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Abs t r ac t .  The theoretical component of this work involves the follow- 
ing question: given any two views of some unknown textured opaque 
quadric surface in 3D, is there a finite number of corresponding points 
across the two views that uniquely determine all other correspondences 
coming from points on the quadric? A constructive answer to this ques- 
tion is then used to propose a transformation, we call a nominal quadratic 
transformation, that can be used in practice to facilitate the process of 
achieving full point-to-point correspondence between two grey-level im- 
ages of the same (arbitrary) object. 

1 I n t r o d u c t i o n  

The general problem of achieving correspondence, or optical flow as it is known 
in the motion literature, is to recover the 2D displacement field between points 
across two images. Typical applications for which full correspondence ( that  is 
correspondence for all image points) is initially required include the measure- 
ment  of motion, stereopsis, structure from motion, 3D reconstruction from point 
correspondences, and recently visual recognition, active vision and computer  
graphics animation.  

In this paper  we focus on two problems - -  one theoretical and the other 
more practical. On the practical side, we address the problem of establishing 
the full point-wise displacement field between two views (grey-level images) of 
a general 3D object. We achieve that  by first considering a theoretical problem 
of establishing a quadric surface reference frame on the object. In other words, 
given any two views of some unknown textured opaque quadric surface in 3D 
projective space :pa, is there a finite number of corresponding points across the 
two views tha t  uniquely determine all other correspondences coming from points 
on the quadric? A constructive answer to this question readily suggests that  we 
can associate a virtual quadric surface with any 3D object (not necessarily a 
quadric in itself) and use it for describing shape, but more importantly,  for 
achieving full correspondence between the two views. 
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On the conceptual level we propose combining geometric constraints, cap- 
tured from knowledge of a small number of corresponding points (manually 
given, for example), and photometric constraints captured by the instantaneous 
spatio-temporal changes in image light intensities (conventional optical flow). 
The geometric constraints we propose, are related to the virtual quadric sur- 
face mentioned above. These constraints lead to a transformation (a nominal 
quadratic transformation) that is applied to one of the views with the result of 
bringing both views closer together. The remaining displacements (residuals) are 
recovered by using the spatial and temporal derivatives of image light intensity 
- -  either by correlation of image patches or by optical flow techniques. 

2 T h e  Q u a d r i c  R e f e r e n c e  S u r f a c e  

We consider object space to be the 3D projective space ;03 and image space 
to be the 2D projective space ;02 __ both over the field g of complex numbers. 
Views are denoted by r indexed by i. The epipoles are denoted by v C ~bl 
and v r C r and we assume their location is known (for methods, see [6], for 
example). The symbol ~ denotes equality up to a scale, GL,~ stands for the 
group of n x n matrices, PGL,~ is the group defined up to a scale, and S P G L ~  
is the symmetric specialization of PGL,~. 

R e s u l t  1. Given two arbitrary views r r C ;02 ofa  quadric surface Q E ;03(g) 
with centers of projections at O, O ~ E ;on, and O, O r E Q, then five corresponding 
points across the two views uniquely determine all other correspondences. 

Proof. Let (x0, Xl, x~) and (x~, x~, x~) be coordinates of r and r respectively, 
and (z0,..., z3) be coordinates of Q. Let O = (0, 0, 0, 1), then the quadric sur- 
face may be given as the locus zoz3 - zlz2 = 0, and r as the projection from 
O = (0, 0, 0, 1) onto the plane z3 = 0. In case where the centers of projections 
are on Q, the line through 0 meets Q in exactly one other point, and thus 
the mapping ~bl ~-+ Q is generically one-to-one, and so has a rational inverse: 
(xo, x l ,  x2) ~ (z~, xoxl,  xox2, XlX2). Because all quadric surfaces of the same 
rank are projectively equivalent, we can perform a similar blow-up from r with 

1 2  I / ! I I ] " ~ . " the result: (x 0 , XoX 1, XoX 2, xlx2). The projective transformation A E PGL4 be- 
tween the two representations of Q can then be recovered from five corresponding 
points between the two images. D 

The result does not hold when the centers of projection are not on the quadric 
surface. This is because the mapping between Q and p2 is not one-to-one (a ray 
through the center of projection meets Q in two points), and therefore, a rational 
inverse does not exist. We are interested in establishing a more general result that  
applies when the centers of projection are not on the quadric surface. One way 
to enforce a one-to-one mapping is by making "opacity" assumptions, d~fined 
below. 

