
Registrat ion and 
Reconstruct ion 



Rigid and Affine Registration 
of Smooth Surfaces 

using Differential Properties 

Jacques Feldmar and Nicholas Ayache 

INRIA SOPHIA, Pro jet EPIDAURE 
2004 route des Lucioles, B.P. 93 

06902 Sophia Antipolis Cedex, France. 
EmaiI : Jacques.Feldmar@sophia.inria.fr 

Abs t r ac t .  Recently, several researchers (IBM92], [Zha93], [CM92], 
[ML92], [CLSB92]) have proposed very interesting methods based on 
an iterative algorithm to rigidly register surfaces represented by a set of 
3d points, when an estimate of the displacement is available. In this pa- 
per, we propose to introduce differential informations on points to extend 
this algorithm. First, we show how to efficiently use curvatures to super- 
pose principal frame at possible corresponding points in order to find 
the needed rough estimate of the displacement. Then, we explain how to 
extend this algorithm to look for an affine transformation between two 
surfaces. We introduce differential informations in points coordinates : 
this allows us to match locally similar points. We show how this differ- 
ential information is transformed by an at~ine transformation. Finally, 
we introduce curvatures in the best afflne transformation criterion and 
we minimize it using extended Kalman filters. All this extensions are 
illustrated with experiments on various real biomedical surfaces : teeth, 
faces, skulls and brains. 

1 I n t r o d u c t i o n  

In this paper,  we are interested in surface matching. When two surfaces represent 
the same object,  it is often useful to superpose them. For instance, this is im- 
por tan t  for the medical diagnosis to compare images acquired at different times 
or coming from different modalities. See the article of Lisa Gottesfeld Brown 
[Bro92] for a review of the existing techniques. Our work is an extension of an 
iterative algorithm used in IBM92], [Zha93], [ML92], [CM92] and [CLSB92]. This 
algori thm is described in section 2.1 and is called "the iterative algorithm" in 
this article. Of course, classical techniques to register non-smooth objects have 
influenced us. The book of Grimson ([Gri90]) is a very good review of these. 
The  geometric hashing method proposed in [GA92] to match crest lines and the 
me thod  based on mechanic of [MR92] have also influenced us. 

When the two surfaces do not come from the same object, but  from objects 
of the same class (for example two faces) it is very useful too to find the match. 
An example of application is to match a brain with an atlas in order to find 
abnormali t ies or to segment the brain into anatomical  regions. See again [Bro92] 
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for a review. We just quote [CAS92] because their use of curvature to track 
points on deformable objects has influenced us. 

We propose to introduce differential information to extend the iterative al- 
gorithm. In section 2, we first present this algorithm (2.1). Then we present our 
method to efficiently find the requisite initial estimate (2.2). In section 3, we 
explain how we have extended the iterative algorithm in order to find a good 
affine transformation. We first introduce differential informations in point coor- 
dinates (3.2). Then we modify the definition of the best affine transformation 
(3.3). Finally, we present results on real data  (3.4). 

2 Computing the rigid displacement 

2.1 The iterative algorithm 

We now briefly describe the iterative algorithm. (refer to the original papers 
for details). The goal is to find the rigid displacement (R, t) 1 to superpose two 
surfaces, $1 on $2, given a rough estimate (R0,t0) of this rigid displacement. 
Each surface is described by a set of 3d-points. The algorithm consists of two 
iterated steps, each iteration i computing a new estimation (Ri, t l)  of the rigid 
displacement. 
(1) The first step builds a set Matchi of pairs of points. The construction is 
very simple : for each point M on $1, a pair (M,N) is added to Match,, where 
N is the closest point on $2 to the point R i - I M  + t~-l.  To compute the closest 
point, different methods are proposed but one can use for example the distance 
map method [Dan80]. 
(2) The second step is just the least square evaluation of the best rigid displace- 
ment (R~, t i)  to superpose the pairs of Match~ (see for example [FIt86] for the 
quaternion method). 
The termination criterion depends on the authors : the algorithm stops either 
when a) the distance between the two surfaces is below a fixed threshold, b) the 
variation of the distance between the two surfaces at two successive iterations is 
below a fixed threshold or c) a maximum number of iterations is reached. 

