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Abst rac t .  The optic flow field is defined as preserving the intensity 
along flow-lines. Due to singularities in the image at fixed time, poles 
are created in the optic flow field. In this paper we describe the generic 
types of flow singularities and their generic interaction over time. In a 
general analytic flow field, normally the topology is characterised by the 
points where the flow vanish again subdivided into repellers, attractors, 
whirls, and combinations hereof. We point out the resemblance, but also 
the important differences in the structure of a general analytic flow field, 
and the structure of the optic flow field expressed through its normal 
flow. Finally, we show examples of detection of these singularities and 
events detected from non-linear combinations of linear filter outputs. 

K e y w o r d s :  optic flow, scale-space, singularities, catastrophe theory, equivalence 
under deformation, transversality, flow structure, flow topology, turbulence, at- 
tention. 

1 I n t r o d u c t i o n  

Most work on optic flow has been devoted to its definition [7, 4] and to regu- 
larization schemes for its robust computation [7, 13, 2, 14, 17]. In this paper, we 
follow the Horn and Schunck definition of the optic flow field [7]. We do not 
regularize the solution, but  only wish to classify it. The motivation is four fold: 
we seek a classification, in mathematical terms, of the flow field and its temporal  
changes. We want to emphasize that  the events we describe or detect in images 
must be generic events. We will develop mechanisms for detecting these events, 
and finally we wish to indicate that  this purely academical examination of the 
optic flow field may subserve the development of algorithms for many different 
visual task. In this paper we give simple examples using the flow structure for 
guiding an attention mechanism and for computing the degree of turbulence in a 
flow field. The inspiration is mainly from the analysis of autonomous dynamical 
systems [1] to which we will describe the analogy. 

An object moving with respect to a camera induces a motion field on the 
image plane. This motion field is the projection of the motion of physical points 
fixed to the object, and will only under very restricted lightning and reflectance 
circumstances directly relate to the optic flow field [8]. We analyse the singu- 
larities of the data  induced optic flow field while the singularities of the motion 
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field have earlier been analysed for recovery of object motion parameters [10, 
16]. Since we do not in this work relate the optic flow field to the motion field, 
we can not make similar observations. 

The structure of a general analytic flow field is normally accessed through 
the singularities of the field, i.e. points where the flow vanishes[l]. The first order 
structure of the flow field round these points can classify the points as attractors, 
repellers, or whirls. The optic flow field is a special flow field since computed as 
a simple intensity preservation. Generically the optic flow field is not everywhere 
analytical. Furthermore, the tangential component of the flow is not determined 
by the constraint equation. These differences cause new flow structures to be 
created generically and ill-define the classical flow structures in an optic flow 
field. This paper analyses these differences, show examples, and applications. 

A temporarily changing image may be obtained from imaging a dynamic 
scene. A physical conservation law then defines a spatial vector field temporarily 
connecting conserved properties. In computer vision the Horn and Schunck (HS) 
equation [7] expresses the preservation of intensity over time. The derived spatial 
vector field is the optic flow field. The HS equation only solves locally for one 
component of the vector field, giving rise to the so-called aperture problem. A 
unique representation of the optic flow field is given by the normal flow: the flow 
perpendicular to the local isophote. 

The normal flow is well defined in all image points with non-vanishing spatial 
gradient, elsewhere the flow is undefined. However, in a neighbourhood round 
these singular points the flow field exhibits some typical behaviour. The flow 
magnitude typically increases towards infinity, the direction will be inwards, 
outwards, or combinations hereof. In Section 4 we analyse the flow around these 
singularities, categorise it, and see how these poles changes over time. The pur- 
pose of this exercise is to gain insight in the structure of the optic flow field. 

In general analytic flow fields, vanishing flow points can describe the flow field 
structure. In optic flow fields only the normal flow is directly accessible and this 
will generically vanish at hyper-surfaces of codimension 1, i.e. at curves in 2D 
images. This means, that the standard classification of the flow field structure 
can not directly be applied to the normal flow fields. We can, however, define 
whirls in the normal flow field as second order temporal events and apply the 
detection of these to the quantization of turbulence. 

A proper definition of structure change in the flow field needs a definition of 
structure. We do this through the mathematical concept of equivalence of flow 
fields under deformations. In Section 3 we review this method and its application 
to structural classification of analytical flow patterns. In Section 4 we define and 
derive the generic structure of the optic flow field. 

Normally, the optic flow has been defined and computed directly based on 
pixel values, so as if they represent the true value of the intensity field. Recently 
[4] the optic flow definition and computation have been formulated in a scale- 
space framework taking the finite extent of pixels and filter-outputs into account. 
In Subsection 4.3 we comment on some aspects of the change of structure of the 
optic flow field when scale changes. 
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In Section 5 we describe how changes of flow field structure can be detected 
from outputs of linear filters. These events may be useful to detect violations 
of continuation models: structure emerging or disappearing, and thus guide an 
attention mechanism. We give examples of computations of the flow structure, 
and apply this to simple examples from computer vision and turbulent flow. 