D e f i n i t i o n 2  (O pac i t y  C o n s t r a i n t ) .  Given an object Q = {PI,. . . ,P~}, we 
assume there exists a plane through the camera center 0 that does not intersect 
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any of the cords PiPj (i.e., Q is observed from only one "side" of the camera). 
Secondly, we assume that  the surface is opaque, which means that among all 
the surface points along a ray from O, the closest point to 0 is the point that  
also projects to the second view (r The first constraint, therefore, is a camera 
opacity assumption, and the second constraint is a surface opacity assumption 
- -  which together we call the opacity constraint. 

Together with an appropriate re-parameterization of 7)3 we can obtain the fol- 
lowing result: 

T h e o r e m 3 .  Given two arbitrary views r162 C 7)2 of an opaque quadric sur- 
face Q E 7)3, then nine corresponding points across the two views uniquely de- 
termine all other correspondences. 

The following auxiliary propositions are used as part of the proof. 

L e m m a  4 (Rela t ive  Affine Pa rame te r i za t i on ) .  Let Po, Pl, P2, P3 and P~o, P] , P~, P~a 
be four corresponding points coming from four non-coplanar points in space. Let 
A be a collinealion of 7) 2 determined by the equations Apj ~-pj., j = 1,2,3, and 
Av ~- v I. Finally let v ! be scaled such that pl o ~- Apo + v I. Then, for any point 
P E 7 )3 projecting onto p and pt, we have 

p!  r~ = Ap + kv'. (1) 

The coefficient k = k(p) is independent ofr i.e., is invariant to the choice of 
the second view, and the coordinates of P are (x, y, 1, k). 

The lemma, its proof and its theoretical and practical implications are dis- 
cussed in detail in [10]. The scalar k is called a relative affine invariant and can 
be computed with the aid of a second arbitrary view r For future reference, 
let ~r stand for the plane passing through P1, P2, P3 in space. 

P r o o f  o f  T h e o r e m "  From Lemma 4, any point P can be represented by the 
coordinates (x, y, 1, k) and k can be computed from Equation 1. Since Q is a 
quadrie surface, then there exists H C SPGL4 such that  P-CliP = 0, for 
all points P of the quadric. Because H is symmetric and determined up to a 
scale, it contains only nine independent parameters. Therefore, given nine cor- 
responding image points we can solve for H as a solution of a linear system 
- -  each corresponding pair p, p~ provides one linear equation in H of the form 
(x, y, 1, k)H(x ,  y, 1, k) T = O. 

Given that  we have solved for H, the mapping r ~-+ r due to the quadric Q 
can be determined uniquely (i.e., for every p E r  we can find the corresponding 
p~ E r as follows. The equation P-CliP = 0 gives rise to a second order equation 
in k of the form ak2+b(p)k+c(p) = 0, where the coefficient a is constant (depends 
only on H)  and the coefficients b, c depend also on the location of p. Therefore, 
we have two solutions for k, and by Equation 1, two solutions for p~. The two 
solutions for k are k 1 k 2 -b+r where r = , /b 2 - 4ac. The finding, shown in 

' ~ 2 a  
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the next auxiliary lemma, is that if the surface Q is opaque, then the sign of r is 
fixed for all p E r Therefore, the sign of r for po that  leads to a positive root 
(recall, ko = 1) determines the sign of r for all other p E r 

L e m m a  5. Given the opacity constraint, the sign of the term r = v / ~ -  4ac is 
fixed for all points p E r 

Proof. Let P be a point on the quadric projecting onto p in the first image, and 
let the ray OP intersect the quadric at points p1, p2, and let k 1,/~2 be the roots 
of the quadratic equation ak2+ b(p)k +c(p) = 0. The opacity assumption is that  
the intersection closer to O is the point projecting onto p and p~. 

