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A b s t r a c t .  The use of hypothesis verification is recurrent in the model 
based recognition literature. Small sets of features forming salient groups 
are paired with model features. Poses can be hypothesised from this 
small set of feature-to-feature correspondences. The verification of the 
pose consists in measuring how much model features transformed by the 
computed pose coincide with image features. When data involved in the 
initial pairing are noisy the pose is inaccurate and the verification is a 
difficult problem. 
In this paper we propose a robust hypothesis verification algorithm, as- 
suming data error is Gaussian. Previous approaches using gaussian error 
model start from an initial set of correspondences and try to extend it 
feature by feature. This solution is not optimal. In this paper, the op- 
posite strategy is adopted. Assuming the right pose belongs to a known 
volume of the pose space (including the initial pose) we take into ac- 
count all of the correspondences compatible with this volume and refine 
iteratively this set of correspondences. This is our main contribution. 
We present experimental results obtained with 2D recognition proving 
that the proposed algorithm is fast and robust. 
Keywords : Model-Based Recognition, Pose Verification 

1 I n t r o d u c t i o n  

Despite recent advances in compute r  vision the recognition and localisation of  
3D objects  f rom a 2D image of  a clut tered scene is still a key problem. The  
reason for the difficulty to progress main ly  lies in the combinator ic  aspect of  the 
problem. 

This difficulty can be bypassed if the location of  the objects in the image is 
known. In tha t  case, the problem is then to compare  efficiently a region of the 
image to a viewer-centred object  database.  Recent proposed solutions are, for 
example,  based on principal componen t  analysis [14, 16], moda l  ma tch ing  [18] 
or templa te  ma tch ing  [4]. 

But  Gr imson  [9] emphasises tha t  the hard par t  of the recognit ion problem is 
in separat ing out  subsets of correct da t a  f rom the spurious da t a  tha t  arise f rom 
a single object.  
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Recent researches in this field are focused on the various components of the 
recognition problem : which features are invariant and discriminant [19], how is 
it possible to group features into salient parts [13], how to index models [5], how 
to identify sets of data  feature/model  feature pairings that  are consistent with 
an object [15] or which similarity measures are relevant [12]. 

From these researches, we can notice that  most of the proposed strategies can 
be described in terms of prediction - verification schemes. In a pre-processing 
stage model feature groups having invariant properties are stored in a n  hash 
table. Recognition first consists in grouping image features into salient parts. 
Index keys obtained from these small groups select objects in the model base, 
producing sets of pairings from indexed models to data  features. The trans- 
formation aligning a model with the image is usually referred as the pose of 
the object. Poses obtained by this method are treated as hypotheses realizing a 
few feature-to-feature correspondences. These hypotheses have to be verified by 
transforming remaining model features and by trying to match  them with image 
features. Transformations are usually assumed to be affine. 

However errors in da ta  generally make the pose incorrect and the verification 
becomes more difficult (see Fig. 1 for an illustration). 

.... ..... 

Image Ibatm-e used to compute thc pose Model 

.... 

Hypothesis to be verified 

Fig. 1. Verification of an inaccurate pose 

In that  case, as pointed out by [7] the noise in the da ta  will propagate  into 
the pose and will decrease the quality of the correspondences obtained in the 
verification stage. 

This noise effect has been studied assuming bounded error models. Grimson, 
Huttenlocher and Jacobs [10] provide a precise analysis of affine point matching 
under uncertainty. They obtain expression for the set of affine-invariant values 
consistent with a set of four points, where each da ta  point lies in a small disc. 
Alter and Jacobs [1] model error by assuming that  a detected feature point is 
no more than E pixels from the location of the true point. They propose an 
expression for the error in the computed image position of a 4th-point (and 
nth-point)when three matching pairs of image and model points are assumed. 

Gandhi and Camps  [7] propose an algorithm to select next feature to be 
matched,  after the pose has been computed with a small number  of correspon- 
dences. Their objective is to find the subset of n model points such that  the 
effect of the da ta  uncertainty in the estimation of the pose is minimised. 