First, however, we look into the necessary notation and definitions. 

2 O p t i c  f low:  n o t a t i o n  a n d  d e f i n i t i o n s  

In this section we establish notations of what images, optic flow, normal flow, and 
the spatio-temporal iso-surface are. Furthermore we link the geometric properties 
of the spatio-temporal iso-surface to the flow and normal flow-field. We assume 
that I is sufficiently differentiable. 

Defini t ion 1 (Image sequence).  An image sequence I (x ,  t) : ]Pt D )< ]R ~ ]R 
is a mapping from D spatial dimensions (x = ( x l , x 2 , . . .  ,XD)) and a temporal 
dimension (t) into scalar values, normally denoted intensities. 

Defini t ion 2 (Spat io- tempora l  optic flow field). The spatio temporal optic 
flow field v : ]R D+l ~-~ ]R D+I is any vector field preserving image sequence 
intensity along flow lines. 

The preservation of intensity along flow-lines of v is expressed through the full 
(or Lie) derivative along the flow: 

f ~ I  = v=lI~l + v=2I~2 + . . .  + v= ' I~ ,  + vtIt  = 0 

where upper index denotes component of vector and lower index denotes partial 
differentiation. In the following we will often use notation from 2D (x, y) to 
simplify expressions: ~:~I = v= I~ + vU Iy + vt It = O. 

2.1 Tempora l  gauge 

The optic flow equation yields one equation in D + 1 unknowns. In general, 
the length of the vector is unimportant as only the actual connection of spatio- 
temporal points carries information. Often the length of the vectorfield is nor- 
malised to unit temporal component, i.e. v t = 1. In this normalised flow field we 
denote the spatial components u. This reveals the well known Horn and Schunck 
equation 

u=I= + uYIy + It = 0 

We call (u=,u y) the spatial optic flow field or simply the optic flow field. This 
flow field answers the typical question asked by the computer vision programmer: 
in next frame of my image sequence, where did points move? 

Defini t ion 3 (Spatial  optic flow field). The spatial optic flow field u : ]R D ~-+ 
]R  D is any vector field preserving image sequence intensity along flow lines of 



274 

The normalisation of the temporal component is, however, only possible (fi- 
nite) when v t r 0. In cases where the temporal component vanishes, the above 
formulation yields singularities (poles) in the flow field. In Section 4, we analyse 
the flow field round these poles, show that they exists generically, and that they 
exhibit certain generic behaviours/interactions. In order to do this, even though 
the spatial flow field is our main concern, we must stay in the spatio-temporal 
formulation of the flow field. In this way, we can derive properties of the spatial 
flow field from simple geometric considerations. 

2.2 Normal flow 

The temporal gauge (or another normalisation) results in one equation in D un- 
knowns. This shows the intrinsic degree of freedom in the flow, normally denoted 
the aperture problem. Using the temporal gauge, the spatial optic flow constraint 
equation reads u V I  = - I t  where u is the spatial flow field and V denotes 
the spatial gradient. The component of u along the spatial image gradient (the 
normal flow) is uniquely determined by the constraint equation, while any com- 
ponent in the iso-intensity tangent plane is unresolved. The normal flow will 
therefore often be considered the solution to the optic flow constraint equation, 
keeping in mind that any tangential component can be added. 

2.3 Spatio-temporal iso-surfaces 

When looking at the spatio-temporal flow at a given point in space-time (x0, to) 
it is constrained to preserve intensity. 

Definition 4 (Spatio-temporal iso-surfaee). In every point (x0, to) where 
Is ~ O, I(x, t) = / (x0 ,  to) defines the corresponding spatio-temporal iso-surface. 

Any flow line is though constrained to lie within the spatio-temporal surface. 
This surface is only defined for points where the spatio-temporal gradient Is 
does not vanish. Whenever the image is continuous, the spatio-temporal surface 
is a closed surface differentiable to the same order as the image. 

If It(xo, to) ~ 0 then the spatio-temporal iso-surface can be locally parame- 
trised by the spatial coordinates. In this situation, the intensity change in the 
time direction and the iso-surface will not locally be perpendicular to the spatial 
directions, i.e. the normal flow is not zero. 

Definition 5 (Spatio-temporal iso-function). The function s(x) : ~:~D ~_~ ]R 
is defined in an open set round every point (Xo, to) where It(xo, to) ~ 0 such that 
I(x, s(x)) = I(xo, to). 