Recall that  Po a point (on the quadric in this ease) used for setting the scale 
of v ~ (in Equation 1), i.e., ko = 1. Therefore, all points that are on the same side 
of ~r as Po is, have positive k associated with them, and vice versa. There are 
two cases to be considered: either Po is between O and ~ (i.e., O < Po < ~'), 
or ~" is between O and Po (i.e., O < r: < Po), that is 0 and Po are on opposite 
sides of ~. In the first case, i f k lk  2 _< 0 then the non-negative root is closer to O, 
i.e., /r = max(k 1, k2). If both roots are negative, the one closer to zero is closer 
to O, again k = max(k 1, k2). Finally, if both roots are positive, then the larger 
root is closer to O. Similarly, in the second case we have k = min(/~ 1, k 2) for 
all combinations. Because Po can be either in one of these two cases, then the 
opacity assumption gives rise to a consistency in picking the right root: either 
the maximum root should be uniformly chosen for all points, or the minimum 
root. D 

In the next section we will show that Theorem 3 can be used to surround an 
arbitrary 3D surface by a virtual quadrie, i.e., create quadric reference surfaces 

- -  which in turn can be used to facilitate the correspondence problem between 
two views of a general object. The remaining of this section takes Theorem 3 
further to quantify certain useful relationships between centers of two cameras 
and the family of quadrics that pass through arbitrary configurations of eight 
points whose projections on the two views are known. 

T h e o r e m  6. Given a quadric surface Q c p3 projected onto views r ~b2 C 7 )2, 
with centers of projection O, 01 G 7 )3, there exists a parameterization of the 
image planes ~)1, ~)2 that yields a representation H G SPGL4 of Q such that 
h44 = 0 when 0 E Q~ and the sum of elements of H vanishes when 01 G Q. 

Proof. The re-parameterization described here was originally introduced in [10] 
as part of the proof of Lemma 4. We first assign the standard coordinates in 7)3 
to three points on Q and to the two camera centers O and O ~ as follows. We 
assign the coordinates (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) to P1, P2, P3, respectively, 
and the coordinates (0, 0, 0, 1), (1, 1, 1, 1) to O, 0', respectively. By construction, 
the point of intersection of the line OO ~ with ~r has the Coordinates (1, 1, 1, 0). 

Let P be some point on Q projecting onto p, pq The line OP intersects 7r at 
the point (a, fl, 7, 0). The coordinates c~, ~, 7 can be recovered (up to a scale) by 
the mapping r ~-+ 7r, as follows. Given the epipoles v and v ~, we have by our 
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choice of coordinates that  pl, p2, p3 and v are projectively (in ?)2) mapped onto 
el -- (1, 0, 0), e2 -= (0, 1, 0), e3 -- (0, 0, 1) and e = (1, 1, 1), respectively. Therefore, 
there exists a unique element A1 E PGL3 that  satisfies Alpj  ~ ej, j = 1, 2, 3, 
and Alv  ~- e. Denote Alp  = (a,fl ,  7). Similarly, the line O'P  intersects ~- at 
(o/,/3', 7', 0). Let A~ E PGL3 be defined by A2p~ ~ ej, j = 1, 2, 3, and A2v' ~ e. 
Denote A2p' = (a', fl', 7'). 

It is easy to see that A -~ A~IA1,  where A is the collineation defined in 
Lemma4.  Likewise, the homogeneous coordinates of P are transformed into 
(a,/3, 7, k). With this new coordinate representation the assumption of O E Q 
translates to the constraint that  h44 = 0 ((0, 0, 0, 1)H(0, 0, 0, 1) T = 0), and the 
assumption of O' E Q translates to the constraint (1, 1, 1, 1)H(1, 1, 1, 1) T = 0. 