Some authors assumed Gaussian error model. Sarachik and Grimson [17] an- 
alytically derive the probabili ty of false positive and negative as a function of the 
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number of model features, image features, and occlusions, under the assumption 
of 2D Gaussian noise. 

Beveridge and Riseman [2] present a model based recognition system using 
3D pose recovery during matching. Their algorithm is based on a random local 
search to find the globally optimal correspondence between image and model, 
with a high probability of success. A current set of correspondences is modi- 
fied, trying neighbouring sets. The neighbourhood is defined as sets obtained by 
adding or removing a single pair from the current correspondences set. 

In spite of all this research activity, hypothesis verification remains a difficult 
problem. 

2 O v e r v i e w  o f  t h e  p r o p o s e d  a p p r o a c h  

As explained in the introduction, object recognition systems frequently hypoth- 
esise model pose from the matching of a small number of model features. A 
fundamental  question is how such hypotheses can be confirmed if poses are in- 
accurate and if da ta  are cluttered. 

The above mentioned approaches generally start from the initial set of corre- 
spondences, and try to extend it feature by feature. The pose is refined step by 
step, guiding for the selection of next features. This solution is not optimal since 
these algorithms look for only on point at a time. We experimentally observed 
that in many cases it leads to false solutions, specially if objects are occluded or 
if data  are cluttered. 

In this paper, the opposite approach is adopted. Assuming that  the right 
pose belongs to a known volume of the pose space (including the initial pose) 
we first take into account all of the correspondences compatible with this vol- 
ume. This set of poses is iteratively reduced, until it can be taken as a single 
pose. The computed pose (and the related correspondences) is better than when 
correspondences are added one by one, because influences of each possible corre- 
spondences are taken into account together. The transformation aligning models 
on images is supposed to be affine. 

The verification stage have to be as fast as possible, because in case of com- 
plex scenes and large number of possible objects, a large number of hypotheses 
have to be verified. It is expensive to verify each one of these hypotheses. The 
proposed approach allows hierarchical verification Breuel [3]. : we compute for 
each possible hypothesis the volume of possible poses, and determine how many 
correspondences are compatible with this set of poses. This score represent the 
maximal number of correspondences that  a unique pose of the volume may verify. 
Hypotheses having low score are first discarded. The remaining ones are refined. 
For purpose of simplicity, we assume that  the sub-space is a rectangular volume 
of the pose space, that  we call a "box". 

Gaussian error model is used instead of than the usual bounded one (it has 
been demonstrated [17] that  the Gaussian error model has better performances 
than the bounded error one). Each model feature has its own distribution. By 
that way the relative stability of features is taken into account for the verification. 
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As we work with a Gaussian error model, the score of a box doesn ' t  consist 
in counting the number  of correspondences, but relies on the evaluation of the 
maximal  probabil i ty of the object to be matched knowing the set of possible 
poses. 

These different steps are summarised as follows : 

1. form small groups of features and compute invariant measures. 
2. search the knowledge base for compatible objects. 
3. for each possible correspondence : 

3.1. use feature pairings to determine the pose P.  
3.2. compute  a "box" of the pose space including P that  is large enough to 

compensate for the da ta  errors. 
3.3. compute the probabili ty for each remaining model feature to have a cor- 

respondence in the image knowing poses belongs to the "box" of possible 
transformations,  and deduce the maximal  probabili ty of the object to be 
matched. 

4. for best hypotheses, refine the box of possible poses so that  the match  prob- 
ability is maximal .  The size of the box is reduced until it can be considered 
as a point of the pose space. 

This paper  only focuses on the verification stage (point 3.3 and 4), In the 
section 3 we define the Gaussian error model used. Section 4 is devoted to the 
computat ion of the probabili ty of feature-to-feature correspondence knowing a 
pose, and section 5 to the computat ion of the maximal  probabil i ty of correspon- 
dence knowing possible poses belongs to a box of the pose space. We then study 
how to combine these individual probabilities to compute the object match  prob- 
ability. Section 7 explained how the the box is refined in order to maximise the 
object match probability. 

3 G a u s s i a n  m o d e l  e r r o r  

Let fd denotes a da ta  feature and f t  the t ransformation of the feature model f 
by the pose P.  Let 5 --= fd -- f t .  