The graph of the (spatio-temporal) iso-function is simply the iso-surface. The 
iso-function is linked to the local flow pattern through proposition 1: 

Proposition 1 (iso-function normal flow). The spatial normal flow through 
a point (xo, to) is un(xo, to) = [[Vsl[-2Vs. 
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Proof. The flow is determined by the equation uV I + It -- O. By spatially differen- 
tiation of the definition of the iso-function O=I(x, s(x)) = 0 we find Vs  = v1 

It 
and thereby the optic flow equation reads u ( - I t V s )  + It = O. This reduces to 

V s  uVs  = 1 which is obviously fulfilled by u = ~ .  Since ~7s is directed along the 
image gradient V I ,  this is the normal flow. 

We are now capable of linking the geometric structure of the iso-function 
to the local normal flow. In the points where its tangent (hyper)plane coincide 
with the (hyper)plane spanned by the spatial dimensions, the normal flow is not 
defined, but  in neighbouring points on the iso-surface, we can find the flow and 
categorize the undefined flow by its limiting structure. 

In the following we will analyse the generic shape of the spatio-temporal iso- 
surfaces in terms of the spatio-temporal iso-function. Especially we will analyse 
the generic properties and the corresponding generic flow patterns. 

3 S t r u c t u r e  a n d  g e n e r i c i t y  

We define, as in common catastrophe theory [6], structure as equivalence classes 
under deformations. That  is, given a function f ( x ,  c) : ]R D X ]Rk ~ JR,  where x 
are the D spatial coordinates and c are the k control parameters of the function, 
define equivalence classes from a class of allowable deformations of x and c. In 
common catastrophe theory, we define x' = r c), c' = r  where r and r 
are diffeomorphisms. Now the game is, given a function f ,  to choose r r such 
that  f ( x  ~, c ~) takes a special algebraic form. As an example, any point where 
the spatial gradient of f does not vanish, can by a correct choice of r r be put 
on the form f ( x  ~, c ~) = x~. We call this representation of f the normal form. 
Such an analysis of C ~ functions leads to Thom's classification of catastrophes: 
regular points, critical points, folds, cusps, swallowtails, etc., each represented 
by a normal form. 

An event is generic if one can not perturb it away with an infinitesimal 
perturbation.  Mathematically that  is, the event occurs in an open and dense set 
of all functions f .  We expect to see only generic events in real image sequences, 
as all other events has measure zero in C ~ .  Using the transversality theorem[6], 
one can argue on genericity simply by counting dimensions. In the product  space 
of spatial coordinates and control parameters we expect an event to occur at a 
manifold of dimension D + k minus the number of linear constraints on the 
functions jet  to be satisfied for the event to take place. 

In the case of flow fields, or dynamical systems, the class of diffeomorphisms is 
constrained since the flow field represents a connection of physical points. That  is, 
the deformation of the coordinate system is not allowed to change the flow fields 
connection of physical points, only its coordinate representation. The result of 
this is tha t  one cannot remove points of vanishing flow, and one cannot alter the 
eigenvalues of the matr ix containing the spatial first order derivatives of the flow 
[1]. This leads to a very fine classification of flow fields since the eigenvalues index 
the equivalence class. Generically we find in a flow field at a given time instance 
points of vanishing flow (fixed points), and in 2D we categorize them according to 
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their eigenvalues: two positive implies an unstable node (repeller), two negative 
a stable node (attractor or sink), two of opposite sign a bistable node (saddle 
node), and a pair of complex conjugate eigenvalues yields a spiralling flow called 
a focus and which may be stable or unstable according to t~he value of the real 
part of the eigenvalues. 

When time varies the fixed points may interact changing the fixed point 
topology of the flow. Transitions which takes place generically when a single 
parameter (the time) is varied are called codimension 1 events. In case of the 
flow field, one generically meets three different events at codimension 1: scatter, 
saddle bifurcation, or Hopf bifurcation. 

4 S t r u c t u r e  o f  t h e  o p t i c  f l o w  f i e l d  

In this section, we apply the general scheme outline above to the analysis of the 
structure of an optic flow field. An optic flow is defined through the conservation 
of image intensity along flow-lines. We define equivalence of the flow-field as 
identical up to a diffeomorphism of the image sequence: 

Def in i t ion  6 ( Image  i sopho te  equiva lence) .  Two images I ( x ,  t) : IR D • 
]R ~-+ IR and J (x ,  t) : ]R D • lR ~-~ lR are isophote equivalent or I-equivalent if  
I ( x ,  t) = J(Sc, t),  where 

2 ( x ,  t) = t)) ,  = r  t), = r  

where ?~g > 0 and r > 0 since we want to distinguish also the direction of f low 
on flow-lines. 