C o r o l l a r y T .  Theorem 6 provides a quantitative measure of proximity of a set 
of eight 3D points, projecting onto two views, to a quadric that contains both 
centers of projections. 

Pro@ Given eight corresponding points we can solve for H with the constraint 
(1, 1, 1, 1)H(1, 1, 1, 1) T = 0. This is possible since a unique quadric exists for any 
set of nine points in general position (the eight points and O'). The value of h44 
is then indicative to how close the quadric is from the other center of projection 
O.D 

Note that  when the camera center O is on the quadric, then the leading 
term of ak 2 + b(p)k + c(p) = 0 vanishes (a = h44 = 0), and we are left with a 
linear function of k. We see that  it is sufficient to have a hi-rational mapping 
between Q and only one of the views without employing the opacity constraint. 
This is because the asymmetry introduced in our method: the parameters of 
Q are reconstructed with respect to the frame of reference of the first camera 
(i.e., relative affine reconstruction in the sense of [10]) rather than reconstructed 
projectively. Also note the importance of obtaining quantitative measures of 
proximity of an eight-point configuration of 3D points to a quadric that  contains 
both centers of projection - -  this is a necessary condition for observing a "critical 
surface". A sufficient condition is that  the quadric is a hyperboloid of one sheet 
[3, 7]. Theorem 6 provides, therefore, a tool for analyzing part of the question of 
how likely are typical imaging situations within a "critical volume". 

3 A c h i e v i n g  F u l l  C o r r e s p o n d e n c e  b e t w e e n  V i e w s  o f  a 

G e n e r a l  3 D  O b j e c t  

In this section we derive an application of Theorem 3 to the problem of achiev- 
ing full correspondence between two grey-level images of a general 3D object. 
The basic idea, similar to [8, 9], is to treat the correspondence problem as com- 
posed of two parts: a nominal transformation with the aid of a small number 
of known correspondences, and a residual displacement field that  is recovered 
using instantaneous spatio-temporal derivatives of image intensity values, along 
epipolar lines. This paradigm is general in the sense that  it applies to any 3D 
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object. However, it is useful if the nominal transformation brings the two views 
closer together. 

Consider, for example, the case where the nominal transformation is a ho- 
mography of P 2 of some plane 7r. In that  case, the residual field is simply the 
relative affine invariant k of Equation 1. In other words, if the object is relatively 
flat, then the k-field is small, and thereby the nominal transformation (which is 
Ap) brings the two views closer to each other. If the object is not fiat, however, 
then the residual field may be large within regions in the image that  correspond 
to object points that  are far away from ~r. This situation is demonstrated in the 
second row display in Figure 1. Three points were chosen (two eyes and the right 
mouth corner) for the computation of the planar nominal transformation. The 
overlay of the second view and the transformed first view demonstrate that  the 
central region of the face is brought closer on the expense of regions near the 
boundary (which correspond to object points that are far away from the virtual 
plane passing through both eyes and the mouth corner). 

This example naturally suggests that a nominal transformation based on 
placing a virtual quadric reference surface on the object would give rise to a 
smaller residual field (note that  the planar transformation is simply a particular 
case of a quadrie transformation). The "nominal quadratic transformation" can 
be formalized as a corollary of Theorem 3 as follows: 

C o r o l l a r y  8 (of  T h e o r e m  3). A virtual quadric surface can be fitted through 
any 3D surface, not necessarily a quadric surface, by observing nine correspond- 
ing points across two views of the object. 