Data  features are assumed to be normally distributed. Let P(51C ) the prob- 
ability of having 5 knowing C. C means "ft and fd are corresponding features". 
In a v-dimensional feature space, the v-dimensional normal probabil i ty density 
function with covariance matr ix  Q is : 

1 1 
P(~]C) = (2~r)-~]Q]-~exp(- -~( f t  - f d ) T Q - l ( f t  - f~)) 

If  features are image points, the dimensionality is 2 and f/ = (al, a2) :r where 
(al ,  a2) is the 2d spatial position of the feature. The dimensionality is 4 for line 
segments. No assumption is made neither on the dimensionality, neither on the 
kind of parameters  encoding the feature. 
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For purpose of simplification, in the rest of the paper  we do not represent 
features in their original feature space. We decompose the covariance matr ix  
Q-I a S  : 

Q-i = U D - 1 U  t 

where U is the orthogonal matr ix  of eigenvectors of Q and D the diagonal 
matr ix  of eigen values. The v eigen values will be denoted Ai, �9 �9 A,. 

By projecting features in the eigenspace, the normal distribution for the 
model feature i is much simple : 

j < v  t j < v  •2. 

j = l  '= 

e denotes the difference (ft - re) projected into the eigenspace (e = U6). 
There is one different covariance matr ix  per model feature. 

4 P r o b a b i l i t y  o f  a f e a t u r e - t o - f e a t u r e  c o r r e s p o n d e n c e  

k n o w i n g  t h e  a f f i n e  t r a n s f o r m a t i o n  P 

Denoting e = U(fi--fd) where fd is the da ta  feature and ft the t ransformation in 
the image reference of the feature f .  The probabili ty of having a correspondence 
between ft and fa knowing the pose P is : 

where 

p(c ip)  = p ( c l e )  _ P(eIC)P(C) _ c~exv(-~ --~j) 
P(e) j=l 

J<-" , P ( c )  

j=z P(e) 

P(e) is modelled during a training stage. This value depends on the kind of 
feature used. We assumed P(C) = ar where Af is the number of image features 
and 3/I the average number of model features. 

The pose P is a vector of dimensionality ID, where 1) denotes the dimension- 
ality of the pose space. 

e = U (ft - fa) = (el, �9 �9 ev)T is a linear combination of U, fd and ft. Then we 
can write : Vj E [1 , . . . ,  v]g = NHj. P where vector NHj is a linear combination 
of U, fd and f .  

With  these notations, we have : 

1 J<=~ (NHj. p)2 
P(CIP) = c~ezp(--~ -g 

j=z 
) (1) 
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The product NHj �9 P can be geometrically interpreted as the distance from 
transformation P to the hyperplane Hj of the pose space. Hyperplanes Hj are 
define by their normals NHj: 

P E Hj if NHj .  P =O 

The probability of the correspondence is then the weighted sum of squared 
distances from this transformation P to the Hj hyper planes. This geometric 
property is exploited in the next section. 

5 M a x i m a l  p r o b a b i l i t y  o f  c o r r e s p o n d e n c e ,  a s s u m i n g  

p o s e s  b e l o n g s  a k n o w n  b o x  o f  t h e  p o s e  s p a c e  

The maximal probability of correspondence, knowing that  the transformation 
belongs to to a box (cubic volume) of the pose space, is denoted P(CIBOX) 

The computat ion of this probability requires the maximisation of the quadratic 
function (1), subject to linear inequality constraints (the box of the pose space). 
This is a problem which can be solved in a finite number of steps with quadratic 
programming techniques. 

One common approach uses the Lagrange Multipliers combined with active 
set methods [6]. 

But active set methods are highly time consuming. For example, if the trans- 
formation is an orthographic scaled projection (weak perspective) the dimension 
of the pose space is 8, and supposing the size of the active set is 8, a 16x16 linear 
system is to be solved at each iteration. 

Accordingly we propose a more efficient algorithm allowing to compute an 
approximation of this maximal value. 

