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A b s t r a c t .  It is shown in [6] that mapping neural networks onto existing 
parallel computers leads to an unsatisfactory efficiency, except for irreg- 
ularly connected networks, with several distinguishable highly connected 
regions. This paper shows how a four step decomposition of the back- 
propagation algorithm allows to introduce computation/communication 
overlapping so as to improve any parallel mapping of differentiable feed- 
forward neural networks. This solution can adapt to both irregular and 
regular feedforward neural structures. Its computational complexity is 
estimated for multilayered networks. Unlike most network partitioning 
schemes, it can deal with multilayer networks using non-standard neu- 
rons, such as wavelet networks. Unlike a pattern partitioning algorithm, 
it is able to implement the stochastic gradient learning algorithm. Nu- 
merical results show that this solution should be considered as soon as 
communication overlapping is available. 

1 I n t r o d u c t i o n  

Many algorithms have been developed so as to parallelize neural network appli- 
cations. A satisfactory survey of existing schemes to parallelize back-propagation 
can be found in [11]. The choice of the best parallelization method strongly de- 
pends on both neural network application and employed parMlel machine. See 
[14] for a comparison between some standard methods.  

Pat tern  parti t ioning schemes are coarse-grained methods.  They require large 
pat tern  sets, and they are not able to implement  a stochastic gradient learning 
algorithm, where the neural network parameters  are updated  after each pat tern  
presentation. See [13] for a s tudy on a ring, [9] for an improved version, and [7] 
for a s tudy on several different parallel architectures. 

Network parti t ioning schemes are medium to fine-grained methods.  They ap- 
ply to large neural networks. Their  efficiency frequently depends on the density 
of the neural network connections. Some of them use efficient parallel imple- 
mentat ions of the algebraic computat ions  that  are performed in a multi layer 
perceptron (MLP). See for instance [15], or [ l l ,  18] in a less obvious way. Other 
ones t ry  to map the natural  parallelism of a neural network onto the parallel 
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computer, by partitioning the neurons among the processors. A general study of 
this solution has been performed in [6]. It leads to a rather pessimistic conclu- 
sion about the efficiency of a neural network mapping onto existing machines. 
Moreover, such a mapping is ill-adapted to regular neural network structures 
such as MLPs, which are among the most employed neural networks in stan- 
dard applications. A rather intuitive mapping for MLP is proposed in [16], but 
its satisfactory results are obtained on a particular parallel computer and it uses 
beyond measure MLPs. 

The aim of this paper is to show how a precise study of the back-propagation 
algorithm allows an efficient mapping. It takes advantage of a general form of the 
back-propagation so as to introduce computation/communication overlapping. 
It applies to a general feedforward neural network model, including MLP, wavelet 
networks, ttBF networks, and any irregularly connected feedforward neural net- 
work. A processing time model is provided for regular multilayer structures. 
The main drawback appears in the minimum size of the neural network layers 
that is required to allow the computation/communication overlapping. Numeri- 
cal results show that, thanks to the introduced communication overlapping, the 
general unsatisfactory efficiency of neural network mappings is overcome for the 
particular case of the back-propagation implementation of large enough neural 
networks. 

Section 2 shortly describes the general neural network model and the asso- 
ciated back-propagation. Section 3 focuses on the new parallelization method. 
Section 4 deals with the case of regular multilayer neural networks. 

2 G e n e r a l  f e e d f o r w a r d  n e u r a l  n e t w o r k s  

2.1 Neural network learning 

In a learning phase, a pattern set is given. It contains inputs and the correspond- 
ing expected outputs. A learning iteration starts with an error computation. It 
estimates the difference between the expected outputs and the computed outputs 
for some selected patterns. Then the network parameters are modified to reduce 
this error. Several learning iterations are performed, with the same patterns or 
with different ones. 