Proof. First, it is known that there is a unique quadric surface through any 
nine points in general position. This follows from a veronese map of degree 
two, v2 : pn  ) p(n+1)(n+2)/2-1 defined by (x0, ...,x~) ~-+ (..., xt, ...), where 
x I ranges over all monomials of degree two in x0, ..., x~. For n = 3, this is a 
mapping from p3 to p9 taking hypersurfaces of degree two in 7 )3 (i.e., quadric 
surfaces) into hyperplane sections of 7 )9. Thus, the subset of quadric surfaces 
passing through a given point in 7 )3 is a hyperplane in 7 )9, and since any nine 
hyperplanes in 7)9 must have a common intersection, there exists a quadric 
surface through any given nine points. If the points are in general position this 
quadric is smooth (i.e., H is of full rank). 

Therefore, by selecting any nine corresponding points across the two views we 
can apply the construction described in Theorem 3 and represent the displace- 
ment between corresponding points p and p' across the two views as follows: 

p' ~ (Ap + kqv') + k,.v', (2) 

where k = kq + kr, kq is the relative anne  structure of the virtual quadric 
and kr is the remaining parallax which we call the residual. The term within 
parentheses is the nominal quadratic transformation, and the remaining term 
k~v ~ is the unknown displacement along the known direction of the epipolar line. 
Therefore, Equation 2 is the result of representing the relative anne  structure 
of a 3D object with respect to some reference quadric surface, namely,/~r is a 
relative atfine invariant (because k and kq are both invariants by Theorem 3). 
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Note that  the corollary is analogous to describing shape with respect to a 
reference plane [4, 8, 10] - -  instead of a plane we use a quadric and use the tools 
described in the previous section in order to establish a quadric reference surface. 
The overall algorithm for achieving full correspondence given nine corresponding 
points po, pl ,  ..., Ps is summarized below: 

1. Determine the epipoles v,v ~ using eight of the corresponding points, and 
recover the collineation A from the equations Apj  -~ p~., j = 1,2,3, and 
Av  ~- v ~ . Scale v ~ to satisfy P~o TM Apo + v t. 

2. Compute kj, j = 4, ..., 8 from the equation p} ~- Apj  + k jv ' .  

3. Compute the quadric parameters from the nine equations 
(x j ,  yj,  1, k j ) H ( x j ,  yj, 1, kj)  T = 0 (leo = 1, j = 1, ..., 8). Note that  

kl  = k2 = ka = O. 

4. For every point p compute kq as the appropriate root of k of ak 2 + b(p)k + 
c(p) = 0, where the coefficients a, b, c follow from (xq, yq, 1, kq)H ( %,  yq, 1, kq) l- = 
0, and the appropriate root follows from the sign of r for ak~o + b(po)ko + 
c(po) = 0 consistent with the root ko = 1. 

5. Warp r according to the nominal transformation/5 ~ Ap  + kqv'. 
6. The remaining displacement (residual) between p' and p consists of an un- 

known displacement kr along the known epipolar line. The spatio-temporal 
derivatives of image light intensity can be used to recover kr. 

In case (and only then) that the ray O P  does not intersect the quadric, 
the solutions for the corresponding k are complex numbers (i.e., p cannot be 
reprojeeted onto p due to Q). This case can be largely avoided when the nine 
sample points are spread as apart as possible on the view r of the object (see [12] 
for analytic results and computer simulations on the existence and distribution 
of "complex pockets"). 

Also, a tight fit of a quadric surface onto the object can be obtained by using 
many corresponding points to obtain a least squares solution for H.  Note that 
from a practical point of view we would like the quadric to lie as close as possible 
to the object - -  otherwise the algorithm, though correct, would not be useful, 
i.e., the residuals may be larger than the original displacement field between the 
two views. 

4 Experimental  Results  on Real Images 

We have implemented the method described in the previous section for purposes 
of computer simulation and for application on a real image situation. The com- 
puter simulations are shown in [12], and some of the real image experiments are 
shown here. 