It consists in the 3 following steps (detailed just after the enumeration) : 

1. let V the affine manifold generated by the v hyper-planes Hj given by a 
pair of matched features (see end of previous section for details). We first 
compute the position of the pose P0 E V such that  VP E V, d(c, Po) ~_ d(c, P) 
were c is the centre of the box and d 0 the Euclidean distance. 

2. if P0 is not in the box then P,~i. is taken as the intersection of the line (c, P0) 
with the convex hull of the box (P,~i~ = P0 if P0 is included in the box). 

3. if Pmi~ is not in the box, its position is iteratively adjusted to minimise the 
distance D(P) with D(P) V'J<=~ (NHT"P)2 = A . ~ j = I  )~i 

These 3 steps are represented in Fig 2. Let us describe them more precisely. 

Determination of Po The transformation P0 defined b y :  P0 E V such that  
VP E V, d(c, Po) ~_ d(c, P) where c is the centre of the box, can be computed by 
means of a Lagrangian method. 

Tile function to be minimised is (with P = (PI,... ,p~,)T and c = (cl,..., c,) T) : 

k_<I~ 

/(P) = (pk - ok) 2 
k=l 
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Fig.  2. Iterative minimisation 

subject to the manifold defined by the four hyper-planes H j, j E [0 , . . . ,  v]. 
Then the minimum is obtained when : 

j<v 

r~(f(t) - E gJ H j x P) = 0 
j = l  

where gJ are Lagrange Multipliers and [] = (Vt, V~) t. 

Improving P,~i~ As shown in Fig. 2, P-~i,~ is first taken as being the intersection 
of (c, Po) and the convex hull of the box. This point is not the minimum of the 
objective function. Tha t  is why we try to improve Pmi,~, knowing the minimum 
belongs to the hull of the box (otherwise P0 would be in the box). We use the 
alternating variable strategy in which at iteration k(k E [1 , . . . ,  7;)]) the variable 
Pk is refined in a t tempt  to reduce the objective function. At this iteration other 
variables are unchanged. The direction where Pmin should be moved is given 
by ~ In our experiments, D iterations were enough to ensure an acceptable Opk " 

approximation (never than 1% below the optimal value). We observed that  al- 
gorithm is more than 100 times faster than the active set method. 

Correspondence probability Then the probability of the match is finally : 

1 j<=v (NHj x P~i~) 2 
P(CIBOX)  = aexp(--~ E aj ) 

j=l  

Remark : If the dimensionality of the feature space is higher than the dimension- 
ality of the pose space (v >_ D then P0 is straightly obtained by a least square 
technique. 
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6 F r o m  f e a t u r e  c o r r e s p o n d e n c e s  t o  o b j e c t  

c o r r e s p o n d e n c e s  

In this section we study how to derive the full model probability of correspon- 
dence from the individual feature probabilities of correspondence. 

6.1 G a t h e r i n g  m o d e l  f e a t u r e  c o r r e s p o n d e n c e s  i n to  t h e  fu l l  m o d e l  
m a t c h  p r o b a b i l i t y  P( MIP ) 

We assume that the probability of having a occurrence of the model M in an 
image subject to a pose P only depends on which model features are matched. 
If the model size is A4 (the number of model features), there are 2 ~ possible 
configurations denoted */: 

P(M[P) : E P(M[P,"l)P(3'lP) 
.yet 

Configurations can be grouped according to their number of matches. Let 
E k, k < A,[ the set of configurations matching k model segments. Then E k = 

d=l 3'], and F = , the set of all possible exhaustive and mutually 
exclusive configurations. Then : 

k<.Adj<Ck~ 

P(MIP) = E P(M[P'7)P(~tlP) : s ~-, P(MIP'"/])P('7] [P) 
~/EF k : l  j----1 

We can simplify this formula, as M and P are conditionally independent 
given 7 : 

k<_A4 j<_C~ 
P(MIP)= ~, ~ P(Mb'~)P(3']IP) 

k=l j = l  

The size of F is so large than P(MI7 ) would be difficult to learn. We simplify 
this expression considering that  the most significant parameter for computing 
this probability is the number of image features matched. 