This algorithm is very efficient and finds the right solution when the initial 
estimate (R0, to) of the rigid displacement is "not too bad" and when each point 
on $1 has a correspondent on $2. But, in practice, this is often not the case and 
we have to find the prior estimate (R0, to) and to deal with occlusion. 

2.2 Finding the initial rigid displacement 

We use differential informations to get it. The surfaces we have to superpose 
come from techniques described in [TG92], [Gu~93]. So, for each point M on the 
surface, we know the principal curvatures and the principal frame. 

1 A rigid displacement (R, t) maps each point M to RM-b t where R is a 3x3 rotation 
matrix and t a translation vector. 
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In the ideal case, because principal curvatures are invariant under rigid dis- 
placement, given a point M on $1 with principal curvatures (kl, ks), a point N 
on Ss must have the same curvatures to be a possible correspondent. Moreover, 
if the pair (M, N)  is a good match, then the rigid displacement which super- 
poses $1 on $2 is also the one which superposes the principal frames attached 
to M and N respectively on $1 and Ss. Hence, in the ideal case, the following 
algorithm would be very efficient : (1) choose a point M on $1, (2) compute the 
set SameCurvature(M) of points on Ss which have the same curvatures as M, 
(3) for each point N in SameCurvature(M), compute the rigid displacement 
corresponding to the superposition of the two principal frames and stop when 
this rigid displacement exactly superposes $1 on Ss. 

But in practice, the two surfaces cannot be exactly superposed, and there is 
the principal frame orientation problem. To deal with imprecision on curvatures, 
we register the points of Ss in a hash table or in a kd-tree (see [PS85]) indexed by 
the two principal curvatures. This way~ given a point M on $1, with curvatures 
(kl, ks), we can quickly find the set of points CloseCurvature(M) on Ss whose 
curvatures are close to (kl, k2). Then, we apply the following algorithm : 

1. we randomly choose a point M on the surface $1 
2. we compute the set CloseCurvature(M) 
3. for each point N in CloseCurvature(M), we compute the rigid displace- 

ments corresponding to the superposition of the two principM frames. If R1 = 
(M, ezl, e21, n l )  is the principal frame at point M and R~ = (N, e12, e22, n2) 
the principal frame at point N, we compute two rigid displacements d and 
d t. d corresponds to the superposition of R1 on R~. d r corresponds to the 
superposition of R1 on R~, where R~ = ( N , - e 1 2 , - e 2 2 , n s ) .  We have to 
compute these two rigid displacements because R2 and R~ are both direct, 
and there is no way to choose between them s. 

4. we now estimate the ratio of the number of points on the transformed surface 
RS1 + t which have their closest point on Ss below a given distance, on 
the number of points of the surface $1 to check if either d or d p reaches our 
termination criterion. First, we randomly choose a subset S~ of points on S1. 
Then, for each point P in S~, we compute the closest point Q to R P  + t on 

and if [[RP + t - Q[[ is below a given threshold 6, then we add the pair 
(P, Q) in a set Pair_ok. Finally, if the ratio [Pair_ok[/[S~t is bigger than 
Threshold (0 < Threshold < 1), we decide that  (R , t )  is a good estimate of 
the rigid displacement which superposes $1 on $2 and we stop the algorithm. 
If neither d nor d' reaches the termination criterion, then we return to point 
1. 

The parameter  5 is the estimation of the maximM distance between one point 
on the surface $1 and its closest point on $2 after the best rigid registration (de- 
pends on the noise). Threshold is the estimation of the ratio of the number 
of points on $1 which have a correspondent on $2, on the number of points 

Note that we are able to orient the normals because, in practice, we know the interior 
and the exterior of the objects. 
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on $1 (depends on the occlusion). In practice, for our problems, it is not dif- 
ficult to choose them and a good solution is found after a very small number 
of iterations (two or three). Typical surfaces we work with have around 10000 
points. CloseCurvature(M) is the set of points N on $2 whose the principal 
curvatures (k~, k~) are such that  ((k~ - kl) 2 + (k~ - k~)2) 1/2 < Dim~20 where 
Dim = max(Dim_k1, Dim_k2) ( Dim-k1 (respectively Dim_k2 ) is the difference 
between the maximum and the minimum value of kl (respectively ks ) in $2 ). 
For S~, we randomly choose 5% of points of $1. For example, the figure 1 (left) 
shows the initial estimate found for teeth data. We have chosen Threshold = 0.8 
and 5 = D/30 where D is the largest surface diameter. The rigid displacement 
is found after two iterations in less than twenty seconds on a DEC 5000 work- 
station. 