Notice, that  y is not a function of x or t. This is because the optic flow is 
dependent on the iso-intensity line (isophote) structure, and a varying diffeo- 
morphism would change this structure. ~ can only change the intensity values, 
but not change the isophotes. Without further restrictions the classification of 
flow structure is rather crude, and we make the following smaller equivalence 
class, which leads to a finer classification. 

De f in i t i on  7 ( Image  s t a t i o n a r y  equiva lence) .  Two images I ( x ,  t) : ]R D • 
IR ~-~ ]R and J (x ,  t) : ]aD • ]R ~-+ ~:~ are stationary equivalent or S-equivalent if  
they are I-equivalent with r t) = 0. 

This more restrictive equivalence cannot change points of zero flow, unlike I- 
equivalence. None of them can remove critical points in the iso-functions. We 
introduce S-equivalence to make the analogy to nodes and foci of analytical 
flow fields. An even more restrictive equivalence class could be constructed, not 
allowing the spatial diffeomorphism to vary in time. This would be even more 
analogous to the classification of the analytical flows since the total first order 
flow structure would be invariant under the diffeomorphisms. This classification 
is, however, too fine in our taste and the S-equivalence suffices for our purposes, 
so we will not pursue this direction further in this paper. 

We define local I-equivalence (local S-equivalence) in Xo, to as being I-equi- 
valent (S-equivalent) in an open set round x0, to. 
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4.1 I -equivalent  s t ruc tu re  of  the optic flow field 

The normal flow is uniquely determined by the spatio-temporal iso-surface when- 
ever the spatio-temporal image gradient does not vanish, and in positions where 
its tangent plane is not parallel to the time axis, the flow is uniquely determined 
by the spatio-temporal iso-function. Under I-equivalence the tangent plane of 
the iso-surface can be tilted away from being parallel to the time axis, and we 
need not treat this case separately. Hence we only analyse for general analytic 
iso-functions and vanishing spatio-temporal gradient. 

Proposition 2 (I-normal forms of 2D optic flow, codim 0). At  a fixed 
time-slice t = to the normal flow is generically in any point I-equivalent to one 
of the following normal forms: 

no(x,y) = (1,0) T 1( )  +x 
n2(x,y) - x2 +y2 +y 

where the sign combinations in n2: ( + , - )  and ( - ,  +) are equivalent. 

Proof. At  a fixed time slice, the spatio-temporal gradient of the image will not 
vanish generically (this happens at codimension 1), and thereby the iso-surface is 
defined in every point. According to the arguments above we need only to analyse 
analytic iso-functions. Any regular point on the iso-function are I-equivalent to 
s(x, y) = x, and by using Prop. 1, we find no. The only generic critical points 

l _ 2 A _  1 . 2  are Morse critical points, which are I-equivalent to s = :t:~x _= ~y . Again using 
Prop. 1, we find n2. 

The normal form n2 has respectively identical spatial flow-lines to the stable 
node ( - , - ) ,  the saddle ( - ,  +), and the unstable node (+, +) of an analytical 
flow field. However, the velocity increases towards plus/minus infinity when the 
point approaches (0, 0). 

The classification of the flow follows directly from the classification of critical 
points in analytical functions making the progress simple. The only twist is that 
for codimension > 1 there exists generically points where the iso-surface is not 
defined. 

Proposition 3 ( I -normal  forms of  2D optic flow, codim 1). At a fixed 
time-slice t = to the normal flow is generically in any point I-equivalent with 
codimension 1 to the normal forms of Prop. 2 or one of the following normal 
forms: 

n2+l(x,y) -- x 2 + y 2  yt n3(x,y) = (x 2 + t ) 2 + y 2  

where x, y, and t may independently change sign. 
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Proof. At  codimension 0 we find the normal forms of Prop. 2. In codimension 1 
we divide the analysis into two distinct case. Firstly we analyse the case where 
the spatio-temporal iso-surface is defined (the fold), secondly the case where it is 
not defined (the spatio-temporal critical point). 

When the spatio-temporal surface is defined, we can using 1-equivalence trans- 
form it into the normal form of general analytical functions. We use the the- 
orem that iso-surfaces behave as generic functions [9], and find, at codimen- 
sion 1, the only extra normal form compared to codimension 0 is the fold[6]: 
s(x, y) = x 3 + tx + y2. By use of Prop. 1, we find n3. Since 1-equivalence only 
allows positive Jacobians in the diffeomorphisms, we must represent the signs of 
y and t explicitly. 

When the spatio-temporal image gradient vanishes in (xo, to), the iso-surface 
is not defined in this point. We can bring a spatio-temporal critical point on the 
following normal form by 1-equivalence (up to signs of the individual terms): 
I(x ,  y, t) = x 2 + y2 + t 2. We divide into two cases dependent on the sign of t, 
and find s = • - x 2 - y2), where Io is the intensity of the iso-surface. By 
Prop. 1 we find the normal flow: 

n ---- x 2 + y2 

By substitution of the expression for t = s(x, y) into this, the sign cancels out, 
and we find in both cases n2+1. 