The error function is assumed to be differentiable. Then a gradient descent 
algorithm can be used for the learning iterations. If P(t) is the parameter vector 
of the network at time t, and if ~o(t) is the gradient of the error function with 
respect to the coordinates of P(t), then P(t  + l) = P(t) - e{~~ where e E 
/~+. If the error function is computed for only one pattern, then the stochastic 
gradient algorithm is used (a new pattern is randomly chosen for each learning 
iteration). If the whole pattern set is considered, then it is called the total gradient 
algorithm. If every learning iteration uses only part of the pattern set, and if the 
size of this part is constant, then a block-gradient algorithm is used. It has often 
been pointed out that the convergence time of a neural network learning grows 
with the number of patterns handled by the error computation. Therefore, the 
fastest learning is the stochastic one. 
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The back-propagation algorithm is often employed, since many neural net- 
work applications use MLPS with a gradient descent learning and a back-propagated 
computation of the gradient. 

2.2 Feedforward neural  networks  

A theoretical study of a general feedforward neural network model is proposed 
in [4, 5]. It shows that  the back-propagation algorithm can adapt to any dif- 
ferentiable feedforward neural network. A MLP is only a particular feedforward 
neural network. 

In this theory, a feedforward neural network is a DAG (directed acyclic graph), 
in which the predecessor set of each node has been totally ordered. The vertices 
are differentiable vectorial functions fi(xi,pi), 1 < i < I, where zi is the input 
vector of vertex i, and pi is its parameter vector. Layers can be defined so that  
any fi in layer l can compute its output as soon as all f j  in layers 0 , . . . ,  l - 1 
have computed their own outputs. If fi has no predecessor in the graph, then it 
is an input vertex, and it belongs to the first layer. Else its input is obtained by 
appending together the outputs of all its predecessors. Then the whole neural 
network Af is defined as follows: the inputs of the input vertices form the input 
vector of Af, the parameter vector of Af is P(t) = (P l , . . .  ,PI), and the output of 
Af is obtained by appending together the outputs computed by the vertices that  
have no successor in the graph. To simplify, functions fi may be called neurons. 
This formal definition allows to show that  the function computed by a neural 
network may be considered as a neuron. 

2.3 Back-propagat ion  

In s general feedforward neural network, {~P(t) can be computed thanks to 
a back-propagated algorithm, which is faster than the natural gradient com- 
putation that  considers A! as a composite function. See [4] for a mathematical  
description of this general back-propagation, and a full study of its complexity. 
This algorithm requires local operations (it may be described as a sequence of 
computations performed by each neuron thanks to local data  only). 

Let ~:~i be the gradient of the error function with respect to Pl. Let ~(i  
be the gradient of the error function with respect to xi. Let f~i), . . . ,  f(~) 
be the successors of fi in the graph. For each j E (1 , . . . , s i } ,  let tp((i) 
be the gradient of the error function with respect to the input of f j  
that is received from fi O.e., ~x[~ i) is the part of GXj that corresponds 
to the connection from fi to fj).  Let ,TXi be the matrix of the local 
differential (jacobian matrix) of fi with respect to its input and let JPi 
be the local jacobian matrix of fi with respect to its parameter. Then 
the back-propagation theorem implies that: 

8i $i 

j----1 j----1 
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According to this mathematical description, two steps can be defined for the 
local computation of each neuron: 

1. Within the forward step, a neuron waits for its inputs from its predecessors, 
then it computes its own output and forwards it to its successors. 

2. Within the backward step, it waits for the gradients from its successors. Then 
it applies their sum to its local differentials, and thus obtMns the gradient of 
the error function with respect to its parameters and to its inputs. It sends 
the latter (~fi) backwards to its predecessors. 

3 B a c k - p r o p a g a t i o n  a n d  m a p p i n g  

3.1 C o m p u t a t i o n / c o m m u n i c a t i o n  over lapp ing  

Let Af -- { f l , . - . ,  fI} be a feedforward neural network. Let A4 be a mapping 
of Af onto a parallel computer: .A4(fi) is the processor on which neuron fi has 
been mapped. 

Pr inc ip le  

s tep  1 s tep  2 s tep  3 s tep  4 

\ - successors  

~ ( i  p r ~ e e e s s o r s  

Fig. 1. Four steps of back-propagation 

Instead of performing only two steps, forward and backward, each local 
computation can be divided into four steps (see figure 1): 

1. Neuron Fi computes its output (fi (xi, Pi)) thanks to the received inputs (xi) 
and then it sends this output to its successors. 