Fig. 1. Left : the rough estimate of the rigid displacement for teeth data acquired by 
Sopha-Bioconcept using a laser technique. One surface is dark, the other one is bright. 
Right  : The best rigid displacement found between two faces of two different people. 
They have been acquired using a Cyberware machine. One surface is transparent, the 
other one is represented by lines. When the lines are dark, they axe in front of the 
transparent surface, when they are not, they are behind. 

This Mgorithm to find initial estimates associated with the iterative algorithm 
yields to an efficient framework to find very accurate rigid displacements. When 
the two surfaces are not complete because of occlusion, we just make use of 
covariance matrices and generalized MahaJanobis distances to decide if a point 
on $1 has a correspondent on $2 or not, as described in [Aya91]. For example, 
for teeth data  of figure 1, the final displacement is such that  75% of points 
on the transformed surface have their closest point on the other surface at a 
distance lower than 0.75% of the largest surface diameter. This approximatively 
corresponds to the occlusion. 
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3 Non  rigid matching of two different surfaces 

When the two surfaces do not come from the same object, but from objects of 
the same kind~ the framework described in section 2 is robust enough to find the 
best rigid displacement to register them. For example, figure 1 (right) shows it 
for two faces of two different people. In order to improve the superposition, a 
natural  extension from rigid t ransformations to non rigid ones is the search for 
an unconstrained affine t ransformation (A, b) 3. 

3.1 Finding an afllne transformation 

We could use the rigid displacement found as described in the previous section 
as an initial es t imate (A0,b0) and just modify the second step of the iterative 
algorithm. I t  would just  be the least square evaluation of the best affine transfor- 
mat ion (Ai, b~) to superpose the pairs of Match, .  This evaluation is a classical 
least square problem. 

But in practice, this very simple algorithm does not find a good solution : 
the similarities on the two surfaces do not tend to be brought nearer. Moreover, 
another  major  problem occurs with it. I t  often does not tend to a stable solution : 
when the t ransformed surface A S 1 %  b becomes very small or very flat, the 
criterion is minimized and nothing in the algorithm tends to avoid it. Especially, 
when A is the null matr ix  and b corresponds to a point on $2, the criterion 
vanishes. This is for example what  happens with the faces of figure 1. To avoid 
these two problems, we describe in sections 3.2 and 3.3 the modifications we 
bring to the original iterative algorithm (section 2.1), respectively to step 1 and 
step 2. 

3.2 M a t c h i n g  l oca l l y  similar points 

Because points belong to surfaces, we would like tha t  points with local similarity 
of shape tend to be matched in step 1 of the iterative algorithm. Because a point 
on a surface is very locally described by the principal curvatures and the princi- 
pal frame, adding coordinates corresponding to this differential informations to 
the three spatial  coordinates, we obtain the desired effect. In our formulation, 
surface points are no longer 3d points : they are 8d points. Coordinates of a 
point M on the surface S are (x ,y , z ,  nx ,n~ ,n z , k l , k2 )  where (n~ ,ny ,n z ) i s  the 
normal  on S at M ,  and kl, k2 are the principal curvatures. Between two points 

! ? f I f I ! l M ( x ,  y, z, n~, n , ,  nz, kl,  k2) and N ( x  , y , z  , n~, n , ,  n~, kl,  k2) we now define the 
distance : 

d(M, N )  = (c~x (x - x ' )  2 + c~2(y - y,)2 + ~a (z - z ')  2 + a4 (n~ - n~)2+ 
- + - w )  +  7(kl - 2 +  6(k: - k )2)v 2 

where ~i is the inverse of the difference between the maximal  and minimal value 
of the i ~h coordinate of points in $2. Using this new definition of the distance, the 

3 An afflne transformation (A, b) maps each point M to A M  § b where A is a 3x3 
matrix and b a translation vector. 
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Fig. 2. The final affine transformation between the two faces. This has to be compared 
with the rigid displacement of figure 1 (right). One can see that the nose, the mouth 
and the chin are now much closer. 

closest point to P on 6:2 is a compromise between the 3d distance, the difference 
of normal orientation 4 and the difference of curvatures. 