Codimension one events take generically place in fixed t ime slices in a t ime 
sequence; The top of Figure 1 illustrates these events. A stable pole will always 
meet  the saddle pole in its unstable direction while an unstable pole meets a 
saddle in its stable direction. This is illustrated in Figure 2. 

P r o p o s i t i o n  4 ( I - n o r m a l  f o r m s  o f  2D o p t i c  flows c o d i m  2). At  a fixed 
time-slice t = to the normal flow is generically in any point 1-equivalent with 
codimension up to 2 to one of the normal forms in Prop. 2 or Prop. 3 or one of 
the following normal forms: 

n:+2 (x, y) - x2 + y: 

n3+l(X, y) = (x 2 + tu)2 + y2 

1 ( x 3 + t 2 x + t l )  
n4(x,y) = (x 3 + t2x + tl)  2 + y 2  y 

where x, y, and ti may independently change sign. Any of the ti may correspond 
to the physical time parameter. 

Proof. The proof follows the lines of the proof in Prop. 3. First we divide into 
cases where the spatio-temporal iso-surfaee is defined or not. n4 follows easily 
from a cusp in the iso-function: s(x, y) = x 4 + t2x 2 + t l x  + y2. 
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Fig .  1. Top,  the generic events of codimension 1. n~+l is a pole, where the directions of 
the flow are reversed, n3 describes the interaction of two poles, where a saddle pole and 
a (un)stable pole interact and annihilate or are created. B o t t o m ,  the generic events of 
codimension 2. n2+2 is a pole that  may change direction twice, n3+1 is an annihilation 
in t2, but  t l  interchanges the stabili ty of the poles. For instance, a stable pole and 
a saddle approach like at an annihilation, but  they scatter and become a saddle and 
an unstable pole. na is a pitchfork bifurcation. An example is a stable pole and two 
saddles approach, interact and become a single saddle. 

In case of a vanishing spatio-temporal gradient, we subdivide into two eases 
dependent on whether Ixx or Iu vanishes in the spatio-temporal critical point. 
In the first case we have a spatial fold as in n3, but augmented by a vanishing 
temporal derivative, yielding n3+l .  In the latter case we have a spatially critical 
point in which a temporal fold happens, yielding n2+2. The algebraic derivations 
are similar to the derivation of n2+1. 

In these  n o r m a l  forms we use two control  p a r a m e t e r s  of which one is the  t ime  
p a r a m e t e r  and  the  o the r  m a y b e  mos t  easi ly is v is ioned as a scale p a r a m e t e r  even 
t h o u g h  these  forms have not  ye t  been  proven  to  be  the  n o r m a l  forms when the  
evo lu t ion  a long a cont ro l  p a r a m e t e r  is cons t r a ined  as in t he  case of  G a u s s i a n  
scale space.  Below we cite a t heo rem showing t h a t  even when the  a dd i t i ona l  
cont ro l  p a r a m e t e r  is a scale p a r a m e t e r ,  these  n o r m a l  forms are  valid.  

T h e  cod imens ion  two events  a re  i l lus t r a t ed  schemat ica l ly  a t  the  b o t t o m  of 
F igu re  1. Assume  t l  is the  t ime  p a r a m e t e r ,  and  t2 is negat ive .  Then  when t 2 > It21 
n2+2 is an  uns t ab l e  pole,  and  when t l  2 < It21 i t  is a s tab le  pole.  I f  t2 is pos i t ive ,  
i t  is a lways  uns tab le .  Exac t l y  when t2 ---- 0, t he  pole  d i s a ppe a r s  for t l  = 0 b u t  
r e a p p e a r s  wi th  same  o r i en ta t ion  inf in i tes imal ly  la ter .  

4.2 S-equivalent  s tructure  of  the  opt ic  flow field 

T h e  more  res t r ic t ive  S-equivalence canno t  as I -equivalence  remove vanish ing  
flow. Hence,  po in t s  wi th  vanish ing  flow refines the  classif icat ion.  T h e  in tu i t ive  
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Fig.  2. The n3 normal form for t = -0.25,  0, 0.25. A saddle and an unstable pole (left) 
meet (middle) and annihilate (right). Only the orientation of the flow is shown. The 
magnitude increases towards infinity near the poles. 

key to the additional normal forms is the spat/o-temporal surface of vanish- 
ing temporal  derivative T = {x, y, tlIt(x , y, t) = 0}. Since the image sequence 
is assumed to be different/able, generically T will be a different/able non self- 
intersecting surface. 