2. Neuron Fi computes its local differentiMs, ,7"Xi and ffPi, which only depend 
on the forwarded data (i.e., the already received inputs). 
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3. Thanks to the backpropagated gradient (~'~!~gfk) that  have been sent by 
its successors, neuron Fi computes the gradient of the error function with 
respect to its input (~Pfi), and then it sends this gradient to its predecessors. 

4. Neuron Fi computes the gradient of the error function with respect to its 
parameter  vector ( ~ i ) .  

This decomposition allows an interesting computat ion/communicat ion overlap- 
ping, if the machine allows asynchronous non-blocking communications: 

Each neuron may send its computed output  while it computes its local 
differentials (the computat ion of step 2 overlaps the forward communi- 
cation). In the same way, it may send the gradient of the error function 
with respect to its inputs while it computes the gradient of the error 
function with respect to its parameters (the computation of step 4 over- 
laps the backward communication). Moreover, the neural network can 
be locally updated within step 4 by means of p~ (t + 1) = p~ (t) - c ~P~ (t). 

Algorithm 
Each processor p performs the following algorithm for one iteration of the 

back-propagation. This algorithm will be called c o o  algorithm from now on. 

FIRST INITIALIZATION: ~10 is  the set of input neurons that  AJ maps on p. 
FIRST LOOP:  

do: 1. Step 1 performed for each neuron in Ip 
2. Simultaneously: 

- Step 2 performed for each neuron in Ip. 
- Non-blocking one-to-all (worst case) communication to commu- 

nicate the computed outputs to the other processors. Indeed, this 
message has to be received only by the processors that  contain 
successors of any neuron in Ip. 

3. Ip updated as follows: it is the set of the neurons mapped by iV/on 
p, for which steps 1 and 2 have not been performed and for which 
all required inputs have been received from the other processors. 

un t i l :  Steps 1 and 2 have been performed for every neuron mapped on p. 
SECOND INITIALIZATION: [p is the set of output  neurons mapped by Ad on p. 
SECOND LOOP:  

do: 1. Step 3 performed for each neuron in I v 
2. Simultaneously: 

- Step 4 performed for each neuron in Ip (possibly including the 
local parameter updating). 

- Non-blocking one-to-all (worst case) personal communication to 
communicate the computed gradients to every other processor. 

3. Ip updated as follows: it is the set of the neurons mapped by Ad on 
p, for which steps 3 and 4 have not been performed and for which 
all required back-propagated gradients have been received from the 
other processors. 

un t i l :  Steps 3 and 4 have been performed for every neuron mapped on p. 
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In this algorithm, several patterns may be simultaneously handled. In this case, 
each communication gathers the data for all patterns. 

Implementat ions of gradient descent algorithms 
Any gradient descent algorithm can be implemented with a neural network 

parallel mapping, and therefore with the cco algorithm. Each computation step 
may be processed for a single pattern as well as for the whole pattern set, pro- 
vided that it does not exceed the per-processor memory. Another way to intro- 
duce computation/communication overlapping is to pipeline the patterns, but 
this solution can not implement the stochastic gradient algorithm. 

3.2 Sui table  mappings and parallel architectures 

The efficiency of the algorithm depends on the neural network and on the chosen 
mapping .~4. The choice of Ad chiefly depends on the neural network structure, 
but it depends on the parallel computer architecture too. 

Architecture 
A good criterion to choose the parallel architecture is the totM number of 

messages implied by both all-to-all communication (multinode broadcast within 
step 2) and all-to-all personal communication (multinode scattering within step 
4). If a non-blocking communication call is modelled as a constant startup time, 
and if the transfer time is overlapped by computation, then the communication 
cost of the cco algorithm is proportional to the number of messages. Table 1 
recalls both number of messages and communication times for some standard 
architectures. The hypercube structure should be chosen if available. Indeed, 
hypercube-like communications can be simulated on other hardware architec- 
tures without loss of performance (e.g. on the Cray T3D). 