But  this new definition of points coordinates introduces an interest- 
ing problem~ At step 1 of the iterative algorithm, we have to compute  
C l o s e s t P o i n t ( A i M  + bi)  where M is a point on $1. Hence~ we have to 
compute  the new coordinates (xr~yr~ I _t _r ~ z ~%~,%~nz~kl,k~) of A i M  + bi,  where 
(x',  y' ,  z') t = Ai(x,  y~ z) t + bi, (n~, ny, nrz) is the normal on the t ransformed sur- 
face A~S1 + bi at point ( x' ,  y'~ z'), and k~ and k~ are the principal curvatures. 
In fact, because we need this result in section 3.3 we show in [FA94b] tha t  : 
p r o p o s i t i o n  1 : 
When a surface S is transformed into a surface A S + b  by an a~ne  transforma- 
tion ( A ,  b) ,  the principal frame and the curvatures at point A M  + b on A S  + b 
depend only on the principal frame and the curvatures at point M on S. 

Mere precisely~ there exists a parameterizat ion of AS1 + b  such that~ denoting 
E r, Fr~ G r the coefficients of the first fundamental  form at point A M + b  on A S l +  
b , er~ f r  g~ the coefficients of the second fundamentM form and (M, e l , e 2 , n )  
the principal frame at pohxt M on $1, we have : 

{ E ~ = A e l . A e l ,  F ~ = A e l . A e 2 ,  G r = Ae2.Ae2 

 et(A)k  f'=O, ,Z t(A)k  (1) 
IlAe~ A Ae2ll '  IIAel A Ae2ll 

4 Of course, only two parameters are necessary to describe the orientation of the normal 
(for example the two Euler angles). But we use (n~, n~ n~) because, this way, the 
Euclidean distance really reflects the difference of orientation between the aormals 
(that is not the case with the Euler angles) and we can use the kd4rees to find the 
closest polar as explained later. 
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Because we know the coefficients of the fundamental  forms of the trans- 
formed surface AS1 + b at point A M  + b, we can compute the coordinates 

! ! ! (x', y', z', %, kl, (see [dC76] ). 
Just  a problem remains to introduce this new definition of points coordi- 

nates : comput ing ClosestPoint(AiM + bi). In 8d, we cannot use the technique 
described in [Dan80] as in the 3d case. The distance map would be much too big. 
We use the kd-tree technique as proposed in [Zha93] for the 3d case. This takes 
more t ime than  before. Each iteration takes 45 seconds (CPU time) instead of 
9 seconds when surfaces have 7000 points. To improve the performances, it is 
possible to work on a subset of points of surfaces. For example, it is possible to 
extract  crest lines points [TG92]. Or simply, we can select a given percentage of 
points, choosing points which have the highest mean curvature. Wha t  is impor- 
tan t  is tha t  most  of the selected points on $1 have a correspondent on $2 and 
tha t  the selected points describe relatively well the surfaces. 

3 . 3  C o n s t r a i n t s  o n  t h e  a f f ine  t r a n s f o r m a t i o n  

We have now to focus on a major  drawback in the previous search for the 
affine t ransformat ion which best superposes $1 on $2. The criterion we min- 
imize at step 2 of the iterative algorithm can always vanish as explained in 
section 3.1. To avoid this problem, we propose to define a new criterion. Let 
(x, y, z, kl, k2, e l ,  e2)k be the 3d coordinates, principal curvatures and principal 
directions of points M~ on S~. Let (x', y', z', k~, k~)k be the 3d coordinates and 
principal curvatures of points AMk + b on the transformed surface. We call g 
the function which associates (x !, y~, z ! k ! i , 1,k2)k to ((x,y,z, kl,k2,el,e2)k,A,b). 
The existence of this function is a consequence of the proposition 1 and we use 
the equations (1) to compute  it. The new criterion we propose to minimize at 
step 2 of the algorithm is : 