P r o p o s i t i o n  5 ( S - n o r m a l  f o r m s  o f  2 D  o p t i c  f low,  c o d i m  0) .  A t  a fixed 
time-slice t = to the normal flow is generically in an open spat/o-temporal neigh- 
bourhood round any point S-equivalent to one of the following normal forms: 

no(x, y) = (1, 0) T 

m l ( x ,  y) = (x - t ,0 )  T 

. ~ 2 ( x , ~ )  = (x - (~ + 1)t ,  0) T 1( )  + x  
n 2 ( x , y ) -  x2 +y2 +y 

where the sign combinations in n2 : ( + , - )  and ( - ,  +) are equivalent. 

Pro@ The iso-surface is defined everywhere since at a fixed time the spatio- 
temporal image gradient is not generically zero. For non-vanishing temporal 
derivative we arrive at no and n2 for regular respectively critical spatial points. 
ml or m2 occurs for It = O. In a spatial coordinate system (v, w) where w is the 
image gradient direction, we find the parameters of the diffeomorphism such that 
the normal flow takes the form of ml.  This form of the diffeomorphism is only 
valid whenever Itt 7 s O. For I t t=  0 we find m2. All these computations have been 
omitted in this paper due to the space limitations and their algebraic complexity. 

The number of linear constraining equations for a particular form determines 
the dimension of the set with points equivalent to the form. Hence, no, ml  and 
n2 points group in manifolds of dimension two, one and zero, respectively. 
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The normal form m l  shows a line of zero normal flow, denoted a fixed line. 
Notice tha t  S-equivalence do not distinguish at t ract ing and repelling lines, m2 
counts for tha t  the fixed line in a point does not move. The fixed line rotates  
locally round this point, and we denote this event a "whirl". 

Proposition 6 (S-normal f o r m s  o f  2D o p t i c  flow, codim 1). At  a fixed 
time-slice t = to the normal flow is in a generic one-parameter family in an 
open spatio-temporal neighbourhood round any point S-equivalent to one of the 
normal forms of Prop. 5, Prop. 3, or the following: 

ml+2(x,y)  = (=ky 2 -4- x 2 + t, 0) T 

= (x �9 (y2 + 1)t, 0) r 

= (x - (y + 1)t , 0) 

where the sign combinations in m1+2: ( + , - )  and ( - ,  +) are equivalent. 

Proof. m1+2 follows from ml  when also the spatial gradient o / I t  vanishes. 
m2+1 (x, y) follows from m2 with the additional constraint that the spatio-tem- 
poral line of a whirl is locally orthogonal to the temporal dimension, m3 follows 
from m2 when Ittt = O. Again algebraic derivations have been omitted. 

The event ml+2 is, for our purposes, the most important  event arising from 
the S-equivalence next to ml ,  if one is interested solely in the fixed lines. The 
lat ter  describes tha t  the normal flow vanishes at lines, m1+2 describes topology 
change of zero flow lines, denoted fixed lines. Depending on the signs, it is either 
a creation event ( - ,  - ) ,  an annihilation event (+,  +)  or a fixed line saddle event 
( + , - )  or ( - ,  +) .  During an annihilation or creation event a circular zero flow 
line vanishes/appears .  During the fixed line saddle event the connectivity of two 
zero flow lines changes. Four incoming lines meet in a cross exactly during the 
event. Before and after two different pairs of incoming lines are connected. 

The event m2+1 describes the annihilation/creation of a pair of whirls. The 
two whirls will have opposite rotat ion directions. In a point they meet and an- 
nihilate. Even though m2 does not distinguish the rotat ion direction, since two 
whirls of opposite rotat ion are S-equivalent, m2+1 constrains the whirls to having 
opposite rotat ion since the diffeomorphism can only change direction for both  
simultaneously. In Figure 3 top are m1+2 and m2+1 illustrated. 

m3 accounts for a locally s tat ionary whirl. This point corresponds to a cusp in 
the function surface It = 0. Figure 3, bottom-left  illustrates this. Going through 
the cusp, does not in codimension 1 change the rotat ion direction of the whirl. 
Whirls may change direction, but this event is not singled out since it is S- 
equivalent to the whirl itself. If  one is interested in orientation of whirls another  
equivalence class must  be constructed to subserve this analysis. However, what  
one can say directly is that  in the real spatial plane, there will always be equally 
many  left and right whirls. This holds for any subset of the plane where all fixed 
lines form closed curves, since a curve will after an infinitesimal per turbat ion 
cross the un-per turbed curve an even number  of times, and these crossings will 
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i/J 

Fig. 3. Top, Two events of codimension 1:ml+2 and m2+t. Bo t tom,  left is the sta- 
tionary fixed line whirl. Time is vertical. It corresponds to the cusp point of the surface 
of It = 0. The dashed lines are the fixed line at different time instances (horizontal 
planes cutting the surface). The dots axe the corresponding whirls. They move on a 
parabola open in the direction towards the reader. Right is an illustration of the prin- 
ciple that a perturbed curve crosses the original curve an even number of times, and 
equally many times from inside as from outside. 

be equally many  outwards and inwards crossing. This is illustrated in Figure 3 
(right). 

