically similar 
cases and leads to a more complete object representation. 

The applicability of  the proposed invariant representation to database retrieval has 
been validated with statistical tests. The representation maintains, within small varia- 
tions, the property of  projective invariance under reasonable viewpoint changes. At the 
same time, it allows discrimination among a few hundreds three-ray configurations se- 
lected from a database of  real flat or faceted trademarks. 
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