ring grid/torus 

all-to-all] messages O(p) O(vc~) 
total time O(p) O(p) 

personal messages O(p) O(y,~) 
all-to-all total time O(p 2) O(pv"ff ) 

hypercube 

O(log(p)) 
o(p) 

o(log(p)) 
o(plog(p)) 

Table 1. Communication costs for several parallel architectures 

Since each communication uses several messages, the computation of steps 2 
and 4 has to be sliced, so that the parallel implementation performs the Compu- 
tational operations and the non-blocking communication calls by turns. Reliable 
computation and communication time models are required to obtain a precise 
overlapping. 
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Mapping 
Any feedforward neural network implies sequential computation (e.g. neurons 

in layer I have to wait for neurons in layer l - 1 in the forward step). Therefore, 
a good mapping probably performs a quite vertical sectioning, i.e., it partitions 
the neurons of each layer quite regularly among the processors. 

For very irregular structures, the study of [6] provides suitable mappings. 
Another method is to consider any feedforward neural network as a reversible 
task graph, and then to use any standard scheduling algorithm. See [7] for a 
study of the Modified Critical Path  scheduling with both forward and backward 
phases. 

For regular structures, such as multilayer neural networks, the strict vertical 
sectioning (see next section) is a satisfactory mapping. In the checkerboarding 
method proposed by [11], each neuron is mapped onto several processors. But 
this solution limits itself to multilayer perceptrons, since they perform large 
matrix-vector products (that do not appear in a wavelet network for instance). 

4 M u l t i l a y e r  n e t w o r k s  

4.1 Notations 

Let L be the number of layers. Let nl be the number of neurons in layer I. 
Each neuron in layer 1 receives no inputs, which are the network inputs. For 
each 1 E {2 , . . . ,  L}, each neuron in layer l receives hi-1 inputs, and computes 
one output in ~ .  These inputs are the outputs of the neurons in layer l - 1. 
Therefore, consecutive layers are fully connected. The outputs of the neurons in 
layer L are the outputs of the network. The standard quadratic error function 
is used. All neurons are identical (fi does not depend on i). 

It is assumed that  the computation time of a neuron is linear with respect 
to its number of parameters. In the same way, the computation time of its 
differentials is linear with respect to its number of parameters. It is also assumed 
that  its number of parameters is proportional to its input size. Sigmoid neurons, 
wavelet neurons and RBF neurons satisfy these conditions. 

Therefore, the computation time of step j (1 < j _< 4) will be modelled as: 
7j + ~jn~-i for any neuron in layer l (updating might be taken into account 
by step 4). For the last layer, the differential of the error function has to be 
computed: ~ for one output neuron. 

A vertical sectioning with p processors is used. Each processor deals with 
nl/p neurons in layer I. To simplify, it is assumed that  each nt is a multiple of 
p. In practice, if a layer contains too few neurons, it may be interesting to map 
the whole layer onto one processor, and to perform only one-to-all and all-to-one 
communications for this layer. Indeed, standard applications often have small 
nu~abers of output neurons. 

In what follows, the diameter of the parallel architecture is called d. It is 
equal to log2(p) for a hypercube, and 2V~ for a grid. A constant time model, 
flc/c is used for the non-blocking communication calls. With existing machines, 
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this model is simple, but satisfactory. See [7] for a full study with the Intel 
iPSC 860 (also available in my UR.L). 

4.2 C o m p u t a t i o n a l  complex i ty  

Let k be the number of simultaneously handled patterns. 

STEP 1 FOR. LAYER. l:  

STEP 2 FOR. LAYER. I (l  < L): 

STEP 2 FOR. LAYER. L:  

STEP 3 FOR LAYER. L: 
STEP 3 FOR. LAYER. l (1 < l < L): 

STEP 3 FOR. LAYER 1: 

STEP 4 FOR LAYER l (1 < l): 
STEP 4 FOR. LAYEK 1: 

k(v2 + 52nt-1)~ t + 2dflc/c 
(no transfer time, on account of over- 
lapping) 
k(7~ + ~ n L - x ) ~  
k(73 "4- 6 3 n L - 1  "4- 6e~ n'9"z" ," p 

0, since the gradient with respect to the 
network inputs is useless. 

k(74 -I- (~4nl -1)~  -t -4- 2dfle/c 
k(7~ + ~ 0 ) ~  

pTseq , with The expected speedup is then Tseq + 2('-L-- 1)dpflc/c 

Tseq : k 

L L ] 
r ( ~  n,) + ~ ( ~  n,_,n,) + ~enL + (r -- ~3)n, + (~ -- ~3)n0n, 

1=2 1=2 

4 4 
where F = ~i=1 "Yi and A = ~i=1 (fi. 