The S-equivalence implies tha t  on top of the poles, points of zero motion is 
the basis of the taxonomy of image sequence structure. The S-equivalence first 
picks up lines of zero flow, fixed lines. Then points where these lines do not 
move (whirls) and points where the fixed lines changes topology. I t  does not 
distinguish a t t ract ing and repelling lines. 

4.3 A c o m m e n t  o n  t h e  m u l t i - s c a l e  o p t i c  f low s t r u c t u r e  

A scale space is constructed by convolving the image by Gaussians so tha t  the 
scale-space fulfills the Heat equation Is = A I ,  where s is the scale parameter  and 
A denotes the spatial, the temporal ,  or the spat io-temporal  Laplacean dependent 
on which scale-space one constructs. The analysis of s tructure in scale-space can 
not be done by simply using transversali ty arguments and referring to Thorn's 
classification. The proper analysis has been performed by Damon[3]. In conjunc- 
tion with flow, however, we have proof, but leave it out here due to the space 
limitations, tha t  under the heat equation, a spat io-temporal  iso-surface is not 
constrained in its local deformation, only in its topology changes. The idea is 
tha t  the second derivative across the surface, may make the surface evolve in 
any direction in its jet space. Similar has been proven by Kergosien and Thom 
[9] for iso-surfaces of general analytical functions. The importance of these two 
results are tha t  we can argue of genericity simply by counting constraints on the 
iso-function: they translate to simple linear bands on the image jet. Thus in all 
the above normal forms, t ime may be exchanged with scale. The only limitation 
is tha t  the t ime and the scale parameter  may not coincide. 
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resolution. In general, intensities at larger scales will not be preserved since 
intensities will change weight under the Gaussian aperture functions due to the 
flow. This is t reated in detail in [4]. The above normal forms are though still 
valid as they deal with the infinite resolution flow, but argued from a scale-space 
point of view, they can never be accessed. 

5 D e t e c t i o n  of  s tructural  changes  

The change of topology in the poles or lines of zero normal flow is characterised 
by the corresponding normal forms. Thus, to detect change in the structure of 
the flow field we must detect when and where the normal forms apply. In table 
below we list the conditions for the events and name the events. In the table p 
denotes the direction in which the spatial second order image structure vanishes. 

We compute derivatives of digital images as scale space derivatives. That  
is, we observe the image under a Gaussian aperture defining the spatial and 
temporal  scale (inverse resolution). By differentiation of this spatio-temporal 
Gaussian prior to convolution, the computation of image derivatives is well- 
posed. The side effect is that  it is not the image at grid resolution but at a lower 
resolution which is the object of analysis. We do not in this paper take into 
account the aspects due to the non-commutation of the Gaussian convolution and 
the deformation due to flow field. These effects have been analysed by Florack 
et al. [4]. 

n0 

n2 

n 2 + l  

n3 

n2+2 

n 3 + l  

n4 

m l  

?wt2 

~ 1 + 2  

m 2 + l  

?n 3 

Regular point 
Pole 
Pole stability reversion 
Pole pair creation 
Pole stability fold 
Pole scatter 
Pole pitchfork bifurcation 
Fixed line 

v I # 0  
I~=o, Iv=O 
L = o ,  4 = o , 5 = o  
I~ = o, 4 = o, 1 = 4 ~  - I~, = o  
I x = O ,  4 = o , h = o ,  h t = o  
Is =0, Iy =0, I~ =0, I~Iy~ - 1 ~  = o 
I~ = 0, 4 = 0, I ~ I y ~  - I ~  = 0, 4pp  = 0 
h = 0  

Fixed line whirl It = O, Itt = 0 
Fixed line creation It = O, I~t = O, Iyt = 0 
Fixed line whirl creation /t = O, I t t =  O, I t vh t~  - I t~It ty = 0 
Stationary fixed line whirl It = O, I t t =  O, Ittt= 0 

The zero locus of pre-computed differential expression is computed using an 
algorithm similar to the Marching Cubes algorithm [12]. For each differential 
expression, the zero locus is computed, and the intersection of loci is computed 
using an algorithm assembling the Marching Lines algorithm [15]. In this way 
the normal flow events are detected and their spatio-temporal position simulta- 
neously computed. 