Figure 1, top row, shows two images of a face taken from two distinct view- 
points. Achieving full correspondence between two views of a face is extremely 
challenging - -  for two reasons. First, a face is a complex object that  is not easily 
parameterized. Second, the texture of a typical face does not contain enough im- 
age structure for obtaining point-to-point correspondence in a reliable manner. 
There are few points (in the order 10 - -  20) that  can be reliably matched, such as 
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Fig .  1. _Row 1: Two views of a face, ~bl on the left and ~b2 on the right. _Row 2: Left-hand 
display shows the overlayed edges of the two views above. Right-hand display shows 
the overlay of the affine transformed r and r The three points chosen were the 
two eyes and the right mouth corner. Notice that  the displacement across the center 
region of the face was reduced, on the expense of the peripheral regions that  were taken 
farther apart.  Row 3: Left-hand display shows r followed by the nominal quadratic 
transformation. Right-hand display shows the overlay of edges of the display on the 
left and r Notice that  the original displacements between r and ~b2 are reduced 
to about 1-2 pixels. Row 4: The display on the left shows the overlay of the target 
view r with the transformed view r (nominal quadratic followed by residual flow). 
The right-hand display shows the effect of nominal quadric transformation due to a 
hyperboloid of two sheets. This unintuitive solution due to an unsuccessful choice of 
sample points creates the mirror image on the right side. 
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the corners of the eye, mouth and eyebrows. We rely on these few points to per- 
form the quadratic nominal transformation and the epipolar geometry, and then 
apply optical flow techniques to "finish off" the correspondence everywhere else. 
The optical flow method we used was a modification on the technique described 
in [1, 8], which is a coarse-to-fine gradient-based method following [5]. 

The epipoles were recovered using the algorithm described in [2, 6] using a 
varying number of points. The results presented here used the minimal number 
of nine points, but similar performance was obtained using more than nine points 
with a least squares solution for H. 

From Figure 1, second row left-hand display, we see that typical displace- 
ments between corresponding points around the center region of the face varies 
around 20 pixels. Figure 1, third row left-hand display, shows the quadric nom- 
inal transformation applied to the view ~bl. The overlay of edges of view r  
and the transformed view are shown in the right-hand display. One clearly sees 
that both the center of the face and the boundaries are brought closer together. 
Typical displacements have been reduced to around 1-2 pixels. The optical flow 
algorithm restricted along epipolar lines was applied between the transformed 
view and the second view. The final displacement field (nominal transformation 
due the quadric plus the residuals recovered by optical flow) was applied to the 
first view to yield a synthetic image - -  that if successful, should look much alike 
the second view. In order to test the similarity between the synthetic image and 
the second view, the overlay of the edges of the two images are shown in the 
fourth row of Figure 1, left-hand display. 

Finally, to illustrate that a quadric surface may yield unintuitive results, we 
show in the fourth row of Figure 1, right-hand display, the result of having a 
hyperboloid of two sheets as a quadric reference surface. This is accidental, but 
evidently can happen with an unsuccessful choice of sample points. 

5 S u m m a r y  

Part of this paper addressed the theoretical question of establishing a one-to- 
one mapping between two views of an unknown quadric surface. We have shown 
that nine corresponding points are sufficient to obtain a unique map, provided 
we make the assumption that the surface is opaque. We have also shown that 
an appropriate parameterization of the image planes facilitates certain questions 
of interest such as the likelihood that eight corresponding points will be coming 
from a quadric laying in the vicinity of both centers of projection. 

On the practical side, we have shown that the tools developed quadrics can 
be applied to any 3D object by setting up a virtual quadric surface laying in 
the vicinity of the object. The quadric serves as a reference frame, but also to 
facilitate the correspondence problem. We have shown that one view can be 
transformed towards the second view, which is equivalent to first projecting the 
object onto the quadric and then projecting the quadric onto the second view. 
For example, in the implementation section we have shown that two views of a 
face with typical displacements of around 20 pixels are brought closer to around 
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1-2 pixels displacement by the transformation.  Most optical flow methods can 
deal with such small displacements quite effectively. 
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