Tha t  is to say : 

<<<% 

Vk �9 {1. . .2vl} ,Vi  �9 [1 . . .  CL]P(MI~/~) = P(MI U ~/~): P(MIEk) 
i=1 

The probability P(MIP ) can therefore be written : 

k<m j < c ~  

P(MIP)= s P(M]E k) E P( ' / ] lP )  (2) 
k=l j = l  

P(MIE k) is the probability of having model M knowing that  k of its features 
are matched. It has been computed during a learning stage. 
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The computa t ion  of P(E k IF) = z~j:-i P(@ IP) is more tedious. The event 

E k is the union of C k different configurations. P (7~ I P)  is the probabili ty of that  
combination,  given a set of correspondences. This probabili ty can be written as 
a function of individual feature correspondences : 

i<AA 

P(')'~IP) = ~ P(m, ~)) 
i----1 

where b(i) is a Boolean variable meaning that  the model segment mi is be (or 
0 1 

--)--: m --+---- m --5) 1 is not) supposed to be matched in that  combination (m ;/% m 

If we suppose that  mi b(_~)i E {1 , . . . ,Ad}  are independent events, we have 

P(7~]P)  = ri{-<~ P(mi b(~) ]p). 

In that  case P(EklP) is a sum of products long to be computed. We propose 
to use an approximation of that  sum, by only taking into account its maximal  
terms. As each term is a product of positive values, the maximal  product is 
obtained with maximal  values. This simplification is very easy to implement  : 

we sort probabilities P(mi b(~) ]p), and affect the k highest probabilities to the 
k segments that  are to be matched in the configuration. Other probabilities are 
affected to unmatched segments. 

If we suppose that  I is an index function such that  V(k,l) E { 0 , . . . ,  M }  2, 
P(mI(o -+ ]P) > P(mI(k) --+ ]P) ~ k < 1 

Then 

P(EkIP) = P(m0 b~),...,mi b~),...,m~ b(~)IP) 
j < =i j <----2~4 

> =  H P(mi(j) ~ ]P) H (1 - P(mi(j) ?L~ [p)) = Papprox(Eklp) 
j = l  j = i + l  

All the experiments presented in that  paper have been obtained with the 
exact values P(EIP ) and Papprox(ElP ). We always obtain exactly the same 
results in both case. 

6.2 Dis t inct  correspondences  

A model segment may be associated with more than one scene segment ; con- 
versely a scene segment may be associated with more than one model segment. 

This problem has been treated by several authors like Gavrila and Groen [8] 
or Huttenlocher and Cass [11] for cases of bounded error models. Wha t  is needed 
is a criterion to select candidate solutions that  take into account that  one scene 
segment can correspond to more than one model segment. The solution pro- 
posed is based on the m ax i m um  number of distinct segment correspondences 

1 The fact that a model segment m is matched is denoted m -4 (respectively m 7# if 
the segment is not matched). 
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between the model and the scene segment. This involves computing all the pos- 
sible subsets. It  is efficient to determine the number of different scene points 
and different model points involved in the correspondence and to choose the 
min imum of them. 

Those authors indicate that  this criterion give a higher count than when using 
the m a x i m u m  number  of distinct correspondences criterion, but they explain 
that  this is compensated by the straightforward computat ion of this criterion. 

This criterion cannot be exploited within our framework because what we 
need is not the number of distinct matches, but the probabil i ty that  a given 
model segment is matched. 

If we note P(m --+ IP) the probabili ty that  the image feature m is matched 
with a da ta  feature knowing the pose P,  and P(m -+ siP ) the probabili ty that  
"model feature m is matched with image feature s knowing the pose P ' ,  then 
we define : 

pt~ ~j<A; V(m--+ IF) = ~j=l  m--+ sjlP ) 

where Y is the number  of image features. This probabili ty is easy to com- 
pute if we suppose that  individual match events are independent. For example 
if a model segment can be matched with 2 image segments with the probabili- 
ties 0.7 and 0.8, then the probabili ty that  this segment is matched is 0.7+0.8- 
0.7*0.8=.94. 

