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Abst rac t .  The nonlinear classifier is effective for many practical prob- 
lems. We have already proposed a method for constructing a nonlinear 
classifier using Legendre polynomials and have obtained good results on 
many actual data. In this approach, a set of original features is first 
extended to a large number of new features in a nonlinear fashion and 
then some substantial features are chosen for the nonlinear classifier. In 
this study, we have improved the selection process in the second stage by 
using some conventional feature selection algorithms. In addition, impor- 
tant features were selected from the original features in the preprocessing 
stage. The reduction in the number of the original features permits the 
nonlinear classifier to use a higher degree of polynomials. 

1 Introduct ion  

In our previous study [1], we proposed a nonlinear classifier and confirmed its 
effectiveness on many data. In this method, a large number of Legendre poly- 
nomials of the original features are constructed as extended features in the first 
stage, and then some significant features are selected from the extended features 
to construct a nonlinear classifier on the basis of the MDL criterion [2] in the 
second stage. 

However, the feature selection method used in the study was very simple 
and not always optimal. In this study, using two conventional feature selection 
methods of the sequential forward search method (SFS) [3] and the sequential 
forward floating search method (SFFS) [4], we discuss the effectiveness of differ- 
ent feature selection methods. 

2 Nonl inear  Classifier [1] 

We first describe our nonlinear classifier in the case of two-class ( wl and w2 
) problems. The classifier is constructed in two stages : (1) an expansion of 
features, and (2) a selection over the extended features. 
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To extend the original features, we consider the following transformation of 
a sample x of n features to y of the extended m features : 

x = (Xl,X2, . . . ,Xn)T--+y(x) = (yo(x) ,y l(x) ,y2(x) , . . . ,ym(x))  T, 

where T denotes the transposition. Here, each yi(x) is a Legendre polynomial of 
x, which is normalized on [ -1 ,  1] n and yo(x) of training samples x is a constant 
of l /v/2.  Every xi is normalized into [-0.6,  0.6] in advance. For details, see [1]. 

Next, on a feature subset P = {O,il , i2, . . . , ip} C_ S = { 0 , 1 , 2 , . . . , m } ,  we 
construct a linear classifier g by finding a coefficient vector a = (ao, a l ,  a2, . . . ,  ap) T 
such that  

Hf(x)  - g(yp(x))ll 2 ~ minimize, 

where g(yp(x)) = yp(x )ra ,  

1 (X e COl) 
f (x )  = - l  (x e co2) ' 

where f (x )  is an objective function. The optimal a is determined on the basis 
of N training samples {xi} (i = 1 ,2 , . . . ,N )  by 

a = y C f ,  
f = (f(zl) f (zu) "'" f (xN))  r, 

}~ = ( y p ( x l )  yp (x2)  "'" yp(XN)) T, 

where Yp+ is the Moore-Penrose's general inverse matrix of }),. 
To obtain the extended feature set S = {0, 1, 2 , . . . ,  m}, we choose the max- 

imum degree g as the least integer satisfying 

 +e)e _>N, (1) 

and obtain {yi(x)[O < deg(yi(x)) <_ g} as the extended feature set, where deg(.) 
denotes the degree of the Yl (x). 

Finally, by a feature selection algorithm we find the optimal feature subset 
P* minimizing the MDL criterion : 

MDL(P)  = 

where s 2 (P) = 

N 1 e2(P) P 
-~- 0g 2 - - ~  + ~ log 2 N, 

N 

~ ( f ( x  d - g(yp((x~))) 2. 
i=1 

In classification, a sample x is assigned to wl if g(yp(x)) is positive and to w2 
otherwise. 
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3 F e a t u r e  S e l e c t i o n  o v e r  t h e  E x t e n d e d  F e a t u r e s  

In the previous approach [1], we adopted a simple greedy algorithm to select P 
from S. We sorted features in the increasing order of the individual square error 
over the training samples. Next, starting from P = {0}, we add the ith feature 
to P as long as the MDL value can decrease (i = 1, 2 , . . . ,  m) (Figure l(a)). We 
denote this way SORT. 

SFS first selects the best feature in the square error and then selects the best 
pair including the first one, and so on [3]. We terminate the process when the 
MDL value no longer decreases (Figure l(b)). 

SFFS [4] is a variant of SFS. Unlike SFS, SFFS can backtrack unlimitedly 
as long as the backtrack finds a better subset than the subset obtained so far at 
the same size (Figure l(c)). The terminal condition is the same as that for SFS. 