In the following we detect some of these in two different image sequences. 
First, we detect the poles and their temporal interaction in a sequence of a 
person walking in a hall way. Secondly, we detect the lines of fixed flow and 
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their interaction in a sequence of turbulent flow, and use the scale interaction 
for quantifying the amount of turbulence in the sequence. 

5.1 Temporal pole evolution 

Figure 4 illustrates the detection of flow poles and their temporal  interaction 
in a sequence of a person appearing in a hall way. We see poles due to critical 
image points at the scale at hand. These are distributed all over the image, 
and most have close to constant positions. However, in the center region, where 
the person appears in the hall way we see poles created and annihilated. These 
points corresponds to points where the topology of the flow pat tern changes. 
Tha t  is, these creation/annihilation points are invariant to any additional flow 
added to the normal flow. In this way they are not influenced by quantitative 
aspects such as speed, orientation etc. We suggest that  they may be used for 
guiding an attention mechanism. 

5.2 F i x e d  l ine s c a l e - e v o l u t i o n  

In turbulent flow, the degree of turbulence can be accessed through the scaling 
properties of the "eddies". Kolmogorov introduced the cascade models of turbu- 
lent flow, looking at the energy transport  from large scale eddies to small scale 
eddies [11]. Frisch introduced a variant of these called the ~-model [5] where the 
variable of interest is the scaling properties of the space filling of eddies. The 
so-called structure function characterising the flow is defined in terms of the 
scaling exponent of the space filling of the eddies. In the following, we sketch 
how this can be accessed through the multi-scale optic flow structure. 

At every scale a number of whirls is present. As an approximation we assume 
that  a whirl corresponds to an eddy and that  its space filling corresponds to its 
area, that  is its spatial scale squared. The scaling exponent of the energy as a 
function of scale may then be estimated from counting whirls at a number of 
different scales. 

In Figure 5, smoke induced into a ventilated pigsty is shown. The smoke 
is illuminated by a laser scanning through a plane such that  the smoke in a 
vertical 2D plane in the 3D pigsty is imaged. In Figure 5 bottom-right the scale 
evolution of whirls in the Pigsty sequence is shown including annihilation (and 
the few creation) events. As indicated above the scaling properties of the whirls 
may be used for accessing the degree of turbulence in the flow. From the number 
of detected whirls as a function of scale we find approximately that  V o( s ~ 
Tha t  is, only 70 percent of the energy is t ransported to whirls at the half length 
scale I. This computation is, though, based only on approximately 100 whirls and 
a scaling interval of a single decade. This is clearly insuflicient to state that  we 
have proven self similarity or precisely computed the degree of turbulence. We 
have merely indicated a direction in which the structure of the optic flow field 
as suggested in this paper can be used for more practical exercises. 

1 Dimensional analysis indicates a scaling of S ~ so this is not a trivial result 
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Fig. 4. Top, the first, middle, and last frame of the hall way sequence. Bot tom,The  
spatio-temporal curves of the poles and their creation points for spatial scale s ---- 5 
(left) and s ---- 8 (right). Temporal scale is 2. Sequence is 256 • 256 • 32 pixels cubed 

6 S u m m a r y  

We have introduced two equivalence classes of optic flow and derived normal 
forms of codimension 0, 1, and 2 (the latter only in case of I-equivalence). I- 
equivalence leads to a definition of structure as the poles in the flow field whereas 
the S-equivalence leads also to fixed points. 

The major differences to normal analytical flow fields as in autonomous dy- 
namical systems, is the presence of poles and that  the tangential component of 
the optic flow field is undefined. The poles can only be avoided by a regular- 
ization of the flow field as is normally done in computer vision algorithms [7]. 
An arbi t rary "gauge condition" could be imposed to fix the tangential compo- 
nent and in this way fixed points as in dynamical systems can be introduced. 
Restricting the equivalence class of flows could make the analogy to dynamical 
systems even larger. 
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Fig. 5. Top, the first, middle, and last frame of the pigsty sequence. The fixed lines 
and the whirls are superimposed on the middle frame. Bo t t om,  left is the temporal 
evolution of whirls and their creation/annihilation points. Right are the whirls in the 
middle frame as a function of scale. Points mark annihilations or creations. 

We have introduced a concept of whirls. These however have a very different 
nature  than  the nodes in dynamical systems since the whirl include second order 
tempora l  structure, and the analogy to nodes is not clear. 

The natural  continuation of the research presented in this paper  is to look at 
a gauge fixed tangential  flow, and to introduce temporari ly  constant diffeomor- 
phisms for definition of the equivalence of flow. In this way the only difference 
to dynamical  systems may be the poles. 

The theoretical results in this paper  has been applied to two simple examples: 
computat ion of spat io- temporal  points in which the topology of the flow field 
changes, as a mechanism for guiding attention, and computat ion of the scaling 
properties of whirls as to characterize turbulent flow. 
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