7 S e a r c h i n g  t h e  b e s t  p o s e  i n t o  a b o x  o f  t h e  p o s e  s p a c e  

An upper  bounds of P(M[P) knowing P belongs to a box of t ransformations 
(denoted P(MIBOX)) can be obtained by introducing values P(C[BOX) in- 
stead of P(C[P) in equation (2). We have VP E BOX, P(M[P) <_ P(M[BOX) 
because "a best pose" is computed individually for each model feature with no 
guaranty that  these computed pose are equal. (It is possible to find distinct 
poses in the box aligning each model feature to an image feature, while there is 
no pose aligning correctly all the model features.) 

The value P(MIBOX ) is however very informative and permits  to make a 
rough selection between possibles poses, but the "real" best pose is still to be 
computed.  We assume that  when the box becomes small it can be treated as a 
single pose. 

To reduce the size of the box around the highest values of P(M[BOX), we 
use a recursive division of the initial box. 

Recursive subdivision consists in recursively splitting the box in two parts, 
al ternating axes. It  is illustrated in the Fig. 3 

This process can be seen as a tree search. The root node corresponds to the 
initial box. Leaves are the smallest regions taken into account. 

Tha t  is why we used a N-search algorithm. N branches are explored at the 
same t ime and no backtracking is required. The max imum number  of boxes 
evaluated is below Nh where h denotes the number of levels. 
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Fig. 3. Recursive division of the initial box (the pose space is represented as R 2) 

The probabilistic evaluation of sub-boxes P ( M I B O X  ) guide the search : only 
the best N sub-boxes are kept in the next level of division. During all our ex- 
periments N was set to 5. 

8 C o m p u t i n g  t h e  i n i t i a l  b o x  

The initial box is supposed to be large enough to compensate for the da ta  errors. 
If we assume the error model is Gaussian the initial box should have an infinite 
size. 

For practical reasons we adopt a more manageable definition : the size of the 
initial box is such that  there is at least p chance it includes the correct pose. The 
convex volume of the feature space bounded by P(CIc) = p leads to a convex 
volume of the pose space. The initial box is taken as the smallest box including 
this volume. 

In our experiments the box has a constant size, centred on the initial pose. 

9 Application to recognition 

The pose verification algorithm presented in that  paper have been integrated a 
recognition applications. The 10 small objects shown in the Fig. 4 (stored in a 
viewer-centred database) have to be recognised in cluttered noisy images. 

The 10 objects are modelled by 600 2D views. A view is a collection of 
line segments. Recognition first consists in indexing the knowledge base with 
geometric invariants. In our experiments invariants are relative angles in groups 
of co-terminating line segments. For each image several hundred of hypothesised 
2D poses (2D affine transformations) are to be verified. It  takes less than 6 
seconds even for images having more than 350 line segments (about 55 ms to 
verify one pose) 2. 

Fig. 5 and 6 show typical results. Each experiment is represented by 4 images. 
The two first represent successively image and line segments. Third one shown 

2 times are measured on a HP-700 workstation 
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Fig. 4. The 10 objects used in our experiments 

the best verification obtained. The selected model is aligned on the image by 
applying the best pose. The last one represents the corresponding initial pose 
(the pose computed from the initial set of correspondences). One can observe that 
the verification is performed correctly even if the initial pose is very inaccurate. 
This explains why the correct object and the correct pose have been chosen from 
the 600 views. 

10 C o n c l u s i o n s  

In this paper, we have proposed a robust solution to the pose verification prob- 
lem, when the pose is inaccurate because obtained from a few feature-to-feature 
noisy correspondences. 

It consists it refining a set of feasible transformations so that  the probability 
of object match knowing the pose is maximal. 

The proposed algorithm has been integrated into a recognition application 
with line segments. However it can be directly used with different features and 
different recognition strategies. 

We experimentally prove that it is fast, robust to data  noise and robust to 
occlusions. The robustness is partly due to the probabilistic framework used to 
describe data-to-model correspondences. Convergence to the optimal pose would 
not be possible assuming bounded error model. 

But the robustness is mainly due to the strategy used : rather than increas- 
ing the initial set of correspondences (as it was done in previous approaches 
using gaussian error model), we propose to refine the set of the correspondences 
compatibles with the initial set. 
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Fig. 5. Application to 2D recognition (see text for details) 
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Fig. 6. Application to 2D recognition (see text for details) 