{I} {2} {3} {4} 
0 no searched subset 

0 {1} {1,2} {1,3} {1,3,4} 0 searched subset 
(a) SORT O best subset 

/J~{1,2,3,4} . ~{1.,?,3,4} 

{1,2,3}fJ(1"~2,,'4} ",{i]3.4}. {2,3,4} {1,2~3}.{t]2,4}" \ {i,3,4~ {2,3,4} 

{1,2} . { , ] : 3 } j ( ~ ,  ".'~//z{'~;:-.{!:4~) { . . , ~ 3 ' 4  } 

~ 4 }  { { t ~ ~ }  

(b) SFS (c) SFFS 

Fig .  1. Feature selection methods  

4 F e a t u r e  S e l e c t i o n  o f  t h e  O r i g i n a l  F e a t u r e s  

When the number of original features is large, say n > 50, the original features 
may include garbage features for recognition. Feature selection over the original 
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features is effective to remove such garbage features. In addition, this brings 
another merit in our case. In our approach, the size of the extended feature set 
m and the maximum degree of the polynomials ~ depend on both the number 
of the original features n and the number of training samples N ( See Formula 
(1)). For example, when N < n, only Legendre polynomials of degree 1 are 
chosen in S. This strongly limits the performance of our nonlinear classifier. In 
addition, a large m requires much computational time in the search process, 
especially when SFS or SFFS is adopted. In our experiment, therefore, a variant 
of a feature selection algorithm based on structural indices [5], SUB, was used 
to reduce the number of n of the original features when n > 15. 

5 Experiments 

First we used two artificial da ta  called RING-NORMAL and MOONS shown in 
Fig. 2. 
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Fig. 2. Artficial datasets 

In RING-NORMAL, the first class 501 forms a ring with an inner radius 
of 2.147 and an outer radius of 3.03, and the second class co2 is the Gaussian 
density with its mean at the origin and a covariance matr ix of unity. The Bayes 
correct recognition rate is 95.5 %. In MOONS, there are two classes of wl and 
cz2 with a similar form. We conducted experiments using these datasets and 
varying the number of the training samples. The results are shown in Figs. 3 
and 4. From these results, we can see that  SFFS, SFS and SORT, in this order, 
are bet ter  in terms of the MDL value. However, this does not mean that  the 
recognition rate is bet ter  in the same order. Indeed, when the number of training 
samples was less than 200, SORT had the best recognition rate; otherwise all of 
these three methods gave almost the same recognition rate. This means that  a 
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bet ter  approximation of the ideal function does not necessarily lead to a bet ter  
classifier. Rather,  when the number  of training samples is not so large, a rough 
approximation like SORT is not effective. Even in the case where a sufficient 
number  of training samples is available, the difference in MDL values does not 
lead to bet ter  in recognition. Taking the computat ion time into consideration, 
SORT would be most  effective in construction of our nonlinear classifier. 

Next, we tested 10 real datasets  taken fi'om UCI Machine Learning Databases 
[6]. The datasets  are summarized in Table 1 in the order of average size of the 
training samples per class. To Some of these datasets we applied a preliminary 
feature selection by SUB to reduce the number of the original features. In the 
datasets  "wdbc" and "sonar", the maximum degrees are restricted, by the com- 
putat ional  limitation, to 2 and 1, respectively, although the calculated maximum 
degrees are 3 and 2, respectively. We used a 10-fold cross-validation [7] to es- 

Data Name 

Table  1. Summary of datasets 

hayes-roth 5 
wine 13 
hepatitis*" 19 
wpbc .6 33 
sonar 2 104.060 
liver-disorders 2 172.5 6 
ionosphere 2 175.5 34 
horse-colic *~ 2 184.0 i 27 
wdbc 2 284.5 30 
pima-indians-diabetes 2 384.0 8 

• 1 : Number of classes .2 
• 3 : Number of original features .4 
• 5 : Number of the extended features 

3 44.0 4 125 
3 59.3 3 559 
2 77.5 2 209 
2 99.0 2 594 

After feature selection 

n ~ m 

12 3 454 
19 2 209 

1 60 37 2 740 
5 461 
2 629 i'7 3 1139 
2 405 13 3 559 
2 495 9 4 714 
5 1286 
: Average number of samples per class 
: Maximum degree of the extended features. 

.6 : Missing data are replaced by the mean of the feature 

t imate  the recognition rate. The results are shown in Table 2. All experiments 
were performed on an Intel Pentium H 266MHz machine on Linux OS. In terms 
of the MDL value, SFFS is the best, followed by SFS. As observed in artificial 
data,  a bet ter  MDL value did not necessarily mean a bet ter  recognition rate in 
these experiments.  