4.3 M i n i m u m  layer size 

The first condition to obtain this speedup is that the communication overlapping 
is allowed. Therefore, the computation loads have to exceed the message transfer 
times. If 7- is the transfer time for one real,two conditions must be satisfied: 

overlapping within step 2: Vl E [1, L - 1] 2pv < (72 + 52ni-1) (1) 

overlapping within step 4: Vl E [2, L] 2dpnl-lr < (74 + 54nl-1)nt (2) 

For the particular case of a MLP, an optimization may be introduced: Step 2 
may be enclosed in both step 3 and step 4 without significant loss of time, since 
these steps are equivalent to scalar multiplication applied to both local input and 
parameter vectors. Therefore, step 2 only performs an all-to-all communication, 
whereas step 4 communication is still overlapped by computation. Dealing with 
a MLP is the worst case for the cco  algorithm. 
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4.4 R e s u l t s  

Comparison with n e t w o r k - p a r t i t i o n i n g  s c h e m e s  
Various works were considered, such as [16] (based on the same vertical parti- 

tioning as in section 4, but outperformed by [ll]),  [14], [15] or [18]. The checker- 
boarding method of [11] (hereafter called CB algorithm) is finally taken as a 
reference, with regard to its high efficiency and scMability. Of course, only the 
cause of a MLP is considered, since the CB method only applies to this type of 
neural network. Therefore, only condition 2 is taken into account to estimate 
the minimum layer size, since communications are not overlapped in step 2. The 
minimum values of the number of neurons are reported on figure 2. 

1600 

1400 

1200 

1000 

800 

600 

400 

200 

multl layor r Iron - -  . . . .  ~ C ~ o ~  ..... 

10 20 30 40 60 60 
Numbor of processors 

Fig. 2. Minimum number of neurons in each layer for the coo algorithm 

Comparison conditions 
Speedups are computed with the same number n of neurons in each layer of 

the MLP. For this paper, experiments have been performed on an iPSC 860. The 
theoretical performance models of this paper and of [11] are therefore applied to 
this particular machine. 

Speedups are given for 2-layer perceptrons in tables 2, 3 and 4. The box re- 
mains empty when overlapping conditions are not fulfilled. For the experimental 
results of table 4, the speedups are computed with respect to the theoretical 
sequential processing time, when the problem size does not allow one processor 
to handle as large MLPs  as the parallel implementation can do. Moreover, the 
box remains empty when the neural network requires too much per-processor 
memory even for the parallel implementation. 

In many experiments for the c c o  algorithm, the per-processor memory limit 
did not allow to perform the computat ion for several patterns within a single 
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forward-backward processing (too m a n y  da t a  to store for each layer). In  this 
case, the different pa t t e rns  had  to be processed one after each other. Therefore, 
all the given speedups of bo th  c c o  and  CB methods  are given for k = 1. It  
corresponds to the worst case for the theoret ical  speedup of bo th  algori thms,  
bu t  it shows what  happens  when  the stochastic gradient  is implemented .  