Z Pkllg((x'Y'z'kl'k2'el'e2)k'A'b))-Nkll 2 
( M ~ , N k ) E M a t c h l  

(2) 

H t! t! where the coordinates of Nk are ( x ' ,  y ' ,  z , kl ,  k 2 )k : the 3d coordinates and the 
two principal curvatures. This new criterion measures both  the 3d distance and 
the difference of curvature between $2 and the transformed surface AS1 + b. 
Moreover, the coefficients Pk allow us to increase the importance in the criterion 
of the match  for high curvature points because they seem to have a strong 
anatomical  meaning ([Aya93]). These coefficients can be, for example, the mean 
curvature or max(Ikl h ]k2 I). 

We use the extended Kalman filter formalism (EKF) to minimize this new 
criterion (2). The details are given in [FA94b]. The only difficulty is to derive g 
with respect  to A, b and i x, y, z, kl,  k2). In practice, we made numerous experi- 
ments  and even if the minimized criterion is nonlinear, the minimization works 
very well. Using the new definition of the closest point (section 3.2) at  step 1 and 
this newcr--~terion at step 2, the modified iterative algorithm find good and stable 
solutions. Figure 2 shows the affine t ransformation found for the faces of figure 
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1. The solution is found after ten iterations in about  7.5 minutes (CPU time) 
on a DEC 5000 workstation 5. I t  is to compare with the rigid t ransformation of 
figure 1. The chin, the mouth,  the nose and the eyebrows of the two faces are now 
much closer. Note that  the surfaces are now so close, tha t  each one alternatively 
tends to appear  in front of the other. To quantitatively evaluate the error, we 
have computed the average distance between a point of the t ransformed surface 
AS1 + b  and its closest point on $2. Setting the largest surface diameter  to u, the 
rigid t ransformation yields to an average distance of 0.0193u when we use the 3d 
Euclidean norm to compute both the distance and the closest point, whereas the 
affine t ransformation (figure 2) yields to an average distance of 0.0152u. This is 
a 22% improvement.  

3.4 R e s u l t s  

In this section, we present results on skull da ta  (figure 3) and brain da ta  (fig- 
ure 4). Of course, the two surfaces come from two different patients. The left 

Fig. 3. The superposition of two skulls. The surfaces have been extracted in X-ray 
scanner images (New-York University Medical Center, Court Cutting). One surface is 
dark, the other one is bright. Left : result using a rigid displacement. Right  : result 
using an affine transformation. One can observe that the hole corresponding to the 
nose and the orbits are not well registered with the rigid displacement, whereas they 
are with the aftlne transformation. 

images show the rigid displacement found between the two surfaces whereas the 
right images show the affine transformation.  For the skull example, setting the 
largest surface diameter  to u, the error is 0.0120u for the rigid displacement and 

5 This time could be drastically reduced selecting on the surfaces characteristic points. 
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0.0098u for the affine transformation.  This is a 22% improvement.  The affine 
t ransformat ion is found after 8 iterations in about  8 minutes on a DEC 5000 
workstation. 

For the brain example, the error is 0.011u for the rigid displacement and 
0.0091u for the affine transformation.  This is a 18% improvement.  The affine 
t ransformat ion is found after 12 iterations in about  7 minutes. 

Fig. 4. The superposition of the two brains. The surfaces have been extracted in MRI 
images (Brigham and Women's Hospital of Boston). Left : result using a rigid displace- 
ment. Right  : result using an affine transformation. The brightest surface is transpar- 
ent. Hence, when the other surface is in front, it appears dark, and when it is behind, 
it appears less dark. One can observe that the interhemisphericai fissure is not well 
registered with the rigid displacement, whereas it is with the afllne transformation. 

4 Conclusion 

We have described and impIemented a complete framework which is fast and 
robust  to find very accurate  rigid displacements between smooth surfaces. We 
have extended this framework to deal with affine transformations. We illustrated 
tha t  the best affine t ransformation is generally found and that  it brings the 
surfaces much nearer than  a rigid displacement. We believe that  this is a good 
s tar t ing point for more local non rigid registration schemes like the ones reviewed 
in [Bro92]. Moreover, an extension to locally affine transformations is presented 
in [FA94a]. 
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