We tried to find the relationship between the MDL value and the recognition 
rate, taking into consideration the number  of training samples and the number  of 
features. Unfortunately, we could not find any clear relationship between them. 
As a general tendency, SORT is best when the number of training samples is 
small (e.g., less than  100) or when the number  of extended features is large 
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Table 2. Results of Real Datasets ( Recognition rate[%] and MDL value ) 

Data Name 

hayes-roth 

Upper : Before feature selection 
Lower After feature election 

SORT 
Rate MDL 

wine 

81.3 (-93.4) 
hepatitis 

$ 75.9 (-107,8) 

wpbc 

sonar 

liver-disorders 

80.7 (-104.6)1 

97'.8 (-211.6) 

7'9.9 (-59.7) 

"I" 81.5 (-60.1) 
70.3 (-41.0) 

1" 82.3 (-81.6) 
70.2 (-30.6) 

92.8 (-241.6) 
ionosphere 

.~ 90.0 (-316,2) 
74.4 (-87,8) 

horse-colic 
$ 72.4 (-93.0) 

wdbc 96.0 (-549.0)] 
]" 96.7 (-624.0) 

pima-indians-diabetes 76.8 (-201.2) 

SFS 
Rate MDL 
79.2 (-203.5) 

96.9 (-243.4) 

80.1 (-t13.3) 

]" 81.2 (-326.1) 
77.5 (-70.2) 

80.1 (-68.0) 
74.9 (-44.9) 

t 78.2 (-195.6) 
72.8 (-46.5) 

92.7 (-287.9) 

$ 91.6 (:365.7) 
74.5 (-95.4) 

]" 7'5,{} (-112.9) 
95.7 (2597.8) 

I" 96.1 (-662.0) 
7"7.1 (-232.5) 

SFFS 
Rate MDL 
74,6 (-199.4) 

97.1 (-250.9) 

76.3 (-116.5) 
j" 80.4 (2229.1) 

78.0 (-7'1.o) 

]- 80.1 (-68.0) 
7i.4 (-46.5) 

t 78.1 (-152.2) 
7'3.6 (-47'.5) 

91.3 (-301,6) 

1" 91.9 (7369.6) 
~4.5 (-95.8) 

]- 75.__oo (-112.9) 
95.2 (-600.1) 

I" 96.4 (-670.0) 
77.0 (-233.6) 

(e.g., more than 500). tf the number of training samples is large enough, SFS 
and SFFS may give better  solutions. There are two possible explanations for 
why we could not find a clear tendency: 1) The goodness of approximation 
of our ideal function is not necessarily strongly related to the goodness of a 
classifier constructed by the approximation; other objective functions should be 
approximate for our approach. 2) In the case of a small sample size, the MDL 
criterion does not work so well; indeed, when the average number of training 
samples is less than 100, the results of real data show that SORT is the best in 
terms of the recognition rate despite it being worst in terms of the MDL value. 

Let us discuss the effectiveness of feature selection in advance of the construc- 
tion of the nonlinear classifier. In almost all datasets, this feature selection suc- 
ceeded in improving classification accuracy compared with the situation where 
preliminary feature selection was not carried out (Table 2). With preliminary 
feature selection, the nonlinear classifier was able to use a higher degree of poly- 
nomials (see the value of g in Table 1). In all except one of the datasets, SFS and 
SFFS had better results, while some of the results of SORT were worse than in 
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the case without feature selection. One possible explanation for this is as follows. 
In the preliminary feature selection, only features with discriminative informa- 
tion were left., but such features show a high power of discrimination only in a 
combination of those features. SORT is too weak to utilize such a combination 
of features, while SFS and SFFS are both able to utilize such a combination. 

6 Discussion and Conclusion 

We examined two kinds of feature selection in a nonlinear classifier: one is for 
reducing the number of the original features and the other is for selecting a 
subset of extended features that  is best for construction of the nonlinear clas- 
sifier. We compared the original algorithm, SORT, with two sophisticated but  
time-consuming feature selection algorithms, SFS and SFFS. We found that  pre- 
liminary feature selection is effective for SFS and SFFS but not for SORT. In 
the use of feature selection for construction of a nonlinear classifier, we could not 
find any merit in using SFS or SFFS compared with SORT. In terms of compu- 
tation time, SORT outperformed SFS and SFFS. Our recommendation is that  
the original features should be reduced in advance and that,  if many samples 
are available, sophisticated feature selection algorithms should be applied. The 
datasets we used did not have a sufficient number of samples and sometimes had 
missing features for which we used the average value. We need to examine more 
datasets with a large number of samples. 
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