n ---- 30 1.68 

n = 250 3.78 12.39 28.45 

n -- 1500 3.97 15.51 57.04 

Table  2. MLP: theoretical speedups for the checkerboarding parallel]zation (k = 1) 

p = 41p = 1617= 64 

n =- 30 2.26 

n = 250 3.85 13.1 

n ---- 1500 3.98 15.57 57.13 

Tab le  3. MLP: theoretical speedups 
with the cco  algorithm (k = 1) 

p = 4  p - -  161 ) ~ 6 4  

n ---- 30 3.81 

n = 250 3.99 15.91 

n ----- 1500 4 16 63.94 

Tab le  5. WN: theoretical speedups 
with the cco  algorithm (k = 1) 

p = 4 p = 1 6 p = 6 4  

k = p , 1  0.44 0.39 0.38 

k = p , 1 0  2.20 3.21 3.65 

k - - p * 1 0 0  3.69 11.45 24.13 

Tab le  7. MLP: theoretical speedups 
with pattern-parti t ion (n = 250) 

p = 4 p = 1 6 p = 6 4  
n----30 1.19 

n ---- 250 3.65 13.3 

n = 1500 15.51 56.55 

Tab le  4. MLP: experimental speedups 
with the cco  algorithm (k = 1) 

p----4p---- 16p---- 64 

n ---- 30 3.51 

n ---- 250 3.93 15.68 

n ---- 1500 15.94 63.55 

Tab le  6. WN: experimental speedups with 
the cco algorithm (k = 1) 

p - - 4 p = 1 6 p - - 6 4  

k - - p * 1  1.60 1.93 2.04 

k - - p * 1 0  3.48 9.25 15.88 

k - - p * 1 0 0  3.94 14.91 49.12 

Tab le  8. WN: theoretical speedups 
with pattern-parti t ion (n = 250) 

Result comment 
Over lapping  provides very satisfactory performance,  sl ightly be t te r  t h a n  the 

CB algor i thm.  But  the c c o solut ion is available for a m i n i m u m  n u m b e r  of neurons  

which is propor t ionM to p log(p), whereas c n  only requires a n u m b e r  of neurons  

propor t iona l  to V~P). 
Some loss of performance  appears  wi th  experiments ,  when compared  wi th  
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the theoretical performance model. It can be explained by the fact that  there is 
no autonomous DMA in an iPSC 860. Therefore, non-blocking communications 
imply a limited loss of performance during overlapping computation. 

Comparison with pattern-partitioning schemes 
Results for MLP are given for n = 250 in table 7 and in the second row of 

table" 3. Results for wavelet networks (WN) are given for n = 250 in table 8 
and in t h e  second row of table 5. Speedup formulae for pattern-parti t ioning on 
hypercube architectures are taken from [7]. Let us recall that  with the pat tern 
partition, if each processor deals with b patterns, then the number of handled 
patterns is k = p �9 b. 

Result  comment  
The performance of pattern-parti t ioning collapses when small blocks of pat- 

terns are handled and when many processors are used. Wavelet networks imply 
so much computat ion 1 that  the parallel efficiency is usually greater than 99% 
when the c c o  algorithm is used. Communications are easily overlapped by com- 
putations for this particular neural network. 

When available, the c c o  algorithm outperforms the pattern-parti t ioning 
method,  which should still be used with reduce&sized neural networks and large 
training sets. 

5 C o n c l u s i o n  

This paper introduces computat ion/communicat ion overlapping in any parallel 
mapping of the neural network back-propagation algorithm. Overlapping ap- 
pears thanks to a 4-step decomposition of this algorithm, whereas standard 
decompositions only use two steps. 

It allows some performance improvement for MLP when it is compared to 
other network-partitioning schemes. But its main drawback is to require a num- 
ber of neurons proportional to p log(p), if p is the number of useful processors. 
Nevertheless, unlike most network-partitioning schemes (particularly unlike the 
most efficient ones), it can be applied to any feedforward neural network. 

The pattern-parti t ioning scheme also applies to any neural network structure, 
but  its efficiency collapses when a small number of patterns is used. The parallel 
solution of this paper allows to use such small pattern sets. Moreover, it can 
implement the stochastic gradient, so that  the learning t ime is reduced. 

Some modified versions of this c o o  implementation are under development. 
They reduce the number of required neurons per layer. 

x for neuron i in layer /(see [17] for an introduction to wavelet networks), 
I-[j"t=-i 1 h(d~O(xj -  0J0), where h(x) = - x  exp(-x2 /2). The d(03 and the 0J i) are 

the parameters. 
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